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Award for Distinguished Service to Ivan Niven 
KENNETH Ross 


The 1989 Award for Distinguished Service to Mathematics is presented to Ivan 
Niven for his numerous contributions to American mathematics for nearly half a 
century. 

My first exposure to Ivan was at the 1960 summer meeting at Michigan State, 
where he gave a wonderful set of Hedrick Lectures. He is a marvelous expositor who 
enjoys and loves mathematics. 

Ivan was elected First Vice-President of the Association for the years 1974-1975 
and served as President in 1983-1984. He was the first President under whom I 
served as Secretary and he was an ideal teacher. He is patient, thoughtful, and open 
to new ideas. As President he was instrumental in the creation of the “Citation in 
honor of those who have furthered the progress of mathematics by enhancing 
significantly the status of women in mathematics.” This special citation was the 
product of careful consideration in order to give well-deserved recognition while 
averting possible divisiveness. As President he supported the creation of the Ameri- 
can Mathematics Project, which is taking a new approach in the improvement of the 
teaching of mathematics at the secondary and primary level. He was a valuable 
member of the Executive and Finance Committees, which serve as the “Board of 
Trustees” for the Board of Governors. He was a moderating influence, fiscally 
conservative, and cautious about new ventures. 

Ivan was also active at the local level. He served as governor of the Pacific 
Northwest Section from 1955 to 1958 and again from 1979 to 1982. In addition, he 
has served on nominating committees and other ad hoc sectional committees. 

Besides holding major offices in the MAA, Ivan has, over the years, served on 
numerous AMS and MAA committees. He was a Member-at-Large of the Council 
of the AMS from 1966 to 1968 and served on at least eight other AMS committees. 
He has been a member of the Board of Governors of the MAA since 1982 and has 
served on at least thirty other MAA committees. The work of these committees is 
essential to the governance of these organizations. Ivan brought to each of these 
endeavors his vigor and good judgment. His greatest contributions have probably 
been on committees concerned with publications of books: the New Mathematical 
Library series, Carus Monographs, MAA Studies in Mathematics. He has served on 
the Nominating Committees for editors of the American Mathematical Monthly 
and Mathematics Magazine. He has also assisted in selecting prizes and awards: 
Putnam Prize Competition, Hedrick Lecturers, this very Award for Distinguished 
Service to Mathematics, Lester R. Ford Awards, etc. He served on meetings 
committees, program committees; the list goes on and on. He also served on 
advisory committees to the National Science Foundation and the Office of Naval 
Research. 

The Award for Distinguished Service to Mathematics, however, is not given for 
service on a maximal number of committees. It is not surprising, however, that a 
mathematician with Ivan’s talents finds himself on so many committees. 

In spite of these organizations’ efforts to monopolize Ivan’s time, he has a very 
impressive publication record. He has over sixty journal publications. Let me 
mention two that I’ve found useful: his 1947 paper containing a simple proof that 7 
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is irrational and his 1969 Monthly article on formal power series. He received the 
Lester R. Ford Award for the latter paper. He has written chapters for two 
Yearbooks of the National Council of Teachers of Mathematics, in 1957 and 1987. 
Ivan has authored seven books, most of which have been best sellers, including the 
Carus Monograph Irrational Numbers, the Random House publications Numbers: 
Rational and Irrational and Mathematics of Choice, the MAA Dolciani Series 
publication on Maxima and Minima Without Calculus, and the classic text An 
Introduction to the Theory of Numbers coauthored with Herbert Zuckerman. His lean 
and lively 172-page book Calculus: An Introductory Approach, published in 1961, 
may well have been the book which appeared 27 years ahead of its time! 

Throughout his career, Ivan has been the ultimate gentleman. In every situation 
he is thoughtful and wise and gives more than he receives. As must be clear from the 
above, he has been a “good citizen” in mathematics, in the best sense of the term. 

In summary, Ivan has made many significant and lasting contributions to 
mathematics and carried out the many tasks in an exemplary way earning him the 
highest respect of the entire mathematical community. Though now retired, his 
contributions to mathematics in many different areas continue with undiminished 
vigor, thoroughness, and thoughtfulness. We look forward to working with Ivan for 
many more years. 


Minimal Periods of Discrete and Smooth Orbits 


STAVROS BUSENBERG! AND DAVID FISHER’, Harvey Mudd College, Claremont, CA 


Mario MarRTELLI’, Bryn Mawr College, Bryn Mawr, PA 


STAVROS BUSENBERG received engineering degrees from the Cooper Union 
(1962) and the Illinois Institute of Technology (1964) and his Ph.D. in 
Mathematics in 1967 from the latter institute under the supervision of John 
De Cicco. His main mathematical interests are in differential equations, 
nonlinear analysis, and applied mathematics. 


DAVID C. FISHER received the B.S. degree in Mathematics from Harvey 
Mudd College in 1980. In 1985, he completed a doctorate in Applied 
Mathematics from the University of Maryland at College Park under the 
supervision of Dianne O’Leary. His research interests include parallel al- 
gorithms in numerical linear algebra, combinatorics and graph theory, and 
periodic solutions of differential and difference equations. 


MARIO MARTELLI received his Ph.D. from the University of Florence, Italy, 
in 1966 under the supervision of Roberto Conti. His main mathematical 
interests are in differential equations, fixed point theory, and functional 
analysis. 


1. Continuous and discrete periodic orbits. The uniform periodic motion of a 
particle on the circle x? + y* = r is described by the system of linear differential 
equations 


x'(t) = Ly(t), y(t) — —Lx(t), 
whose solution is x(t) = (r sin L(t — t)),rcos L(t — t,)), for some constant L > 0 
which represents the angular velocity. The period T of this motion, that is, the 
minimal time required for the particle to return to its starting position, is 27/L. The 
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constant L is equal to the ratio ||x’(t,) — x/(t,)||/||x(t,) — x(¢,)|| for every choice of 
t, #t,,0 < t,, t, < T, and therefore can be regarded as the ratio of the magnitude 
of the acceleration L?r and the magnitude of the velocity Lr of the particle 
describing this circular motion. 

A natural question now arises: If a periodic motion x(t) = (x(t), y(t)) is 
described by the more general system of differential equations x’ = f,(x, y), y’ = 
f,(x, y), where f, and f, are continuous with continuous partial derivatives, and if 
the ratio ||x’(t,) — x’(¢,)||/||x(¢,) — x(¢,)|| is at most L, then can the period be less 
than 27/L? The surprising negative answer to this question was given by J. Yorke 
in 1969 [10]. 


THEOREM 1.1. (Yorke). Let E” denote n-dimensional Euclidean space and let f: 
E”" — E” be continuous. Let x(t) be any periodic solution of period T > 0 of the 
differential equation 


x’ = f(x) (1.1) 
and suppose £ has Lipschitz constant L on the orbit described by x(t), that is, 


- IC) = FC) 
ose I(t) — x) (1.2) 


Then 
T>2a/L. (1.3) 


The norm || - || in (1.2) is the Euclidean norm ||x|| = (<x, x))'/? obtained from the 
inner product (x,y) = 2,x,y,. Yorke’s result, as pointed out by Lasota and Yorke 
[8] in 1971, is valid in every finite or infinite dimensional inner product space. 
Readers familiar with abstract inner product spaces will find that those results of 
this paper which are stated in E” carry over with identical proofs to inner product 
spaces. 

The original proof of (1.3) uses some fairly sophisticated mathematical ideas. One 
of the aims of this paper is to give a proof based only on elementary geometry and 
calculus. This is done by using the discrete analog of (1.1) obtained from the 
“one-step Euler method” for solving (1.1) numerically. This leads to the study of the 
system of difference equations 


X41, =x, + hf(x,) (1.4) 


and its periodic solutions, that is, those sequences x, which satisfy (1.4) and are 
periodic of period N: x;,, = x,;,2=1,2,..., for some natural number N > 1. In 
order to obtain the system (1.4) from (1.1), select a time step At = h and a point Xo, 
as the initial position of the particle at t = 0, and replace x’(0) by (x(h) — x(0))/h 
to get x; = x(h) = x, + hf(x,). The difference equation (1.4) is obtained by 
iterating the procedure just described. 

Systems of difference equations like (1.4) are important on their own right, other 
than as approximations to differential equations, and occur in many applications 
(see [7], for example). The following discrete analogue of Theorem 1.1 giving a 
bound on the period of solutions of (1.4) was obtained in [1] by Busenberg and 
Martelli. 
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THEOREM 1.2. Let {x;}?2o be a periodic solution of (1.4) of period N and let f: 
E" — E” have Lipschitz constant L on the orbit {x;}, that is, 


L= max |[f(x,) — £(x,) Ik; — xl (1.5) 


Then 
hL > 2sin(7/N). (1.6) 


As we shall see, this theorem has a simple geometric proof. Via a limiting 
argument it also gives an elementary proof of its continuous analogue (1.3). The 
discrete result (1.6) is simpler to prove than its continuous version. Later we will 
encounter a situation where the opposite is true. 

The Lipschitz conditions (1.2) and (1.5) use the Euclidean norm coming from the 
inner product of E”. Some norms in R" = {(x,,..., X,,): x; € R} do not come from 
any inner product and it is natural to ask whether or not inequalities (1.3) and (1.6) 
still hold when the Lipschitz constant L is obtained using one of these more general 
norms. For example, in R? = {(x, y): x, y © R} one frequently considers the 
taxicab norm defined by ||x|| = ||(x, y)|| = |x| + |y|. The name taxicab norm comes 
from the fact that, in a flat city with a rectangular grid of two-way streets, a taxi 
going from the origin to a street address with coordinates (x9, yo) travels a distance 
|X| + | yo] (unless, of course, the cab driver is running up the meter). 


leew 


Notice that the set of points of R? at distance 1 from the origin (the unit sphere 
S = {(x, y): |x| +|y|] = 1}) differs from the familiar unit circle of the Euclidean 
norm, C = {(x, y): x7 + y* = 1}. 

Recall that a norm || - ||: E > [0, 00), where E can be R’, R", or any real linear 
vector space, should have the following properties: 1. ||x|]| > 0 and ||x|| = 0 if and 
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only if x = 0; 2. ||tx|| = |¢| ||x|| for all t © R, x € E; 3. |\x + yj] < ||x|| + |ly]| for all 
x,y © E. Therefore, a normed linear space is really a pair (FE, || - ||) where E is a 
linear vector space and || - ||: E — [0, 00) is a norm. In speaking of normed spaces, 
we will frequently abuse this notation and write E instead of the pair (E, || - ||). 

The extension of Theorems 1.1 and 1.2 to R” endowed with an arbitrary norm (or, 
more generally, to any normed space E) is not without its surprises. The best 
possible lower bound on 7, similar to (1.3) in Theorem 1.1, has been an open 
question for fifteen years. In 1971 Lasota and Yorke proved T > 4/L and re- 
marked that they did not know if this was the best possible inequality. The fact that 
it was not came to light when Busenberg and Martelli [1] proved T > 4.5/L. The 
best bound has been recently obtained by the three of us [2]: 


THEOREM 1.3. Let (E, || - ||) be a normed linear space and x(t) be a periodic 
solution of period T of the differential equation (1.1). If f{ satisfies the Lipschitz 
condition (1.2) with respect to the above norm, then 


T > 6/L (1.7) 
and 6 is the best possible constant in this inequality. 


The proof is surprisingly simple, requires only elementary calculus and it does 
not depend on a corresponding result for the difference equation (1.4). In fact, the 
discrete version of Theorem 1.3 is both more difficult to state and to prove, in 
marked contrast to the situation encountered in Theorems 1.1 and 1.2. We will state 
the complete result in Section 4 and present here a bound which is strict only when 
the period N is prime. 


THEOREM 1.4. Let (E, || - ||) be a normed space and let {x;} 9 be a periodic 
solution of period N of the difference equation (1.4). If f satisfies the Lipschitz 
condition (1.5) with respect to the above norm, then 


12N 
AL >< _—-—.. (1.8) 
N2—1+ VN* + 22N? — 23 


This bound is the best possible when N is prime. 


The bounds (1.8) for periodic solutions of periods two or three were given in [1] 
and were already known to be the best. For N > 4 Theorem 1.4 is new. 

Section 2 contains the theorems and proofs for functions and vectors in E” (or 
any inner product space). The corresponding results for normed spaces are pre- 
sented in sections 3 and 4. In the final section we discuss a number of open 
questions which can be stated in simple ways but whose proofs have eluded us so 
far. The reader who is tempted by these problems has our best wishes for an 
enjoyable and successful search for the solutions! 


2. Bounds for periods in inner product spaces. Let {x,;}9, be an N-periodic 
solution of the difference equation (1.4) and let v, = Af(x;_,) =x; — x,;_1, i= 
1,2,..., N. Then 


Vt Vy toe: +Vy = (X; — Xo) + (kK, — X,) + mt +(Xy — Xy_4) 
=Xy—-X)= 09. (2.1) 
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Since f is Lipschitz with constant L (see equation (1.5)), (1.4) implies 


lIV¥;41 — Vill = Allf(x,) — £(x;_1) |] < LAllx, — x,_4I], 
hence, 
Ii. — Vl < LAlly,|). (2.2) 
Note, in particular, that for a solution of period two, v, = —v>, hence, (2.2) gives 


the bound Lh > 2. With a little more analysis we obtain the following basic lemmas 
which establish Theorem 1.2. 


LEMMA 2.1. Let v,,V5,...,Vy be nonzero vectors in E" satisfying (2.1). Let 
6, € [0,7], be the angle between v, and V;,, fori =1,2,..., N, with vy,, = v,. Then 


6,+0,+--- +0, > 27a. (2.3) 


Proof. The result is obvious if either N = 2, or if there are three consecutive 
vectors V,, V;, 1, V;, such that v, + v,,, = Vj; + V;,> = 0. In any other case, assume 
without loss of generality that v, + v,; # 0. Letting «(x, y) denote the angle between 
two nonzero vectors in EE”, and using the spherical inequality, we have 
<(V}, V> + V3) < <(Vj, Vv) + x(¥%, Vv, + v3) and <x(v, + V3,v¥4) < <(V) + V3, v3) + 
<(v3, V,). Therefore, 


X(v,,V, + V3) + «(Vv + ¥3,¥4) < 6, + 63 + x(v,, Vv) + v3) + <(V> + V5, V5). 


Since the vectors v,, v; and (v, + v;) lie in one plane and v, + v, is in the interior of 
the angle <(v,,v;), we get <(v,,v, + v;) + <(V, + V3,v¥,) < 6, + 6, + 8,. This in- 
equality and an induction argument yield the lemma. O 


LEMMA 2.2. Let v,,...,Vy be vectors in E" which satisfy (2.1) and (2.2). Then 


hL > 2sin(1/N). (2.4) 
Proof. We start by noting that the N vectors w, € E”” given by 
W, = (V1,---5Vy), Wy = (Wy Vay +e Wwe )o cess Wy = (V5, V3,---,¥) 


satisfy the hypotheses of the lemma and also have equal norms 


N 1/2 
_ 2 _ - 
IAAL ~~ | » IMAI | _ IMATE L= 1,2,..., N. 
i=1 


Hence, without loss of generality, we may assume |ly,|| = |[v,||, 7 = 1,2,..., NM. Since 
lV; — Viaall < LAliv,|| = Lhljv,||, it 1s easy to see that sin(6,/2) < Lh/2. Thus, 6; < 
2 sin~‘( Lh/2), and (2.3) implies (2.4). O 


This last result establishes Theorem 1.2. In order to prove Theorem 1.1 we select 
an initial point x, along the orbit of a periodic solution x(t) to (1.1) with period T. 
We define 


KX, =X) + ["t(2)) dt, (2.5) 


where h = T/N and N > 1 is any natural number. Notice that the points x,, i = 
0,1,...,M-—1, are equally spaced in. time along the orbit of x(t) and “ 


Ky =X, + [tony dt =x, since f° {(x(t)) dt = [xo dt = x(T) — x(0) = 
0 0 
Hence, the vectors 
V, =X, — X;_1; i= 1,2,...,N, 
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are all nonzero (since T is the period of x(t)) and v, + --- +v, = 0. We now need 
to estimate |lv,,, — v,|| So we can apply Lemma 2.2 to the vectors {v,}. Indeed, we 
will show 


Wea — Vil < (e*” — DIN. (2.6) 
Hence, by Lemma 2.2 
—1>2sin(7/N) = 2sin(h7/T). 


Dividing this snequality by ha /T and taking the limit as h — 0(N — oo) we obtain 
T > 27/L, thus proving Theorem 1.1. 
In order to show (2.6), we note that, by the additivity property of integrals 


vier Wf LEER(1)) ~ 8x = ))| ae 
and for t € [hi, h(i + 1), 
x(t) — x(t -—h) =v, + J [8(x(s)) — f(x(s — h))] ds. 


Using the fact that f is Lipschitz continuous with constant L, we obtain from the 
first of these relations 


hGit+1) 
Wir Ml Lf pet) — xe — A) (2.7) 
and from the second 
t 
x(t) — x(t — A)|| < [ly] + L J IIx(s) — x(s — h)|| ds. (2.8) 


Gronwall’s inequality (see Lemma 2.3 below) and (2.8) imply that ||x(t) — x(t — h)|| 
< |lv,||e*“~"”, which when substituted in (2.7) yields (2.6). 

For convenience we give the proof of the simplest version of the useful inequality 
known as Gronwall’s lemma. 


LEMMA 2.3. (Gronwall) Let g: [0, 00) — R be continuous and suppose 
g(t)<b+ c f'a(s) ds, t>a, (2.9) 


where b and c are constants with c > 0. Then 
g(t) < be, t> a. (2.10) 
Proof. The function G(t) = [ g(s) ds is continuously differentiable and, by the 
fundamental theorem of calculus and (2.9), it satisfies 
G'(t) — cG(t) <b. (2.11) 
Multiplying (2.11) by e~“ we get (e “G(t))’ < e~“b, which when integrated from 
a to t (note G(a) = 0) yields G(t) < b(e“'~” — 1)/c. Substituting this inequality 
in (2.9) we obtain (2.10). 


3. Bounds in normed spaces. We start by giving a simple proof of Theorem 1.3 
establishing the lower bound 6/L for the period of periodic solutions of (1.1) in a 
normed space E. The case of difference equations in E is quite a bit more 
complicated and is treated in the next section. This is contrary to the situation we 
encountered in E”. The proof of Theorem 1.3 is based on the following lemma. 
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LEMMA 3.1. Let E be a normed space and let y:R — E be continuous, T-periodic 
and with |ly’(t)|| integrable. Then 


[fio — y(s)|| ds dt < sf five — y'(s)|| ds dt. 


Proof. For each s & R, the function g(t) = |ly(t) — y(s)|| is continuous and 
T-periodic, so its integral over a period is shift invariant: 


[is(ttr) de = ['g(t) at, (3.1) 
0 0 
and hence 


A= f° f'ly() —v(s)ildedt = ff ly(e + s) ~ v(s)Il ded 


_ rr) 
0 40 T t _— 


y(st+t)—y(s) — y(s) — st +t- Sara 


~ CP 2AV'w + r/T) —y'(s + wr/T — r)) dr|| ds dt. 
ov T 0 


The last step follows from the fundamental theorem of calculus. Using the triangle 
inequality and an interchange of order of integration we get 


T r(T—t)t T , 
As [fa [WG + 2/7) — v0 + 0/7 - r) I drs 


= — ai [ lly’(s + tr/T) — y’(s + tr/T — r)|| ds drdt. 


Since the inner integral is over one period, it can be shifted by 7 = i¢r/T—r 
without changing its value to yield: 


a< (fa MG at|( "(lis +») -v(onavar| 


==" fv) -yolaar 


This is the desired inequality. Oo 
The proof of Theorem 1.3 proceeds as follows. For any T-periodic solution x(t) 
of (1.1), Lemma 3.1 and inequality (1.2) imply 


f° fics) — x(s)|| dsdt < zf fiw ~ x'(s)|| ds dt 
= sf fit) — f(x(s))|| ds dt 
< = [fino — x(s)|| ds dt. 


Hence, T > 6/L and the inequality (1.7) holds. 
The following example shows that 6 is the best possible constant in (1.7) 
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An Example with T = 1 and L = 6: Let ¢: [0,1] < [0,1] — R be defined by 


yad-x) x2y 
oon (a poy 
Observe that $(0, y) = (1, y) = $(x,0) = o(x,1) = 0. Extend ¢ to a periodic 
function of period 1 in both variables and still call this extension 9. 
Let E be the normed space of functions g: R? > R which are periodic of period 1 
in both variables and whose absolute value is integrable on [0,1] < [0,1], endowed 
with the norm 


1 fl 
iglh = i i Ig(x, y)| dx dy, 


and note that ¢ € E. Let z: R — E be the function whose value at the point (x, y) 
is z(t)(x, y) = o(x +t, y). Note that z(t) is periodic of period 1 and for every 
t,s ER, 


z(t) — 2(s) |], = le(t — s) — 2(0)Ih. 


With some tedious but easy computations it can be seen that for ¢ € [0, 1] 


1 
l2(1) - 2(0)I, = 54-2). 
Also, z has a continuous derivative z’: R > E and 


liz’(t) — z'(0) |], = 2¢(1 — 2), 
while 


lz’(t) — 2'(s) lh = le’(e — 5) — 2'(0)[h. 


Thus we obtain 


z(t) — 2'(s) li, = Sle(t) — 2(s)Ihp. 
By setting f(z(t)) = z(t) we have a function f: [ — E defined on the trajectory 
Y = {z(t): t © [0,1]} and which is Lipschitz with constant 6. The function z(t) is a 
periodic solution of period 1 to z’(t) = f(z(t)). 

The function f in the above example is defined and Lipschitz continuous on the 
orbit [ and, in general, it is not possible to extend a function defined on a subset of 
a normed space to the whole space while preserving the Lipschitz constant. In 
contrast, such an extension is always possible in an inner product space. However, it 
is possible to isometrically and isomorphically embed the space E in a larger 
normed space where the function f can be extended to the entire space while 
preserving the Lipschitz constant. So, the above example does provide us with a 
function defined and Lipschitz continuous on the whole normed space and for 
which the inequality in (1.7) reduces to an equality. This type of embedding and 
extension is described in Schmitt and Volkmann [9, pp. 404—405] where the reader 
can find details of how this extension can be done. 

It is interesting to see why the proofs of the previous section yielding the constant 
2m cannot be extended to normed spaces where the best constant is 6. The 
properties of angles played a crucial role in the Euclidean space proofs. In E” we 
define the angle @ between two nonzero vectors u and v by setting 


cos 8 = (u,v)/((full |Ivll), (3.1) 
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and consider u and v to be orthogonal if, and only if, cos @ = 0. Equivalently, we 
could obtain @ from the less familiar formula 


6 


u v 
2sin= =||— — — 
2 iil lvl 

and define u and v to be orthogonal if 2sin0/2 = y2. 

This second definition of angle is valid in any normed space E but something 
unexpected happens, namely, the familiar addition formula for consecutive coplanar 
angles breaks down. For the vectors shown in the following figure, we see that using 
(3.2) and the taxicab norm, we obtain 6, = 0, = 6 = 7. Thus 6, + 8, # @ and the 
proofs of the previous section cannot be extended to this case. 


(3.2) 


4. Bounds for discrete orbits. We now present the discrete version of Theorem 
1.3. Given a positive integer N > 2, form the square matrix M,, of size N — 1, 
whose entries are 


m, , = min(i, N — i,j -—N|i/N],N —- (i —-NILi/N])), 


where |x| denotes the maximum integer less than or equal to x, and hence, 
ij — N\|ij/N | is the remainder when 7 is divided by N. Notice that m, ; > 0 and 
Mj = My—j, jr Mj, 7 = M,, v-;- Denote by A, the largest eigenvalue of M,, which is 
known to be positive by a theorem of Perron and Frobenius. We then have the 
following result: 


THEOREM 4.1. Let E be a normed space, f: E — E be Lipschitz with constant L 
and let Xo,Xj,.---Xy = Xo be a periodic solution of period N > 2 of the difference 
equation 


Xntd = xX», + hf(x,,), 
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where h > 0. Then 


N 
hL > —. (4.1) 


Moreover, the bound in (4.1) is the best possible. 


The proof of inequality (4.1) uses only techniques from linear algebra and 
combinatorics but is rather involved and will be published elsewhere [6] together 
with some interesting properties of the eigenvalues \,,. One of these properties is 


the equality 
hy = (N?2—1+4 VN4 + 22N? — 23)/12 (4.2) 


which holds when N is prime. So, Theorem 1.4 in the introduction is a particular 
case of Theorem 4.1. As can be easily seen from (4.2), and can also be proved in 
general, we have N*/A,, > 6 as N > oo. Therefore, using the same argument as in 
section 2, inequality (1.7) (TL > 6) can also be obtained as a limiting case of (4.2) 
since Nh = T. However, the direct proof of (1.7) that we already presented is much 
simpler and has guided us in arriving at the discrete version (4.1) of this inequality. 
This is the situation mentioned in the introduction after the statement of Theorem 
1.2: the discrete version of the result is much more complicated than the continuous 
version in this case. We have here an interesting and fruitful interplay between 
discrete and continuous mathematics. We established the inequality LT > 27 as the 
limiting case of its easily derived discrete version hL > 2sin(7/N), while the 
inequality 7L > 6 has helped us in the discovery of its more complicated discrete 
version hLA, > N. 

The reader may be interested in seeing the form of some of the matrices M, and 
in knowing the behavior of the eigenvalues A ,,. For 2 < N < 5 we obtain 


1 


11 1 1 d/1 
M, = [1], M, =|} |, M,=|2 0 2], M, = 
1 1 1 


BPNmNre 
pe 
RBPmN Fe 


1 
1 
1 
whose characteristic polynomials are 
p,(A) =A-1, p3(r) =’ — 2X, 
pa(A) = — 27-4), p;(A) =M — 4 — 4)’, 
Using the quadratic equation we get: 
A,=1, Az;=2, A,=1+ V5, 5=2+ 78. 


For N > 10 we cannot find A, directly since the characteristic polynomial in this 
case contains an irreducible factor of degree larger than four. However, the explicit 
formula (4.2) for A, can be obtained when N is prime [3,6], which also gives a 
good upper bound on all Ax. Finally, A, can be found numerically using the power 
method for finding the largest eigenvalue of a matrix (see Table 4.1). 


Busenberg and Martelli [1] found that for an N-periodic difference equation: 
hE 4N 
> 
N*-N+2|N/2] 


For N = 2 and N = 3, these are the same as the values given here. However, for 


1989] 


N > 4, the present bounds are better than any previous ones and are the best 
possible. 
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TABLE 4.1. 


Inner Product Space 


exact 


27? 


numerical 
4.000000 


5.196153 
5.656854 


5.877852 
6.000000 


6.074373 


6.122935 
6.156363 


6.180340 
6.198117 


6.211657 


6.222208 


6.230586 
6.237351 


6.242890 


6.247483 
6.251335 


6.254594 


6.257379 
6.259776 
6.261854 


6.263666 


6.265258 
6.266662 


6.283186 


Normed Space 


exact 
4 
9 
2 
4(/5 — 1) 
25 
= W2 — 1) 
7? ~—g 
49 
wala — 2) 


272 


27? 


numerical 
4.000000 


4.500000 
4.944273 


5.177670 
5.409536 


5.506249 


5.619933 
5.684398 


5.741064 
5.774430 


5.817793 


5.834300 


5.859026 
5.876756 


5.891001 


5.900368 
5.913588 


5.919598 


5.929294 
5.934927 
5.940312 


5.944562 


5.950611 
5.953248 


6.000000 


15 


Here is a table of minimum values for NhL with 2 < N < 25 for both inner 
product spaces and normed spaces. 
In the above table, the inner product space values are found using NhL > 


2N sin(a/N). The exact values are those which can be obtained without solving a 
polynomial of degree greater than two, that is, when N is a power of two times 
either one, three or five. The numerical values for normed spaces are found by using 
the power method on M,. When WN is a prime, NhL can be calculated using 


Theorem 1.4. When N = 4, it can be found using the characteristic equation. 
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Otherwise, finding the exact value requires an exact solution of a polynomial of 
degree greater than two. 

The reason for using NAL instead of AL is that Nh converges to the period of a 
differential equation. Hence, these values converge to the minimum values for LT 
for a differential equation. 

Also, notice that for N > 3, the inner product space values are greater than the 
normed space values. This is as expected because the set of inner product norms is a 
subset of the set of norms. For N = 2, the two points forming a periodic solution lie 
in a One-dimensional subspace. All norms in this subspace are proportional and so 
the two values for NAL are equal. 


5. Odds and ends. The gap between the best constant 27 in Theorem 1.1 for 
inner product spaces and the best constant 6 in Theorem 1.3 for normed spaces 
leads to a number of questions. The first of these comes from the fact that the only 
examples we have been able to construct with 6 as the constant are in infinite 
dimensional spaces. 

Question 1: Suppose that in Theorem 1.3 we add the hypothesis that E has finite 
dimension. Then, is the best constant k in the inequality LT > k, 6 or 27 or 
something else? 

For a particular normed space E the best constant k in the inequality LT > k is 
a number k* > 6 (see (1.7)). Call k* the period scale of the space E. Note that if E 
is a complex vector space, then the linear map Ax = ix shows that the period scale 
of E is less than or equal to 277. In fact, for any linear map A, the norm of A equals 
the Lipschitz constant L and, in the above case, || A|| = L = 1, while x’ = ix has the 
periodic solution e’x, of period 27 for any x, # 0 in E. Moreover, for any linear 
operator A on a real vector space E, we have ||A\|J = LT > 27. The second 
question asks for more details. 

Question 2: Given k > 6 must there exist a normed space of period scale k? In 
particular, are there any spaces with k > 27? Also, if the period scale of a normed 
space E is 277, is E necessarily an inner product space? What properties characterize 
spaces of period scale k? 

Let us now look at the discrete results. 

Question 3: In all inner product spaces with dimension at least two and for all N, 
we have an example showing that the discrete bounds of Theorem 1.2 are strict. 
However, given an integer N, the smallest dimension of a normed space for which 
Theorem 4.1 is known to be strict is N — 1. Are there normed spaces of dimension 
less than N — 1 for which equality holds in Theorem 4.1? What is the strictest 
inequality given N and the dimension d < N — 1? Note that a complete answer 
would also answer question 1. Even the simplest nontrivial case: N = 4 and d = 2 
is unresolved. 

So, there still remain unknown optimal constants in this small corner of mathe- 
matics and much room for combining discrete and continuous mathematics to come 
up with the answers. 
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Letters to the Editor 
Editor: 


I regret to bring to your attention a serious error in C. E. Van Der Ploeg’s article 
on nonnormal quartics {[ Monthly, March 1987]. 

The ‘theorem’ on page 279 states that K is a nonnormal quartic if and only if K 
has a dihedral Galois group. However, A, and S, can appear as Galois groups for 
quartics, e.g., x¢ +x +1. 

The error in the proof occurs in the first line, where the quadratic subfield is 
assigned to Q(/t). Such a subfield may not exist: looking at the Galois group, we 
see that it occurs if and only if the subgroup of index 4 fixing K is contained in a 
subgroup of index 2. For the possible non-abelian Galois groups of a quartic, this 
condition holds for the dihedral group, and not for the alternating and symmetric 
groups, showing the argument is circular. 

The correct version of the theorem states that the following are equivalent: 

(i) K is a nonnormal quartic containing a quadratic subfield; 

(11) K has a nonnormal biquadratic minimal polynomial; 

(111) K has a dihedral Galois group. 

As a corollary, elements of K are constructible with straightedge and compass if 
and only if K has abelian or dihedral Galois group. 


Yours sincerely, 


Andrew J. Lazarus 


(continued on p. 67) 
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where the sum is over all 2” of the n-tuples (¢€,, €,,..., €,). Now, 
n n er7imx, 4 ee 27imx, n 
S(n) = 27" Il yy ertimex = Il 5 = I] cos(2mmx ,). 
J=le=+l j=l j=l 


By hypothesis, the sequence {2mx,} has an irrational sequential limit point, say 
y. Let I be a closed interval containing y and not containing any integer. Then 
there exists a positive 5 < 1 such that |cos wt| < 6 if t © I. Let v,,(n) be the number 
of x,, 1 < i <n such that the fractional part of 2mx, lies in I. Then S,,(n) < 8°” 
> QOasn- oo. 


Editorial Comment. All solutions received were essentially the same as Cantor’s. 


Solved also by Nick Martin, A. Meir (Canada), James Propp & Daniel Ullman (jointly), Arthur 
Rothstein, and the proposer. 


What Else Pythagoras Could Have Done 


EDITOR: 


Yoram Sagher [See reference] shows that Pythagoras could have demonstrated that 
the square root of an integer is an irrational or an integer without knowing anything 
about prime numbers. Assuming Pythagoras understood Euclid’s algorithm, the 
following proofs show how he could have demonstrated that any integer root of an 
integer is an irrational or an integer, and even that the cube root of an integer either 
is not the root of a quadratic (i.e., not of the form (a + bV¥n)/c) or is an integer. 

In the following, all variables but r are restricted to integer values. 

The (shorter) proof of Sagher’s special case comes first, to motivate the others. If 
r= Vk =m/n (in lowest terms), Euclid’s algorithm gives a and B for which 
am + Bn =1. Then rn =m, rm =r’n = kn, and r=r(am+ Bn) = arm + Brn 
= akn + Bm, an integer. 

3 
Now take r = m/n = Vk , am + Bn = 1. Then 
m=rn, rn? = mn, rmn = m’, rm? = r°n? = kn? 
r=r(am+ Bn) = orm? + 2aBrmn + B2rn? = a?kn? + 2aBm? + B?mn, 
an integer. 
e t e e e e 

By an obvious generalization, for any integer t > 2, if vk is rational, it is an 

integer. 


Now make the weaker assumption that r = Vk, and that r satisfies a proper 
quadratic equation ar? + br +c =0, a #0. Then 0 = (ar? + br + c)\(ar — b) = 
a’r? + (ac — b*)r — be. If ac = b’, divide the equation by a? to find r°? = (b/a)° 
and r = b/a. Otherwise, put k for r? and find r = (be — a*k/(ac — b*). Either 
way, r is rational, and consequently an integer. 


Reference 


Y. Sagher, What Pythagoras Could Have Done, American Mathematical Monthly, 95 (1988) 117. 
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1. Introduction. The classical “isoperimetric problem” posed by the Greeks 
proposes to find among all simple closed curves with a given length the curve which 
surrounds the largest area. The solution to this problem is contained in the 
isoperimetric theorem, which states that among all curves with a given length the 
circle surrounds the largest area. More precisely, let a simple closed curve with 
length P surround a domain with area A. Then the circle with the same length as 
this curve surrounds an area equal to 


The isoperimetric theorem asserts that this area is larger than A, that is, that 
P? > 4aA. (1) 


Since “cutting a hole” in the domain will increase its perimeter while diminishing its 
area, we conclude that (1) is actually valid for arbitrary multiply connected domains 
with rectifiable boundaries. 

Many proofs have been given of the isoperimetric theorem, some of which are 
fairly brief. We wish here to give an account of a new approach, discovered in [18], 
to the isoperimetric inequality via complex Stokes’ formula and a few simple ideas 


*Partially supported by NSF grant #DMS-85-03780. 
**Partially supported by NSF grant #DMS-84-00582. 
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from rational approximation theory. The approach involves associating with each 
compact subset K of the complex plane C a quantity A(K), the analytic content of 
K, which expresses how well the function z can be approximated on K by rational 
functions which are analytic on K. (The precise definition of the quantity ACK ) will 
be presented in Section 3.) 

The analytic content A(K ) can be estimated in terms of the area A of K and the 
perimeter P of K. We will focus on two estimates. The first is that 


\(K) > 2A4/P, (2) 


which is valid when the boundary of K consists of a finite number of smooth curves, 
or more generally whenever it is possible to make sense of the perimeter of K (see 
(11, Ch. 4], [17]). The second is the estimate 


A\(K) < yA/z, (3) 
valid for any compact set K, where equality holds if and only if K is the union of a 
closed disk and a set of zero planar measure. These two estimates (2) and (3) yield 
immediately the isoperimetric estimate (1). From the condition for equality in (3), 
we then deduce the full isoperimetric theorem. 

Each of the estimates (2) and (3) is interesting in its own right. In particular, the 
estimate (3) extends to the setting of uniform algebras, where it has been exploited 
by H. Alexander and others [2], [3], [4], [14], [19], [30]. In the more general context, 
it is closely related to Alexander’s spectral area estimate. 

Our program is as follows. In Section 3 we will define and discuss A(K ). In 
Section 4 we will develop the complex form of Stokes’ theorem and use it to 
establish (2). In Section 5 we will derive an estimate, due to L. Ahifors and A. 
Beurling, which is of interest in other connections. In Section 6 we will establish (3), 
thereby completing the proof of the isoperimetric theorem. In the course of this 
development, the reader will see brought into play a number of important ideas 
from complex analysis and approximation theory, and may also find ideas for 
several qualifying examination problems. 

Before beginning our excursion, we devote some words to placing the isoperimet- 
ric theorem in historical context. 


2. Historical background: Steiner symmetrization and Hurwitz’s proof. The 
Greeks already knew a version of the isoperimetric theorem and its analog in 
three-dimensional space. It is mentioned in the writings of Pappus (late third 
century A.D.), who attributes the discovery to Zenodorus. However, the first major 
step towards a rigorous proof was only found in the nineteenth century by J. 
Steiner. In 1838 Steiner [32], by means of an ingenious geometric method, showed 
that the circle solves the isoperimetric problem provided that a solution exists. 
Steiner purported to give several proofs of the full isoperimetric theorem, all of 
which stumbled over the existence of an extremal domain for the problem. In this 
connection, we refer to the comments of W. Blaschke [6, pp. 4 and 32], which close 
with eight quoted lines from Goethe’s Faust. 

Steiner’s proofs were completed in different ways by a number of mathemati- 
cians. Of particular interest are F. Edler’s completion [10] in 1882 of Steiner’s fifth 
proof, and the proof given by C. Carathéodory in [8]. A giant step was taken by 
H. A. Schwarz in 1884. Inspired by work of K. Weierstrass on the existence of 
extrema for variational problems, Schwarz developed in a seminal paper [29] a 


20 T. W. GAMELIN AND DMITRY KHAVINSON [January 


method which established rigorously the isoperimetric inequality in three-dimen- 
sional space: 


S? > 36nV?. 
Here, S is the surface area and V is the volume of a solid. Finally, E. Schmidt [28] 
obtained the general n-dimensional inequality 


S" > 2n"?n"y"-1/T(n/2). 


For more details we refer to [5], [25], [26] and the literature cited there. 

To illustrate the ingenuity of geometric methods used to prove the isoperimetric 
inequalities even in simple situations in comparison with the apparent obviousness 
of the statement, we sketch a proof of (1) based on Steiner’s ideas, and in particular 
on a process known as Steiner symmetrization. 

Symmetrization of a plane domain G with respect to a straight line L changes G 
into another domain G* characterized by the following: 

(i) G* is symmetric with respect to L. 

(ii) Any straight line orthogonal to L which intersects one of the domains G and 
G* intersects the other, and both intersections have the same length. 

(111) The intersection with G* of any straight line orthogonal to L consists of just 
one segment bisected by L. 

The line L is called the line of symmetrization. 

For example, a semicircle of radius r symmetrized with respect to its bounding 
diameter is transformed into an ellipse with semiaxes r and r/2. 

Steiner observed first that symmetrization does not change the area of the 
domain. This is a consequence of Cavalieri’s Principle, which nowadays is justified 
by appealing to Fubini’s theorem, as follows. For purposes of argument, let us 
assume that G is convex, and that the line of symmetrization is the x-axis. Then 
each vertical line meeting G cuts the boundary in exactly two points, say (x, y,) and 
(x, y,), where y, < y,. By definition the corresponding intersection with G* is a line 
segment whose endpoints have coordinates (x, y), (x, —y), where 2y = y, — yj. 
Therefore, according to Fubini’s theorem the area A of G is equal to 


b 
A= | (y> — y;) dx, 


where a and b are the endpoints of the interval which is the orthogonal projection 
of G onto the x-axis. The domain G* is bisected by the x-axis, so its area A* is 
given by 


b 
*=2 / ydx. 
a 
Since for each x, 2y = y, — y,, we have A* = A. 
Steiner’s second fundamental observation is that symmetrization diminishes the 


perimeter. To see this, assume that our convex region G has (say) piecewise smooth 
boundary with no vertical line segments. The perimeter of G can then be expressed 


in the form 
1/2 51/2 
b dy, \? dy, 
P= 1+ {— +|1+{|— dx. 
f'| (#2) | (ey | 
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On the other hand the perimeter P* of G* is equal to 


dy \?|'” dy,  dy,\*|" 
peaafis(2)| am fer(2-2)] a 
a x x Xx 


In view of the elementary inequality 


1/ 


1/2 
(4 + (s—t)”) “(vt 92? 442)”, 


with equality if and only if s = —t, the integrand in the expression for P* does not 
exceed the corresponding integrand for P, and hence P* < P. 

Now suppose G has minimal perimeter among domains with a fixed area. Steiner 
symmetrization with respect to the x-axis then yields a domain with P* = P. The 
condition for equality in the above inequality leads to the identity dy,/dx = 
— dy,/dx, so that y, = —y, + c. This means that G is symmetric with respect to a 
line parallel to the x-axis, namely, the horizontal line which passes through the 
center of gravity of G. Symmetrizing with respect to other lines, we see that G is 
symmetric about each line through its center of gravity, and from this it follows 
readily that G is a circular disk. We conclude that the isoperimetric theorem is valid 
providing there exists a domain with reasonable boundary, whose perimeter is 
minimum among domains with a fixed area. 

For an arbitrary convex domain G with smooth boundary, we argue as follows. 
(For a related argument, see [11, Theorem 2.10.31].) Set G) = G, and let G,, G,,... 
be a sequence of domains, each obtained from the preceding one by Steiner 
symmetrization about some line through the origin, so that the perimeters of the 
G,’s (which incidentally are convex and have smooth boundaries) converge to the 
minimal possible value over all choices of such sequences. It is not at all obvious but 
nevertheless true that the G,’s converge to a smoothly bounded domain G,,, and the 
perimeters of the G,’s decrease to that of G,,. It turns out that Steiner symmetriza- 
tion does not reduce the perimeter of G,,. The earlier argument shows that G,, is a 
disk, with the same area as G and smaller perimeter. Since the isoperimetric 
inequality holds for G,,, it also holds for G. 

This then is the idea behind Steiner’s proof as completed by Carathéodory. 
Various other proofs, based on different geometrical ideas, can be found in [5], [11], 
[26]. 

It was A. Hurwitz [15] who supplied in 1901 the first purely analytic proof of the 
isoperimetric theorem. Hurwitz’s proof, which features Green’s formula promi- 
nently, proceeds in outline as follows. Suppose the region G is bounded by a simple 
closed smooth curve I of length 27. The idea is to parametrize [ by arclength, 
s > z(s), 0 < s <2, and then expand the complex parameter function z(s) = 
x(s) + iy(s) in a Fourier series : 


0° . 
zs)= > ce™. 


n=—- oo 


Since |z’(s)| = 1, we have 


b= 2" )\? ds = 3 n\c,,|? 
~ oad, | s)| lenl”- 


n=— 00 
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On the other hand, using Green’s formula we obtain 


A J J dxay = alee — ydx| 


1 ——~ 00 

=Im [” z(s)z'(s)ds=ma  nic,|?. 

2 0 n=—0o 

Since n < n? for all n, we obtain the isoperimetric inequality A < 7. Furthermore, 
since n < n° for all n # 0,1, equality A = 7 holds only when z(s) = c, + c,e" 
parametrizes a circle and G is a disk. See [12] for further interesting discussion. 

_ The first complex-analytic approach to the isoperimetric problem was developed 
in 1921 by T. Carleman [9]. For a region G bounded by a smooth simple closed 
curve I’, he established the inequality 


[ fur aeay < z[ finaiei) 


for all holomorphic functions on G U [. Applied to f = 1, the estimate yields the 
isoperimetric inequality. This estimate, valid as it is for all holomorphic functions, 
has the feature that it transfers from one domain to another via conformal mapping. 
Using the Riemann mapping theorem, one is thus obliged to verify the estimate only 
in the case of the unit disk. Greater detail concerning this approach and various 
generalizations are to be found in the Ph.D. thesis of S. Jacobs [16]. Carleman’s 
estimate has been extended to finitely connected domains by S. Saitoh [27], by a 
method which begs to be simplified. 

We now turn to a quite different idea for a proof of the isoperimetric theorem. 


3. Rational approximation in C. Let K be a compact set in C. The algebra 
R(K ) (algebra of rational functions) consists of all rational functions with poles 
outside of K and their uniform limits on K. In other words, f € R(K ) if and only 
if there is a sequence of rational functions p,(z)/q,(z), where p,, q,; are polynomi- 
als with all zeros of q,(z) outside of K, such that 


lim ||f — p,/ajllx = 9. 
jr 
Here | - |x 1S the norm of uniform convergence on K, 


lIgllk = sup{|g(z)|: ze K}. 


Note that if the interior K° of K is nonempty, then any function f € R(K ) is 
analytic on K°, since the approximating rational functions are analytic there. 
However not all continuous functions analytic on K° belong to R(K), and a 
central problem in the theory of rational approximation is to determine exactly 
when a given function f belongs to R(K ). One of the first results in this direction is 
the classical Runge theorem, proved by C. Runge in 1885. The version of the Runge 
theorem we will use is the following. 


THEOREM. If f extends to be analytic in an open neighborhood of K, then f © R(K ). 
The idea of the proof is quite simple. Any such f can be represented as a complex 

integral 
1 


f(s) = — [2 


2mivpz—§ 


dz, gfe Kk, 
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when I is an appropriate contour surrounding K, inside of which f is analytic. 
Since each f(z)/(z — §), for z fixed, is a rational function of £, one sees by writing 
down Riemann sums approximating the integral that f is a limit of rational 
functions. 

Another important part of Runge’s theorem, which we will not use, is that if K 
has a connected complement, then each rational function g({) = 1/(z — ¢), for 
z € K, can be approximated uniformly on K by analytic polynomials in ¢. This 
part of the theorem is proved by translating the pole z along a path to oo. 

A proof of Runge’s theorem based on classical approximation methods close in 
spirit to the original proof of Runge can be found in [22, Ch. 4, §2.3]. For a proof 
employing the functional analysis approach to approximation problems based on 
the idea of duality and the Hahn-Banach theorem, we refer the reader to [13, Ch. II, 
Cor. 1.2]. 

Besides determining when a given function f belongs to R(K ), we might wish to 
be more precise and determine the distance from a given function to R(K ), again 
measured in the supremum norm on K: 


dist(/, R(K )) = inf{||f— gllk: § © R(K)}. 


We are particularly interested in the distance from the complex conjugate z of the 
coordinate function z to R(K ); this distance we define to be the analytic content of 
K, denoted by A(K), so that 


\(K) = dist(z, R(K )) = inf{||Z - glk: g © R(K)}. 


If A(K) = 0, then z € R(K). Since also z € R(K), both x = (z+ Z)/2 and 
y =(z-—2Z)/2i belong to R(K). Since R(K) is an algebra, all polynomials in x 
and y are in R(K). From the Stone-Weierstrass theorem we conclude that all 
continuous functions on K are approximable by rational functions, that is, R(K ) 
= C(K ). The argument is reversible, so that we obtain the following. 


THEOREM. The compact set K has zero analytic content if and only if R(K ) = C(K ). 


This observation motivates us to seek estimates for A(K) in terms of more 
geometric quantities. For instance, once we obtain the estimate (3) for A(K) in 
terms of the area of K, we will be able to conclude that if K has zero area, then 
\(K ) = 0, and therefore R(K ) = C(K). This is a classical result of F. Hartogs and 
A. Rosenthal, proved in 1931. (See [7, Ch. III] or [13, Ch. II] for more detailed 
discussions.) Thus the estimate (3) can be regarded as a quantitative version of the 
Hartogs-Rosenthal theorem. 

Before treating (3), we turn to the estimate (2), which will be proved using the 
Cauchy-Green formula. 


4. The Cauchy-Green formula. Any student of complex analysis is familiar with 
Cauchy’s integral representation formula. If the domain D is bounded by a finite 
union of simple closed curves I, and g is analytic within D and across I’, then 


1 


_ g(z) 
(= so) ee fe D. 


There is an important though less familiar version of this formula, which is valid 
even if g is not analytic, and which includes a correction term to account for the 
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nonanalyticity. In terms of the differential operator 


) 1/ a ) 

—$ = — | — + j— 

dz 2\ax a yl? 
the Cauchy-Green formula is 


)-sf! Med we -— ff dxdy, ED. (4) 


The formula is valid whenever g is smooth, so that we can make sense of the 
z-derivative 0g/dz. Note that for fixed {, the function 1/(z — ¢) is integrable with 
respect to the area measure dx dy on the bounded domain D, so that the area 
integral converges. In fact, the area integral is a convolution of the locally integrable 
function 1/z and the bounded function x ,dg/0z, where x, is the characteristic 
function of D. 

What happens if g is analytic? By writing g = u + iv, where u and v are real, 
one calculates that the real and imaginary parts of the equation dg/dz = 0 are 
precisely the Cauchy-Riemann equations for u and v. Thus g is analytic if and only 
if 0g/dz = 0. The equation 0g/dz = 0 can be regarded as the complex form of the 
Cauchy-Riemann equations. If g is analytic, the correction term in (4) disappears, 
and (4) reduces to our old friend, the Cauchy integral formula. 

For the detailed proof of (4) we refer the reader to [7, Ch. III, Lemma 3.1.2] or 
(22, Ch. III, §3.5]. Here we just remark that (4) can be obtained from the standard 
Green formula in a quite straightforward fashion, by excising from K a disk A, of 
radius e centered at §, applying Green’s formula to the function g(z)/(z — §) in 
K, = K\ A, and then taking a limit as e — 0. This proof in particular explains why 
(4) is usually called the Cauchy-Green formula. We must mention here the classical 
papers [23], [24] of S. N. Mergelyan and [33] of A. G. Vitushkin, where (4) is 
systematically applied to various problems in approximation theory. The reader 
interested in possible generalizations of (4) to more general compact sets may refer 
to [20]. 

Now suppose we replace g(z) in (4) by (z — §)g(z), for a fixed [ € D. We 
compute using Leibniz’ rule and the analyticity of z — § that 


a 0g 
95 Ll — §)g(z)] =(2- {)—-. 


Hence (4) becomes 


= 55 fale -—ff Saw, 


or 


[a(2) de = rif [ day (5) 


The formula (5) can be regarded as the complex form of the standard Stokes’ 
formula, since the exterior derivative of the form g(z) dz 1s given by 


dg _ Og 
d(g(z) dz) = 35 dz\dz = di dx Ndy. 
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Now we are ready to establish (2) for compact sets K = DUT with smooth 
boundary I. Fix a function h € R(K ) which is analytic in a neighborhood of K, 
and denote by ds = d|z| the arclength measure on [ = OK, so that the perimeter P 
of K is given by P = /{, ds. Substituting in (5) the expressions 

(2)=7-n(z), Sat 
& z) = 2 z), az ~ 9 


we obtain 
[lz-4)] dz = 2if | dx dy = 2iA, (6) 
r D 

where A is the area of K. On the other hand, the obvious estimates yield 


fle —h(z)] az\< fiz — h(z)| ds 


< | sup |? - h(2)I| { as <||Z — hll,P. 


zel 
Taking the infimum over such h, and taking into account (6), we obtain 
2A <X(K)P, 


which is equivalent to (2). To complete the proof of the isoperimetric inequality, it 
now suffices to obtain the estimate (3). 

Does the estimate (2), that 24 < A(K)P, depend on the fact that K is bounded 
by smooth curves? Not at all. The estimate is valid for any compact set K, just as 
soon as we make sense of the perimeter P of K, finite or infinite. For sets of finite 
perimeter and their geometric characterization by means of techniques from geomet- 
ric measure theory, see [11, Ch. IV, §4 and 5]. For applications of these ideas in the 
context at hand, see [17], [18], [20]. 


5. The Ahlfors-Beurling estimate. The Ahifors-Beurling estimate is an estimate 
for functions of the form 


O)= Tf fre see ”) 


in terms of the area of the compact set K. Note that the integral defining G is the 
convolution of an L®-function (the characteristic function of K ) and the function 
1/z, which is locally integrable with respect to the area measure dx dy. Conse- 
quently the function G depends continuously on §. By differentiating under the 
integral sign, one sees that G is analytic on the complement of K. Furthermore, 
G(é) > 0 as §— oc, so that G is bounded. (Supply correct proofs of these 
statements, and you can surely pass any analysis qualifying exam.) 

There is one case in which it is easy to compute explicitly the function G. 
Suppose that K = A, is the closed disk centered at the origin of radius p > 0. Then 
the associated function Gy, is given by 


1 p 7 1 
Gy (f) = =a) i aay tt rar 


The inner integral can be calculated by expanding the integrand in a geometric 
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series. It can be also computed with the aid of the residue calculus: 


| 1 a 1 1 1 
j eae | eae | ol - = |# 
0, [sl <r, 
27 
> [S| >r. 


Here the residues at 0 and § cancel if || <r, while only the residue at z = 0 enters 
if |f| > r. Thus 


2 min(p, — ‘ 2 
Gu (6) = 2 [0 dy = Ene DT 
—§, |Sl <p 
= 0” 
a [S| >. 


Note that the two defining formulae coincide on the circle |{| = p. In this case we 
easily estimate Ga, in terms of the area 7p” of the disk A o: 
Area( A, ) ve 
IG (S)| <p = Arete , sec, (8) 
where equality holds for || = p. 
Now the Ahlfors-Beurling estimate has exactly the same form as (8): 
Area( K ) |”? 
1G(¢)| < | ——— tec, (9) 
for the G defined by (7) on any compact subset K of C. Before deriving this sharp 
estimate, let us obtain a similar sharp estimate due to S. N. Mergelyan (see [23], 
(7, Ch. III, Lemma 3.1.1]), which sometimes can serve in lieu of (9). 
Mergelyan’s estimate has the form 


dx dy | |” 


~[ [<< 


with equality if and only if K is the union of a closed disk centered at § and a set of 
zero area. To prove the estimate, fix ¢ € C, and let D, be a disk centered at ¢ with 
radius r, = (Area(K ) /)'/, so that D, and K have the same area. Since now 


Area( D,) = Area( D,\ K) + Area( K 2M D,) 


tec, (10) 


coincides with 
Area( K ) = Area( K \ D,) + Area( K  D,), 
we obtain 
Area( D,\ K ) = Area( K \ D,). (11) 
The idea now is to move K\ D, back inside D, to cover D,\ K, where the 
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integrand is larger. Then the integral appearing in (10) will increase, strictly if 
K\ D, has positive area, to the corresponding integral for D,, which can be 
evaluated directly. We express this idea analytically by observing that 

1 1 1 


max <—- < mn |; 
K\D, |z — §| hr  D\K|zZ— $| 


so that using (11) we obtain 


dx dy dx dy 
ies a * Lie 02) 


DAK 


with strict inequality when K \ D, has positive area. Expressing the integral in (10) 
as a sum of integrals over K M D, and K\ D,, and using (12), we find that 


1 dx dy 1 dx dy 1 dx dy 
al hizme < 7 Iz—$| * 7 die-a 


dx dy 


1 
-Shimne 


Passing to polar coordinates and assuming without loss of generality that ¢ = 0, we 
can compute this latter integral explicitly. Its value is 


L soe on 
— f° ‘ardo =2 
] 


7 0 7 


This establishes Mergelyan’s estimate (10). 
Using (10), we may estimate our function G by 


1 dx dy Area( K) ]’/7 
IG(S)I < wlhine <2] | 


For most applications we are happy to give up the factor 2 and use this estimate for 
|G| in terms of area in place of the Ahifors-Beurling estimate (9). For the isoperi- 
metric inequality, however, we cannot afford to give up anything at all! To obtain 
sharp estimates, we proceed as follows. 

Pertorming a translation if necessary, we can assume without loss of generality 
that G attains its maximum modulus at the origin. Furthermore, by performing a 
rotation we can assume that G(0) > 0. Then 


T 


Gllx = G(0) = J J Re{ =] dx dy. 


As is readily seen, for any c > 0 the set {Re(1/z) > c} is a disk centered on the real 
axis at the point (1/2c, 0), with radius 1/2c. Then, the same argument that we used 
to establish (10), shows that the integral of Re(1/z) over sets K of a fixed area is 
maximized when K, up to a set of area zero, coincides with the disk A = {Re(1/z) 
> c} for an appropriate c. For this disk A we have established in (8) the estimate 


G,(0) < As)" 


9 
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and since Area( K ) = Area(A) and G(0) < G,(0) we obtain 


G(0) < Area) 


We have derived the Ahlfors-Beurling estimate (9), and furthermore we see that the 
estimate is sharp if and only if K is itself a disk, up to a set of zero area. 

We invite the reader to formulate an estimate in a more general context, from 
which both (9) and (10) can be derived as special cases. 


6. Alexander’s spectral area estimate. Now to derive the estimate (3) we proceed 
as follows. Let D be a bounded domain containing K, with smooth boundary I. A 
large disk will do. Applying the Cauchy-Green formula (4) to the function g(z) = z, 
we obtain 


4 
f= sale r--ff— pdxdy, SEK, 


Thus with G defined by ” we have 


+ G(t) = — ~ {ff zdedy, SEK. (13) 


T P\K 


ai 


The integral around I depends analytically on ¢ for § € D, so that by Runge’s 
theorem it belongs to R(K ). We claim that the integral {{p.x1/(z — §) dx dy also 
belongs to R(K ). Indeed, if Ky is the pen neem of K, then for 6 small, 


ie 7 do dy = i, z do dy + I= 


Then the first integral on the right depends analytically on § in Ks, so by Runge’s 
theorem it defines a function in R(K ). On the other hand, Mergelyan’s estimate 
(10) shows that the second integral is estimated by 


i= AreiKe\ 5)" 
R\K 7 7 | 
Since Area(K;\ K) > 0 as 6 > 0 (why?), we find that fp. x1/(z — §) dx dy is 
uniformly approximable on K by functions analytic in a neighborhood of K, and 
hence belongs to R(K ). 

Now the identity (13) shows that 


z+GER(K). 


This fact incidentally was already noted by Mergelyan in [23]. (See also (33].) If we 
combine it with the Ahlfors-Beurling estimate (9), we obtain 


alr | 


a dy. 


gy <2 


M(K) <|]2 — (2 + G)llx =IGlix < 


This proves (3), and it completes the proof of the isoperimetric inequality. More- 
over, since equality holds in the Ahlfors-Beurling estimate if and only if K is the 
union of a closed disk and a set of zero area, we have equality in the isoperimetric 
inequality, among domains bounded by smooth curves, only in case the domain is a 
disk. 
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What precisely is Alexander’s spectral area estimate? Let us say something about 
it in a general way, without clarifying all the terminology. For greater detail we refer 
the reader to [2], [3], [4], [14], [19], [21], [30]. 

Let A be a uniform algebra on a compact space X, that is, A is a closed 
subalgebra of C( X) which contains the constant functions and which separates the 
points of X. Prototypical examples of uniform algebras are algebras of bounded 
analytic functions on some fixed domain, where X is taken to be some compactifi- 
cation of the domain. The spectrum o(f) of f € A is the compact set of complex 
numbers A such that 1/(A — f) does not belong to A. If A happens to be an 
algebra of analytic functions, then o(/f) often coincides with the closure of the 
image of f. 

The Ahlfors-Beurling estimate for A(K ) extends immediately to give an estimate 
for the distance, measured in the supremum norm on X, from the complex 
conjugate f of f € A to the algebra A, in terms of the area of the spectrum of f: 


eee) |”. 


dist(f, A) < fEA. 


If now p is a probability measure on X which is multiplicative on A, i.e., satisfies 


[ehdp = [ fea fran) g, hea, 


then as a lower bound for dist( f, A) it is easy to establish the estimate 


dist( f, A) > >| fir- [fan du “ 


Combining these estimates, we obtain 


fir [fdu)? ay < pea (14) 


This is Alexander’s spectral area estimate, and j in fact the proof we have presented is 
the original proof [2], [3]. 

Alexander’s spectral area estimate (14) has a number of applications to analytic 
functions. Alexander’s original application was to estimate the volumes of projec- 
tions of analytic varieties. To give an idea of another type of application, recall that 
the BMO-norm of an analytic function on the unit disk A = {|z| < 1} is compara- 
ble to the supremum of certain L?-norms, 


1/2 
II llpmocay ~ ce | fir fa, du , 


where p, is the Poisson measure naltilicative on analytic functions!) on the unit 
circle {|z| = 1} for ¢ € A. Thus (14) leads to estimates for the BMO-norm of an 
analytic function in terms of the area of the image of f (not counting multiplicity!): 


If llamo < ¢ Area(Image(f)), f analytic. 


Estimates of this type were originally obtained by D. Stegenga [31] using other 
methods. The idea of obtaining the estimate from Alexander’s spectral area estimate 
stems from Axler and Shapiro [4]. The estimate is valid for various types of 
BMO-spaces connected with more general domains, in one and in several complex 
variables. 

But this is the beginning of a new tale. 
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A topological space A is called connected if it can’t be divided into two disjoint 
nonempty closed subspaces. Such a dissection is called a separation. Equivalently, a 
connected space is one with no proper open-and-closed subset (or component). For 
instance, the interval [0,1] with the induced topology as a subset of the real line is 
connected; while [0, 1/2) U (1/2, 1] is not, as [0, 1/2) is relatively closed and open. 

As connectedness is most naturally defined as a negative property (“there does 
not exist...’’), it is often easier to show a space to be nonconnected, by exhibiting a 
component or a separation, than to show a space to be connected. This is one 
motivation (not, of course, the only one!) for the definition of path-connectedness. 
A topological space A is path-connected if, for any two points do, a, € A, there 
exists a continuous map f/f: [0,1] — A such that f(0) = a), f(1) = a,. This implies 
connectedness, for if A, and A, form a separation of A, ag € Ap, a, € Aj, then 
f(A) and f~'(A,) form a separation of [0,1], which, as we have seen, cannot 
occur. The opposite implication is not true; Fig. 1 shows a space that is connected 
but not path-connected (why?) 


Fic. 1 


If the topology of a space has a basis of connected open sets, we call it locally 
connected. This property neither implies connectedness nor is implied by it. [0,1] U 
[2, 3] is locally connected but not connected, while the space in Fig. 1 is not locally 
connected (consider a neighborhood of (0,0)). The “Warsaw Circle’ (Fig. 2) 
obtained by joining opposite ends of Fig. 1 is path-connected but not locally 
connected. There are also spaces that are locally connected and connected but not 


31 


32 ROBERT J. MACG. DAWSON [January 


Fic. 2 


path-connected; examples may be found in [4, p. 28], or the interested reader may 
enjoy constructing her own. 

Another motivation for studying path-connectedness is that it corresponds well 
to our intuition on the behavior of connected sets. For instance, if a path-connected 
set A in the unit square S = [0,1] X [0,1] contains (0,0) and (1,1) and does not 
contain the other two corners, it separates them, in the sense that (0, 1) and (1, 0) lie 
in different components of S\ A. This is proved in [3] by Kiang, Morrison, and 
Wright. However, we can find disjoint connected sets A and B in S, such that A 
contains (0,0) and (1,1), while B contains (0, 1) and (1,0). We may call such a pair 
of disjoint connected sets crossed. An example is given in Appendix 2 of [1]; 
FIGURE 3 shows a slight modification of that construction, and FIGURE 4 shows a 
different construction with the same property. A very different construction, in 
which A and B are not only connected, but also locally connected, was given by 
Jones [2]. Unfortunately, this construction cannot be drawn, as both A and B are 
dense in the square! 


(0, 1) (1,1) 


1 (0,1) (11) % 


4 0,0) 1,0) 


FIG. 3 Fic. 4 
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A curious feature of the example in FIGURE 3 is that the union of the two sets, 
A U B, cannot be repartitioned into disjoint connected sets, one containing the 
left-hand corners (0,0) and (0,1), the other containing the right-hand corners (1, 0) 
and (1,1). To see this, note that the removal of the points a and b disconnects the 
remainder of A U B into 4 components A,, A,, B,, B,, and that to join (0,0) to 
(0,1) requires one of these two points to “glue” the two zigzags A, and B,. On the 
other hand, any connected subset of A U B containing (1,1) must contain a or lie 
entirely within the line segment A,, and any connected subset of A U B containing 
(1,0) must contain b or lie entirely within B,. Thus, a connected subset of A U B 
that contains (1, 0) and (1, 1) must contain both a and b; so it is not possible to join 
both left-hand corners and both right-hand corners at once. 

This seems rather counterintuitive; we might have expected that if there was 
enough material in A U B to join pairs of vertices “the hard way’, there was 
enough to join them “the easy way” as well. Indeed, in this case, it is possible to 
repartition AU B into two disjoimt connected sets, one containing the upper 
corners, the other containing the lower corners. Does there exist a “level-crossing” 
in the unit square—that is, a subset that permits only crossed connections of the 
vertices? More formally: 


Does there exist a subset X of the square which contains disjoint connected sets A 
and B such that each contains two opposite corners, but that does not contain two 
disjoint connected sets C and D such that each contains two adjacent corners? 


My personal suspicion is that there does not exist any such subset, but despite 
sporadic attempts over the last five years, ’ve been unable to find any reason for 
this to be so. Can anybody help? 
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On the Square Roots of Infinite Matrices 


LILLIAN E. PETERS HUPERT AND ANNE LEGGETT 
Department of Mathematical Sciences, Loyola University, Chicago, Illinois 60626 


Introduction. In an address “Matrices I Have Met” at the Joint Mathematics 
Meetings in New Orleans in January, 1986, Paul Halmos posed the following 
question: Consider the Cesaro matrix 
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Is there a matrix A which has the property A* = C? 

We began by constructing lower triangular matrices which have this property. 
Alerted by a colleague to work of Hausdorff, Toeplitz, and others, we investigated 
various convergence properties of our square roots. We used computer-generated 
estimates of the first 25 rows of two of the square roots to formulate conjectures 
which we then proved on the behavior of their entries. We showed that the first of 
these square roots takes convergent sequences to convergent sequences and that the 
second does not even take bounded sequences to bounded sequences. For a while 
we believed that all the square roots of C were lower triangular; eventually, having 
found no obstruction, we proved that all nonzero infinite matrices have nontriangu- 
lar square roots. Also, our technique for finding lower triangular square roots of C 
applies to any infinite lower triangular matrix with all positive entries on the 
diagonal. 

Halmos was, of course, interested in finding a square root of C which is also a 
bounded operator, i.e., one which takes square-convergent series to square-conver- 
gent series. J. B. Conway has proved the existence of a well-defined bounded 
subnormal operator VC by using the Conway-Olin functional calculus [1], [2]. Also, 
by a theorem of T. Kato [3], C has a bounded accretive square root. The proofs are 
not constructive, so we do not know a matrix square root which is a bounded 
subnormal square root. 

In our investigation, we used only elementary techniques. The computations are 
complex, but require knowledge only of calculus, linear algebra, binomial coeffi- 
cients and, above all, the principle of induction. Most of the proofs are inductive; 
the square roots are iteratively defined; the inductive relationship between binomial 
coefficients reflected in Pascal’s triangle is essential. In this note we present our 
results without proof, but will gladly supply details upon request. 
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We would like to thank our colleagues Martin Buntinas, Cary Huffman, and 
Gerard McDonald for helpful conversations. 


Constructions of lower-triangular square roots. One solution to Halmos’s ques- 
tion has been known for some time. In 1921, Hausdorff described the following 
construction in [4]: 

Let V be the matrix V 


—4\j-1ft- 1 pe 
5 = (-1) 4] hie jy 


(6; ;), where 


0 if i<j 
that is 
1 0 O 0 0 
1 —1 0 0 0O 
fi —2 1 0 0 
V1, -3 3 -1 0 =: 
1 -4 6 -4 ] 0 


where the nonzero entries are the binomial coefficients with alternating signs. It is 
straightforward to show that 7 = V7}. 
For a € R, let 


Clearly, fora, B € R, H,,,=H alte. Because another straightforward computation 
shows that H, is the Cesaro matrix, it follows that H,,. has the desired property, 
1.€., (H, 2)” = H, = C. 

By a similar construction, we obtain infinitely many lower triangular square roots 
of C. Let o be a function defined on the positive integers such that o(i) € {—1,1} 
for all i. Let D, be the diagonal matrix with nth diagonal entry o(n)-1/ Vn. Let 
A, = VDN; the Hausdorff transformation for the diagonal matrix D,. Then it is 
easy to see that A, is a lower triangular square root of C. 

By another straightforward calculation, it can be verified that if A, = (a;,), then 


a;,= (i 1) E(- Nolo] ‘) for all i > j. 


This explicit formula is more useful than the iterative definition for proving that 
various properties hold for A,. 

In fact, every lower triangular square root of C is equal to some A,. To see this, 
we need a more direct method of construction. 
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Let B, be a lower triangular matrix defined as follows: 
1 

1) for all i > 1, b,, = o(i)-—. 

) l a(t) 

2) for all i > 2, b; =, = 1/i(b, + 5;_1, j-1). 

3) for all 7 > landi>j +1, 


1 i-1 
» bin Dy, i-j 
A t k=i-j4+1 
i,i-j 
bi, + bij, i-j 


The denominators in 2) and 3) are clearly nonzero by 1). Here, we are constructing 
the matrix B, by first defining the main diagonal, then the subdiagonal, then the 
diagonal below that, etc. By straightforward (but tedious) calculation, we show that 
this iterative method produces all lower triangular square roots of C. 


THEOREM 1. Let B be a lower triangular matrix. Then B? = C iff B = B, for some 
o: Z*=> {1, -1}. 


Further, since B, is completely determined by the entries on its main diagonal, it 
follows that, for any o: Z*—> {1, —1}, A, = B,. 

If M is any infinite lower triangular matrix with positive entries on the diagonal, 
the method above may easily be modified to produce a square root by choosing 
o(i) = 1 for all i. If the diagonal entries are pairwise distinct, then a square root 
may be defined for each choice of o. 


Convergence properties. Let A be lower triangular. Then Ax’ is defined for all x 
by lower triangularity. A is defined to be a limitation matrix iff Ax is bounded 
whenever x is bounded. In [5], [6] it is proved that A is a limitation matrix iff there 
is a constant K such that L_,|a;,|< K for all ie Z™. A is defined to be a regular 
matrix iff Ax and x have the same limit whenever x is convergent. A is a regular 
matrix iff the following three conditions hold: 


oO 
1) la,,|< K forall i € Z* for some fixed K, 
j=l 
2) lim a,, = 0 for all j © Z*, and 
i> © 
oO 
3) lim }) a,,=1. 
i oo j=l 


(See [5], [6], [7]-) 

Let A,=A, where o(i) = 1 for all i € Z*, and let A,,, = A, where o(i) = 
(—1)'*! for all i € Z*. These are the matrices whose entries we approximated on 
the computer. 

The subdiagonal of A,,, blows up in absolute value: it is not difficult to show that 
la; ;-1| > 2vi — 1. Thus A,,, is not even a limitation matrix. 

For any A,, by a complicated induction it can be proved that X°°_,a;; = ay, for 
all i © Z~*. Using the explicit characterization of the entries of A ,, induction down 
the subdiagonals of A_,, Pascal’s triangle, and the derivatives of 1/ yx, we see that 
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a,,; > 0 for entries a;, of A,. Also, it is easy to see that a,,<1/2vi for all 
i, j © Z* with i > j. Hence we obtain the following theorem: 


THEOREM 2. A, is a regular matrix. 


Thus the matrix A,, Hausdorff’s H, ,., is a square root of the Cesaro matrix C 
which is, like C, a regular matrix. A,,,, on the other hand, is not even a limitation 
matrix. Thus the lower triangular square roots of C have strikingly different 
convergence properties. 


Construction of nontriangular square roots. In this section we describe a con- 
struction of a nontriangular square root Y for any infinite matrix X. We build Y in 
the order indicated by this picture: 


1p pe 


The idea is that in section k we correct the kth entry of Y? so that it will agree with 
the kth entry of X. We must be careful to ensure that once an entry is corrected, the 
associated computation is not changed. To this end, we use any counting ¢ of 
Z* xX Z* which has the property that ¢(r, s) > r,s for all (r,s). 

Let X = (x;,). We construct the matrix Y = (y,,) as follows. 

Set y,, = 0. Now, for k > 2, define recursively all entries of Y in the kth row 
and to the left of the diagonal, and in the Ath column above or on the diagonal. 

Let 6 '(k) =(r,5). For all i, 1 <i<k and i¥,r, set y, =0. For all j, 
1<j<kand j#s, set y,, =0. If Lily = X55 St Y-~ = Ves = 0. Otherwise, 
set y, = land y,, = x,, — Lic y,,y,,. Notice that, in either case, Li. y.1¥), = Xs: 

Further, because ¢ is a bijection, we verify that y,,y,. = 0 whenever / > k. Then 
LY Vis = Leet Y Vis = Xps- Thus we have the following theorem: 


THEOREM 3. Y* = X. 


Because the above construction can be used to find a square root of any infinite 
matrix, it can, in particular, be used to construct a square root of the Cesaro matrix. 
Moreover, if X is not the zero matrix, it is obvious that the construction always 
yields a matrix which is not triangular. (In general, the square root will not even be 
row-finite or column-finite.) 

The construction has several additional properties that are worth noting: 

1) If the original matrix X has all integer entries, then the square root Y has all 
integer entries. If X has only rational entries, so does Y. 

2) The choices of y,, and y,, are clearly not uniquely determined. 

3) This construction will work for infinite matrices over any ring R which has the 
property that, for any r © R, there are r,,7, © R with 7,7, =r. In particular, the 
construction will work if R has an identity. The ring need not even be associative. 

The construction has an interesting extension to finite matrices. Let R be some 
ring with the property mentioned in 3). If X is an n X n matrix over R, then for 
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m =n’, there is an m X m matrix Y over R with square projecting down to _X, i.e., 
the n X n upper left-hand submatrix of Y? is equal to X. 


Open questions. Is Hj ,. = A, the only regular (lower triangular) square root of 
Cc? 

Is Hausdorff’s H,,. a bounded subnormal square root of C? It is the only 
obvious candidate. 

The nontriangular square root of C constructed has the property that L°7_1y,; = 
oo. Obviously the y;;’s can be defined in such a way that the rows have finite sums. 
Can the construction be controlled sufficiently to make Y regular? 
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A Note on Venn Diagrams 
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The familiar three circle Venn diagram can be used for graphical solution of 
logical problems involving three sets A,, A,, 4, because each of the 2? sets S$, M S, 
1 S;, where S; is either A; or Af, can be represented as a plane region bounded by 
arcs of these circles. Venn, who himself referred to this device as “Eulerian circles,” 
observed (without argument, [7]) that 4 circles cannot similarly be used for problems 
involving 4 sets, though allowing more varied shapes, ellipses say, will work. This 
observation is perhaps commonplace in introductory discussions of logic (e.g. [3, p. 
42], [4, p. 53]). An elementary demonstration of the inadequacy of circles follows 
immediately from Problem 44b of [8]; Euler’s formula for planar graphs can also be 
used to show this, as well as the fact that ellipses cannot be used for 6 sets [5]. 

A bit of undergraduate linear algebra reveals some general limitations on the use 
of algebraic curves as Venn diagram boundaries. Let X be a set and f a real 
function on X. Let p(f) = {x © X: f(x) > 0}. A collection of functions f,,..., f, 
will be said to define boundaries for a k-set Venn diagram if each of the 2* sets 
S, A -:: AS,, with S; = p(f,) or p(—f,), is nonempty. 


PROPOSITION 1. Suppose that U is a vector space of real functions on X with 
dimension n and V = {g +c: g © U,c€R}. Then no collection of n + 1 functions 
chosen from V define boundaries for an (n + 1)-set Venn diagram. 
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Proof. Let fi,.--, fi+i © V and suppose f, = g, + c; with g, © U. We will show 
that there is some (strict) orthant of R"*! which does not contain any vector of the 
form 


(filx),---5 fraal®)), (1) 


with x € X. This is easily seen to imply that the chosen functions cannot define 
boundaries for a Venn diagram. Because dim(U) = n, there is a nonzero vector 
Vv = (U,,.-.-, U4 ) such that v,g, + --- +0,418,41 = 0. Clearly v can be chosen to 
make d= ,c, + ++: +0,43C,+1 2 9. This means that each vector (1) lies in the 
affine manifold S = {y: v- y = —d}. Let O be the orthant 


{(Vis-++> Mana) YH > 0 if v,>0, y,<0 if v; < 0} 


Then v- y > 0 for any y € O. Hence ON S is empty and we are done. 


Examples. Let X = R*, U = span{x” + y*, x, y}, and let V be as in Proposi- 
tion 1. Then any four circles in the plane can be specified by f,,..., fy € V (via 
f(x) = 0) and Proposition 1 implies that these cannot be boundaries for a 4-set 
Venn diagram. 

Venn used 4 ellipses, with principal axes parallel to the x and y axes, as a 
diagram for 4 sets [7, p. 7]. However, by letting U = span{ x’, y’, x, y}, we see that 
no such ellipses will work for 5 sets. Griinbaum [5, p. 13] gives an illustration of how 
5 ellipses, with axes unrestricted, can be used for 5 sets, but letting U = 
span{ x”, y’, x, y, xy} shows that no such ellipses serve for 6. 

This reasoning can be extended to ellipsoids (with variously restricted axes) in 
R". For example, the reader can easily construct 4 spheres in R* which give a 
“Venn diagram” for 4 sets and then apply Proposition 1 to see that 5 spheres can’t 
similarly be used for 5 sets. 

Proposition 1 extends an idea in [6]. It is closely related to results in combina- 
torial geometry which have applications to pattern recognition, approximation 
theory, and probability theory (see e.g. [1], [2], [6]). 
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Direct Sum of J-Rings and Zero Rings 


STEVE LIGH 
Department of Mathematics, University of Southwestern Louisiana, Lafayette, LA 70504 


JIANG LUH 
Department of Mathematics, North Carolina State University, Raleigh, NC 27695 


A ring in which every element x satisfies x") = x, for some integer n(x) > 1, is 
called a J-ring, and it is well known [1] that such a ring is commutative. In [4], it 
was shown that a ring R is commutative if it satisfies the following condition: 

(*) For each x, yE& R, there exists an integer n = n(x, y) >1 such that 
(xy)" = xy. 

It was pointed out that the above condition is weaker than the condition 
x") = x for all x in R, since there exist non-J-rings satisfying (*). The example 
given in [4] was any zero ring R, 1.e. xy = O for all x and y in R. 

The purpose of this note is to show that there are no other examples by 
establishing the following structure theorem of any ring R satisfying (*): R is a 
direct sum of a J-ring and a zero ring. We use the commutativity of R from [4] 
throughout this note. 


LemMA. Let R be a ring satisfying condition (*). Then A = {x © R: x* = 0} and 
B={yeER: y"™ = y for some integer n(y) > 1} are ideals of R. 


Proof. If x © A, then (xy)” = x*y* = 0 implies that xR = 0. For any x, y € A, 
(x — y)? = x? — 2xy + y* = 0. Hence 4 is an ideal of R. 

For any x, y in B, there exist integers n = n(x) > 1 and m = m(y) > 1 such 
that x” =x and y”™ =. Let k=(n—-1)m—-(n-2)= Gn = Tn (m2). 
Then it is clear that x* = x and y* = y. Hence, for any x,, xX,,..., x; in B, there 
exists k > 1 such that x* = x, for all t = 1,2,..., i. 

Next we wish to show for any x, y in B, x 7 y isin B. Since (x + y)y isin B 
by (*), there exists k such that xk = x, yk =y and ((x+y)y)*=(x+y)y. It 
follows that 


=(x+y)y 
=xy+y?. 
Hence, 
K\k-1)2 4 00. k k 
(i) y tl Kay Q. 
Now multiplying both sides of the above by y?*~3 yields 
k\ K-11 . k k-1 — 
GE y + tl K xy 0. 
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Thus for any x, y in B, x + y isin B. It is easy to see that if x is in B and r is in 
R, then xr and —.x are in B. This shows that B is an ideal of R. 

Now we are ready to state and prove the result concerning the structure of rings 
satisfying (*). 


THEOREM. Let R be a ring satisfying condition (*). Then R = A @® B, where A isa 
zero ring and B is a J-ring. 


Proof. If x € A B, then x? = 0 and x" = x, n> 1. Thus x = 0. 

Let re R. By (*), (7r)" =r?" = r? for some n > 1. Now r= (r—r2""1) + 
r2"—-1l Since (r — r2"71)? = r? — 277" + 74"? = 0, it follows that r— r?2""1 © A. 
Now r2"~! is in B since n > 1. This completes the proof. 

The following corollary was obtained by Lee in [2]. 


COROLLARY. A ring R satisfying the condition (xy)? = xy for all x, y in R is a 
direct sum of a Boolean ring and a zero ring. 


Remark 1. For other descriptions of rings satisfying condition (*), see [3]. 


Remark 2. The above corollary was also obtained by Scott Beslin and Pat Jones. 
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A Very Short Proof of Stirling’s Formula 


J. M. PATIN 
Le Bourg, Epineux-Le-Séguin, 53340 Ballee, France 


The purpose of this note is to give an extremely short proof of Stirling’s formula 
which uses only the Lebesgue dominated convergence theorem, as opposed to [1] 
where I find the use of the Central Limit Theorem or the inversion theorem for 
characteristic functions unsatisfactory since these results cannot be reasonably 
judged elementary. 

In [2], P. Diaconis and D. Freeman published another proof with a similar idea, 
but the proof below is clearer and shorter. For x > 0 


+ + 00 
I(x) = f ple"! dt = 2/ u2*—le-™ dy: 


hence, 
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Changing variables (u = ¥x + v), one gets 
T'(x)e*vx 


+00 vp \2x-1 +00 
= 2 em] + =| e-” dy =2 v)e~” dv, 
x* J. vx | <0 @, ( ) 


where 
9,(v) = 


First, using the series expansion, 


lool 1 v v vy? 
og(1 + —|=—-—+ 
| | vx 2x 


we see that, for a fixed v, 


log y,(v) = —v* +0 


1 2 
—}l}asx— +00; hence lim =e”, 
F| tim @.(v) e 


Second, g,(v) has its maximum at 


2Vx 2x 


which remains bounded when x > +00, since 


1 1 2x-1 
v= —- rT>~; hence, Y,\U <¢(1 - =| , 
7 (0) 


Thus one finally has 


and, bearing in mind Walter Rudin’s remark (3, p. 194, 9.3(a)], which explains how 
the Lebesgue dominated convergence theorem [3, p. 27], can be applied to an 
uncountable family such as g,(v)e~” , we conclude: 


I(x )e*Vx +0 4 7 
re of e-2" dy = 2) = = Vim 


x2 +00 X - 
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I. Introduction. In courses on non-Euclidean geometry models of hyperbolic 
geometry play an important role. The standard models are Klein’s disk model and 
the disk model and half-plane model named after Poincaré [1], [4], [6], [7], [8]. In 
each case the model is embedded in the Euclidean plane and the concepts of 
hyperbolic geometry are interpreted in Euclidean terms. One wonders whether there 
is a similar model of Euclidean geometry within Euclidean geometry, and in 
particular a model that is bounded as a Euclidean object. Then for once one could 
see the whole Euclidean world that tends to run off the blackboard all too fast. A 
little reflection yields the correct answer: Of course! After all, all that is needed is a 
bijection of the standard Euclidean space with a bounded part of itself, and by 
means of this bijection the structure of Euclidean space can be transferred to the 
model. Doing this randomly will likely result in a model which is quite intractable 
without going back to the original. We will below propose a model that is 
reasonably simple in itself and has a transparent relationship with standard 
Euclidean space. It demonstrates the difference between the logical content of an 
axiom system and its interpretations; in particular it destroys the faith in a 
preordained single model of Euclidean space. It can serve as an introduction to the 
idea of models of a geometry, and thus make the models of unfamiliar geometries 
more palatable. It further constitutes a source of questions and exercises, and looks 
like a pedagogically convenient way to introduce the projective extension of 
Euclidean space. 

While there was never a doubt that this model must have appeared someplace 
before, I only discovered it in the textbook by David Gans [3] when I revised my 
article. Gans uses the model extensively for motivating and illustrating projective 
geometry. It is introduced on page 212 after the study of transformations of various 
kinds. However, the model can be used profitably from the start in any geometry 
course and deserves more publicity. I would like to thank the referee for a thorough 
review and many helpful suggestions. 


Il. The Model F. Let F be the interior of a circle w of radius r in the standard 
Euclidean plane E. The straight lines in F are the half-ellipses of E whose major axes 
are diameters of w and the diameters themselves. It is convenient to include among 
the “‘half-ellipses” the diameters of w, which then coincide with their “major axes” 
and have degenerate (one-point) “minor axes.” At this stage we may observe: 


(2.1) The families of parallel lines in F are the families of half-ellipses with 
common major axes. 


The angle measure between two straight lines of F is the E-measure of the angle 
between their major axes. The F-distance d between the center O of w and a point 
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of F with E-distance d from O is 


(2.2) d = rdlVr? — d?. 
The distance between any two points on a diameter is computed from their 


distances from O, and the distance between two arbitrary points can be computed 
by transferring it to a diameter by means of a parallelogram. 


2.3 THEOREM. F is a model of the Euclidean plane. 
The validity of 2.3 is established by means of the following map. 


(2.4) The bijection o: E — F. The plane E is contained in 3-dimensional Euclidean 
space and we choose Cartesian coordinates in the latter such that E is the x-y 
plane, w is the circle x? + y* =r, and F is the intetior Of w\ Let S be the 
hemisphere x? + y? + (z—r)* =r’, z <r, with center C. For the initiated, o is 
simply the central or gnomonic projection from E onto § composed with the 
orthogonal projection of S$ onto w [1], [2]. Explicitly, given P € E, let P, be the 
point of intersection of the line PC with S and let P = o(P) be the intersection 
with E of the parallel to the z-axis through P,. 


It is clear that this map o: E — F is a bijection. The model F is established by 
using o to transfer to it the structure of E. The image o(a) of a straight line a of E 
is obtained by intersecting the plane through a and C with S which results in a 
great semicircle a,. Projecting a, into F yields an ellipse whose principal axis is the 
projection of the diameter of a, in z = r (Fig. 1). It is now clear that angles in F are 
measured as described above. In terms of coordinates o is given as follows. 


Fic. 1 


(2.5) Let P be a point of E and let P = o(P). If (p, p) are the polar coordinates 
of P and (p, ©) the polar coordinates of P then 


B= rp[ lr? + 0°, — =, 
p= rr —P, ~=@. 
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If (x, y) are the Cartesian coordinates of P and (x, y) the Cartesian coordinates of 


P then 
= rx/ Pox? +9, pan|fP+xety, 
x= nl [(P— PP, y=) Pee. 


Proof. In Fig. 2, OP = p, OP = p and PP, =r — yr? — p* from the equation of 
the sphere. Similar triangles yield 


r-—yr°— 9p 
whence p = ra (r* — p’. The rest follows easily. 


C 


O P P 


Fic. 2 


The formulae (2.5) together with the fact that F is a Euclidean geometry (being a 
carbon copy of E) show that the distance measures in F are obtained as claimed, 
and 2.3 is now proven. 

Another model of Euclidean geometry has appeared partway through the above 
proof. The central projection maps the Euclidean plane E bijectively onto the 
hemisphere 


H:x?+y?2+(z—-r) =r’, z<r, 


transforming straight lines into great semicircles. The model F may be viewed as a 
perspective picture of the hemispherical model H. 

Translating properties of F into the language of E yields facts and construction 
problems such as the following. 


(2.6) Given a circle w and two points in its interior, there exists a unique ellipse 
passing through the given points and having as major axis a diameter of w. Find a 
straightedge and compass construction of the major and minor axis of this ellipse. 


(2.7) Given a circle w, a diameter of w, and a point in the interior of w, there 
exists a unique ellipse having the given diameter as major axis and passing through 
the given point. Find a straightedge and compass construction of the minor axis of 
this ellipse. 


(2.8) Let A be an ellipse whose major and minor axes are given. Let a be a line 
passing through the center of A. Find a straightedge and compass construction of 
the points of intersection of a and A. 
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(2.9) Let A, and A, be concentric ellipses with known major and minor axes. If 
the major axes of A, and A, have equal lengths, find a straightedge and compass 
construction of the points of intersection of A, and A,. 


These construction problems can be solved by mapping the F-lines back to E and 
thereby turning the ellipses into straight lines. Figure 3 indicates how P can be 
constructed from P = o( P) and conversely. 


ZZ 


Ili. The Global Picture. It is now possible to illustrate Euclidean curves in their 
entirety in F. FIGURES 4-7 illustrate the kinds of graphs one gets in F. In each 
figure the radius of F is 12 units. 


Fic. 4. Coordinate grid x = 2n, y=2n,-10 <n +10. 
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Fic. 5. Sine and cosines y = 2sin x, y= +2(2n + cosx) y= +4n,1<n<3 


Fic. 6. The Archimedean spiral p = 9. 


As in the case of the models of hyperbolic geometry the model F is deceptive in 
suggesting a distinguished center of the Euclidean plane. This center is distinguished 
only from the point of view of the ambient space but indistinguishable from other 
points from within the model. 

The coordinate grid (FIG. 4) is readily recognized as the perspective picture of the 
corresponding family of great semicircles of the hemispherical model H. It is a bit 
more challenging to imagine the preimages on the hemisphere of the other figures. 
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Fic. 7. Conic sections. 


_ («-4P oy? ; 
E: Ellipse 6 9 = 1, P: {Parabola y* = 4x 
(x+4) 0 y? 3 
H: Hyperbola 6 — 9 1 with asymptotes A: y = + 4 + 4) 


IV. Projective Geometry. The ideal points that must be added to F in order to 
get the real projective plane P are there for all to see. They are the points of w, and 
w is the line at infinity. A family of parallels meets at the endpoints of their 
common principal axes, and at least at this stage we see that the two endpoints must 
be identified in order to preserve the incidence axioms. Having these ideal points 
available, Fig. 7 suggests that the distinguishing features of ellipses, parabolas, and 
hyperbolas are merely that they have none, one, or two points in common with the 
ideal line w. Asymptotic curves meet on w but the converse need not be true as we 
can see from the parabola. 

The projective closure of the hemispherical model H is the closed hemisphere 


xe+y?+(z-ryl=r?, zr, 
with antipodal points on the equator identified. In this setting an angle and distance 
measure can be defined conveniently [1], [6], [7] yielding a standard model of elliptic 


geometry. More models of various geometries can be found using the full sphere and 
utilizing stereographic projection [1], [5]. 


V. Extension to Higher Dimensions. There is no difficulty at all to extending the 
isomorphism (2.5) to arbitrary dimension n. If a;,a,,...,a, denote direction 
angles, p, p the distances from the origin, and x,, x; the Cartesian coordinates of 
corresponding points P and P respectively then the transformation equations are: 


rp - rp a (5.1) 
= Ss, PH, = Gj. 
ye — po” Vr2 _ po” 


X= ot; oy, = SL. (5.2) 


Tl 
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The representative hyperplane x, = A is transformed into the _half-ellipsoid 
(r? + A?)x? + Axe +--+ +A2x? = A*r?, x,- A>. 


VI. Philosophical Implications. We all know the murals in churches in which the 
deity is surrounded by angels and looking down onto earth from his seat on the 
clouds. It seems like a rather naive image now when every child knows that 
the immensity of space only begins beyond the clouds, and we expect to encounter 
strange creatures of somewhat human forms on space ventures rather than God and 
angels. However, slight corrections in the traditional pictures could create depictions 
which are mathematically perfectly consistent: simply enter the impenetrable shell 
of ideal points between the world and the heavens. Even in a Euclidean universe 
there is plenty of space for one or many worlds like ours and still more for heaven 
and hell—it all depends on how you measure. 
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Orthogonal Bases of R° with Integer Coordinates and Integer 
Lengths 


ANTHONY OSBORNE AND HANS LIEBECK 
Department of Mathematics, University of Keele, Staffordshire ST5 5BG, England 


An interesting problem that arises when studying orthogonal bases of R? is to 
find such bases of vectors with integer coordinates and integer lengths. The basis 
{(2,2, —1), (2, —1,2), (—1, 2, 2)} and its relatives feature prominently in textbooks, 
but there is a shortage of other examples. In this note we give a complete solution of 
the problem. 

It clearly suffices to consider the primitive bases {u,v,w} of R° where each 
vector u, v, w has integer length and the three coordinates of u, v, w are, in each case, 
relatively prime integers. The general solution of our problem is then obtained from 
the bases { au, bv, cw}, where a, b and c are arbitrary nonzero integers. 


A simple construction. The following simple construction provides a rich source 
of orthogonal bases of the type we want. Consider nonzero vectors in R? with 
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integer elements p, g and r, not all zero, and let 


S= {u = (p.9g,r),v= (q,r,p),w= (r, p,q)}. 
The condition for u and v to be orthogonal is that 
pqt+qr+rp =0, (1) 

and this condition is necessary and sufficient for the vectors u, v and w to be 
pairwise orthogonal. Moreover, if (1) holds then 

pt+gtr=(ptqtry), (2) 
so the vectors u, v and w all have integer length |p + g + r|. We have proved the 
following result. 


THEOREM 1. Let p, gq and r be integers, not all zero. Then {u=(p,4q,7r), 
v =(q,1r, p), W = (Fr, p, g)} is an orthogonal basis of R° if and only if condition (1) 
holds. Moreover, if this condition is satisfied then the vectors u, v and w all have 
length |p+qtri|. 


In view of Theorem 1, it is interesting to obtain the general solution of (1) in 
integers. Notice that if p + g = 0 then (1) is completely solved by p= g = 0, r 
arbitrary. This case is excluded in the following theorem. 


THEOREM 2. The general solution in integers of pq + qr + rp =0 withp+q#0 
is given by 


p=a(a+t b)k, g= b(a+b)k, r= —abk 


for integers a, b and k with gcd(a, b) = 1. Moreover, gcd( p, g, r) = 1 if and only if 
k= +1. 


Proof. Let p,q, r be integers satisfying (1) with p + g # 0. Then 


_ — Pq | (3) 
pt+q 
and this is an integer. Let d = gcd( p + q, p). Then also d = gcd( p + g, q). Put 
p = da, g = db. (4) 


Then gcd(a + b, a) = gcd(a + b, b) = 1, hence also gcd(a, b) = 1. Condition (3) 
implies that (a + b)r = —dab. Since a + b is relatively prime to both a and 5, this 
means that a + b divides d. So d = (a + b)k for some integer k. Substitution in 
(4) leads to the required result. 


As a consequence of Theorem 1 we obtain a further supply of orthogonal bases 
of R° with integer coordinates and integer lengths as follows. 

Let u=(p,g,r) be a nonzero vector with integer coordinates p, g and r 
satisfying condition (1) and with gcd( p,q, r) = 1. The problem is to construct 
suitable vectors s and t such that {u,s, t} is an orthogonal basis of R° of the desired 
type. By Theorem 1 the orthogonal complement of span {u} in R° is spanned by the 
vectors v = (q,7r, p) and w = (/, p,q), so § is orthogonal to uif and only if there 
exist x, y © R such that 


s=x(q,r,p) +y(r, p,q). 
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If s has integer coordinates then x and y must be rational, and so some integer 
multiple of s is defined as a sum of integer multiples of (gq, r, p) and (r, p, q). 
Therefore there is no loss of generality if we assume that x and y are integers. 
However, the basis of R° that we obtain containing u and s may turn out to be 
nonprimitive. 

An easy calculation shows that 


sll? = 22(x* + y?) 
where /= |p + q+-r|, the length of u. Thus s has integer length if and only if 


(|x|, |y|, ~x* + y*) is a Pythagorean triple of integers. (We admit the possibility 
that x or y is zero.) The vector 


t=x(r, p,q) — y(q,r, Pp) 
completes an orthogonal basis {u,s,t} of R’, for clearly u- t= s-t = 0. Also 


It}? = 12(x? + y?) = Is’, 


so {u,s, t} is a basis of the desired type if (|x|, |y|, (x? + y*) is a Pythagorean triple 
of integers. Apart from the possible cancellation of a common factor, all integer 
length orthogonal bases with integer entries that contain u as a member are 
obtained in this way. 


Examples. (a) Consider u = (2,2,—1), x =3 and y= —4. We obtain the 
primitive orthogonal basis {u,s = (10, —11, —2), t = (5,2,14)} with vectors of 
integer lengths 3, 15 and 15, respectively. (b) The construction always leads to an 
orthogonal basis containing at least two vectors of the same length. However, as we 
have pointed out above, such a basis need not be primitive. For example, the case 
u = (12,4, —3), x = 3 and y = 4 leads to the orthogonal basis {u,s = (0, 39, 52), 
t = (—25, 48, — 36)} of integer lengths 13, 65 and 65. From this we obtain the 
primitive basis {(12, 4, —3), (0, 3, 4), (— 25, 48, —36)} of lengths 13, 5 and 65. 


The above analysis affords the means of constructing all orthogonal bases of R? 
with integer coordinates and integer lengths that contain a vector ( p, g, 7) satisfying 
pg + qr + rp = 0. Now let 


P q fF 
tr t, f, 


be a matrix whose rows represent such a primitive basis. Then further primitive 
orthogonal bases of R° with integer coordinates and integer lengths are obtained by 
interchanging two rows or two columns, or by multiplying any row(s) or any 
column(s) by —1. In this way we obtain from Example (a) above the primitive 
orthogonal basis {(2,2,1), (10, — 11,2), (—5, —2,14)}. None of these vectors satis- 
fies the condition pg + gr + rp = 0. Nevertheless here again we are dealing with a 
very special case. 


The general construction. We now start with an arbitrary nonzero vector u = 
(p,q,r) with integer coordinates and integer length /, and we assume no further 
conditions on the integers p, g and r except that gcd( p, g, r) = 1. The following 
important result provides a formula for p, g, r and /. 
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THEOREM 3 [1, p. 12]. The general solution in integers of the equation 
p+g@tragl (5) 
where gcd( p, g, 7) = 1 and 1 > 0 is given by 
sp = 2ac, sq = 2be, srp= —a*—b* +c’, sl=a*+b*+c*, (6) 
where a, b,c are arbitrary integers with gcd(a, b,c) = 1 and s > 0 is taken so that 
gcd( p,g,r) =1. 


Proof. Suppose first that p, g, 7, / is a solution in integers of equation (5) with 
gcd( p,g,r) = 1. The case p= g = 0, r= +1, / = 1 1s trivial, so assume that p 
and g are not both zero. Let d = gcd( p, g,/ + r). Then gcd(d,/ —r) = 1if p org 
is odd, and gcd(d,/ —r) =21f p and g are both even, for otherwise some prime 
number would divide p, g and r. Put 


p= ad, g = bd, l+r=cd (7) 
so gcd(a, b, c) = 1. Then by (7) and (5) 
(—a* — b*? + c*)d* = 2r* + 2Ir = 2rcd (8) 
and 
(a* + b* + c*)d? = 2)? + 2r = Aled. (9) 
Hence, 


(a’ + b*)d* =cd(l-r), 


and so d divides c(/ — r). Since gcd(d, / — r) = 1 or 2, it follows that d divides 2c. 
Put s = 2c/d. Then s is an integer, and since / +, is positive, s > 0. The 
relations (6) now follow from (7), (8) and (9). 
The converse is easily verified, and we omit the proof. 


Example. Take (a, b,c) = (4, —7, 13). Then in formula (6) s = 26, (p,q, r) = 
(4, — 7,4) of length / = 9. 


Remark. Putting b = 0 in Theorem 3 gives a general formula for Pythagorean 
triples of integers p,r, /, where gcd( p, r) = 1. 


Now let u=(p,g,r) be an arbitrary nonzero vector with integer coordinates 
and integer length. We wish to find another such vector s that is orthogonal to u. By 
Theorem 3, s is a rational multiple of (2ac,2bc, —a? — b* + c”) where a, b,c are 
integers with gcd(a, b, c) = 1 which are so chosen that s is orthogonal to u. Setting 
aside the trivial case when c = 0 solves the problem, assume c + 0, and put 
A =a/c, » =b/c. Then s is a rational multiple of the vector with rational 
coefficients 


s* = (2A,2H,1-— — yp’). 
The orthogonality condition u - s* = 0 gives 
2prXQ + 2qutr(1—X- pw?) =0, 
which when viewed as a quadratic equation in A becomes 
r’? — 2prd+ (rp? — 2qu—r) =0. (10) 
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If r = 0, equation (10) becomes —2 pA — 2gu = 0. Thus a primitive solution is 
s* = (qg, —p,0). If r 0, solutions with A rational require that the discriminant 


p> —r(rw? — 2qu-r) (11) 
is the square of a rational number v. From (11) we obtain 
Cet eee (12) 


where / = |jul|, and p and » are rational numbers. 
Let (|x|, |y|, z) with z>0 be a Pythagorean triple. (We again admit the 
possibility that x or y is zero.) Then (12) is solved in rationals by 


xl yl 
(q-m)=—, v= — (13) 
Zz Zz 


and all solutions of (12) in rationals are of this form. From (13) and (10) we find 
rationals 


zp + yl zq — xl 
,- PTY q 


’ b= 
zr zr 


(14) 


(without loss of generality) such that the vector s* is orthogonal to u. Then also s is 
orthogonal to u and {u,s,u X s} is an orthogonal basis of R° with integer coordi- 
nates and integer lengths. 


Examples. (a) Suppose u = (4, 7,4) of length / = 9. Let x = 3, y= -—4, z=5. 
Then 5s* = (—8,4,1). The vectors u = (4,7,4), s = (—8,4,1) and $(u x s) = 
(—1, —4,8) form a primitive orthogonal basis of R°. The basis vectors all have 
length 9. The choice of x = 3, y = 4, z = 5 in (14) leads to the primitive orthogonal 
basis {(4, 7, 4), (28,4, — 35), (—29, 28, —20)} with vectors of lengths 9, 45,45, re- 
spectively. 

(b) Now suppose u = (12,12,1) of length /= 17. Taking x = —5, y= —12, 
z = 13 we obtain the primitive orthogonal basis {(12,12,1), (— 48, 241, — 2316), 
(— 97, 96,12)} with vectors of distinct lengths 17, 2329 and 137. Such primitive 
orthogonal bases of vectors with distinct lengths appear to be somewhat elusive! 


The above technique produces all primitive orthogonal bases containing a given 
vector u. 


Added in proof. Since this article went to press, the authors have obtained a 
method of generating all orthogonal bases of R” with integer coordinates and 
integer lengths by using a matrix approach [2]. 
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ELEMENTARY PROBLEMS 


E 3301. Proposed by Hugh L. Montgomery, University of Michigan, Ann Arbor, 
and Jeffrey D. Vaaler, University of Texas, Austin. 
Suppose a,,45,...,4, are vectors inR™, where N > M. Prove that the set of 
vectors in R™ expressible in the form 
Aa, t Aja, + °°: +Ayay, 0<A,<1l, 


has M-dimensional volume 
y) |det A,|, 
I 


where J runs over the subsets of {1,2,..., N} of cardinality M and A, denotes the 
M by M matrix whose columns are the a, for which i € IJ. 


E 3302. Proposed by Jim Delany, California Polytechnic State University, San 
Luis Obispo, CA. 


The mean and standard deviation of any 7 consecutive integers are both integers. 
What natural numbers greater than 1 share this property with 7? 


E 3303. Proposed by Donald E. Knuth, Stanford University, CA. 


Suppose m and n are positive integers. Find a closed-form expression for 
gmn _ 


E ()io 


k=0 
where v(k) is the number of 1’s in the binary representation for k. 
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E 3304. Proposed by Dante Vialetto, Olgiate Olona, Italy. 


Prove that there are infinitely many solutions of 


ax* + by? = cz? 


in integers a, b,c, x, y, z with 
a<b<c<x<y<z, 


and obtain a family of such solutions with as many independent parameters as 
possible. 


E 3305. Proposed by M. S. Klamkin, University of Alberta, Edmonton. 


If a, b,c are the sides of a triangle with given semiperimeter s, determine the 
maximum values of 
(i) (b-c)* + (¢— a)? + (a — Bb)’, 
(ii) |(b — ce — a)| + \(c — alla — b)| + |(a — bb — c)|, and 
(iii) (b — c)?(c — a)*(a — b)?. 


E 3306. Proposed by J. B. Wilker, Scarborough College, University of Toronto, 
Canada. 


7 
(a) Prove that if 0 < x < >? then 


sinx\* tan x 
+ > 2 


xX xX 


(b) Find the largest constant c such that 


sinx\* tan x 
+ >2+4+ cx’ tan x 


x 


{ 
O XxX 


SOLUTIONS OF ELEMENTARY PROBLEMS 
A Double Sum Related to the Harmonic Series 


E 3122 [1985, 736]. Proposed by Miha’ly Bencze, Brasov, Romania. 
Prove that 
mn YF + 2k 4... +n* 


{1 in (-1)*"(7)\ =(n+ DoE 


Composite Solution based on the solutions of Daniel Neuenschwander (student, 
University of Bern, Switzerland), Bjorn Poonen (student, Harvard University), and 
Robert E. Shafer, Berkeley, CA. 


k 
k=1 kn 
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(student, Canada), G. Sylvester, D. B. Tyler, C. Wildhagen (The Netherlands), Yan-loi Wong (student), 
and the proposer. 


A Sequence of Reversals 


E 3163 [1986, 566]. Proposed by Clark Kimberling, University of Evansville, IN. 


Consider the sequence { 7; }$°, of permutations of the positive integers defined by 


[kit]  kit+2 05) kiti 
"\ iti kiti-lo +: 6 kit] 


as k runs through all nonnegative integers, i.e., 7, reverses the i-tuples of consecu- 
tive positive integers. Define A, = 7,7, --- 7,(1). Prove that the sequence 


{A,},<0 = {2,4,5,7,12,...} 


is strictly increasing. 


Editorial Comment. The original statement of the problem incorrectly defined A,, 
as 7,7, 1 °°: (1). For example 7,7,(1) = 7,(2) = 2 but ,7,(1) = 7,(3) = 4. 


Solution by David Callan, University of Bridgeport, CT. 
We will show that 7,7,,, --- 7,7,,,(1) > 77,4, °°: 7,(1) whenever 2 <i <n. 
The case i = 2 then gives A,,, > A,. 


LEMMA 1. If b—a=r (modi) with 0<r<i, then 2b) —12,(a) is either 
b—a-2rorb—a-+2i—2r. 


Proof. Expressing b as ki+j and a as k’i+/j’ with 1 <j,j’ <i, we have 
7(b)=kit+i+1-—-j and w(a)=k’i+i+1-—,’. Subtracting these yields 
m(b) —a(a)=b—-—a-—2(j —/’). Finally, b-—a=r implies that 7 —j’ is r or 
r— i. 


LEMMA 2. Suppose thatb > aandb—a=gqitrwithO<r<i.Ifq>r, then 
m(b) — (a) = q'(i-1) +17’, where 0<r’<i-1 and q’ > max{q,r’}. In 
particular, 7;,(b) > 7,(a). 


Proof. By Lemma 1, 7,(b) —7,(a) is either gi-r=q(i-1)+(q-7r) or 
(q+ 2)i-r=(¢+2)G-—1)+(¢+2-—r); write either case as c(i-—1)+d. 
Note that c > max(gq, da). If d < i — 1 we are finished; otherwise, reduce d modulo 
i — 1 to obtain r’, and increase c accordingly to obtain q’. 


Lemma 2 yields an inductive proof of the claim. Since 7z,,,(1) =n + 1, take 
b=n+1, a=1, and i=n. Since b—a=n, we have g>r for Lemma 2. 
Successive applications with decreasing i yield the desired inequalities, preserving 
g’ > r’ for the next application in each case. 


Solved also by O. P. Lossers (The Netherlands), O. MatouS (Czechoslovakia), and the proposer. 
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Infinite Integrals that are Polynomials in 7” 


E 3168 [1986, 650]. Proposed by Douglas B. Tyler, University of California, Davis. 
(4) Show that if 


J(a,n) = [OG + a)}"{In( - : -)\" a, 


then J(a,n) = (—1)"a"~'b,, where 


n= in San) )» 


(ii) Show that b, is a polynomial of degree |(n + 1)/2| in 7 
coefficients for n = 1,2,3,... (See E 2865 [1981, 66; 1982, 426)]). 
*(i11) Find a closed form expression for the coefficients. 


* with rational 


Solution by C. Georghiou, University of Patras, Greece. We assume throughout 
that a is a positive real number and n is a positive integer. 
Set x/(x + a) =e‘. Then 


J(a,n) = (=1)"a"3 frre"? — eat 
0 


n 


- (-1)"a" "| " 


from which (1) follows. 


Now 
9° n,-nt/2 - nt+k ') —kt 
b,, -f t"e ) k e “dt 


k=0 
© (nt+k—1)! 1 
=n —_—————— ——_—__—————_. 
cao KE (K+ n/2)"™ 
Then we have 
, nt (2n+ k-1)! 1 
2n Loo k! (k + ny"*? 
n—-1 
=2n x (k + nT {(k + n) — i? | 
k=1-n 
since, if 1 —n < k < —1, one factor of the preceding summand is zero. Hence 
by, = 2n » (-1)/~*o,_$(2J), (1) 
j=l 
where 0, = 1, 9; is the ith elementary symmetric function of 1°,27,...,(m — 1) for 
i>, and §(2j)= )) —z. We also have 
m=1 m 
(Q2n+k—- 2)! 2°" 


by,-1 = =Qn-)E kl (2k +2n—1)" 


= 4(2n — 1) x (2k +2n—1)°™ iV {(2k + 2n — 1)° — (21 - 1)*} 
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since, if 1 —-n < k < —1, one factor of the preceding summand is zero. Hence 
boy—1 = 4(2n — 1) Y (-1)" "of (0 — 2-82) (2) 
j=l 


where now oj = 1, a/ is the ith elementary symmetric function of the n— 1 
integers 1°,3°,..., (2n — 3)* for i > 1, and we have used the identity 


oO ft 7 5; 
L Gece 7 0-2 RI). 
Now (11) follows from (1) and (2), since 
| 1 Qn) 
(2) = (-1)!" So Bay: (3) 


where B,, are the Bernoulli numbers. 


Editorial Comment. Using the Bernoulli polynomials and Newton’s formulas 
relating elementary symmetric functions and power sums, we can express o, Or a/ as 
a polynomial in n of degree 2 + 1 with rational coefficients, for any particular 
value of j. For example. 

n(n — 1)(2n - 1) / (n= 1)(2n — 1)(2n — 3) 
ee 

These polynomials for o, and o/ enable one to use (1) and (2) to compute the 
polynomials in 7? mentioned in (ii). This recipe for the coefficients of the b, 
polynomials is effective, but we leave to the reader the decision as to whether or not 
it constitutes a “closed form expression.” 


0; = 


P. L. Hon (Hong Kong), O. P. Lossers (The Netherlands), and the proposer gave somewhat similar 
solutions based on (3). S. J. Bang (Korea) and M. L. Glasser gave solutions based on formulas quoted 
from Gradshteyn and Ryzhik’s Tables of Integrals, Sums, Series, and Products or Erdélyi, Magnus, 
Oberhettinger, and Tricomi’s Tables of Integral Transforms. 


Displacement of Even and Odd Permutations 


E 3175 [1986, 733]. Proposed by C. Olmsted, University of Alaska, Fairbanks. 


Define an integer valued function d, on the set S, of permutations 7 of 

{1,2,...,2} by 
a,(n) = Dli-a(i|, 
i=1 

It is known that the range (d,) = {0,2,4,..., |n?/2|}(cf. E 2424 [1973, 692; 1974, 
668]). Let E,(k) be the number of elements in {7: d,(7) = 2k, 7 is even} and 
O,,(k) the number of elements in {7: d,(7) = 2k, 7 is odd}. 

Determine the form of the difference E,(k) — O,(k). 


Solution by R. H. Jeurissen, Math. Instituut, Toernooiveld, Nijmegen, The 
Netherlands. Let F,(k) = E,(k) — O,(k), and let G,(k) = {7 © S,: d,(7) = 2k}. 
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Clearly F.(0) = 1 for n>1, and F,(k) =0 for k>1. We show that F(k) = 
(-1)"("5*) forn>1,k>0. 

Now suppose n > 2. The set of permutations in G,(k) for which 7(n — 1) #n 
and 7(n) # n is mapped onto itself if its elements are preceded by the transposition 
(n — 1,n), which interchanges even and odd permutations, so these permutations 
contribute 0 to F\(k). The permutations in G,(k) with 7(n) = n correspond to the 
permutations in G,_,(k) by restriction, without changing parity, so these contribute 
F_,(k) to F(k). Finally, any permutation in G,(k) with 7(n — 1) =n can be 
obtained by following the transposition (n — 1, ) with a permutation in G,_,(k 
— 1) extended to leave n fixed. In view of the change of parity, the permutations in 
G,(k) with 7(n — 1) =n contribute — F,_,(k — 1) to F,(k). 

This yields the recurrence F(k) = F,_,(k) — F,_,(k — 1) for n2>2, k 21, 
with boundary conditions F,(k) = 6,, and F,(0) = 1. It follows by induction that 
F,(k) = (- ("7"), 


The proposer gave a solution using generating functions. No other solutions were received. 


Highly Asymetric Graphs 


F 3187 [1987, 72]. Proposed by Stephen J. Lipscomb, Mary Washington College, 
Fredericksburg, VA, and Allen J. Schwenk, Western Michigan University, Kalama- 
Z00. 


A vertex-deleted subgraph G — v of a graph G is formed by removing one vertex 
v and every edge incident with it. A graph is called asymmetric if it has no 
nontrivial automorphisms (symmetries). 

(a) Find a smallest possible asymmetric graph all of whose vertex-deleted sub- 
graphs are also asymmetric. 

(b) Same as (a) but also require that no pair of vertex-deleted subgraphs be 
isomorphic. 


Solution by Douglas B. West, University of Illinois, Urbana. We interpret “smal- 
lest” to mean “fewest vertices”. We show that the 8-vertex graph F below has the 
properties of both (a) and (b) and no smaller graph satisfies either. Note that the 
subgraph H = F — u — z is an asymmetric graph with 6 vertices and 6 edges. 
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Call a graph highly asymmetric if it is asymmetric and all its vertex-deleted 
subgraphs are asymmetric. We first prove F is highly asymmetric. If a graph G has 
a unique vertex v of some degree, any symmetry must fix v, so asymmetry of G — v 
is a sufficient (but not necessary) condition for asymmetry of G. Hence asymmetry 
of F — u and F — z follows from asymmetry of H. For any other F — v, z is the 
unique vertex of F — v with maximum degree and is adjacent to all but u, so it 
suffices to show that no non-trivial symmetry of F — v — z fixes u. This can be 
done quickly by examination. To see that F satisfies (b), note that the degree 
sequences of the vertex-deleted subgraphs are all distinct, except that F — a and 
F — b have a degree sequence 5444322, and F — c and F — e have degree sequence 
5433221. In F — b, the vertices of degree 4 induce a triangle, while in F — a they 
do not. Similarly, in F — e the vertices of degree 1 and 5 are adjacent, while in 
F- Ve ey are not. 

To’ show that no smaller graph than F is highly asymmetric, we need the 
following facts: 

Let G be an asymmetric graph of smallest order. Then 

(1) G and G are connected. 

(2) G has six vertices. 

(3) If G has at most 6 edges, then G = H above. 

(4) G has a vertex of degree at least 3. _ 

(1) follows from minimality and the fact that G and G have the same symme- 
tries; any non-trivial component of a disconnected G would have a non-trivial 
symmetry. Of G and G, we may consider the one with fewer edges. Thus on four 
vertices we need only consider trees; on five vertices we need only consider trees or 
connected unicyclic graphs (5 edges); every one of these graphs has a symmetry of 
order 2. With the existence of H, this proves (2). On six vertices there are six 
(unlabeled) trees; each has a symmetry of order 2. Among the connected unicyclic 
6-vertex graphs (six edges), there are 1,1, 4,7, respectively, having a cycle of length 
6,5, 4,3. Every one of these has a symmetry of order 2 except the graph H above, 
which is asymmetric, proving (3). For (4), note that A( 7) = 3, where A(G) denotes 
the maximum vertex degree. The average degree of any 6-vertex graph with at least 
7 edges is at least 2-7/6 > 2, so A(G) > 3 even if G # H. (Note: there are also 
three asymmetric 6-vertex graphs with 7 edges, their complements with 8 edges, and 
H with 9 edges, but we need not determine the rest of the set to solve this problem.) 

We now show that no highly asymmetric graph G has 7 vertices. Suppose G is 
such a graph. We first claim each vertex of G has degree 2, 3, or 4. If v is a vertex 
of degree 1, delete its neighbor. If d(v) = 5, delete its non-neighbor. If d(v) = 0 or 
d(v) = 6, delete any vertex other than v. In each case, we obtain a graph G — v with 
a vertex of degree 0 or 5. This implies G — v or its complement is asymmetric and 
disconnected, contradicting (1). 

Let w be a vertex of maximum degree in G. By (4), we have A(G — v) > 3 for 
each v, so d(w) > 3. Since G — w has at least 6 edges, G therefore has at least 9 
edges. If exactly 9, then d(w) = 3 and G — w = H, since H is the only asymmetric 
6-vertex graph with 6 edges. Morever, w must be adjacent to a, b and one of 
{c, d}. In either case, G — a has a symmetry. Thus we may assume G has at least 
10 edges. 

As before, we may assume by complementation that G has no more edges than 


G. Since (7) = 21, we may now assume G has exactly 10 edges. If A(G) = 3, then G 
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has degree sequence 3333332, and deleting the vertex of minimum degree yields the 
sequence 333322. The complement of this graph, with degree sequence 332222, must 
be asymmetric. If the two 3-valent vertices u, v are not adjacent, then u, v have two 
common neighbors, and the remaining edge joins their remaining neighbors. If u, v 
are adjacent, then this degree sequence yields 2,1,0 graphs when u,v have 0,1, 2 
common neighbors, respectively. All four graphs with this degree sequence have 
symmetries of order 2. 

Hence we may assume A(G) = 4, so G— w= H. Since G has no vertex of 
degree 1, w must be joined to a, b, and two of {c, d, e, x}. We find a symmetry in 
G — c unless the last two neighbors of w are x and one of {d, e}, But then G has a 
symmetry if w is adjacent to e, and G + x has a symmetry if w is adjacent to d. 
This exhausts all possibilities for G. 


No other solutions were received. The proposers supplied a 9-vertex highly asymmetric graph and a 
10-vertex highly asymmetric graph with non-isomorphic vertex-deleted subgraphs. 


Locating Corners from an Arbitrary Point in a Rectangle 


E 3208 [1987, 456]. Proposed by I. D. Berg R. L. Bishop, and H. G. Diamond, 
University of Illinois at Urbana-Champaign. 


Suppose that in the Euclidean plane, line segments of lengths a, b, c, d emanate 
from a given point P in clockwise order, where a, b, c, d are given positive numbers 
with 

a*+c*=b? +d’. 

(1) Show that the four segments can be so placed that the endpoints determine a 

rectangle containing P, and show that this rectangle may have any specified area 


between 0 and some maximum value M(a, b,c, d). 
(ii) Find M(a, b,c, d). 


Solution by Carl Schoen, University of Wisconsin at Eau Claire. Without loss of 
generality, assume a is the smallest of a, b,c, d. Contrary to the assertion of the 
problem as printed, the minimum area is (a+ d)V¥b*-—a’* if b<d and 
(a + b)V¥d* — a? if d <b. The area can equal zero only if a = min{b, d}. The 
maximum area is ac + bd. 

We may orient any rectangle to have horizontal and vertical sides, P at the 
origin, and a in the first quadrant. Let a be the angle between a and the positive 
x-axis. For any choice of a with 0 < a < 7/2, we construct such a rectangle. 
Having chosen a as the smallest of a,b,c, d, there is a unique placement for 
segment b so that the endpoints of a and b lie on a vertical line. Similarly, there is a 
unique placement for d so that the endpoints of a and d lie on a horizontal line. 
This determines a rectangle with fourth vertex C. If the rectangle meets the axes at 
(— 1,0), (u, 0), (0, w), and (0,— v), then b? + d* =u? +0? +t? + w* =a’ + PC’, 
which implies PC = c. Hence, the postulated rectangle can be constructed for 
arbitrary a. 

If A(qa) is the area of the resulting rectangle, than A = (t + u)(v + w), where 


w=asina, u = acosa, t= yd* — a* sin’ a, v= \b* — a* cos’ a. 
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TT 
Note that = 0 only if a = > and d=a, and v = 0 only if a= 0 and b= a. 


Differentiating with respect to a, we use w’ = u, u’ = —w, t’ = —uw/t, v’ = uw/v 
to obtain 


A= (1+u)(—+u} +(—~-wl(o4w)=(“-=)a 


t 
For a & (0, 7/2), we have v, t, A # 0, so a critical point must have tu = vw. This 


implies a cos ayd* — a* sin’a = asinayb* — a* cos’ a, i.e. tana = d/b. 

Thus the only three candidates for extrema are a=0, a=7/2, and a= 
tan~'(d/b). We have A(0) = (a + d)Vb? — a”, A(7/2) =(a+ b)V¥d? — a’, and 
A(tan7‘(d/b)) = bd + a¥b* + d? -— a* = bd +ac. Since a*+c*=b* +d’, we 
have A(0) < ac + bd and A(7/2) < ac + bd. Hence the maximum area is ac + bd, 
and the minimum area is the smaller of A(0) and A(7/2). By continuity, any area 
between the maximum and minimum can be obtained by suitable choice of a. 

Solved also by J. Fukuta (Japan), T. Gobinath, V. Konecny, O. P. Lossers (The Netherlands), J. G. 
Mauldon, V. Schindler (East Germany), T.-P. Shen (West Germany), J. H. Steelman, S. Suh, D. J. 


Williams & V. C. Williams, Students of 1987 Math Olympiad Program (U.S. Military Academy), and 
Western Maryland College Problems Group. One incorrect solution was received. 


Avoidance of Arithmetic Progressions 


FE 3212 (1987, 457]. Proposed by J. Zhu, Pembroke College, Cambridge, England. 


Answer the following question mentioned by Paul ErdGs in his article “Ulam, the 
man and the mathematician,” Journal of Graph Theory 9 (1985), 445-449: Is it true 
that if n is sufficiently large and a,, a,,..., a, iS any permutation of 1,2,..., n, 
then there is an arithmetic progression i,i + d,i+ 2d withl <i<i+d<i+2d 
<n such that a,, a;, 4, 4;, 4 also forms an arithmetic progression? 


Solution by The University of South Alabama Problem Group, Mobile, AL. The 
answer is no. For any prime p define a permutation a on {1,2,..., p — 1} by the 
tule a, = g'(mod p), where g is a primitive root modulo p, i.e., the residue class of 
g modulo p generates the group of units in Z/pZ. If a;4.4— 4; = Aj49q — Ajxgs 
then gt? — gi = git?4 _ git4(mod p). This implies (g¢ — 1)? = O(mod p), so that 
d = 0(mod p — 1). But now i + d and i + 2d necessarily exceed p — 1. 


Editorial Comment. John P. Robertson points out that this is a special case of 
problem E 2440 (1973, 1058] for which three solutions were published [1975, 74]. 
The solution above is different from these. 


Also solved by I. C. Bivens and L. R. King, R. B. Eggleton, C. Hurd, I. Kozma (Israel), O. P. Lossers 
(The Netherlands), M. Orlowski & M. Pachter (South Africa), and the proposer. 


Solutions to (x + n) = 36(x) 


E 3215 [1987, 548]. Proposed by Laszlo Cseh and Imre Merenyi, Cluj, Romania. 


Let @ denote Euler’s arithmetical function and let A be the set of positive 
integers n for which the equation ¢(x + n) = 3¢(x) has at least one solution x. 
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Prove that for every positive integer N at least half of the integers in [1, N] belong 
to A. 


Solution by K. D. Wallace and R. G. Powers, Western Kentucky University, 
Bowling Green, KY. We will solve the problem by showing that A contains 1 and 
every multiple of 3 or 4. Since $(7) = 36(6), 1 © A. For multiples of 3, consider 
even and odd n separately. If n is odd and divisible by 3, we have $(2n + n) = 
@(3n) = 36(n) = 3¢6(2n). If n is even and divisible by 3, then n = 2k with 3|k, so 
o(k + n) = $(3k) = 36(k). 

It remains only to consider multiples of 4 that are not multiples of 3. Again we 
consider two cases, depending on whether such an n is divisible by 7. If not, we 
have n = 4k with 3+ k and 7+ k; thus $(3k +n) = $(7k) = 66(k) = 36(3k). If 
T|n, we have n = 28k with 3 + k. Since 3 t k, we have (12k) = 2$6(4k) = $(8k). 
Thus $(8k + n) = $(36k) = 36(12k) = 39(8k). 


Editorial comment. Note the delicacy in the solution above: if N = 2 mod 12, 
then exactly half of the integers in [1, N] have been shown to be in A. Solvers 
provided a large variety of subsets of A to show its density at least .5. Both the 
proposers and D. B. Tyler (who stated that the density is at least .864) conjecture 
that the equation is solvable for all n except n = 2. Both $(x + n) = 2$(x) and 
o(x +n) = (x) are solvable for all n. (See W. Sierpinski, Pub. Math. Debrecen 4 
(1956) 184-185 and A. Makowski, Elem. Math. 29 (1974) 13, respectively. 

Solved also by R. B. Eggleton (Australia), A. Faccini (Italy), J. Ferrer (Spain), W. Janous (Austria), O. 


P. Lossers (The Netherlands), D. B. Tyler, A. Zulauf, the University of South Alabama Problem Group, 
and the proposer. 


Minimum Average Distance Between Points in a Rectangle 


E 3217 (1987, 549]. Proposed by Richard E. Pfiefer, San Jose State University. 


If R is a plane rectangle of area 1, let D( R) be the average distance between the 
two points of R taken at random (with respect to uniform distribution). Prove that 
D(R) > D(S), where S is a square of area 1, and that equality holds only when R 
is a Square. 


Solution by A. L. Holshouser, Charlotte, NC, and L. R. King and B. G. Klein, 
Davidson College, Davidson, NC. We prove more generally that the inequality holds 
in n dimensions for a rectangular parallelepiped R of volume 1 and the unit cube 
C = [0,1]”, with equality only when R is a cube. 

Let a = (a,,..., a,) be the side-lengths of R, so that Ila, = 1, and let D(a) also 
denote D(R). By symmetry, If b is a permutation of a, then D(b) = D(a). Now 


D(a) = ff yecu — x,)° dudx 


where du = du, --- du, and dx = dx, --- dx,. Changing variables (a,u, for u; 
and a,x, for x, for all i) and using Ila; = 1 normalizes the integral to the unit cube 


C: 
D(a) = J fear — x,)’ dudx 
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Define vectors w’,...,w” by w/ =a,,,_,(u; — x;), where subscripts are taken 
modulo n. Applying the triangle inequality to w' + --- +w” yields (Xa,)|u — x| < 
»|w/|. Integrating over choices of u,x from C and using the symmetry noted above, 
we find 


(Xa,) D(C) < D(a, ay,...,a,) + --- +D(a,, a,,...,4,-,) = nD(a). 


Thus D(C)a,/n < D(R), with equality if a = (1,..., 1). 
We complete the proof by noting that, since Ila, = 1, the arithmetic-geometric 
mean inequality gives La, > n, with equality only when a = (1,..., 1). 


Editorial comment. Several readers explicitly evaluated the integral of the original 
problem. If D is the average distance between two random points in an a by 1/a 
rectangle, then D = af(a*) + a ‘f (a’), where 


Stsinh~!¢ + (342 — 2)vt2 +1 +2 
f(t) = 2 


Thus D(S) = 4In(1 + y2) + 4(2 + ¥2) = 0.5214.... This calculation appears as 
a problem in the SIAM Review 18 (1976), 498-499. A calculation for the 3-dimen- 
sional problem appears in this MONTHLY as problem E 2629 [1977, 57; 1978, 277]. 

Related results appear in Integral Geometry and Geometric Probability by Luis A. 
Santalo (Addison-Wesley, 1976) and B. Ghosh, Random distances within a rectan- 
gle and between two rectangles, Bull. Calcutta Math. Soc., 43 (1951) 17-24. 


Also solved by G. Bach (West Germany), G. Deridder (Canada), J. Fitch, M. S. Klamkin (Canada), 
jointly by A. J. Krishna (student), A. M. Rao, & G. S. Rao, L. Kuipers (Switzerland), O. P. Lossers (The 
Netherlands), C. A. Meyer (Switzerland), D. Neuenschwander (Switzerland), P.-O. Nyman (Finland), 
S. C. Pinault, P.-Y. Wu (Taiwan), Chico State Univ. Problem Group, Univ. of South Alabama Problem 
Group, Western Maryland College Problems Group, and the proposer. Four incorrect or incomplete 
solutions were received. 


ADVANCED PROBLEMS 


6589. Proposed by Kevin Brown, Kent, WA. 


Given a positive integer g, let n(g) denote the number of conjugacy classes of 
Mobius transformations each member of which generates a cyclic group of order g. 
Characterize those g greater than 6 for which n(g) =1 (mod6). (A Mobius 
transformation is a linear fractional transformation of the extended complex plane. 
Cf. Chapter II of Carathéodory’s Theory of Functions, Volume I, Chelsea, 1954.) 


6590. Proposed by Jesus Ferrer, Oliva (Valencia), Spain. 


Let Z be the set of integers with the topology generated by the sets a + kZ = 
{a+kx: x © Z}, where a€& Z, ke Z, k #0. (This topology, known as the 
Evenly Spaced Integer Topology, is studied in considerable detail in Steen and 
Seebach’s Counterexamples in Topology.) 

Suppose k and / are relatively prime positive integers with k > 2, and let B, , be 
the set of all (positive) prime numbers congruent to / modulo k. Find the derived set 
of B, ;, 1.¢., the set of accumulation points of B, ;. 
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6591. Proposed by Ronald J. Evans, University of California, San Diego, and 
Jerrold R. Griggs, University of South Carolina, Columbia. 


Let n be an integer exceeding 4 and put ¢ = |(n — 1) /2|. Find the eigenvalues 
of the following ¢ by ¢ matrices: 

(i) the matrix S in which the element in the jth row and kth column is 
sin(Qajk/n)1<j, k <t. 

(ii) the matrix C in which the element in the jth row and kth column is 
cos (27jk/n), 1 <j, k <t. 


SOLUTIONS OF ADVANCED PROBLEMS 
An Analogue of Uniform Distribution 


6542 (1987, 386]. Proposed by Andrew M. Odlyzko, AT & T Bell Labs, Murray 
Hill, NJ. 


Suppose x,,X»,X3,... 18 a sequence of numbers in [0,1) such that at least one of 
its sequential limit points is irrational. For given n, consider the 2” numbers 
EX, + &X, +--+: +8,x,, where each e, takes the two values +1. If0 <a<b <1, 
let N,(a, b) be the number of n-tuples (¢,, €,, --- ,€,,) such that the fractional part 
of ex, + &)x,+-°+: +8,x, is in[a, b). Prove that for every a, b we have 

lim 2-"N(a,b) =b—-a. 
n— co 

Solution by David G. Cantor, University of California at Los Angeles. Let f bea 

complex-valued function of period 1 defined on the real line and define 


N,(f ) — Df (ex + EoX9 tote +&,X,), 


where the sum is over all 2” of the n-tuples (€,, €,,..., €,). The problem amounts to 
showing that 


lim 2-*N,(f) = [70 dt (*) 


whenever f is the periodic extension of the characteristic function of the half-open 
interval [a, b) contained in [0, 1). 

This will certainly be true if (*) holds for all continuous periodic functions f and 
the latter will be true if, for all integers m, (*) holds when f is replaced by a 
function f,, defined as f(t) = exp(27imt) (for details of this method, due to 
Hermann Weyl, see Chapter IV of An Introduction to Diophantine Approximination 
by J. W. S. Cassels, Cambridge University Press, 1957, reprinted by Hafner 
Publishing Company, 1972). | 

Suppose then that f= f,, is such a function. When m = 0, both sides of (*) are 1 
and when m is a nonzero integer, the right-hand side of (*) is 0. It thus suffices to 
prove that if m # 0, then 


S,,(n) — 97" yi e2mimlerx + e224 + +e,X,) 5 0 asn- 00, 
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where the sum is over all 2” of the n-tuples (¢,, €5,..., €,). Now, 
n n erzimx, + e 27imx, n 
S(n) = 27" I] yy ertimex — Il 5 = I] cos(2amx.,). 
J=le=t+l j=l j= 


By hypothesis, the sequence {2mx,} has an irrational sequential limit point, say 
y. Let I be a closed interval containing y and not containing any integer. Then 
there exists a positive 6 < 1 such that |cos wt| < 6 if ¢ © I. Let v,(n) be the number 
of x,,1 <i <n such that the fractional part of 2mx, lies in I. Then S,,(n) < 8% 
> Qasn- oo. 


Editorial Comment. All solutions received were essentially the same as Cantor’s. 


Solved also by Nick Martin, A. Meir (Canada), James Propp & Daniel Ullman (jointly), Arthur 
Rothstein, and the proposer. 


What Else Pythagoras Could Have Done 


EDITOR: 


Yoram Sagher [See reference] shows that Pythagoras could have demonstrated that 
the square root of an integer is an irrational or an integer without knowing anything 
about prime numbers. Assuming Pythagoras understood Euclid’s algorithm, the 
following proofs show how he could have demonstrated that any integer root of an 
integer is an irrational or an integer, and even that the cube root of an integer either 
is not the root of a quadratic (i.e., not of the form (a + b¥n)/c) or is an integer. 

In the following, all variables but 7 are restricted to integer values. 

The (shorter) proof of Sagher’s special case comes first, to motivate the others. If 
r= Vk =m/n (in lowest terms), Euclid’s algorithm gives a and B for which 
am + Bn=1. Then m=m, rm =r’n=kn, and r = r(am + Bn) = arm + Brn 
= akn + Bm, an integer. 

3 
Now take r = m/n = Vk, am + Bn = 1. Then 
m=~rn, rn? = mn, rmn = m’, rm? = ren? = kn? 
r=r(am+ Bn) = arm? + 2aBrmn + B2rn? = a?kn? + 2aBm? + B?mn, 
an integer. 
tr , ; a 

By an obvious generalization, for any integer t > 2, if vk is rational, it is an 

integer. 


Now make the weaker assumption that r = Vk, and that r satisfies a proper 
quadratic equation ar? + br +c =0, a #0. Then 0 = (ar? + br + c)(ar — b) = 
a*r>? + (ac — b*)r — be. If ac = b’, divide the equation by a? to find r? = (b/a)? 
and r = b/a. Otherwise, put k for r? and find r = (bc — a*k/(ac — b’). Either 
way, r is rational, and consequently an integer. 


Reference 


Y. Sagher, What Pythagoras Could Have Done, American Mathematical Monthly, 95 (1988) 117. 


ROBERT W. FLOYD 
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Mathematical Problem Solving. By Alan H. Schoenfeld. Academic Press, Inc., 
Orlando, 1985. xvi + 409 pp. 


STEVEN GALOVICH 
Department of Mathematics, Carleton College, Northfield, MN 55057 


The publication of George Polya’s How to Solve It in 1945 initiated a new era in 
mathematics education. This era began quite modestly, but by the late ’50s, 
mathematicians and mathematics educators, many of them influenced by Polya’s 
ideas, were running summer institutes for secondary teachers and were advocating a 
revamping of the mathematics curriculum to include the teaching of problem 
solving and concepts of modern mathematics. The outcome of these efforts was, of 
course, the famous (or infamous) “ New Math.” Although it is unclear exactly how 
many mathematics students were touched by SMSG and its derivatives, the new 
math movement had a considerable impact upon American education, not the least 
of which was the “back-to-basics” backlash which arose in the ’70s. Partly in 
response to the perceived failures of the new math movement and partly as a 
reaction to the back-to-basics movement, the mathematics education community 
returned to Polya in the late ’70s. The 1980 yearbook of the National Council of 
Teachers of Mathematics was devoted to problem solving. By declaring the ’80s to 
be “The Decade of Problem Solving,” the NCTM and the mathematics education 
community have, in effect, put all of their pedagogical eggs into one basket. As we 
near the end of the Problem-Solving Decade, it is only reasonable to assess the 
results of this stress on problem solving in the teaching of mathematics. 

How successful has the effort to redirect secondary mathematics education 
toward problem solving been? Many of us who teach freshman-level mathematics 
courses in college would say politely: “Not very.” Most of us probably feel that 
students entering college today are not better prepared, or perhaps are even less 
prepared, than those entering college ten years ago. Of course, in all fairness, the 
Problem-Solving Decade is not over and we should not judge prematurely these 
important and ambitious efforts to change the course of mathematics education in 
this country. In any case, such seat-of-the-pants judgments are, if anything, com- 
ments on the general state of American mathematics education and not necessarily 
indications of the failure of the teaching of problem solving. 

On the other hand, several of us have tried to teach problem solving a la Polya in 
our various mathematics courses. We pass out the famous chart from How to Solve 
It, delineating Polya’s four phases of problem solving— Understand the Problem, 
Devise a Plan, Carry Out the Plan, Look Back. We plow through the syllabus of the 
course, while trying to weave in Polya’s teachings on heuristics. And in the end, we 
find that our efforts are, at best, moderately successful. Moreover, one can dig into 
the literature on mathematics education to cite evidence which shows that the 
teaching of heuristics does not necessarily improve students’ ability to solve prob- 
lems. Thus we seem to face the unhappy situation of wanting to do something to 
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help our students become better problem solvers, taking what seem to be the 
obvious steps to bring about this goal, and discovering that our efforts are only 
marginally successful. Can this lack of success be explained? Is there anything that 
we as individuals, or as mathematicians collectively, can do to improve upon this 
situation? 

My own feeling, stated without exaggeration, is that any attempt to answer these 
questions must begin with a reading of Mathematical Problem Solving by Alan 
Schoenfeld. Not only does Schoenfeld offer sound reasons for why attempts to teach 
problem solving often come up short of the mark, but he also postulates an 
interesting theory of mathematical behavior which is useful in analyzing a student’s 
work on a particular problem and which can influence the way all of us teach 
mathematics. What is Schoenfeld’s theory of mathematical behavior? 

Schoenfeld claims that an individual’s mathematical behavior is determined by 
four factors: (1) the person’s mathematical resources; (2) his ability to use heuristics; 
(3) his skill at controlling his use of resources and heuristics; and (4) his beliefs 
about mathematics and about himself. Thus, success or failure at a mathematical 
endeavor is determined by Resources, Heuristics, Control, and Beliefs. Exactly what 
do each of these categories entail? 

One’s resources in a particular subject consist of all the theorems, definitions, 
algorithms, and proofs of theorems relevant to that particular subject. In addition, 
one’s resources include one’s understanding of the rules of logic and the standard 
mathematical proof techniques. Heuristic principles are the rules of thumb that one 
employs when attempting to solve mathematical problems. Heuristics constitutes 
the subject matter of Polya’s How to Solve It. Control refers to the students’ ability 
to manage and to employ his resources and his knowledge of heuristics. A student 
who exhibits good control will, for instance, stick to the problem at hand and tend 
not to go off on a wild goose chase in search of a solution. Finally, one’s belief 
systems consist of attitudes about oneself and about mathematics which affect one’s 
ability to do mathematics. Such attitudes might concern the individual problem 
solver: “I never could do mathematical proofs.” They might concern the doing of 
mathematics itself: “If you can’t solve a problem within five minutes, then you 
might as well give up because the problem is impossible.” Or they might reflect an 
individual’s conception of the nature of mathematics: “The theorems of formal 
mathematics that are proved in class are of little use when trying to solve homework 
problems.” (More on this belief shortly.) 

Schoenfeld argues that a breakdown or deficiency in any one of these four areas 
can torpedo an individual’s effort to solve a mathematical problem or to learn 
mathematics. For example, as most of us would probably agree, a student who is 
reasonably familiar with the definitions and theorems of a particular subject and yet 
who has a poor sense of heuristics would have a great deal of trouble solving 
problems. Schoenfeld cites examples of students who have a mastery of the 
resources of a given topic and a good command of heuristics and who, nonetheless, 
fail to solve problems well within their grasp because they mindlessly follow blind 
alleys and do not stand back to assess their progress at crucial points in the 
problem-solving venture. In other words, failure at the control level can impede 
progress toward a solution to a problem. Finally, in one of the most interesting and 
intriguing portions of the book, Schoenfeld argues that students possessing beliefs 
that are, in effect, antimathematical often fail to solve problems in spite of their 
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having the appropriate resources and heuristics at their disposal and having ade- 
quate control over these resources and heuristics. Let us consider this last point in 
more detail. 

In order to analyze how students solve mathematical problems, Schoenfeld 
video-taped pairs of college freshmen as they worked on the following “non-stan- 
dard” problem from high school geometry: Given two intersecting straight lines, 
and a point P on only one of the lines, show how to construct, using straightedge 
and compass, a circle that is tangent to both lines and has the point P as its point of 
tangency to one of the lines. Nearly all the pairs of students in Schoenfeld’s 
admittedly small sample approached this problem in an empirical way. In most 
cases, the students video-taped by Schoenfeld justified or rejected a potential 
solution to the problem via pictures. In no instance did students use theorems of 
Euclidean geometry as investigative tools or as the basis upon which an argument 
was judged. The students simply did not believe that the theorems and constructions 
of formal geometry could be of any use in solving this problem. Although many of 
these students independently demonstrated knowledge of all the theorems and 
constructions relevant to the problem, they could not apply the pertinent results 
simply because, Schoenfeld claims, they have never learned that the theorems of 
proofs presented formally in the classroom can and should be used when trying to 
solve problems of this sort. 

Let’s return to the question as to why attempts to teach heuristics often fall short. 
The general answer probably comes as a surprise to no one: The teaching of 
heuristics fails to meet expectations because heuristics itself is a complicated subject. 
Specifically, Schoenfeld points out that many of the heuristic strategies proposed by 
Polya are quite broad and vague and therefore difficult to implement in a given 
case. Such words of advice as “find a related problem” and “aim for subgoals’ or 
“try special cases” can have a variety of meanings, depending on the given problem. 
Secondly, one cannot use heuristic strategies blindly. One must monitor one’s use of 
heuristics carefully lest one become mired in a maze of possible approaches to a 
given problem. Thus the issues of heuristics and control are related. Finally, 
Schoenfeld notes that heuristics and resources are closely connected. Thus, for 
example, a student with a weak grasp of the resources of a particular area of 
mathematics will have little success in trying to apply general heuristic strategies to 
that domain. Moreover, that student will not understand any heuristic strategy that 
is specific to that domain. 

Schoenfeld has made a significant contribution to our understanding of the 
learning and teaching of mathematics. His four-part division of mathematical 
behavior— Resources, Heuristics, Control, and Beliefs—provides a useful frame- 
work which we can use as a guide in developing our own philosophy and practice of 
teaching and as a gauge against which to measure our students’ progress. The book 
contains much else of value, including an interesting discussion of the methodologi- 
cal issues that arise when trying to determine students’ mathematical behavior, 
excellent summaries of work in cognitive psychology and artificial intelligence on 
problem solving, and descriptions of apparently successful attempts to teach heuris- 
tics and control to college students. All this is not to say that the entire book should 
be taken as gospel. For example, Schoenfeld’s experiments on students’ problem- 
solving behavior and on the teaching of problem solving should be reproduced and, 
if necessary, reinterpreted. In general, further investigations of the processes by 
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which young adults learn mathematics and solve mathematical problems must be 
undertaken. Perhaps out of such research will arise other useful paradigms of 
mathematical behavior. For the time being, this book offers to teachers of mathe- 
matics an honest and thorough analysis of the complex issue of mathematical 
problem solving by humans. Schoenfeld is neither optimistic nor pessimistic about 
the possibility of teaching heuristics and control successfully to students. It is 
apparent from the pedagogical experiences which Schoenfeld describes that some 
students can learn to use heuristic strategies wisely. It is equally apparent that the 
teaching of heuristics requires considerable thought and careful planning on the part 
of the instructor. 

Should heuristics be taught in mathematics courses? Any answer to this question 
is certainly debatable. Some mathematicians firmly believe that heuristics cannot, in 
fact, be taught, and that students learn how to solve problems only by solving or 
trying to solve problems and by assimilating the resulting experiences into their 
mathematical repertoire. Those who believe otherwise can take comfort in Schoen- 
feld’s success in teaching heuristics. Schoenfeld’s examples (described in Chapter 7) 
were, however, carried out in small seminars and probably with fairly good students. 
Can heuristics be taught to the masses in a calculus course or some other mathe- 
matics course? The answer to this question is unclear. But for researchers in the area 
of mathematical cognition and for teachers of mathematics who believe in the 
teaching of heuristics, the question offers a tantalizing challenge. Schoenfeld’s book 
describes the many factors which we must consider when we try to teach heuristics. 
It remains for us to assess Schoenfeld’s analysis of mathematical problem solving, to 
test his ideas about mathematical behavior, and, by accepting, rejecting or modify- 
ing his framework, to find ways of teaching heuristics effectively. 

It is customary for a reviewer who is especially enthusiastic about the book under 
review to insist that his audience read the book, the entire book, immediately. It 
might, however, be unrealistic to expect mathematicians to plow through a 400-page 
book and especially those passages dealing with methodological issues. Certainly 
anyone doing research in mathematics education or directly involved in the teaching 
of teachers should read all ten chapters of the book. Teachers of mathematics at 
both the secondary and the collegiate level would do well to read the first five 
chapters in which Schoenfeld’s framework is discussed in detail. If you are really 
strapped for time, then just read Chapter 1 in which the book’s thesis is outlined 
and the major arguments are presented. 


Geometric Theory of Foliations. By Cesar Camacho and Alcides Lins Neto. 
Birkhauser Boston, Inc. 1986. 205 pp. 


ANTHONY PHILLIPS 
Department of Mathematics, State University of New York, Stony Brook, NY 11794 


The geometric theory of foliations must be entering its mature phase, since after 
many years of no books at all there have recently been published no fewer than 
three, this one and [3, 5] (Bruce Reinhart’s book [10] is about the differential 
geometry of foliations, another matter entirely). Each of these books has its 
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attractive features, but certainly the most ambitious, polished and complete is the 
work considered here. 

This review begins with an informal look at foliation theory, especially at the 
geometric side. This should serve as background for the examination of the book, 
and also, I hope, as propaganda to interest the general reader in this beautiful area 
of mathematics. Bibliographical references for works before 1977 can be found in 
one or the other of Blaine Lawson’s surveys [8, 9]. 

The kind of space we will foliate is a smooth n-dimensional manifold, i.e., a 
topological space locally homeomorphic to R” (smooth means that the coordinate 
changes involved in going from one of these “local charts” to another are supposed 
to be infinitely differentiable). To foliate such a space means to fill it completely 
with roughly parallel manifolds (“leaves”) of some lower dimension k; such a 
foliation is said to have dimension k and codimension n — k. By “roughly parallel” 
I mean that one can choose coordinates x,,..., x, in a neighborhood about any 
point such that in those coordinates the leaves through that neighborhood appear as 
the k-planes (rigorously) parallel to a fixed k-plane in R”. So, for example, the 
collection of lines in R* given by the x-axis, vertical lines filling up the open upper 
half-plane, and vertical lines filling up the lower half-plane (FIG. la) is not a 
foliation, since no point on the x-axis has such a neighborhood. 


FIG. la. FIG. 1b. 


The foliation is called of class C’” if the coordinate functions mentioned above 
can be chosen to be r times differentiable. 


Example 1. Dynamical systems. Let V be a nonzero tangent vector field defined 
on an open subset {2 of a smooth manifold. It is a classical result [11] that the 
integral curves of V are the leaves of a 1-dimensional foliation as described above. 
An integral curve of V is the orbit described by a particle moving in (2 so that when 
it is at point x its velocity vector is V(x). FIG. 1b shows a dynamical system on the 
punctured plane R* — {0}. There is one compact leaf L, a circle. The orbits inside 
L spiral out towards L as t — oo, while those outside spiral away from L towards 
infinity. 
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The dynamical description of the leaves in this example is important in our 
context because, as I understand it, the geometric theory of foliations is precisely the 
study of foliations as dynamical systems. The asymptotic behavior of the orbits is 
enriched by interaction with the topology of the leaves. For example, an open 
cylinder can appear in a 2-dimensional foliation as a resilient leaf (see below), a 
type of asymptotic behavior impossible in the 1-dimensional case. 

The k-dimensional analogue of a vector field (strictly speaking, of the underlying 
tangent line field) is a field of tangent k-planes, but the corresponding k-dimen- 
sional integral submanifolds only exist if the field is integrable. Integrability is an 
infinitesimal property; the criterion is given by the following classical theorem (c.g., 


[11]). 


FROBENIUS’ THEOREM. A field L of k-planes is integrable iff whenever X and Y are 
vector fields contained in L, their Lie bracket [X, Y] is also contained in L. 


Example 2. The Reeb foliation. This is a 2-dimensional foliation of the 3-sphere 
S>. Take S? (the set of points in R* satisfying x7 + x3 + x? + x3 = 1) as the union 
of two solid tori: {x? + x} <x} + xj} and {x7 + x3 > x} + xj} with common 
boundary the torus { x? + x} = xj + x? = 1/2}. Now foliate each solid torus so 
that the common boundary is a leaf. (The other leaves, diffeomorphic to R*, have 
the shape of elongated paraboloids wrapped around so as to engulf themselves over 
and over again, as in FIG. 2.) If this is done smoothly enough, it gives a C®-foliation 
of S?. 


Fic. 2 


The modern history of foliations began in Strasbourg in 1948, with Georges 
Reeb’s description of this foliation in his thesis (just as the history of fiber bundles 
and of modern homotopy theory began with Heinz Hopf’s fibration of the 3-sphere 
in 1931). In fact, the early period of this history all took place in a fairly small 
radius about Strasbourg. The dominant figures, besides Reeb, were Charles 
Ehresmann (Reeb’s advisor) and André Haefliger. Haefliger was Georges de Rham’s 
student in Lausanne, but any paragraph of his thesis identifies it instantly as a 
product of the Ehresmann school. This work, published in 1958, is remarkable 
because, besides being fundamental in the geometric theory of foliations, it defined 
and studied more general objects called “I-structures,” which turned out, 10 years 
later, to be the natural context for the quantitative theory which was just then being 
developed. 

Haefliger’s geometric results are based on the very important concept of ho- 
lonomy, which was first defined, as far as I can tell, in a 1956 paper by Ehresmann 
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and Shih Wei-Shu, although the idea is implicit in Reeb’s thesis. The object is to 
have a precise concept of how leaf A can “spiral in” on leaf B, in a k-dimensional 
foliation of an n-manifold. It is pretty clear that interesting behavior can only occur 
if B is not simply connected; one therefore watches closed loops in B. Let / be such 
a loop, and let T be a piece of n — k-dimensional surface transverse to B at x. Now 
imagine sliding T along /, keeping each point of T in the leaf in which it started. 
Some neighborhood of x in T will wind up mapped diffeomorphically into T: this is 
a holonomy diffeomorphism. 

The holonomy in the Reeb foliation, as is easy to check, is very simple. If a 
transversal is slid around a latitude circle on the central torus, points on the 
“outside” come back to themselves, whereas points on the “inside” spiral in towards 
the torus; and vice-versa for a longitude. But there are other possibilities. A 
2-dimensional leaf in a 3-manifold can sometimes twist around so as to spiral in on 
itself. This is a resilient leaf [7]. The phenomenon sounds improbable but is actually 
quite common; in the well-known horocycle foliations [1, 10] for example, almost 
every leaf is resilient. 

In 1965 Sergei Novikov published the following theorem. 


THEOREM. Every class-C*, 2-dimensional foliation of the 3-sphere has a compact, 
torus leaf. 


The intricate proof required a vigorous and ingenious use of Haefliger’s and 
Ehresmann’s ideas. Although this theorem had few consequences and proved 
impossible to generalize, it had a profound psychological impact; it suddenly 
became clear to topologists in general that here was a large mathematical continent 
awaiting exploration. 

The list of references in Blaine Lawson’s survey article of May, 1973 [8] 
documents the ensuing explosion in research. Much of this was due to the new 
“quantitative” theory [9] which sprang up around 1970. Although this will take us 
away for a moment from our main topic, I would like to sketch out at least the 
beginnings of the new theory because quite recently the geometric and quantitative 
lines of research have been brought together in a very neat way. 

The suspicion that some p-plane fields could not even be deformed into integra- 
ble ones had already been raised in Reeb’s thesis, but the first hard evidence came 
from Raoul Bott, with his Vanishing Theorem, proved in 1968. He showed that 
some algebraic-topological invariants of a p-plane field, thought of as a p-dimen- 
sional vector bundle, had to be zero for it to be “integrable-able.”’ 

Shortly after this discovery came the Godbillon-Vey invariant. Claude Godbillon 
spoke at the foliations meeting in Oberwolfach in May, 1971, explaining that if on a 
compact, orientable, 3-manifold M, a codimension-one foliation F was defined by 
the kernel of a 1-form @ with (dual version of Frobenius’ theorem) d@ = Xd A @, 
then the closed form A A dd gave, when integrated over M, a real number 
depending only on F. He went on to say that it was not known if this number could 
be nonzero. This state of affairs did not last very long. Robert Roussarie was at that 
meeting and shortly afterwards came out (as did William Thurston) with the 
observation that the horocycle foliations had nontrivial “Godbillon-Vey invariant.” 

These two discoveries (which were found to be closely related) formed the bridge 
over which the hordes of Homotopy Theory swarmed onto our unexplored conti- 
nent. In addition, the assignment X — {homotopy classes of [-structures on X} 


1989] REVIEWS 75 


turned out to be a homotopy functor and therefore to have a classifying space, etc. 
There was no stopping them. 

With this new wave of activity came the discovery of many new foliations. In 
1971 Lawson produced a codimension-one, class-C” foliation of S° (and of any 
sphere of dimension 2* + 3); soon all odd spheres were foliated, and not too much 
later Thurston showed that on a compact manifold, any codimension-one field of 
planes could be deformed to an integrable one. Thurston’s foliations are locally very 
complicated; he gives as a problem (it remains outstanding in general) to replace 
them by foliations with the same degree of intelligibility as Reeb’s and Lawson’s. 
For results in higher codimensions, see [4, 12]. 

One topic which has continued to interest the geometric foliation theorists is the 
topology and asymptotic behavior of noncompact leaves in compact, foliated 
manifolds. A recent, striking result is the theorem I hinted about earlier, which 
unites the quantitative and geometric aspects of foliations in such a satisfying way. 
It is not a coincidence after all that the horocycle foliations have both resilient 
leaves and nonvanishing Godbillon-Vey invariant. 


THEOREM (Gérard Duminy; unpublished. For proof, see [2] and [6].). If a 
class-C”, codimension-one foliation of a compact 3-manifold has no resilient leaves, it 
must have Godbillon-Vey invariant zero. 


Thurston remarked that the local nonvanishing of the Godbillon-Vey form 
A A dA could be interpreted geometrically as a “helical wobble” of the tangent 
planes to the foliation; so Duminy’s theorem means that if the average helical 
wobble is nonzero, it must manifest itself in resilient leaves. 

Camacho and Lins Neto’s book is the first comprehensive introduction to this 
field. A capsule summary of the book would state that it contains the proof of 
Novikov’s compact leaf theorem and all the material necessary to understand it 
(except for the Poincaré—Bendixson Theorem; this is, however, readily available 
elsewhere). We should all be grateful to the authors for their efforts. Aside from 
Haefliger’s 1967-68 Bourbaki seminar report, this is the first expository account of 
Novikov’s theorem (another is promised for part C of [5]). Also, there is an 
interesting chapter on foliations coming from group actions. Along the way several 
important examples are carefully worked out and presented in detail; for example, 
Denjoy’s C!-foliation of T? and Richard Sacksteder’s C?-foliation of M x S!'(Ma 
surface of genus 2), each with an exceptional minimal set. This rich set of significant 
examples, highlighted in addition by many fine illustrations, is the great strength of 
the book, and should make it an indispensable asset for any student of the field. 

Unfortunately, when we pass from examples to definitions, theorems and proofs, 
the going gets much rougher. I find it surprising, given the immense amount of 
effort that obviously went into the production of this book, that a little more care 
was not taken in the final stages of preparation of the manuscript. The publishers 
do not seem to have had it read through carefully to eliminate redundancies, 
inconsistencies in terminology, references to generally unavailable textbooks, or to 
the wrong article, mislabelled figures, mistranslations and, of course, misprints. In 
addition, the index is grossly insufficient and the references, themselves infested by 
a multilingual circus of misprints, are listed one after the other, in no particular 
order whatsoever. Word processors were designed to take care of precisely this type 
of mess. 
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Most of these blemishes are more insulting than injurious; let me just point out 
one of the instances where careless writing or editing may end up perplexing the 
ideal graduate student to whom this book is addressed. 

What is a foliation of class C"? In this book (p. 22): 


“Definition. Let M be a C~ manifold of dimension m. A C” foliation of 
dimension n on M is a C’ atlas F on M which is maximal with the following 
properties... .” 


Looking back to p. 7 for the definition of “C” atlas” we find the usual one: a 
collection of local charts that are C’-interrelated on overlaps. Only lower on p. 22 
do we find 


“Remark 1. When we say M is a C® manifold which has an atlas F as above, we 
are implicitly saying that M has an atlas A whose changes of coordinates are C™; 
however if (U,¢) € A and (V, ¥) © F and UN V¥ @ then oy! and pod! 
are C’. The only relation between F and A is that the mixed changes of variables, as 
above, are C’ (...).” 


Notice the phrase “we are implicitly saying” in Remark 1. There is nothing 
implicit in the definition. It says what it says. What they really mean is “we really 
mean.” 
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0-87353-250-3] Thirty-four articles discussing issues 
and strategies in teaching algebra meaningfully, in- 
cluding development of algebraic readiness in elemen- 
tary school. Variables and function concept are cen- 
tral themes, and teaching with computers and calcu- 
lators receives much attention. Several short articles 
give tips for teaching specific topics. MW 


History, L. The Emergence of Number. J.N. Cross- 
ley. World Scientific, 1987, x + 222 pp, $39; $23 (P). 
(ISBN: 9971-50-413-8; 9971-50-414-6] Traces the ori- 
gins and early development of the natural numbers, 
irrational numbers, and complex numbers. Many 
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with the adoption near the end of the Qing Dynasty 
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0-444-70212-1] Introduction to planar graphs; em- 
phasis is on constructive proofs of theorems, from 
which algorithms then follow. May be used as text 
for a course in algorithms, graph theory, or planar 
graphs. No exercises; algorithms given in “Pidgin” 
Pascal; extensive references. LC 

Combinatorics, T(16-17: 2), P, L. Combinatorial 
Designs. W.D. Wallis. Pure & Appl. Math., V. 118. 
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of a number field (Dedekind seta function) reflects 
the class number and unit group of its ring of in- 
tegers. The Birch and Swinnerton-Dyer conjectures 
assert the value at s = 1 of the L-function of a ratio- 
nal elliptic curve reflects the group of rational points 
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Schappacher. Springer-Verlag, 1988, xv + 160 pp, 
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Distr: Elsevier Science), 1987, 373 pp, $168.50. 
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Braid Groups and Galois Representations; Curves 
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Linear Algebra, T(14: 1). An Introduction to 
Linear Algebra With Applications, Second Edition. 
Steven Roman. Harcourt Brace Jovanovich, 1988, 
viii + 504 pp, $29. [ISBN: 0-15-542736-9] The first 
three chapters on matrix computations in the First 
Edition (TR, December 1985) have been condensed 
in this new edition. Several new applications, exam- 
ples, and exercises have been added throughout the 
text. GG 


Linear Algebra, T(16-17: 1), L. Nonnegative 
Matrices. Henryk Minc. Wiley, 1988, xiii + 206 
pp, $39.95. [ISBN: 0-471-83966-3] The core of this 
book is an up-to-date exposition of classical Perron- 
Frobenius theory together with some more recent re- 
lated results. It also includes chapters on the combi- 
natorial properties of non-negative matrices, the the- 
ory of doubly stochastic matrices, and special classes 
of non-negative matrices (e.g., stochastic matrices, 
M-matrices). Presumes only a background in ele- 
mentary linear algebra. AO 


Linear Algebra, S*(14). Guide to Linear Algebra. 
David A. Towers. Macmillan Education, 1988, x + 
210 pp, £8.95 (P). [ISBN: 0-333-43627-X] A compact 
and lucid introduction to linear algebra which could 
serve as an excellent second source for students; in- 
cludes examples and exercises. JNC 
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the Russian. I.V. Kovalishina, V.P. Potapov. Transl. 
Ser. 2, V. 138. AMS, 1988, vii + 77 pp, $40. [ISBN: 
0-8218-3114-3] A series of studies of analytic matrix- 
valued functions in seven related papers. LAS 


Linear Algebra, T(14: 1). A Course in Linear 
Algebra. David B. Damiano, John B. Little. Har- 
court Brace Jovanovich, 1988, xiii + 434 pp, $30. 
[ISBN: 0-15-515134-7] A theoretic approach which 
defines vector spaces and linear transformation at 
the outset and introduces computational techniques 
as needed. Includes mathematical applications such 
as linear differential equations, as well as solutions 
to the majority of the exercises. JNC 
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Macmillan, 1988, xx + 563 pp [ISBN: 0-02-353953- 
4]; Matriz Theory and Linear Algebra. I.N. Herstein, 
David J. Winter. Macmillan, 1988, xviii + 508 pp. 
{ISBN: 0-02-353951-8] A Primer is a comprehensive 
linear algebra text which has a lot of really good 
problems. It is well written but yet more sophis- 
ticated than the average sophomore-level text. Its 
companion volume Matriz Theory is similar but more 
comprehensive, including several more advanced top- 
ics such as Jordan canonical forms. CEC 

Group Theory, T(17-18: 1), S. Lie Groups, Lie 
Algebras, and Cohomology. Anthony W. Knapp. 
Math. Notes, V. 34. Princeton U Pr, 1988, xii 
+ 509 pp, $29.50 (P). [ISBN: 0-691-08498-x] Al- 
gebraic treatment of representation theory of Lie 
groups, in particular of unitary groups. Expands 
upon one-semester graduate course whose goal was 
to develop material leading to the Borel-Weil-Bott 
theorem. Prerequisites are advanced linear algebra, 
metric spaces, and integration on topological groups. 
Includes ten pages of historical notes. GG 
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tations. Ed: William M. Goldman, Andy R. Magid. 
Contemp. Math., V. 74. AMS, 1988, xv + 312 pp, 
$30 (P). (ISBN: 0-8218-5082-2] Proceedings of AMS- 
IMS-SIAM Joint Summer Research Conference at 
Boulder, Colorado, July 5-11, 1987 concerning spaces 
of representations. SB 


Group Theory, P. Lattice- Ordered Groups, An In- 
troduction. Marlow Anderson, Todd Feil. D Reidel 
(US Distr: Kluwer), 1988, ix + 190 pp, $44. [ISBN: 
90-277-2643-4] A lattice-ordered group or /-group is 
a group with a partial order which is in fact a lat- 
tice. This book covers the classical theory of lattice 
ordered groups. Emphasis is algebraic rather than 
analytic. Assumes only graduate courses in analysis, 
algebra, and point-set topology. RH 


Group Theory, P. Geometries and Groups. Ed: M. 
Aschbacher, A.M. Cohen, W.M. Kantor. D Reidel 
(US Distr: Kluwer), 1988, vii + 542 pp, $118. (ISBN: 
90-277-2623-X] A collection of 21 papers presented at 
a workshop on Geometries and Groups held in the 
Netherlands in 1986. Organized into four areas of 
interest: diagram geometries and chamber systems; 
incidence systems; Chevalley groups; and graphs and 
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Algebra, T(15: 1), S, L. Elements of Modern Alge- 
bra, Second Edition. Jimmie Gilbert, Linda Gilbert. 
Ser. in Math. Prindle, Weber & Schmidt, 1988, 
xii + 356 pp, $30.50. [ISBN: 0-534-91502-7] Major 
changes in this edition include answers to half the 
computational exercises, more emphasis on composi- 
tion of mappings, expanded treatment of induction, 
a section on maximal ideals, and solutions of cubic 
and quartic polynomials. A readable text with lots 
of reasonable exercises, but not as deep as other be- 
ginning algebra texts. (First Edition, TR, August- 
September 1984.) CEC 

Algebra, S(18), P. Noncommutative Noetherian 
Rings. J.C. McConnell, J.C. Robson. Wiley, 1988, 
xv + 596 pp, $138. [ISBN: 0-471-91550-5] After a 
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brief review, the first part of the book treats general 
material, including Goldie’s theorem. The last three 
parts, titled Dimensions, Extensions, and Examples, 
treat these aspects in more depth. Suitable for an al- 
gebraist who has taken a one-year graduate course. 
GG 


Algebra, P. Lattices with Unique Complements. 
V.N. Salif. Transl. of Math. Mono., V. 69. AMS, 
1987, ix + 113 pp, $51. [ISBN: 0-8218-4522-5] The 
main problem addressed is: In the class of complete 
lattices, do there exist non-distributive uniquely 
complemented lattices? The first chapter introduces 
the basic results from the theory of lattices and or- 
dered sets needed to study the main problem. The 
book ends with ten problems. LC 

Algebra, T(18: 1), P. Additive Groups of Rings, 
V. I. S. Feigelstock. Pitman Res. Notes in Math. 
Ser., V. 169. Longman Scientific & Technical (US 
Distr: Wiley), 1988, 100 pp, $39.95 (P). [ISBN: 
0-582-01370-4] The second volume presents strictly 
ring-theoretic results proven using the additive struc- 
tures of the rings, and further theory of additive 
groups of rings (continuing Volume I). Embedding 
theorems, radical theory, fissible rings, subring-ideal- 
quotient ring properties, subgroups which are ideals 
in every ring, miscellaneous results. No exercises. RB 


Algebra, P. Lecture Notes in Mathematics-1300: 
Constructions of Lie Algebras and their Modules. 
George B. Seligman. Springer-Verlag, 1988, vi + 
190 pp, $17.30 (P). [ISBN: 0-387-18973-4] Studies 
constructing irreducible g-modules of finite dimen- 
sion, where g is a central simple Lie algebra over a 
field F of characteristic zero. In particular, demon- 
strates constructions of the irreducible modules in 
the isotropic cases with non-reduced root systems, 
and in all anisotropic cases where [g : F'] is not among 
14, 28, 52, 78, 133, or 248. RH 


Algebra, P. Lecture Notes in Mathematics- 1328: 
Ring Theory. Ed: J.L. Bueso, P. Jara, B. Torrecil- 
las. Springer-Verlag, 1988, ix + 331 pp, $28.60 (P). 
[ISBN: 0-387-19474-6] Proceedings of a conference 
held in Granada, Spain, September 1-6, 1986. SB 


Algebra, T(17), L. Algebra, Third Edition. Saun- 
ders MacLane, Garrett Birkhoff. Chelsea, 1988, xix 
+ 626 pp, $28.50. [ISBN: 0-8284-0330-9] A classic 
in the axiomatic approach in algebra. Only major 
change from Second Edition is the inclusion of a chap- 
ter on affine and projective geometry. Excellent ref- 
erence; covers almost everything. (1967 Macmillan 
First Edition, TR, November 1967; Extended Re- 
view, January 1971; 1979 Macmillan Second Edition, 
TR, October 1979.) MR 

Algebra, T**(15: 1, 2), S*, L*. A First Un- 
dergraduate Course in Abstract Algebra, Fourth Edt- 
tion. Abraham P. Hillman, Gerald L. Alexanderson. 
Wadsworth, 1988, xiv + 541 pp. [ISBN: 0-534-08844- 
9] The sections on Boolean algebras and their appli- 
cations has been thoroughly revised in this edition. 
The treatment of Euclid’s algorithm has been rewrit- 
ten in light of the new emphasis on algorithms, and 
material on dihedral groups has been added. Minor 
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changes appear throughout the book. A readable 
and useable text with a wealth of exercises. (First 
Edition, TR, August-September 1974; Second Edt- 
tion, TR, June-July 1978; Third Edition, TR, March 
1983.) CEC 

Algebra, T*(17: 1, 2), S*, P*, L*. Ring Theory, 
Volume I. Louis H. Rowen. Pure & Appl. Math., 
V. 127. Academic Pr, 1988, xxiv + 538 pp, $89.50. 
[ISBN: 0-12-599841-4] A sourcebook of the results 
and proofs which make up the general structural the- 
ory of rings. Chapter titles include the construction 
of rings, basic structural theory, rings of fractions, 
embedding theorems, and categorical aspects of mod- 
ule theory. A wide-ranging synthesis which is a wel- 
come addition to the literature. Written in a formal 
style. Includes an excellent set of exercises and a 
comprehensive bibliography. CEC 


Algebra, T(14-15: 1), S*, L. Guide to Abstract 
Algebra. Carol Whitehead. Math. Guides. Macmil- 
lan Education, 1988, xiii + 257 pp, £8.95 (P). [ISBN: 
0-333-42657-6] Covers sets, relations, mappings, in- 
tegers, basic group theory. Many examples and ex- 
ercises with solutions. SB 


Algebra, T(13: 1). Algebra for College Stu- 
dents, Second Edition. M.A. Munem, W. Tschirhart. 
Worth, 1988, xii + 609 pp, $28.95. [ISBN: 0-87901- 
384-2] A straightforward presentation of algebra top- 
ics (including functions, systems of equations and 
inequalities, exponential and logarithmic functions, 
and topics in discrete mathematics); this edition 
notes the algebraic changes which produce shifting, 
reflecting, and stretching of graphs. JNC 


Calculus, T*(13-14: 3). Calculus with Analytic 
Geometry. Richard A. Hunt. Harper & Row, 1988, 
xx + 1176 pp. [ISBN: 0-06-043036-2] No histori- 
cal remarks; no biographical sketches; no footnotes; 
no appendices; no tables; no asterisked problems 
requiring a calculator; no skin-deep applications in 
economics, biology, or psychology. What there is 
is readable, informal, clear but not wordy. Em- 
phasises understanding of concepts over memoriza- 
tion of formulas. About 1.5 computer-generated fig- 
ures per page. Parabolas and hyperbolas look like 
they should. Excellent pictures of surfaces. An- 
swers have been checked and re-checked. For science 
and engineering students in a three-semester calcu- 
lus sequence. Available are an instructor’s solution 
manual, a student solutions manual; free to instruc- 
tors: transparencies, a computerised test-generation 
system, and a set of six diskettes for tutorial pur- 
poses. JK 


Calculus, T(13-14: 1). Calculus for the Man- 
agement, Life, and Social Sciences, Second Edition. 
Bernard Kolman, Charles G. Denlinger. Harcourt 
Brace Jovanovich, 1988, xi + 676 pp, $30. [ISBN: 
0-15-505754-5}] Major changes in this edition include 
moving some of the early review material to an ap- 
pendix, and addition of material on functions, more 
business applications, additional exercises, new sec- 
tions on the Newton-Raphson method, on numerical 
integration, and on differentials and their applica- 
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tions. (First Edition, TR, November 1981.) RH 


Calculus, T(13: 2). Calculus and Analytic Ge- 
ometry, Brief, Fourth Edition. Sherman K. Stein. 
McGraw-Hill, 1987, xviii + 748 pp, $38.95. [ISBN: 0- 
07-061162-9] Consists of the first ten chapters of Cal- 
culus and Analytic Geometry, Fourth Edition. (TR, 
First Edition, November 1973; Extended Review, 
February 1976; Third Edition, TR, October 1982; 
Fourth Edition, TR, April 1987.) INC 


Calculus, T*(14-15: 1, 2), L. Vector Calculus, 
Third Edition. Jerrold E. Marsden, Anthony J. 
Tromba. WH Freeman, 1988, xiv + 655 pp, $38.95. 
{ISBN: 0-7167-1856-1] Major changes in this latest 
edition (First Edition, TR, March 1976; Extended 
Review, May 1977; Second Edition, TR, November 
1981) is a much larger and more diverse set of ex- 
ercises backed up by a separate Study Guide with 
complete solutions. Improved exposition, some re- 
organization, and many illustrations make the text 
more useful for a wide variety of students. LAS 


Calculus, T(13: 2). Calculus, Second Edition. 
Dennis D. Berkey. Saunders College, 1988, xviii 
+ 1122 pp, $41. {ISBN: 0-03-008899-2] Changes in 
this edition include extensive rewriting of many sec- 
tions, some reorganisation, shortening of the precal- 
culus review; addition of a chapter on antidifferenti- 
ation before coverage of the definite integral, consol- 
idation into one chapter of the differential equation 
topics, and a new four-color insert depicting three- 
dimensional surfaces. (First Edition, TR, December 
1984.) INC 


Calculus, T(13-14: 1, 2). Calculus with Appli- 
cations. Karl J. Smith. Brooks/Cole, 1988, xiii + 
396 pp, $30. (ISBN: 0-534-08898-8] An updated 
text for business, management, life, or social sci- 
ences students. “Emphasis throughout is to enhance 
students’ understanding of the modeling process and 
how mathematics is used in real world applications.” 
Integration techniques (except integration by parts, 
tables) omitted in favor of numerical methods, more 
applications (e.g., probability), calculators, muMath. 
Computerised test bank. RB 


Calculus, T*(16-17: 1), P, L. Matriz Differ- 
ential Calculus with Applications in Statistics and 
Econometrics. Jan R. Magnus, Heins Neudecker. 
Prob. & Math. Stat. Wiley, 1988, xvii + 393 
pp, $51.95. [ISBN: 0-471-91516-5] Self-contained 
and unified treatment of matrix differential calculus 
for students and practitioners of econometrics and 
statistics. Approach is via differentials which au- 
thors believe to be “more congenial to multivariable 
functions as they crop up in econometrics, mathe- 
matical statistics or psychometrics than derivatives.” 
Exercises complement text. Bibliography and bibli- 
ographical notes. Applications. JK 


Real Analysis, P. Fractional Calculus: Integra- 
tions and Differentiations of Arbitrary Order. Kat- 
suyuki Nishimoto. Descartes Pr. Volume I, 1984, 
xiii + 195 pp; Volume IJ, 1987, xiv + 189 pp. A 
two-volume monograph on theory and applications 
of fractional-order differentiation and integration— 
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“differintegration,” in the author’s terminology—of 
functions of one and several variables. Rich in ex- 
amples and graphs. The use of English is slightly 
non-standard. PZ 


Complex Analysis, S(18), P. Lecture Notes in 
Mathematics-1907: A Real Variable Method for the 
Cauchy Transform, and Analytic Capacity. Taka- 
fumi Murai. Springer-Verlag, 1988, vii + 133 pp, 
$13.90 (P). {ISBN: 0-387-19091-0] A study of analytic 
capacity, especially of discontinuous curves, graphs, 
and “cranks.” Properties of analytic capacity are 
studied via connections with the real-variable theory 
of the Cauchy-Hilbert transform, and with integral- 
geometric properties of the curves in question. PZ 


Complex Analysis, P. Complez Analysis, Func- 
tional Analysis and Approzimation Theory. Ed: 


‘Jorge Mujica. Math. Stud., V. 125. North-Holland 


(US Distr: Elsevier Science), 1986, viii + 297 pp, 
$44.50 (P). (ISBN: 0-444-87997-8] Proceedings of a 
conference held at Universidade Estadual de Camp- 
inas, Brazil, July 1984. MR 


Complex Analysis, S(18), P. The Complez An- 
alytic Theory of Teichmuller Spaces. Subhashis 
Nag. Wiley, 1988, xiii + 427 pp, $54.95. [ISBN: 
0-471-62773-9] An introduction to the fundamental 
facts concerning the complex analytic structure of 
Teichmiller spaces and other moduli spaces which 
should be accessible to graduate students. Cen- 
tral fact presented is that the Teichmiiller space, 
parametrizing complex structures on a given surface, 
itself carries the complex structure of a complex man- 
ifold. RH 


Complex Analysis, S(18), P. Methods of Complez 
Analysis in Partial Differential Equations with Ap- 
plications. Manfred Kracht, Erwin Kreyszig. Cana- 
dian Math. Soc. Ser. of Mono. & Adv. Texts. 
Wiley, 1988, xiv + 394 pp, $54.95. [ISBN: 0-471- 
83091-7] An inviting, readable study of complex anal- 
ysis methods—especially complex integral operator 
methods—applied to problems in partial differential 
equations. Detailed, concrete applications of the the- 
ory are made to three classes of partial differential 
equations of interest to mathematical physicists. In- 
cludes an enormous bibliography. PZ 


Complex Analysis, P. Lecture Notes in Mathemat- 
tcs-1912: Analytic Functions Smooth up to the 
Boundary. Nikolai A. Shirokov. Springer-Verlag, 
1988, 213 pp, $21.20 (P). [ISBN: 0-387-19255-7] A 
study of the theory of Nevanlinna, or inner-outer fac- 
torization of functions of one complex variable, ana- 
lytic in the unit disc and smooth up to the boundary. 
Includes a useful historical introduction. PZ 


Differential Equations, P. Multiphase Averaging 
for Classical Systems: With Applications to Adia- 
batic Theorems. P. Lochak, C. Meunier. Appl. 
Math. Sci., V. 72. Springer-Verlag, 1988, xi + 360 
pp, $39.80 (P). [ISBN: 0-387-96778-8] Averaging out 
“fast” variables is sometimes necessary to see what 
the slowpokes are doing. Complete statements and 
proofs of hard-to-find (mostly Russian) results are 
presented. BC 
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Differential Equations, T(14: 1). Differential 
Equations: A First Course, Second Edition. Mar- 
tin M. Guterman, Zbigneiw H. Nitecki. Saunders 
College, 1988, x + 742 pp, $34. [ISBN: 0-03- 
0096170] Standard topics for engineering and science 
students: first-order equations, linear equations, lin- 
ear systems, Laplace transform, numerical approxi- 
mation, partial differential equations, and Fourier se- 
ries. Consideration of physical models provides mo- 
tivation. This edition includes rewritten material, 
new material (e.g., on phase portraits, linearization 
near equilibria, stability), additional exercises (many 
of an applied nature). (First Edition, TR, November 
1984.) DFA 


Differential Equations, P. Compaciness Methods 
for Nonlinear Evolutions. I.I. Vrabie. Pitman Mono. 
& Surv. in Pure & Appl. Math., V. 32. Long- 
man Scientific & Technical (US Distr: Wiley), 1987, 
325 pp, $77.95. (ISBN: 0-470-20738-8] Recent results 
in existence theory for nonlinear evolution equations 
with “non-accretive” operators. Applications to par- 
tial differential equations. BC 


Differential Equations, T***(16-17), L. Geo- 
metrical Methods in the Theory of Ordinary Differen- 
tial Equations, Second Edition. V.I. Arnold. Transl: 
Joseph Sziics. Grund. der math. Wissenschaften, 
B. 250. Springer-Verlag, 1988, xiii + 351 pp, $48. 
[{ISBN: 0-387-96649-8] A beautiful book by one of the 
founders of the theory of geometrical analysis of dif- 
ferential equations. Accessible to all mathematicians 
and physicists. In some ways a sequel to his classic 
Ordinary Differential Equations. Style of presenta- 
tion here is similar: the focus is on simple exam- 
ples explored in detail to reveal deep and complex 
ideas. Full of Arnold’s unique ingenious problems 
and examples. Covers stability, perturbation theory, 
normal forms, and local bifurcation theory. (First 
Edition, TR, January 1984.) MR 


Differential Equations, P. Mathematics Applied 
to Science: In Memoriam Edward D. Conway. Ed: 
Jerome Goldstein, Steven Rosencrans, Gary Sod. 
Academic Pr, 1988, xx + 309 pp, $34.50. [ISBN: 
0-12-289510-X] Papers from a November 1986 con- 
ference honoring Edward Conway, who died suddenly 
the previous year. 13 papers on diverse applications 
of differential equations, together with biographical 
information on Conway who had been influential in 
leading Tulane into the computer age. LAS 


Partial Differential Equations, P. Recent Topics 
in Nonlinear PDE III, Ed: Kyiya Masuda, Takashi 
Suzuki. Math. Stud., V. 148. North-Holland (US 
Distr: Elsevier Science), 1987, vii + 266 pp, $110.50 
(P). {ISBN: 0-444-70317-9] An outgrowth of lectures 
delivered at the fourth meeting on “Nonlinear Par- 
tial Differential Equations,” held at the University of 
Tokyo, February 24-26, 1986. There are ten chapters 
discussing nonlinear partial differential equations oc- 
curring in the area of fluid dynamics, free boundary 
problems, population dynamics, and mathematical 
physics. RSF 


Partial Differential Equations, P. Nonlinear 
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Partial Differential Equations and Their Applica- 
tions: Collége de France Seminar, Volume VIII. Ed: 
H. Bresis, J.L. Lions. Longman Scientific & Tech- 
nical (US Distr: Wiley), 1988, 220 pp, $51.95 (P). 
[{ISBN: 0-470-20993-3] Contains the texts of selected 
lectures delivered by leading international experts at 
a weekly seminar held at Collége de France. The 
main theme is recent work in nonlinear partial dif- 
ferential equations. The emphasis is on applica- 
tions including control theory, theoretical physics, 
fluid and continuum mechanics, free boundary prob- 
lems, dynamical systems, scientific computing, nu- 
merical analysis and engineering. In English and 
French. CEC 


Partial Differential Equations, P. Energy Stabil- 
ity and Convection. Ed: G.P. Galdi, B. Straughan. 
Pitman Res. Notes in Math. Ser., V. 168. Long- 
man Scientific & Technical (US Distr: Wiley), 1988, 
448 pp, $74.95 (P). [ISBN: 0-582-00318-0] Nine pa- 
pers and eight abstracts, from a May 1986 meeting 
on the Island of Capri. MR 


Partial Differential Equations, P. Huygens’ 
Principle and Hyperbolic Equations. Paul Gunther. 
Perspectives in Math., V. 5. Academic Pr, 1988, 
lvii + 847 pp, $69. [ISBN: 0-12-307330-8] Huygens’ 
principle is a property of hyperbolic operators in the 
equations for wave propagation in curved space-time 
(first fully formulated by Hadamard, not Huygens). 
Emphasis is on finding, describing, and classifying 
examples of nontrivial Huygens operators. BC 


Partial Differential Equations, P. Multigrid So- 
lution of the Steady Euler Equations. S.P. Spekrei- 
jse. CWI Tract, V. 46. Math Centrum, 1988, 
153 pp, Dfl. 24.20 (P). [ISBN: 90-6196-346-X] Uses 
discretizations based on cell-centered finite volume 
schemes. Develops robust and efficient methods to 
solve these. DFA 


Numerical Analysis, P. Regularization for Applied 
Inverse and Ill-Posed Problems: A Numerical Ap- 
proach. Bernd Hofmann. Teubner-Texte sur Math., 
B. 85. BG Teubner Leipzig, 1986, 196 pp, 19 M (P). 
[ISBN: 3-322-00341-8] Discusses numerical methods 
for the solution of linear and nonlinear inverse and 
ill-posed problems of the type that arise in scientific 
and engineering applications. All the methods pre- 
sented are based on regularization of a discretized 
inverse problem. AO 


Numerical Analysis, T(17-18: 2), L. Theory of 
Difference Equations: Numerical Methods and Ap- 
plications. V. Lakshmikantham, D. Trigiante. Math. 
in Sci. & Engin., V. 181. Academic Pr, 1988, x + 
242 pp, $49.95. [ISBN: 0-12-434100-4] Introduction 
to difference equations, with attention toward itera- 
tive processes and numerical methods for differential 
equations. Not covered in detail: classical applica- 
tions to interpolation, numerical quadrature, and dif- 
ferentiation. Includes a chapter on examples of real 
world models such as population dynamics and the 
cobweb model (from economics). LC 


Numerical Analysis, T(16-17: 1), S, P, L. Com- 
putational Methods for Integral Equations. L.M. 
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Delves, J.L. Mohamed. Cambridge U Pr, 1988, xii + 
376 pp, $24.95 (P). [ISBN: 0-521-35796-9] Considers 
practical solutions to one-dimensional integral equa- 
tions, including Fredholm and Volterra equations of 
the first, second, and third kind; some background 
in numerical methods and linear algebra is assumed. 
There are 14 chapters, an appendix on singular ex- 
pansions, a comprehensive reference list, chapter ex- 
ercises, and numerous examples; numerical results 
are presented (but there are no program codes). At- 
tention is paid to both theory of solutions and rates 
of convergence achievable for numerical approxima- 
tions. (1985 First Edition, TR, December 1986.) 
RSF 


Numerical Analysis, P. Numerical Algorithms for 
Modern Parallel Computer Architectures. Ed: Mar- 
tin Schults. IMA, V. 13. Springer-Verlag, 1988, 
xi + 232 pp, $25. [ISBN: 0-387-96733-8] Papers 
from a workshop on Scientific Computation at the 
IMA in Minneapolis, Minnesota, 1986-87, concerned 
with multiprocessor architectures, parallel systems, 
algorithms, and languages, and the application of 
massively parallel architectures (and the new ap- 
proaches to applied mathematical modelling and sci- 
entific computation they will stimulate) to real world 
problems. RM 


Numerical Analysis, T(18), P. Numerical Grid 
Generation: Foundations and Applications. Joe F. 
Thompson, Z.U.A. Warsi, C. Wayne Mastin. North- 
Holland (US Distr: Elsevier Science), 1985, xv + 
483 pp, $34.95 (P). [ISBN: 0-444-00985-X] Numer- 
ical grid generation is commonly used in the solu- 
tion of partial differential equations and in finite el- 
ement methods over arbitrary regions. Seeks to pro- 
vide the mathematical background and application 
techniques necessary to use numerical grid genera- 
tion effectively in numerical software. SM 


Operator Theory, P. Indez Theory of Elliptic 
Operators, Foliations, and Operator Algebras. Ed: 
Jerome Kaminker, Kenneth C. Millett, Claude Scho- 
chet. Contemp. Math., V. 70. AMS, 1988, x + 322 
pp, $32 (P). [ISBN: 0-8218-5077-6] Proceedings of 
AMS Special Sessions held January 7, 1986 in New 
Orleans, and April 11, 1986 in Indianapolis. LC 


Operator Theory, T(i8: 2). Interpolation of Op- 
erators. Colin Bennett, Robert Sharpley. Pure & 
Appl. Math., V. 129. Academic Pr, 1988, xiv + 469 
pp, $69.95. [ISBN: 0-12-088730-4] Develops theory of 
the real method of interpolation through the theory 
of spaces of measurable functions. Assumes familiar- 
ity with the fundamentals of real analysis, measure 
theory, and functional analysis. LC 


Functional Analysis, P. Amenable Banach Alge- 
bras. Jean-Paul Pier. Pitman Res. Notes in Math. 
Ser., V. 172. Longman Scientific & Technical (US 
Distr: Wiley), 1988, 161 pp, $47.95 (P). [ISBN: 0- 
470-21066-4] Amenability, first studied on discrete 
groups, is studied here on Banach algebras, and more 
specifically for C*-algebras and von Neumann alge- 
bras. AWR 


Functional Analysis, T(18: 2), P. Spectral The- 
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ory and Differential Operators. D.E. Edmunds, 
W.D. Evans. Math. Mono. Clarendon Pr, 1987, 
xvii + 574 pp, $115. [ISBN: 0-19-853542-2] A 
study of the relationship between the classical the- 
ory of compact operators in Banach or Hilbert spaces 
and boundary-value problems for elliptic differential 
equations. Considers the results of the last decade. 
Includes a substantial list of references. CEC 


Functional Analysis, S(18), P. Representations 
of *-Algebras, Locally Compact Groups, and Banach 
*-Algebraic Bundles, Volume 1 and 2. J.M.G. Fell, 
R.S. Doran. Academic Pr, 1988, $99 each. Vol- 
ume 1: Basic Representation Theory of Groups and 
Algebras. Pure & Appl. Math., V. 125. xviii + 
746 pp (ISBN: 0-12-252721-6]; Volume 2: Banach *- 
Algebraic Bundles, Induced Representations, and the 
Generalized Mackey Analysis. Pure & Appl. Math., 
V. 126. viii + 739 pp. [ISBN: 0-12-252722-4] First 
volume and part of second volume could be used as a 
“leisurely introduction to the basic functional analy- 
sis underlying the theory of infinite-dimensional uni- 
tary representations of locally compact groups and 
its generalisation to representations of Banach alge- 
bras.” Material selected to lead into Mackey normal 
subgroup analysis in context of Banach *-algebraic 
bundles, which comprise remainder of second vol- 
ume. First author’s own research is included here. 
Each chapter concludes with exercises and notes. GG 


Analysis, P, L. Rational Approzimation of Real 
Functions. P.P. Petrushev, V.A. Popov. Encylop. of 
Math. & Its Applic., V. 28. Cambridge U Pr, 1987, 
xi + 371 pp, $69.50. [ISBN: 0-521-33107-2] A survey 
of the basic results in the field including recent work. 
Some results from the theory of linear approximation 
and from the theory of complex rational approxima- 
tion are included for the sake of completeness and 
comparison. AO 


Analysis, P. Nonlinear Analysts. Ed: Th. M. 
Rassias. World Scientific, 1987, xi + 557 pp, $55. 
{ISBN: 9971-50-140-6] Twenty papers on applications 
of topological methods, fixed-point and bifurcation 
theory, and stability of mapping to nonlinear anal- 
ysis. Includes a lengthy survey of theoretical and 
experimental developments in bifurcation and non- 
linear instability problems. BC 


Analysis, T(18), P. Approzimation of Conttnu- 
ously Differentiable Functions. José G. Llavona. 
Math. Stud., V. 130. North-Holland (US Distr: El- 
sevier Science), 1986, xiv + 241 pp, $48 (P). (ISBN: 
0-444-70128-1] Presents results, classical and mod- 
ern, about approximation of continuously differen- 
tiable functions on real manifolds locally of finite di- 
mension and on Banach spaces. Much of the material 
has not appeared in book form previously. LC 


Analysis, P. Lecture Notes in Mathemattcs-1305: 
Strong Asymptotics for Eztremal Polynomials As- 
sociated with Weights on R. D.S. Lubinsky, E.B. 
Saff. Springer-Verlag, 1988, vii + 153 pp, $17.30 
(P). [ISBN: 0-387-18958-0] Following work of Freud 
and Nevai in the late 1960's and results of Erdos, 
these notes answer questions related to growth rates 
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of weights for Ullman distributions. AWR 


Analysis, T(18: 1, 2), S, P. Lecture Notes 
tn Mathematics-1319: Conformal Geometry and 
Quastregular Mappings. Matti Vuorinen. Springer- 
Verlag, 1988, xix + 209 pp, $21.20 (P). [ISBN: 
0-387-19342-1] A self-contained, readable introduc- 
tion to quasiconformal and quasiregular mappings— 
generalizations to Euclidean n-space of conformal 
and analytic mappings, respectively. Based on a 
1986 course of lectures at the University of Helsinki; 
should be accessible and useful to graduate stu- 
dents. Exercises are liberally sprinkled throughout 
the text. PZ 


Analysis, T(16-17: 1, 2). Nonstandard Analysis. 
Alain Robert. Wiley, 1988, xx + 156 pp, $34.95. 
[ISBN: 0-471-91703-6] A careful introduction for ad- 
vanced undergraduates and practicing teachers (who 
“should now learn that their practice can be recon- 
ciled with theory”). First part covers basic theory 
from scratch, through derivatives and integrals; sec- 
ond part is more advanced, covering invariant means, 
approximations, differential equations, Green func- 
tions, and invariant subspaces. LAS 


Algebraic Geometry, P. Algebraic Geometry, 
Sendai, 1985. Ed: T. Oda. Adv. Studies in Pure 
Math., V. 10. North-Holland (US Distr: Elsevier 
Science), 1987, 794 pp, $236.75. (ISBN: 0-444-70313- 
6] Original papers by speakers and participants, 
twenty-six in all, from a June 1985 symposium held 
at Tohoku University in Sendai, Japan. The scope 
is wide and there is some attempt to survey other 
recent work. GG 


Differential Geometry, T*(17-18: 1), S, L*. 
Geometric Measure Theory: A Beginner’s Guide. 
Frank Morgan. Academic Pr, 1988, viii + 145 
pp, $19.95. [ISBN: 0-12-506855-7] A profusely- 
illustrated, plain-spoken preface to standard texts 
(e.g., Federer), where rectifiable sets in 2? are not 
just abstract symbols but such concrete images as 
the surfaces of countably many bicycles. Focus is on 
the search for surfaces of minimal area with given 
boundary. Assumes some graduate-level real analy- 
sis. Exercises, solutions, bibliography. LAS 


Differential Geometry, P. Differential Geometry 
Applied to Curve and Surface Design, Volume 1: 
Foundations. Anthony W. Nutbourne, Ralph R. 
Martin. Halsted Pr, 1988, 282 pp, $115. [ISBN: 
0-470-21036-2] Innovative approach to the synthesis 
of curves and surfaces. Of particular interest is the 
use of patches called cyclides to describe a surface. 
The history of cyclides can be traced to 1801; early 
researchers include Maxwell and Cayley. Authors 
claim that their approach is more precise than tra- 
ditional methods when the surface to be synthesised 
is almost flat and must be free of imperfections (e.g., 
car body parts). MR 


Differential Geometry, T**(16-17: 1), L**. 
Lectures on Classical Differential Geometry, Second 
Edition. Dirk J. Struik. Dover, 1988, viii + 232 
pp, $6.95 (P). [ISBN: 0-486-65609-8] Unabridged and 
unaltered republication of the 1961 Second Edition. 
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Contains an appendix on Cartan’s method of Pfaf- 
fians which was not in the 1950 edition. One of my 
favorite books ever. Authoritative, scholarly, clear. 
Emphasises geometry not vector algebra. This was 
the book to study while trying to understand an- 
other. Peppered with helpful asides and references to 
original sources. Profusely illustrated with line draw- 
ings as only Addison-Wesley provided at the time the 
book first appeared. Excellent exercises/problems 
with hints/answers to almost all. For use in a course 
for advanced undergraduates or beginning graduate 
students. Every serious undergraduate student in 
mathematics should own a copy of this book. JK 


Differential Geometry, T*, S, P, L*. Lecture 
Notes on Elementary Topology and Geometry. I.M. 
Singer, J.A. Thorpe. Springer-Verlag, 1987, viii + 
232 pp, $34. (ISBN: 0-387-90202-3] Third printing of 
Springer’s 1977 reprinting (TR, June-July 1977) of 
the classic text first published by Scott Foresman in 
1967 (TR, November 1967; Extended Review, Febru- 
ary 1968). The first text to provide a unified view 
for good undergraduates of topology (point set the- 
ory, fundamental groups, simplicial complexes) and 
geometry (manifolds, DeRham theory, Riemannian 
geometry). LAS 


Geometry, T**, S**, L**. Build Your Own 
Polyhedra. Peter Hilton, Jean Pedersen. Addison- 
Wesley, 1988, 175 pp, (P). [ISBN: 0-201-22060-1] A 
“must have” book for anyone who even thinks poly- 
hedra might be interesting. Accessible to “any in- 
telligent person aged between twelve and one hun- 
dred.” Great for self-study. Super for the in-service 
and pre-service education of teachers. Throughout 
are lists of required materials, hints, and instructions 
with clear diagrams. The mathematical richness of 
the material reflects the experience and expertise of 
the authors. Slim, but meaty, with challenges. From 
folding paper strips into polygons to constructing col- 
lapsoids (pseudo-sonohedra which can be folded flat 
in various ways). Culminates in a chapter including 
pussle-based volume calculations, Euler’s formula, 
Descartes’ (angular deficiency) formula, combinato- 
rial properties of polyhedra, and symmetries of the 
cube. Spiral-bound, the book is not consumed as 
models are built. Don’t pass on this one. JK 


Topology, T(18: 2), S, P. Theory of Topological 
Structures: An Approach to Categorical Topology. 
Gerhard Preuss. Transl: Andreas Behling. Math. & 
Its Applic. D Reidel (US Distr: Kluwer Academic), 
1988, xii + 304 pp, $69. [ISBN: 90-277-2627-2] A 
nearness space is a pair (X, 4s) where X is a set and 
p is a particular sort of subcollection of covers of 
X. Every topological concept may be described in 
terms of nearness spaces; since nearness spaces form 
a topological category, one may use the techniques 
of category theory to study topology. Although this 
book is a less than fluent translation of the German 
text, there previously have been no books available 
on this relatively young subject, categorical topol- 
ogy. While the last chapter requires Cech cohomol- 
ogy theory, the first six chapters presume only some 
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basic facts from general topology. A collection of 
exercises follow the text. LW 


Operations Research, T(15-17). An Introduc- 
tion to Linear Programming and Game Theory, Sec- 
ond Edition. Paul R. Thie. Wiley, 1988, xv + 396 
pp, $50.22. (ISBN: 0-471-62488-8] | Emphasis is on 
using linear programming to solve problems. Tries 
to keep mathematical prerequisites to a minimum. 
Gives attention to mathematical modelling as an ap- 
plied tool. The book is very similar to the First Edi- 
tion (TR, June-July 1979). AWR 

Operations Research, S(18), P, L. Nonconvez 
Programming. Ferenc Forgéd. Akademiai Kiado, 
1988, 188 pp, $24. [ISBN: 963-05-4453-9] Provides 
an overview of basic directions in current research. 
Emphasizes methods over theory. Extensive bibliog- 
raphy. Examples, no exercises. SM 


Operations Research, S(13). Dynamic Program- 
ming: An Elegant Problem Solver. William Sacco, 
et al. Contemp. Appl. Math. Janson, 1987, 56 pp, 
$7.95 (P). (ISBN: 0-939765-05-5] Written for precal- 
culus or freshman applied mathematics courses, this 
monologue presents dynamic programming through 
an interesting series of examples. Questions lead the 
reader through examples, and preview new topics. 
Well written. Can be used as a textbook for a short 
unit, or as a self-study guide. SM 

Optimisation, T(16-17: 1), S, L. Computer So- 
lution of Linear Programs. J.L. Nazareth. Mono. on 
Numer. Analy. Oxford U Pr, 1987, xiii + 231 pp, 
$39.95. [ISBN: 0-19-504278-6] This book is distin- 
guished from most other texts on linear programming 
by its detailed presentation of the ideas that underlie 
practical implementations of the simplex algorithm. 
It does not presume prior knowledge of the theory of 
linear programming or the simplex algorithm. AO 


Optimisation, P*, L. Geometric Algorithms and 
Combinatorial Optimization. Martin Grotschel, 
Laszl6 Lovdsz, Alexander Schrijver. Algorithms & 
Combinatorics, V. 2. Springer-Verlag, 1988, xii + 
362 pp, $68. (ISBN: 0-387-13624-X] Develops two ge- 
ometric algorithms (the ellipsoid method for finding a 
point in a convex set, and the basis reduction method 
for point lattices) and uses them to prove the polyno- 
mial time solvability of several problems in combina- 
torial optimisation. For some of these problems, the 
techniques described here are the only known meth- 
ods for establishing polynomial time solvability. AO 


Dynamical Systems, S(18), P, L. New Directions 
in Dynamical Systems. Ed: T. Bedford, J. Swift. 
London Math. Soc. Lect. Note Ser., V. 127. Cam- 
bridge U Pr, 1988, xiii + 283 pp, $34.50 (P). [ISBN: 
0-521-34880-3] Six review papers growing out of a 
1986 conference held at King’s College, Cambridge, 
intended to introduce a reader with some knowledge 
of dynamical systems to several frontier areas. LAS 
Dynamical Systems, T(15-17), S, P*, L**. The 
Science of Fractal Images. Ed: Heins-Otto Peit- 
gen, Dietmar Saupe. Springer-Verlag, 1988, xiii + 
312 pp, $34. (ISBN: 0-387-96608-0] A sequel to The 
Beauty of Fractals (TR, November 1986), this mono- 
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graph, based on notes from a SIGGRAPH '87 short 
course, focuses on the mathematical and algorithmic 
details required to create beautiful fractal computer 
graphics. Following a lengthy historical foreword by 
Mandelbrot, five main chapters by Voss, Saupe, De- 
vaney, Peitgen, and Barnsley introduce a variety of 
algorithms for diverse fractal images, from Julia sets 
to landscapes. Four appendices add details for ef- 
ficiency and aesthetics. A superb sourcebook for a 
senior seminar on fractals. LAS 


Dynamical Systems, P. Dynamics Reported, Vol- 
ume 1. Ed: U. Kirchgraber, H.O. Walther. Wiley, 
1988, ix + 306 pp, $71.95. [ISBN: 0-471-91661-7] 
First in a series of volumes featuring lengthy arti- 
cles that give high-level contemporary surveys of the 
rapidly developing frontiers of dynamical systems. 
This volume contains five papers on such topics as 
Mather sets, orbits in diffusion equations, and non- 
linear resonance. LAS 

Dynamical Systems, T(16-17: 1), S, P, L. From 
Equilibrium to Chaos: Practical Bifurcation and Sta- 
bility Analysis. Riidiger Seydel. North-Holland (US 
Distr: Elsevier Science), 1988, xv + 367 pp, $55. 
[ISBN: 0-444-01250-8] A leisurely introduction to 
“practical” aspects of nonlinear phenomena, empha- 
sising numerical methods. Chapters on continuation, 
branching behavior, stability of periodic solutions, 
and chaos. BC 


Control Theory, P. Lecture Notes in Control and 
Information Sciences-106: Nonlinear Time Series 
and Signal Processing. Ed: R.R. Mohler. Springer- 
Verlag, 1988, v + 145 pp, $21.80 (P). [ISBN: 0-387- 
18861-4] A sample of new results on dynamical non- 
linear statistical modeling in an area where most 
results are confined to linear Gaussian methodolo- 
gies. AWR 


Control Theory, S(18), P. Lecture Notes in Con- 
trol and Information Sciences-107: Structural Analy- 
sts and Design of Multivariable Control Systems: An 
Algebraic Approach. Y.T. Tsay, L.-S. Shieh, S. Bar- 
nett. Springer-Verlag, 1988, vi + 208 pp, $32.70 (P). 
[ISBN: 0-387-18916-5] Seeks to begin bridging the 
gap between algebraic system theory and system de- 
sign methods. Analysis is based on state-space repre- 
sentations and the characteristic matrix polynomial 
of a multivariate control system. SM 

Control Theory, T(17: 1), L. Lecture Notes in 
Control and Information Sciences-88: A Course in 
H.. Control Theory. Bruce A. Francis. Springer- 


‘Verlag, 1987, x + 150 pp, $26.70 (P). (ISBN: 0-387- 


17069-3] An elementary introduction to the design 
of linear control systems to meet frequency domain 
performance specifications expressed in terms of an 
H.o-norm of a transfer matrix that represents the 
maximum overall frequencies of its largest singular 
value. LAS 


Control Theory, P. Lecture Notes in Control and 
Information Sciences-104: Frequency Domain Prop- 
erties of Scalar and Multivariable Feedback Systems. 
J.S. Freudenberg, D.P. Loose. Springer-Verlag, 1988, 
viii + 281 pp, $38.80 (P). (ISBN: 0-387-18869-X] 
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Study of the frequency résponse properties of linear 
time invariant multivariable feedback systems. Ex- 
tension of the classical scalar theory, with emphasis 
on the constraints imposed on a feedback structure, 
by realization questions, and by properties of the con- 
trolled system. Mathematically rigorous theory, with 
heuristics for design. RM 


Control Theory, P. Lecture Notes in Control and 
Information Sctences-111: Analysis and Optimiza- 
tion of Systems. Ed: A. Bensoussan, J.L. Lions. 
Springer-Verlag, 1988, xiv + 1175 pp, $132.10 (P). 
[ISBN: 0-387-19237-9] Contains over 100 of the pa- 
pers presented to the Eighth International Confer- 
ence on Analysis and Optimization of Systems. SM 


Control Theory, T(16-17: 1, 2), S. Elements 
of Finite- Dimensional Systems and Control Theory. 
N.U. Ahmed. Pitman Mono. & Surv. in Pure & 
Appl. Math., V. 37. Longman Scientific & Techni- 
cal (US Distr: Wiley), 1988, xiii + 421 pp. [ISBN: 
0-470-20987-9] Introductory text requiring advanced 
calculus, elementary probability, and some real anal- 
ysis as a background. Treats linear and nonlinear 
deterministic and stochastic systems. Includes sta- 
bility and optimal control. Each chapter concludes 
with numerous exercises. GG 


Probability, P. Lecture Notes in Mathematics- 
1299: Probability Theory and Mathematical Statis- 
tics. Ed: S. Watanabe, Yu. V. Prokhorov. Springer- 
Verlag, 1988, viii + 589 pp, $56.40 (P). [ISBN: 0-387- 
18814-2] Proceedings of the Fifth Japan-USSR Sym- 
posium on Probability Theory held in Kyoto, Japan, 
July 8-14, 1986. Contains 62 papers on a variety of 
topics. RSK 


Elementary Statistics, T(13: 1, 2).  Statis- 
tics and Probability in Modern Life, Fourth Edition. 
Joseph Newmark. Saunders College, 1988, xxi + 744 
pp, $30. (ISBN: 0-03-008367-2] Revision of the au- 
thor’s 1983 Third Edition (TR, January 1984; Second 
Edition, TR, March 1978). Contents have been reor- 
ganized, updated, and expanded to make it a more 
attractive text. Has extensive coverage of descrip- 
tive statistics and probability, with the result that 
estimation and hypothesis testing are not part of the 
suggested syllabus for a one-semester course. RSK 


Elementary Statistics, T(15). Probability Mod- 
eling and Computer Stimulation. Norman S. Matloff. 
Prindle, Weber & Schmidt, 1988, x + 358 pp. [ISBN: 
0-534-91854-9] A text for a one-term introduction to 
a calculus-based probability and statistics course for 
engineering and computer science students. Simu- 
lation methods are used in parallel with mathemat- 
ical analysis to present new ideas and solve home- 
work exercises. Students are asked to write simple 
Pascal programs. Many examples from engineering 
and computer science. Many exercises, answers to a 
few. SM 


Computational Statistics, P*. Directory of 
Statistical Microcomputer Software, 1988 Edition. 
Wayne A. Woodward, et al. Marcel Dekker, 1988, 
ili + 744 pp, $59.75 (P). (ISBN: 0-8247-7846-4] De- 
scribes over 200 statistical programs and packages, 
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including statistical features supported, documenta- 
tion available, configurations supported, number of 
users, cost, etc. Does not evaluate them but gives 
references to reviewers when provided by the manu- 
facturer. Appendices include tables indicating which 
programs perform certain statistical tasks and which 
run on certain systems or types of computers. RSK 

Computational Statistics, T(18), S, P*. EIl- 
ements of Statistical Computing: Numerical Com- 
putation. Ronald A. Thisted. Chapman & Hall, 
1988, xx + 427 pp, $45. [ISBN: 0-412-01371-1] First 
six chapters of a projected twenty-four chapter trea- 
tise describing the current state-of-the-art in statisti- 
cal computing. After a general introduction, covers 
basic numerical methods, numerical linear algebra, 
nonlinear statistical methods, numerical integration 
and approximation, and smoothing and density esti- 
mation. Emphasizes computational methods which 
are of general importance in statistics. RSK 


Statistics, P, L. Discriminant Analysis and Clus- 
tering. Board on Mathematical Sciences. National 
Academy Pr, 1988, x + 105 pp, (P). A state-of-the- 
art survey of statistical classification techniques, cov- 
ering cases where the groups are known (discrimi- 
nant analysis) as well as where they are unknown 
(cluster analysis). Three main chapters survey meth- 
ods, theory, and common software implementations 
(P-STAT, BMDP, SASS, SPSS, etc.). (Two in- 
tended chapters—on applications and on pedagogical 
aspects—are not included.) Intended to help focus 
current research on areas of greatest need. LAS 


Statistics, T(14-17: 1), S, P, L. Decision Analy- 
sis: A Bayesian Approach. J.Q. Smith. Chapman & 
Hall, 1988, x + 138 pp, $25 (P); $47.50. [ISBN: 0- 
412-27520-1; 0-412-27510-4] Decision trees, utilities, 
subjective probabilities and their measurement, in- 
fluence diagrams, group decision making, Bayesian 
statistics, and Bayesian estimation. Presupposes a 
course in statistics. The price seems high. FLW 


Statistics, P. Parameter Estimation and Hypoth- 
esis Testing in Linear Models. Karl-Rudolf Koch. 
Springer-Verlag, 1988, xvi + 378 pp, $49.50 (P). 
[ISBN: 0-387-18840-1] Modified translation of the au- 
thor’s 1987 Second German Edition, written espe- 
cially for engineers. Terse, primarily theoretical pre- 
sentation, half devoted to prerequisite matrix algebra 
and probability theory, and half to multidimensional 
methods of estimating parameters, testing hypothe- 
ses, and estimating intervals. RSK 


Statistics, P. Regression Analysis and Empirical 
Processes. S.A. van de Geer. CWI Tract, V. 45. 
Math Centrum, 1988, 161 pp, Dfl. 25.30 (P). [ISBN: 
90-6 196-330-3] Technical monograph concerned with 
least squares estimation of a regression function. 
Uses empirical process theory (uniform laws of large 
numbers and uniform central limit theorems) to de- 
scribe asymptotic behavior of the estimators. Gen- 
eral theory is illustrated using two-phase regression 
models, RSK 


Statistics, P*. Estimation of Variance Compo- 
nents and Applications. C.R. Rao, J. Kleffe. Stat. & 
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Prob., V. 3. North-Holland (US Distr: Elsevier Sci- 
ence), 1988, xiii + 370 pp, $78. [ISBN: 0-444-70023- 
4] Covers essentially all known results on estima- 
tion of variance components through MINQE (min- 
imum norm quadratic estimation), IMINQE (iter- 
ated MINQE), ML (maximum likelihood), and MML 
(marginal ML) methods. Also includes results on 
asymptotic distributions of estimators. Good set of 
references. Note price. RSK 


Statistics, $(16-18), P*, L. Sensitivity Analysis 
tn Linear Regression. Samprit Chatterjee, Ali S. 
Hadi. Prob. & Math. Stat. Wiley, 1988, xiv + 
315 pp, $29.95. (ISBN: 0-471-82216-7] Examines the 
factors (variables used, observations, model assump- 
tions) that determine a least squares fit, and studies 
the sensitivity of the fit to these factors. Good sum- 
mary of known results and procedures, illustrated by 
numerous examples and diagnostic plots. RSK 


Statistics, P*. The Statistical Theory of Linear 
Systems. E.J. Hannan, Manfred Deistler. Prob. & 
Math. Stat. Wiley, 1988, xiii + 380 pp, $42.95. 
[ISBN: 0-471-80777-X] Integrates recent develop- 
ments in the theory and applications of system iden- 
tification, including advances in signal processing 
and time-series analysis, in understanding the alge- 
braic and topological structure of linear dynamic sys- 
tems, and in asymptotic theory for estimation proce- 
dures. Concerned with linear dynamic systems evolv- 
ing in discrete time, principally the stationary case 
and the case of noise-free inputs. Good set of refer- 
ences. RSK 


Statistics, P*. Analysis of Means in Some Non- 
standard Situations. J.B. Dijkstra. CWI Tract, V. 
47. Math Centrum, 1988, 138 pp, Dfl. 21.60 (P). 
{ISBN: 90-6196-347-8] Compares the effectiveness of 
different methods of testing hypotheses about the 
equality of several means, including standard, non- 
parametric and adaptive procedures, when assump- 
tions for a classical test are not fulfilled. Particularly 
concerned with normal distributions having hetero- 
geneity or extreme outliers, including the effects of 
these on multiple comparison procedures. RSK 


Statistics, P. Statistical Models and Analysis in Au- 
ditting. National Research Council, 1988, xi + 91 pp, 
(P). A survey of statistical methods appropriate for 
auditing situations in which data distributions arise 
from nonstandard mixtures of distributions, one of 
which is degenerate (always zero). Such distribu- 
tions arise in tax audits, in measuring rainfall, and in 
studies of smoking: in each some fraction of the data 
is zero (error-free, no precipitation, never smoked) 
while another part varies in a standard manner. LAS 


Statistics, P. Lecture Notes in Stattstics-44: The 
Theory and Applications of Statisitcal Inference 
Functions. D.L. McLeish, Christopher G. Small. 
Springer-Verlag, 1988, vi + 124 pp, $25 (P). 
[ISBN: 0-387-96720-6] Theoretical monograph ex- 
tending standard concepts of ancillarity, sufficiency 
and completeness to classes of estimating functions 
(inference functions), with applications to estima- 
tion, censoring, robustness and inferential separation 
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of parameters. RSK 


Elementary Computer Science, T(13-14: 1). 
Computer Organization and Architecture with Bust- 
ness Applications. James Adair. Scott Foresman, 
1988, xviii + 381 pp, $23.96. [ISBN: 0-673-18834- 
5] An elementary textbook in computer organization 
slanted towards business computer systems. Presents 
many of the traditional topics but not in as much de- 
tail as a similar textbook designed for use in a com- 
puter science course. AO 


Elementary Computer Science, T(13-14: 1, 2). 
Data Structures, Algorithms, and Program Style Us- 
ing C. James F. Korsh, Leonard J. Garrett. PWS- 
Kent, 1988, xvi + 590 pp, $28. (ISBN: 0-87150-099- 
X] Designed to be used in a second programming 
course as well as in an introductory data structures 
course. Good software engineering practices are em- 
phasised throughout. AO 


Programming, T(14), S. Advanced Turbo Pascal 
Version 4. Herbert Schildt. Osborne McGraw-Hill, 
1988, xii + 416 pp, $21.95 (P). (ISBN: 0-007-881355- 
7] Turbo Pascal Version 4 is a powerful new pro- 
gramming system available for IBM PC and PC- 
compatible systems. This text introduces the inter- 
mediate Pascal programmer to a number of the new 
and very powerful features of Turbo Pascal, includ- 
ing the Database Toolbox and the Graphics Tool- 
box. It also demonstrates the capabilities of Pascal 
in such advanced areas as statistics, encryption, and 
language parsing. MGS 

Programming, S(13-14), L. Assembly Program- 
ming and the 8086 Microprocessor. D.S. Jones. Ox- 
ford U Pr, 1988, vii + 203 pp, $42.50; $19.95 (P). 
[ISBN: 0-19-853743-3] A gentle introduction to as- 
sembly language programming on Intel 8086/8088, 
written by a Scottish mathematics professor “for 
other amateurs.” The author’s non-professional per- 
spective pays off for the self-learner in sensible se- 
quencing, helpful motivation; however, beware im- 
plicit dependence on Intel assembler, PC BIOS (e.g., 
CSEG, DSEG directives apparently unavailable on 
IBM assembler). About 100 exercises. Refreshing 
British tone. RB 


Programming, T(13). Short Fortran. Robert 
P. Webber. Kendall/Hunt, 1988, 138 pp, $14.95 
(P). [ISBN: 0-8403-4624-7] For self-study or a short 
course. Assumes knowledge of another high-level lan- 
guage. FORTRAN IV-based, but gives some details 
of WATFIV and FORTRAN 77. Drill exercises and 
short programming problems. DFA 


Programming, S, P, L. Using Turbo Pascal Ver- 
sion 4. Steve Wood. Osborne McGraw-Hill, 1988, xii 
+ 546 pp, $19.95 (P). [ISBN: 0-07-881356-5] For stu- 
dents with programming experience (not necessarily 
in Pascal) and even experienced Pascal programmers. 
Part I reviews Pascal and explains the language en- 
hancements and software development environment 
of Turbo Pascal Version 4. Part II develops appli- 
cations using general-purpose building blocks. Ex- 
cellent reference; not a text. An appendix contrasts 
Versions 4 and 3. DFA 
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Programming, T(14-15), S. Turbo C: The Com- 
plete Reference. Herbert Schildt. Osborne McGraw- 
Hill, 1988, xviii + 908 pp, $24.95 (P). [ISBN: 0-07- 
881346-8] C is a system's implementation language 
used to build computer software. Turbo C is one of 
the most popular implementations of this language. 
The text is a thorough and complete introduction 
to this programming language for the person with 
no prior knowledge of it. The book includes a de- 
scription of the language as well as the support tools 
provided with the system. MGS 


Programming, T(13: 1). Structured Programming 
Using Turbo BASIC. Wade Ellis, Jr., Ed Lodi. Aca- 
demic Pr, 1988, xvii + 337 pp, $23.95 (P). [ISBN: 0- 
12-237460-6] No prerequisites. Suitable for the first 
course in programming or for self-study. Many exam- 
ples, most from business and elementary mathemat- 
ics. Review questions, programming problems. Final 
chapters concern advanced graphics and simulation. 
Attractive; appears easy to use. DFA 


Programming, T(13-14), S. Advanced Structured 
Basic: File Processing with the IBM/PC. James 
Payne. PWS-Kent, 1988, x + 290 pp, $25.50 (P). 
[ISBN: 0-534-91872-7] Assumes knowledge of BASIC, 
DOS, and IBM PC machines (there is a short ap- 
pendix covering DOS and PC’s). Chapter 2 covers 
(structured) flowcharts and pseudocode, which are 
used consistently throughout the text. Each chapter 
has an overview, a summary and review, key terms, 
and exercises. Sequential files, random files, and in- 
dexed sequential files are included, as well as a chap- 
ter on graphics. RSF 


Programming, S(13-15), P, L. The C Pro- 
gramming Language, Second Edition. Brian W. 
Kernighan, Dennis M. Ritchie. Prentice-Hall, 1988, 
xii + 272 pp, (P). [ISBN: 0-13-110362-8] This Sec- 
ond Edition of “K&R,” the classic reference to C, 
is based on the draft-proposed ANSI C standard. 
Besides incorporating ANSI type checking and stan- 
dard library, there are some exposition changes which 
will significantly assist C learners, including alternate 
choice of examples and helpful diagrams illustrating 
pointers, structures, etc. Appendix of changes be- 
tween editions; First Edition (TR, May 1979) will 
remain in print as reference for original language. RB 


Languages, P. Program Correctness over Abstract 
Data Types, with Error-State Semantics.  J.V. 
Tucker, J.I. Zucker. CWI Mono., V. 6. North- 
Holland (US Distr: Elsevier Science), 1988, viii + 
212 pp, $58. [ISBN: 0-444-70340-3] Tools for prov- 
ing correctness in an abstract setting where use of 
an uninitialized variable is an errer. These include 
classes of many-sorted structures, weak second or- 
der assertion languages, generalisation of computable 
function theory to the many-sorted structures. Dis- 
cusses Church-Turing thesis extensions. DFA 


Languages, P. Lecture Notes in Computer Science- 
300: ESOP ’88, Ed: H. Ganzinger. Springer-Verlag, 
1988, vi + 381 pp, $30.30 (P). [ISBN: 0-387-19027-9] 
24 papers presented at the Second European Sympo- 
sium on Programming held in Nancy, France, March 
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21-24, 1988, the theme of which was the design, spec- 
ification, and implementation of programming lan- 
guages and systems. Also describes some software 
systems exhibited at the conference. DFA 


Languages, S7(13). Advanced C, Second Edition. 
Herbert Schildt. Osborne McGraw-Hill, 1988, xi + 
403 pp, $21.95 (P). (ISBN: 0-07-881348-4] This book 
is not a textbook on C language programming. A 
collection of sample programs, it is probably best 
suited for the hobbyist who wants to see examples of 
C language programs. AO 


Algorithms, T(15: 1). Files and Data Structures 
with COBOL. James Mensching. Scott Foresman, 
1988, 368 pp, $31.95. [ISBN: 0-673-18608-3] For the 
programming student interested in business applica- 
tions. Assumes familiarity with COBOL and basic 
understanding of computer hardware and software. 
File processing treatment discusses specific operating 
system and programming environments; examples 
and problems are in COBOL. Treats data structures 
more theoretically, using pseudocode. Discusses 
database management systems and issues. DFA 
Algorithms, T(16-17: 1), L. Algorithm Design: 
A Recursion Transformation Framework. Marvin C. 
Paull. Wiley, 1988, xiv + 490 pp, $44.95. (ISBN: 
0-471-81688-4] Presents a general framework for al- 
gorithm design starting from a recursive definition of 
the function to be evaluated. Also discusses the prob- 
lem of formulating a recursive definition of a function 
starting from an initial definition that is not recur- 
sive. Emphasizes the general principles that underlie 
the design of efficient algorithms rather than the de- 
sign of data structures. AO 


Algorithms, P. Algorithmic Methods in Algebra 
and Number Theory. Ed: Michael Pohst. Academic 
Pr, 1987, 135 pp, $12.50 (P). [ISBN: 0-12-559190-X] 
A collection of fourteen papers. This special issue of 
the Journal of Symbolic Computation is dedicated to 
Hans Zassenhaus on the occasion of his 75th birth- 
day. Includes a bibliography of the honoree’s work. 
CEC 


Algorithms, P, L. The Rapid Evaluation of Po- 
tential Fields tn Particle Systems. Leslie Green- 
gard. ACM Disting. Dissertations. MIT Pr, 1988, 
xi + 91 pp, $25. [ISBN: 0-262-07110-X] Simulating 
inverse-square (Coulombic or gravitational) interac- 
tions between pairs of N particles would seem to re- 
quire O(N?) computations. The author has lowered 
it to O(N) using multi-pole expansions. This book 
shows how. BC 


Algorithms, S(18), P, L. Resource Allocation 
Problems: Algorithmic Approaches. Toshihide Ibara- 
ki, Naoki Katoh. MIT Pr, 1988, xiv + 229 pp, $37.50. 
{ISBN: 0-262-09027-9] The “resource allocation prob- 
lem” is a mathematical programming problem which 
seeks to optimize an objective function by effectively 
allocating a single resource. The sole constraint rep- 
resents the availability of the resource. Decision vari- 
ables may be continuous or discrete. The objective 
function might be convex and/or separable. This 
book summarises algorithms developed over the past 
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thirty years to solve various instances of the problem. 
No exercises. SM 


Computer Systems, P. Lecture Notes in Com- 
puter Science-297: Supercomputing. Ed: E.N. Hous- 
tis, T.S. Papatheodorou, C.D. Polychronopoulos. 
Springer-Verlag, 1988, x + 1093 pp, $75 (P). [ISBN: 
0-387-18991-2] Proceedings of the first international 
conference on supercomputing, Athens, Greece, June 
1987. 63 papers on parallel processing, parallel ar- 
chitectures, software environments for parallel ma- 
chines, compilers and restructuring techniques, prob- 
lem mapping and scheduling, parallel numeric meth- 
ods, VLSI, dataflow and array processors, and algo- 
rithms, architecture, and performance. RB 


Computer Systems, S(13). UNIX: The Complete 
Reference: System V, Release 8. Stephen Coffin. Os- 
borne McGraw-Hill, 1988, 704 pp, $24.95 (P). [ISBN: 
0-07-881299-2] An introduction to the UNIX oper- 
ating system (specifically, the System V, Release 3 
version) for users without previous experience with 
UNIX. It provides an overview of the capabilities and 
special features of UNIX system software in a man- 
ner that is easy to read and understand. A good 
introduction to UNIX for new users, but, despite its 
title, not a reference manual. AO 


Computer Graphics, P, L? CGM and CGI: 
Metafile and Interface Standards for Computer 
Graphics. David B. Arnold, Peter R. Bono. Sprin- 
ger-Verlag, 1988, xxi + 279 pp, $39.50. [ISBN: 0- 
387-18950-5] Description and comparison with other 
standardization efforts of two ISO computer graphics 
standardization projects for the Virtual Device Inter- 
face: Computer Graphics Interface, for standardiza- 
tion of functional and syntactic specifications for the 
exchange of device independent data and control in- 
formation, and Computer Graphics Metafile, for file 
formats suitable for storage and retrieval of device 
independent picture descriptions. RM 


Computer Graphics, P, L. Advances in Com- 
puter Graphics III. Ed: M.M. de Ruiter. Euro- 
graphicSeminars. Springer-Verlag, 1988, ix + 322 
pp, $72. (ISBN: 0-387-18788-X] Proceedings of Eu- 
rographics '87 conference, Amsterdam, August 1987. 
Eight surveys by Dutch, German, English, Danish 
authors: VLSI support for solid modelling; user in- 
terface management systems; object-oriented graph- 
ics; computer graphics in art; fractals; 3-dimensional 
geometric modelling techniques; CAD interface spec- 
ifications; desk-top publishing. RB 


Theory of Computation, P. Lecture Notes in 
Computer Sctence-299: CAAP 88. Ed: M. Dauchet, 
M. Nivat. Springer-Verlag, 1988, viii + 304 pp, 
$27.30 (P). [ISBN: 0-387-19021-X] Proceedings of the 
13th Colloquium on Trees in Algebra and Program- 
ming, with papers on trees, tree grammars and com- 
plexity, abstract data types and term rewriting, alge- 
braic specifications, logics, parallelism, and concur- 
rency. RM 

Theory of Computation, P. Fully Abstract Models 


of Programming Languages. Allen Stoughton. Pit- 
man (US Distr: Wiley), 1988, 123 pp, $19.95 (P). 


TELEGRAPHIC REVIEWS 


[January 


[ISBN: 0-470-21041-9] This is a monograph of a the- 
ory of denotational semantics of programming lan- 
guages. It is extraordinarily complex and is intended 
only for the serious researcher in abstract semantics 
of formal languages. It requires a significant back- 
ground in set theory, category theory, abstract al- 
gebra, and theoretical computer science. Approach 
with extreme caution! MGS 


Theory of Computation, P. Understanding Z: 
A Specification Language and its Formal Semantics. 
J.M. Spivey. Tracts in Theoretical Comput. Sci., 
V. 3. Cambridge U Pr, 1988, viii + 131 pp, $27.95. 
[ISBN: 0-521-33429-2] The Z notation expresses for- 
mal specifications of practical computing systems, 
based on typed set theory and “schemas.” This 
monograph gives formal semantics for Z in terms of 
mathematical logic, via denotational semantics. Ap- 
plications of Z, comparison with other specification 
methods. Not intended as introduction to Z (which 
is under development at Oxford). RB 


Artificial Intelligence, S(16-17). Ezpert Sys- 
tem Applications. Ed: L. Bolc, M.J. Coombs. 
Symb. Computat. Springer-Verlag, 1988, ix + 471 
pp, $59.50. (ISBN: 0-387-18722-7] Expert systems 
are computer programs which demonstrate decision- 
making abilities in a specific application area as good 
as or better than a human expert. This text con- 
tains papers describing nine expert systems research 
projects from the U.S., Japan, and France in a range 
of areas including medical diagnosis, the design of 
electrical circuits, and analyzing x-ray images. MGS 


Artificial Intelligence, (16-18), P, L. What Ev- 
ery Engineer Should Know About Artificial Intelli- 
gence. William A. Taylor. MIT Pr, 1988, xi + 331 
pp, $25. (ISBN: 0-262-20069-4] Guided tour of artifi- 
cial intelligence: history, successes and failures, cur- 
rent research issues, artificial intelligence’s influence 
on current practice in computer science and engineer- 
ing. Nice overview for technical people who want a 
sense of the subject, though not very deep. Good 
annotated bibliography for further study. RM 


Artificial Intelligence, S, P, L*. Computer 
Games II, Ed: David N.L. Levy. Springer-Verlag, 
1988, xv + 546 pp, $59. [ISBN: 0-387-96609-9] Sec- 
ond of a two-volume anthology (Volume I, TR, De- 
cember 1988) of seminal papers and theses on com- 
puter methods for games of strategy. This volume 
features Go—the most difficult game of strategy— 
with twelve papers occupying nearly half the vol- 
ume. Other games include Bridge, Othello, Poker, 
and Dominoes. Concludes with a comprehensive bib- 
liography covering both volumes. LAS 


Artificial Intelligence, P. Machine Vision: Algo- 
rithms, Architectures, and Systems. Ed: Herbert 
Freeman. Perspectives in Comput., V. 20. Academic 
Pr, 1988, x -+ 315 pp, $39.95. [ISBN: 0-12-266720- 
4] Proceedings of a workshop at Rutgers University, 
April 1987. Fourteen papers on specific computer 
architectures and criteria, industrial machine vision, 
bottlenecks to effective applications, algorithms for 
machine inference of visual features, future research 
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directions. RB 


Computer Science, P. Lecture Notes in Computer 
Sctence-307: Applicable Algebra, Error-Correcting 
Codes, Combinatorics and Computer Algebra. Ed: 
Th. Beth, M. Clausen. Springer-Verlag, 1988, vi + 
215 pp, $21.80 (P). [ISBN: 0-387-19200-X] Proceed- 
ings of the conference AAECC-4, Karlsruhe, West 
Germany, September 1986. LC 


Computer Science, P. Lecture Notes in Computer 
Sctence-303: Advances in Database Technology— 
EDBT ’88. Ed: J.W. Schmidt, S. Ceri, M. Mis- 
sikoff. Springer-Verlag, 1988, x + 620 pp, $48.50 
(P). [ISBN: 0-387-19074-0] Proceedings of the Inter- 
national Conference on Extending Database Tech- 
nology held March 14-18, 1988 in Venice, Italy. The 
purpose of the conference was to share information 
about research that extends the scope of database 
technology: extended semantics, new architectures 
and support systems, and applications such as het- 
erogeneous and multimedia databases. AO 


Computer Science, P. Mathematical Aspects of 
Scientific Software. Ed: J.R. Rice. IMA, V. 14. 
Springer-Verlag, 1988, xi + 208 pp, $21. [ISBN: 
0-387-96706-0] Partial proceedings of a workshop 
in 1986-87 IMA (Institute for Mathematics and Its 
Applications) program in Scientific Computation. 
Hight papers on the influence of scientific program- 
ming on mathematics (not vice versa) concerning 
parallel computations, geometric computations, gen- 
eral use of symbolic computation packages and ex- 
tended packages, performance measurement of com- 
putational tools. RB 


Applications, P. Transactions of the Fifth Army 
Conference on Applied Mathematics and Computing. 
US Army Research Office (PO Box 1211, Research 
Triangle Park, NC 27709), 1988, xx + 846 pp, (P). 
Forty-three invited and contributed papers from the 
conference held at West Point, New York, from June 
15-18, 1987. AO 


Applications, P, L. Population System Control. 
Jian Song, Jingyuan Yu. Springer-Verlag, 1988, xi 
+ 286 pp, $49.90. [ISBN: 0-387-18288-8] A schol- 
arly mixture of sociology and classical mathematical 
methods of demography, focused primarily on China 
with ample data on world population trends. Math- 
ematical focus is on stability theory—on the critical 
value of fertility beyond which population explodes 
without limit—and on strategies of optimal control 
theory which might nudge nations towards a stable, 
zero-growth population pattern. LAS 


Applications, P. Selected Papers on the Teach- 
ing of Mathematics as a Service Subject. Ed: R.R. 
Clements, P. Lauginie, E. de Turckheim. Springer- 
Verlag, 1988, 181 pp, $35 (P). [ISBN: 0-387-82056-6] 
A supplement to the ICMI Study Mathematics as 
a Service Subject (TR, October 1988) derived from 
a 1987 workshop in Udine, Italy. Twenty papers 
describing issues in teaching mathematics to non- 
mathematicians from more than a dosen different 
countries. A good sampler of strategies, customs, 
problems, and accomplishments in diverse cultural 
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settings. LAS 

Applications (Engineering), T(17-18: 2), L. 
Numerical Modeling in Science and Engineering. 
Myron B. Allen III, Ismael Herrera, George F. Pin- 
der. Wiley, 1988, x + 418 pp, $39.95. [ISBN: 0- 
471-80635-8] For engineers, scientists, applied math- 
ematicians. Basic continuum mechanics and numer- 
ical methods for partial differential equations; phys- 
ical, mathematical, and numerical aspects of steady- 
state systems, dissipative systems, and nondissi- 
pative systems; modeling of higher-order equa- 
tions, nonlinear equations, coupled systems of equa- 
tions. Examples with illustrations, problems, refer- 
ences. DFA 


Applications (Fluid Mechanics), P, L. Math- 
ematical Models in Environmental Problems. G.I. 
Marchuk. Studies in Math. & Its Applic., V. 16. 
North-Holland (US Distr: Elsevier Science), 1986, 
217 pp, $51.75. (ISBN: 0-444-87965-X] Deals with 
estimation of atmospheric pollution and the contam- 
ination of an underlying surface with passive and ac- 
tive pollutants. Rates of deposition, advective trans- 
fer, and diffusion are covered. Goal is to optimize 
location of new industrial facilities. SM 
Applications (Fluid Mechanics), T(18: 1). 
Boundary Value Problems in Linear Viscoelastic- 
tty. J.M. Golden, G.A.C. Graham. Springer-Verlag, 
1988, xiv + 266 pp, $72.50. (ISBN: 0-387-18615- 
8] A graduate textbook. Exercises are interspersed 
throughout the body of the text. Types of prob- 
lems covered include planar non-inertial contact and 
crack problems, three-dimensional contact problems, 
and planar inertial problems. SM 

Applications (Medicine), S*(12-14). Mathe- 
matics and Medicine: How Serious is the Injury? 
William Sacco, et al. Contemp. Appl. Math. Jan- 
son, 1987, viii + 53 pp, $7.95 (P). (ISBN: 0-939765- 
06-3] Self-teaching module showing how mathemati- 
cal indices which measure the severity of patient ill- 
ness or injury can be defined, constructed, and ap- 
plied. Applications include triage (where to take a 
patient), sorting of patients, patient tracking, and 
evaluation of patient care. Part of a series “designed 
to introduce secondary school or college students to 
exciting mathematical topics that have interesting 
and important applications.” RSK 

Applications (Physical Science), P. Quantitative 
Analysis of Mineral and Energy Resources. Ed: C.F. 
Chung, A.G. Fabbri, R. Sinding-Larsen. NATO ASI 


‘Ser. C: V. 223. D Reidel (US Distr: Kluwer Aca- 


demic), 1988, xviii + 738 pp, $139. [ISBN: 90-277- 
2635-3] Contains 40 papers presented at the NATO 
Advanced Study Institute on “Statistical Treatments 
for Estimation of Mineral and Energy Resources” 
held at Il Ciocca, Italy on June 22-July 4, 1986. Con- 
cludes with five reports on current problems and fu- 
ture developments in various specialties germane to 
geostatistics. SM 

Applications (Physics), P. Lecture Notes in 
Mathematics-13903: Quantum Probability and Appli- 
cations III. Ed: L. Accardi, W. von Waldenfels. 
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Springer-Verlag, 1988, vi + 373 pp, $34.80 (P). 
[ISBN: 0-387-18919-X] Twenty-seven papers from a 
conference on quantum probability. BC 


Applications (Physics), P. Theory and Applica- 
ttons of Inverse Problems. Ed: H. Haario. Pitman 
Res. Notes in Math Ser., V. 167. Longman Scien- 
tific & Technical (US Distr: Wiley), 1988, 159 pp, 
$46.95 (P). (ISBN: 0-582-01479-4] Papers presented 
at a symposium of mathematicians and physicists at 
the University of Helsinki in 1985 on the theme of 
“inverse problems;” the inverse scattering problem 
of quantum physics, determination of the shape of 
a sound scattering obstacle from a knowledge of the 
far field scattered acoustic wave, the inversion of the 
Laplace transform, etc. AWR 


Applications (Physics), P. Introduction to Super- 
symmetry. Peter G.O. Freund. Cambridge U Pr, 
1986, x + 152 pp, $14.95 (P). (ISBN: 0-521-35675- 
X] Brief introductory text focusing on basic ideas 
and techniques. Supersymmetry, at the very fore- 
front of theoretical physics, has taken on a life of 
its own growing beyond the ability of experimental- 
ists to verify it. “...we are faced here, with one of 
those rare instances, where the mathematicians, in 
all their wisdom, have overlooked a beautiful struc- 
ture, ...and have come to appreciate it only at the 
demands of physicists.” A compliment, in a way. 
(1986 hardcover text, TR, November 1987.) MR 


Applications (Physics), P. Proceedings Seminar 
1984-1986: Mathematical Structures in Field Theo- 
ries, Volume 1. P.J.M. Bongaarts, E.A. de Kerf, 
P.H.M. Kersten. CWI Syllabus, V. 16. Math Cen- 
trum, 1988, iii + 137 pp, Dfl. 21.60 (P). (ISBN: 90- 
6196-345-1] Contains three papers from seminars at 
the University of Amsterdam from 1984-86. First 
paper discusses the axiomatics of free quantum sys- 
tems; the second continues with a discussion of the 
physical aspects of those fields. The last paper stud- 
ies infinitesimal symmetries using the local jet bun- 
dle. MR 


Applications (Physics), P. Lecture Notes on Par- 
ticle Systems and Percolation. Richard Durrett. 
Wadsworth, 1988, viii + 335 pp, $39.95. [ISBN: 
0-534-09462-7] An almost informal introduction to 
percolation theory, divided into four acts (authors 
term). Act 1 centers on simple particle systems such 
as voter models. Act 2 covers discrete time mod- 
els. Act 3 covers percolation and first passage per- 
colation. Includes a chapter on fractals. Act 4 is 
more technical than previous acts and gives recent 
results in the subject. Text is clear and ideas are 
well-motivated by applications and examples. A disk 
containing computer simulations of examples treated 
in the book is available from the publisher. MR 

Applications (Physics), T(17-18: 1, 2), S*, P, 
L. Introduction to Superstrings. Michio Kaku. Grad. 
Texts in Contemp. Physics. Springer-Verlag, 1988, 
xvi + 568 pp, $49.95. (ISBN: 0-387-96700-1] An am- 
bitious attempt to unify a rapidly evolving subject 
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which “often seems like a confused jumble of folk- 
lore, random rules of thumb, and intuition.” Opens 
by quoting Niels Bohr: “We are all agreed that your 
theory is crasy. The question which divides us is 
whether it is crasy enough.” BC 

Applications (Physics), S(13-14), L*. Mod- 
elling with Projectiles. Derek Hart, Tony Croft. 
Math. & Its Applic. Halsted Pr, 1988, 152 pp, 
$39.95. [ISBN: 0-470-21085-0] An in-depth analysis 
of projectile motion from golf balls to javelins. Uses 
basic techniques of vector calculus to develop equa- 
tions of motion in resisting media; employs the en- 
veloping parabola (that contains all trajectories with 
the same initial velocity) as well as computer pro- 
grams (for numerical estimates) as tools to solve a 
variety of problems. LAS 

Applications (Physics), T(17-18: 1, 2), S, 
P, L. Mathematical Elasticity, Volume I: Three- 
Dimensional Elasticity. Philippe G. Ciarlet. Stud. 
in Math. & Its Applic., V. 20. North-Holland 
(US Distr: Elsevier Science), 1988, xl + 451 pp, 
$107.25. [ISBN: 0-444-70259-8] Graduate-level intro- 
duction to current theories of three-dimensional elas- 
ticity (static only—time-dependent elasticity is still 
poorly understood), emphasizing nonlinear models 
and recent existence results, BC 

Applications (Social Science), P, L*. Making 
Multicandidate Elections More Democratic. Samuel 
Merrill, III. Princeton U Pr, 1988, xix + 149 pp, 
$29.50. (ISBN: 0-691-07770-3] A systematic analy- 
sis of the extent to which various election systems 
enhance desirable criteria for social choice systems. 
Based on Monte-Carlo simulations, studies of ac- 
tual cases, and theoretical analyses (in appendices). 
One over-riding conclusion: single-vote plurality— 
the most widely-used election system in America—is 
the weakest among all the options. LAS 
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A Blue New in ’89! 


Elementary Statistics, 


by Neil Weiss, Arizona State University 
Lobster. 


Elementary Statistics 
. Neil A. Weiss 


ccording to the State Lobster 
A Hatchery of Massachusetts, about 1 
| in every 20,000,000 lobsters hatched 
fama is blue. How many lobsters must be hatched 
we before we can be at least 90% sure that at 
Me least 1 is blue? Out of 100,000,000 lobsters 
hatched, what is the probability that between 
10 and 20, inclusive, are blue? 


How 


Rare 
Problems like this one — both practical and appealing — are just 
I S It ) some of the benefits of Elementary Statistics, by Neil Weiss. 

e A shorter version of the very successful Introductory Statistics, 
by Weiss and Hassett, Elementary Statistics focuses on the 
application of statistical techniques to the analysis of data. It 
offers most of the coverage of the longer version (except for 
non-parametrics), with clear step-by-step procedures, and is 
accompanied by a superior supplements package. 


Other Addison-Wesley Related Software 
Statistics Texts... The Student Edition of 
Introductory Statistics MINITAB 

Neil Weiss and Matthew The preeminent software 
Hassett, Arizona State package for teaching statistics 


University — now available in a self- 
teaching, affordable package. 
Think and Explain with 


4 Statistics 
Lincoln Moses, Stanford Introductory Statistics 
University Software Package 
William Frankenberger, 
Introductory Probability University of Wisconsin, 
\ and Statistics, Second Eau Claire 
Edition ) A superb package for learning 
LS David Meyer and Stephen the basics of statistics, /SSP is 
’ | Fienberg, Carnegie Mellon easy to use, inexpensive, and 
University allows students to input and 
manipulate data and to display 
Probability and Statistics, appropriate graphics. 


Second Edition 
Morris DeGroot, Carnegie 
Mellon University 


A . oy 
vv Addison-Wesley Publishing Company 
1 Jacob Way ¢ Reading, Massachusetts 01867 ¢ (617) 944-3700 


FIGURE ON SUCCESS 


Scott, Foresman Mathematics equals success in your 
classroom. It all adds up: respected authors, meticu- 
lous text development, innovative software, and con- 


| scientious service for you and your students. 


Our successful core of remedial and precalculus texts 
is now augmented by a versatile list that continues to 
grow in size and scope. Each year, we offer more 
outstanding texts and supplements for your precal- 


| culus, calculus, and advanced courses. 


t changed one very important 
al commitment to quality. That’s 
slcome your inquiries, feedback, 


posals. We figz 


Lial/Miller 

Finite Mathematics 
and Calculus with 
Applications 

Third Edition 
Available January 1989 


Lial/Miller 


Finite Mathematics 
Fourth Edition 
Available January 1989 


Lial/ Miller 


Calculus with 
Applications 

Fourth Edition 
Available January 1989 


Lial/Miller 


Brief Calculus with 
Applications 


Available January 1989 


Shenk 


Calculus and Analytic 
Geometry 

Fourth Edition 
Available Now 


Demko 


Primer for Linear Algebra 


Available Now 


SCOTT, FORESMAN AND COMPANY 


Lial/Miller 
Precalculus 
Available Now 


Lial/Miller 


College Algebra 
Fifth Edition 


Available Now 


Lial/Miller 


Trigonometry 
Fourth Edition 
Available Now 


Gillett 
Algebra and 


Trigonometry 
Available Now 


Gillett 
College Algebra 
Available Now 


Elich/Cannon 
Precalculus 
Available January 1989 


N SCOTT, FORESMAN... 


Johnson/Steffensen 


Elementary Algebra 
Second Edition 


Available Now 


Johnson/Steffensen 


Intermediate Algebra 
Second Edition 


Available Now 


For further information write 
Meredith Hellestrae, 
Department SA-AMM 
1900 East Lake Avenue 
Glenview, Illinois 60025 


Studies in Mathematical Economics 


Volume 25 in the MAA Studies in Mathematics 


Edited by Stanley Reiter 


420 pp. Hardbound 
ISBN-0-88385-027 -X 


List: $42.00 
MAA Member: $31.00 


tanley Reiter, as editor, has brought togethera 

distinguished group of contributors in this 
volume, in order to give mathematicians and 
their students a clear understanding of the is- 
sues, methods, and results of mathematical eco- 
nomics. The range of material is wide: game the- 
ory; optimization; effective computation of equi- 
libria; analysis of conditions under which 
economies will move to the greatest possible effi- 
ciency under various forces, and the require- 
ments for the flow of information needed to 
achieve efficient markets. 

The material is interesting at all mathe- 
matical levels. For example, the initial article 
shows how even mathematically simple, concrete, 
two-person, nonzero sum games present us with 
the complexities and dilemmas of choices in real 
life. At the other extreme, the final article, by De- 
breu, begins by using the power of Kakutani’s 
fixed point theorem to prove the existence of eco- 
nomic equilibria. In between, the reader will find 
beautiful uses of calculus, topology, combina- 
torial topology, and other topics. 

The chapters of this volume can be read inde- 
pendently, although they are related. The book 
begins with Meyerson’s chapter on game theory 
and its theoretic foundations. The second chap- 
ter, by Simon, starts with the familiar criteria for 
maxima from calculus and goes on to develop 
more general tools of mathematical economics, 


RY 


Z 


Ni 


including the Kuhn‘Tucker and related condi- 
tions. The third contribution, by Mas-Collell, 
uses the tools of differential topology, including 
Sard’s theorem, to study the competitive equi- 
libria of whole families of economies using a dif- 
ferentiable point of view. Next Kuhn, building on 
the work of Scarf, shows how methods based on 
Sperner’s lemma can be used to compute equi- 
libria. 

The next two chapters by Reiter and Hurwicz 
explore the properties of systems that are not 
purely competitive. They bring analytical and to- 
pological tools to bear to determine what condi- 
tions on the exchange of information are needed 
to allow such markets to become optimally effi- 
cient. 

Radner addresses one consequence of what 
Herbert Simon calls “bounded rationality.’ Man- 
agers neither know all the facts nor do they have 
unlimited ability to calculate. How should they al- 
locate their time? The tools used to answer this 
question are fittingly probabilistic. 

In the final chapter, Debreu gives four exam- 
ples of mathematical methods in economics. 
These four examples alone give a sense of the 
breadth and nature of the field. 

In this study, Reiter and his other contribu- 
tors show the reader the subtlety and complexity 
of the subject along with the precision and clarity 
that mathematics bring to it. 


ORDER FROM 

The Mathematical Association of America 
1529 Eighteenth Street, NW 

Washington, DC 20036 


THE MASTERY IS 
IN THE METHOD. 
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Beginning Algebra with Applications 
Second Edition 

About 480 pages - hardcover « Study Guide 
Computer Tutor™ - Student Enrichment 
Disk « Instructor’s Annotated Edition 
Instructor’s Manual with Test Bank - Printed 
Test Bank « Solutions Manual - Computer- 
ized Test Generator « GPA: Grade Perform- 
ance Analyzer + Videotapes « Just published 


Intermediate Algebra with Applications 
Second Edition 

About 592 pages « hardcover « Ancillaries as 
above « Just published 


By Richard N. Aufmann and 

Vernon C. Barker 

Both of Palomar College 

Joanne 8S. Lockwood 

Plymouth State College 

Now available in Second Editions—the 
Aufmann/Barker/Lockwood textbooks com- 
bine systematic organization and real-life 
applications with a proven interactive 
approach, leading students to total mastery 
of the material. 


For adoption consideration, request examination packages 
from your regional Houghton Mifflin office. 


Houghton Mifflin 


13400 Midway Rd., Dallas, TX 75244-5165 
1900 S. Batavia Ave., Geneva, IL 60134 
925 E. Meadow Dr., Palo Alto, CA 94303 
101 Campus Dr., Princeton, NJ 08540 


Riddles 
of the 


Sphinx 


mathematical 


puzzle tales. 


by Martin Gardner 

Volume 32 in the New Mathematical Library 
184 pp., Paper. ISBN-0-88285-632-8 

List: $14.50 | MAA Member: $12.50 


Martin Gardner has charmed readers for over fifty 
years with his delightful books and articles on sci- 
ence. He is best known for the popular column, 
“Mathematical Games,” which appeared in Scien- 
tific American for twenty-five years. Generations 
of scientists and mathematicians have been 
inspired by his writing and the MAA is proud to 
include his name in its list of authors. 


This book was drawn from Gardner’s column 
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Library. Each chapter (riddle) poses a problem 
answered in the First Answers section. The solu- 
tion in turn raises another problem that is solved 
in the Second Answers section. This may suggest 
a third question and in several instances there is 
a fourth. Gardner draws us from questions to 
answers always presenting us with new riddles— 
some as yet unanswered. There are 125 different 
pieces altogether. 
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Solving these riddles is not simply a matter of 
logic and calculation, although these play a role. 
Luck and inspiration are factors as well, so begin- 
ners and experts alike may profitably exercise their 
wits on Gardner’s problems, whose subjects range 
from geometry to word play to questions relating 
to physics and geology. 


We guarantee that you will solve some of the 
riddles, be stumped by others, and be amused by 
almost all of the stories and settings that Gardner 
has devised to raise these questions. 
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are indebted to them for presenting this interplay between probability theory 
and physics in so readable and concise a fashion. 

Central to the book is Polya’s beautiful theorem that a random walker on an 
infinite street network in d-dimensional space is bound to return to the starting 
point when d= 2, but has a positive probability of escaping to infinity without 
returning to the starting point when d= 3. The authors interpret this theorem as 
a statement about electric networks, and then prove the theorem using tech- 
niques from classical electrical theory. The techniques referred to go back to 
Lord Rayleigh who introduced them in connection with an investigation of 
musical instruments. 

In Part I the authors restrict themselves to the study of random walks on finite 
networks, establishing the connection between the electrical concepts of cur- 
rent and voltage and corresponding descriptive quantities of random walks re- 
garded as finite state Markov chains. Part II deals with the idea of random walks 
on infinite networks. 


Table of Contents 


Part I: Random Walks on Finite Networks 
Random Walks in One Dimension 
Random Walks in Two Dimensions 
Random Walks on More General Networks 
Rayleigh’s Monotonicity Law 

Part II: Random Walks on Infinite Networks 
Pdlya’s Recurrence Problem 
Rayleigh’s Short-Cut Method 
The Classical Proofs of Polya’s Theorem 
Random Walks on More General Infinite Networks 


Order From: 

The Mathematical Association of America 
1529 Eighteenth Street, N.W. 

Washington, D.C. 20036 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


1529 Eighteenth Street, NW 
Washington, DC 20036 


THE AMERICAN 
MATHEMATICAL MONTHLY 


Volume 96, Number 2 February 1989 


Contents (ISSN 0002-9890) 


ARTICLES 


Patterns in Linear Algebra ......... .......22-.00.... GILBERT STRANG 105 
Chebyshev’s Inequality and 
Natural Density.............. CURTIS N. COOPER ann ROBERT E. KENNEDY 118 


EDITOR’S CORNER 


The New Mersenne Conjecture 
P. T. BATEMAN, J. L. SELFRIDGE, ano S.S. WAGSTAFF, JR. 125 


UNSOLVED PROBLEMS 
Polynomials All of Whose Derivatives Have integer Roots ... ..C.E.CARROLL 129 


NOTES 
Generalizing the Formula for Areas of Polygons to Moments... .S.F. BOCKMAN 131 


An Elementary Test for the Galois Group 
of a Quartic Polynomial ...... LUISE-CHARLOTTE KAPPE ann BETTE WARREN 133 


Comparing the Spectral Radii of Two Nonnegative Matrices ....... R.B. BAPAT 137 


THE TEACHING OF MATHEMATICS 
From Calculus to Number Theory .............. 0 ..-.0.- JAMES DUEMMEL 140 
A Note on the Row-Reduction Algorithm ................... CHIH-HAN SAH 143 
On Markov Processes in Elementary Mathematics Courses ..JOHNT.BALDWIN 147 


PROBLEMS AND SOLUTIONS 


Elementary Problems and Solutions ......0....... 0.00.00 ee. 154 

Advanced Problems and Solutions. ..............0... 200000 pee ee 165 
REVIEWS 

Littlewood’s Miscellany by Bela Bollobas .................. RALPH P.BOAS 167 

Forever Undecided: A Puzzle Guide to Godel 

by Raymond Smullyan ............ 0.2... 500022020. CRAIG SMORYNSKI 169 


TELEGRAPHIC REVIEWS ........0.. 0.000000 ee 


NOTICE TO AUTHORS 


See statement of editorial policy (volume 89, p. 3). Follow the format in current issues. Put your full mailing 
address in a line at the head of the paper, following the title and the author’s name. Send three copies of the 
manuscript, legibly typewritten on only one side of the paper, double-spaced with wide margins, and keep one as 
protection against loss. Prepare illustrations carefully, on separate sheets of paper in black ink, the original without 
lettering and two copies with lettering added. Rough copies of the illustrations should be included in the manuscript 
at the appropriate places. Supply the full five-symbol Mathematics Subject Classification number, as described in 
Mathematical Reviews, 1985 and later. (This is necessary for indexing purposes.) 

All manuscripts whose length is more than 7 manuscript pages should be sent to HERBERT S. WILF, Dept. of 
Mathematics, University of Pennsylvania, Philadelphia, PA 19104. Shorter articles about the teaching of mathemat- 
ics should be sent to either MELVIN HENRIKSEN (linear algebra, algebra, differential equations), Department of 
Mathematics, Harvey Mudd College, Claremont, CA 91711, or STAN WAGON (calculus, analysis, number theory, 
discrete mathematics, statistics), Department of Mathematics, Smith College, Northampton, MA 01063. Other 
shorter articles should be submitted as follows: in algebra, discrete mathematics, or probability, to ANITA E. 
SOLOW, Dept. of Mathematics, Grinnell College, Grinnell, IA 50112; in geometry or topology to DENNIS 
DETURCK, Dept. of Mathematics, University of Pennsylvania, Philadelphia, PA 19104; in analysis to DAVID J. 
HALLENBECK, Department of Mathematical Sciences, University of Delaware, Newark, DE 19716. Papers in 
other fields may be sent to any of the editors; however, do not send a paper to more than one editor. Proposed 
problems (three copies) and solutions (two copies), both elementary and advanced to PAUL T. BATEMAN, 
MONTHLY Problems, Department of Mathematics, University of Illinois, 1409 West Green Street, Urbana, 
IL 61801; unsolved problems to RICHARD GUY, University of Calgary, Alberta, Canada T2N 1N4. 


EDITOR 
HERBERT S. WILF 


ASSOCIATE EDITORS 
PAUL T. BATEMAN PAUL R. HALMOS LEE A. RUBEL 
DENNIS DETURCK LOUISE HAY ANITA E. SOLOW 
HAROLD G. DIAMOND MELVIN HENRIKSEN JOEL SPENCER 
JOHN D. DIXON JOAN P. HUTCHINSON LYNN A. STEEN 
J. H. EWING WILLIAM M. KANTOR KENNETH B. STOLARSKY 
RICHARD GUY JOSEPH KONHAUSER STAN WAGON 
DAVID J. HALLENBECK RICHARD LIBERA DOUGLAS B. WEST 


Reprint Permission: A. B. WILLCOX, Executive Director, Mathematical Association of America, 1529 Eighteenth 
Street, N.W., Washington, DC 20036. 

Advertising Correspondence: MS. ELAINE PEDREIRA, Advertising Manager, Mathematical Association of Amer- 
ica, 1529 Eighteenth Street, N.W., Washington, DC 20036. 

Subscription correspondence, changes of address, and inquiries about nondelivered or defective issues: Member- 
ship /Subscriptions Department, Mathematical Association pf America, 1529 Eighteenth Street, N.W., Washington, 
DC 20036. 

Microfilm Editions: University Microfilms International. Serial Bid Coordinator, 300 North Zeeb Road, Ann 
Arbor, MI 48106. 


The AMERICAN MATHEMATICAL MONTHLY (ISSN 0002-9890) is published monthly except bimonthly June-July and 
August-September by the Mathematical Association of America at 1529 Eighteenth Street, N.W., Washington, DC 20036 
and Montpelier, VT. 

The annual subscription price of $26 for the AMERICAN MATHEMATICAL MONTHLY to an individual member of the 
Association is included as part of the annual dues. (Annual dues for regular members, exclusive of annual subscription 
prices for MAA journals, are $29. Student, unemployed and emeritus members receive a 50% discount, new members 
receive a 30% dues discount for the first two years of membership.) The nonmember/library subscription price is $90 per 
year. 

Copyright © by the Mathematical Association of America (Incorporated), 1989, including rights to this journal issue as 
a whole and, except where otherwise noted, rights to each individual contribution. General permission is granted to 
Institutional Members of the MAA for noncommercial reproduction in limited quantities of individual articles (in whole or 
in part) provided a complete reference is made to the source. 

Second class postage paid at Washington, DC, and additional mailing offices. 

Postmaster: Send address changes to the AMERICAN MATHEMATICAL MONTHLY, Membership /Subscriptions Depart- 
ment, Mathematical Assocation of America, 1529 Eighteenth Street, N.W., Washington, DC 20077-9564. 

PRINTED IN THE UNITED STATES OF AMERICA 


Patterns in Linear Algebra 


GILBERT STRANG, Massachusetts Institute of Technology 


GILBERT STRANG received his Ph.D. in 1959 under the guidance of Peter 
Henrici at UCLA. His teaching at MIT led to the textbook Linear Algebra 
and Its Applications, and in preparing the third edition the matrices in this 
paper turried up as valuable examples. They also illustrate the “A’CA 
pattern” that dominates so many applications and is developed in the new 
text Introduction to Applied Mathematics. The author’s current research 
involves Toeplitz matrices and the Fast Fourier Transform—in other words, 
more matrices. 


This article is about two remarkable families of matrices. As examples in linear 
algebra, they are just about perfect. They illustrate the central ideas of elimination 
and diagonalization and orthogonalization (and the factorizations into LDL’ and 
QAQ’ and QR) with numbers that make you smile. Even the inverses come out 
right. The determinants are connected to the spanning trees of a graph, and they 
grow quickly for one family; the condition number grows more quickly for the 
other. But the real significance of these matrices goes beyond the patterns that 
appear when you compute with them. It is the source of the matrices that makes 
them important, and that is the main point of the paper. 

A matrix can be just a record of information or (like the registers of a von 
Neumann computer) it can contain instructions. It can express a law of physics or 
mechanics or graph theory. In that case the matrix represents a linear operator; it 
can act. For a continuous problem it becomes a differential or an integral operator; 
our first family approaches —d*/dx? (and the second is not so clear). The key to 
everything is the framework from which the matrices are constructed—out of 
simpler matrices. 

The starting point for the first family is a line of springs and masses. I have to 
admit that the end result is extremely straightforward, and you may be tempted to 
go right past the framework that gets us there. We will reach the symmetric matrices 
T with three diagonals, containing —1 and 2 and —1. They are “second-difference 
matrices,” but they are built out of first differences and that pattern is worth seeing. 

The goal is to connect the displacements x,, x,, x,—the movements of the three 
masses from their neutral positions—to the external forces f,, f,, f, that produce 
these displacements. The direct path is 7x = f. The true path is through the springs! 
It is the elongations e,, e,, e3,e, Of the four springs that come from the displace- 
ments, and it is the spring forces y,, y>, y3, y, that balance f. The gap between x 
and f is filled by e and y (see p. 106). , 

Each step is common sense more than physics. The first spring is stretched by ~x,; 
the second is stretched by x, — x, (it would be unstretched if those two displace- 
ments were equal); the four elongations come from differences in the three displace- 
ments: 


e1 ~ 4 1 0 OlTx, 
€3 = X37 X2 or e 0 -l 1 x. Ax 
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displacements x 


| e = Ax ys 


elongations e fi 

| y=Ce 4 x2 
spring forces y hr { 

| f=Aly 4 x3 
external forces f. fh { 


In the step from e to y, the matrix is square. In fact it is diagonal—each spring 
resists elongation by force, and in Hooke’s law those quantities are proportional: 


Vy = C84 Cy ej 
V2 = Cx€o or y= C4 on Ce 
V3 = C363 C3 €3 
V4 = C4€4 C4 || &4 


The final step is the key. It is a balance of forces, internal vs. external, and the 
matrix description brings out the crucial point. The first mass is pulled up by ),, 
down by y,, and the difference is matched by f;: 


fr =V- Ve 1 -1 ) ) ‘ 
t= V2 — Ys or f= |0 1 -1 y, = A’y, 
fs = V3 — Yo 0 0 1 -l M4 


That matrix is the transpose of A. The laws of mechanics are symmetric for a 
conservative system at equilibrium, and the matrix that multiplied x has reappeared 
—transposed—to multiply the dual unknown y. At one level this reflects a balance 
of extérnal work (force times displacement at the masses) against internal work 
(force times elongation of the springs) 


fl =yT™e or (ATy)’x =y"(Ax). 


We comment briefly on this framework of A’, C, and A, before moving (in 
Section 1 below) to the numerical linear algebra. In mechanics as in mathematics, 
that last equation is the true definition of A’. At a deeper level the system is 
governed by a minimum principle, and what we are seeing is the equilibrium 
equation for the position of minimum energy. A7CAx =f is an Euler-Lagrange 
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equation in the calculus of variations, and its symmetry is more fundamental than 
its linearity.? 

The matrix T compresses three steps into one: f= A’y = A’Ce = A’CAx. The 
coefficient matrix is T = A'CA, and matrix multiplication gives 


Ci + C4 —C4 0 
T= —C, Co + C3 —C3 


Three properties of T come directly from that construction. The matrix is symmetric 
because A’CA is always symmetric (if C is). It is tridiagonal because the springs 
connect nearest neighbors. The third property is positive definiteness. Again there is 
a basic requirement on C—the coefficients c,; must be positive, so C itself is positive 
definite. Then linear algebra determines the key requirement on A: 


A'CA is positive definite if the columns of A are independent. 


Algebraically, we must show that x7Tx = (Ax)'C(Ax) = e’Ce is never negative, 
and (for definiteness) that it is positive unless x = 0. Certainly the expression 
e'Ce = c,e? + --+ +c,e2 is not negative. It is zero only if e = Ax = 0. But with 
independent columns in A, that happens only when x = 0. 

Mechanically, the masses cannot move without stretching a spring. There is no 
“rigid motion,” and it is the boundary conditions x) = x, = 0 that have made the 
columns independent. If the supports were removed, the whole system could be 
shifted by x = (1,1,1) with no stretching. A7’CA would be singular. If only the 
lower support is removed, the boundary condition changes from x, = 0 (Dirichlet) 
to y, = 0 (Neumann). The columns of A remain independent and A’CA is still 
positive definite. 

Our matrix T is certainly invertible; 7x = f can be solved. To see clearly what 
numerical linear algebra does with such a matrix, we generalize to n masses—but 
we also specialize to equal constants c,= 1. Then T = A’A with C=J, and a 
typical matrix (in our first family) is 

2 -1 
| 9) ; 
I, = . - -] 
—1 2 
By computing with T = T,, the patterns will be clear for T,. 
1. Gaussian Elimination and 4 = LDL* 


Our first goal is to follow the elimination process on these matrices, and to 
recognize the underlying triangular factorization. Elimination starts with the pivot 
d, = 2; row 1 is multiplied by ¢,, = —1/2 and subtracted from row 2. Then the 
second pivot is d, = 3/2 and the multiplier is 4,, = —2/3: 


2 -1 2 -1 2 -1 
—1 2 -1}/7-/0 3/2 -1/[- 3/2 —-1), 
—1 2 —] 2 4/3 
The third pivot is 4/3, on the diagonal of this upper triangular matrix U. Gaussian 


‘Equations A7C(Ax) =f with a nonlinear C are developed in a companion paper [4] and in {3}. 
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elimination has factored T into a product LU, in which the lower triangular matrix L 
contains the multipliers. It is displayed below, after one more step. LU will reflect 
the symmetry of T if we further divide the pivots from the rows of U, and reach the 
symmetric factorization LDL’: 


—2|=LDL'. 
1 


ea 
l 
| 
N | 
GO| pm 
N [wo 
mR Ne 


This factorization displays the three properties of T. The product is symmetric 
because L appears with L’, it is tridiagonal because L is bidiagonal, and it is 
positive definite because the pivots are positive. For a symmetric matrix, 


positive definiteness (=) positive pivots. 


The determinant (product of the pivots) is * ? $= 4. For T, itis 7 3---*+*= 


1 2 n 
n+ 1. 
2. Orthogonalization and A = QR 


Strictly speaking it is not recommended to work with T = A‘A (although every- 
body does it). Instead of elimination on T, it is more stable to orthogonalize the 
columns of A. This is the Gram-Schmidt process—the bane of textbook authors, 
because the numbers are usually miserable. The orthogonalized vectors appear 
successively in the columns, and for this A they are beautiful: 


1 3 1b 3 
1 _ 1 1 
A= —1 1 ,|7l > _ 1 > 3; /= BR 
—1 1 —1 1 —1 ; 
—1 —1 —1 
The next orthogonal column would be 1/4, 1/4, 1/4, 1/4, —1, a pattern I have 
never seen before. All columns are perpendicular to the vector (1,1,..., 1). 


It is important to look more closely at the multipliers. Gram-Schmidt has 
multiplied column 1 by —1/2, and subtracted it to make the second column 
orthogonal. At the next step —2/3 of the new second column was subtracted from 
the third, to produce an orthogonal third column. Those are the same multipliers that 
were used in elimination! The steps of Gram-Schmidt, to orthogonalize the columns 
of A, correspond exactly to elimination steps on T = A’A. If that is true, then the 
pivots of T (which were 2, 3/2, 4/3) should also appear. You will recognize them as 
the squares of the lengths of the columns (for example (1/2)? + (1/2)? + (-1)? = 
3/2) in the final matrix B. 

Linear algebra must provide a way to see what happened. The result of elimina- 
tion was T = A’A = LDL’, and the matrix above with orthogonal columns is 
B = A(L’) 7}. First we verify that B’B is diagonal: if A7A = LDL’ then B7B = 
L~'A'A(L’)~1 = D. The lengths squared of the columns, on the diagonal of B7B, 
are the pivots. The row operations on T were a premultiplication by L~', and the 
column operations on A are postmultiplication by (L7)~+. The final step is to 
normalize the columns, dividing by the square roots of 2, 3/2, 4/3, to reach 
Q = A(L’)~'D'/”. Its connection to A will be clearer if we get rid of the inverses: 
Gram-Schmidt factors A into the product of Q (with orthonormal columns) and 
R = D'L? (upper triangular with positive diagonal ). 
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The triangularity of R reflects the special order in which the process operates: it 
subtracts multiples of earlier columns from later columns, and never changes a 
column after it is orthogonalized. That is like elimination, which subtracts earlier 
rows from later rows; a row is never changed after its leading entries have been 
annihilated. The triangular L connects U to T, and the triangular R connects Q to 
A, 


3. The inverses of L and T 


The inverse matrices that were avoided above are not so bad. They will be full of 
nonzeros, so they are not right for computations—but they add to the understand- 
ing. To invert L we write it as IJ — N; the strictly triangular N contains 1/2 and 


2/3. The inverse of I— N is 1+ N+ N?+---, which is a finite sum because 
N? =0: 
1 
-1 _ 5 1 
$2] 


In a larger matrix the pattern is more striking. This makes an excellent example in 
teaching, since N contains 1/2, 2/3, 3/4,--- and N? contains 1/3, 2/4,--- and 
N? contains 1/4, 2/5,.... The nonzero entries of L~' are j/i. 1 should have seen 
that coming, but it was unexpectedly neat. 

We could invert T directly from its cofactors (which are computable), or from the 
product (L’)~!D~1L7~!. There is also an indirect approach, which brings out the 
parallels with differential equations. The matrix T multiplies the jth column of T7! 
to give the jth column of the identity matrix. In the continuous case, minus the 
second derivative operates on the Green’s function to give a delta function. The 
analogue of TT~! = I is (—d?/dx”)G = 8. That is a textbook example, solvable 
because G is linear away from the spike in the delta function: 


| fori <j 
G= 


i 
x(l-y) forx<y il ntl 
<x 0 J 


-l eT 
y(l-—x) fory J 


— for j <i 

n+1 | n+1 | fs! 

The first derivative of G drops by one at x = y, so the second derivative is —6. In 
the matrix case, the first difference down each column of T~! drops by one at the 
diagonal i = j. That becomes visible when we include the zero boundary conditions 
at i= 0 andi = 4: 


. 

— 

lI 
{—_ 
 VVC—_e 
NO Go 

OnNRN © 

Ne 
| | 


The determinant n + 1 = 4 appears in the denominator, and this explicit form 
establishes a further property—that T~! is a positive matrix. If the forces f are all 
downward, so are the displacements x = T~'f. 
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4, Eigenvalues, eigenvectors, and the singular value decomposition 


It is the eigenvectors of T that are most interesting, and they imitate the 
continuous case. There the eigenfunctions of —d*/dx? are sin jax, vanishing at the 
endpoints. Here they are discrete sines. Their components sin ij7/(n + 1) vanish at 
i= 0 and i=n-+1. After normalization they are the columns of the eigenvector 
matrix S: 


1 | sin @ sin20 sin36 
S = 7 sn20 sin4@ sin6@| with 0=a7/(n+1)=7/4. 
sin3@ sin6@ sin9@ 
This “sine matrix” is symmetric and orthogonal: S7 = S71 = S. 

The eigenvalues of T are 2 + ¥2 and 2. In general they are A, = 2 — 2cos 76, in 
the interval from 0 to 4. They appear when 7 multiplies the eigenvectors, and in 
principle they give another approach to the solution of Tx = f—expand f as a 
combination of eigenvectors s, and divide by the eigenvalues: x = Lf, 5;)s,/A, or 
x = SA~'S—1f. Normally that is a crazy choice compared to elimination. Here 
elimination is quick because T is tridiagonal, but we mention that the Fast Fourier 
Transform multiplies by S and S~! in n log n steps. (In a two-dimensional problem 
the FFT defeats elimination [6].) The worst of all would be to multiply by T~!! It is 
full of nonzeros and T~'f needs n? separate multiplications. 

The eigenvectors of A‘A, and the square roots of the eigenvalues, are two of the 
three factors in the singular value decomposition of A. That factorization is important 
[1], [5] and becoming better known. Like LU and QR, the decomposition A = CIS’ 
is the matrix analogue of a key factorization in the theory of Lie algebras—where 
the decompositions are associated with Bruhat, Iwasawa, and Cartan [2]. The other 
factor C is the eigenvector matrix for AA’: 


1 oO 0 1-1 0 0 
| 1 at —] 0 |= 


0 -l 1 
0 0 -1l 0 0 -1l 1 


This corresponds to four springs and three masses, with no supports at the ends. Its 
extra eigenvalue is A = 0, with (1, 1,1, 1) as eigenvector. The other eigenvectors are 
also even functions—discrete cosines rather than discrete sines, in the columns of 
the orthogonal matrix 

cos 0/2 cos 6 cos 30/2 1/2 
1 | cos36/2 cos30 cos 90/2 1/y2 4 7 
V2 | cos50/2 cos5@ cos150/2 1/y2 |’ n+1 4 

cos 70/2  cos7@ cos 210/2 1/y2 
Now we put together the singular value decomposition, apologizing for brevity 
(there is a second family to come!). Multiplying A = CS‘ by its transpose gives 

ATA = SS?ZST and AAT = CIXIC™. 

The 4 by 3 matrix 3 is diagonal, with entries (2 — ¥2)!/7, 2'”?, and (2 + y2)!/7. 
Then =75 contains the three eigenvalues of A7A, ==? contains the four eigenvalues 


of AA?’ (including zero), and all we have done is to diagonalize those two matrices 
by S and C. 


0 0 1 -1l 


C= 


4 
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5. Sums of squares 


Returning just for a moment to the positive definite 7, it should be possible to 
express x’Tx = 2x? — 2x,x, + 2x3 — 2x,x, + 2x? as a sum of squares. One way 
is to take care of the cross product terms and add what is needed: 


x™Tx = (x, — x1)? + (x, — x)? + x? + x2. 

A more systematic way is to complete squares: 
1 \* 3 2 \° 4, 

x'Tx = 2| x, - har + 5 | %2 7 4%3 + =x}. 


A third way must come from the eigenvectors: 
3 
x™Tx = DIA, (x, sin jO + x,sin2 jO + x, sin 370)" /2. 
1 


Those correspond exactly to A7A and LDL’ and SAS’. The first one uses four 
squares, because A has four rows. It separates x’Tx into contributions from the 
four springs, while LDL’ gives Lagrange’s sum of squares and SAS* is the spectral 
theorem. Always the entries in the rows are inside the squares, and the diagonals of 
I and D and A are outside. 


The Second Family of Matrices 


We come back to applied mathematics. The line of springs connected only 
nearest neighbors. Suppose we include all edges between nodes, to create a network 
of pipes or resistors. There are N = 4 nodes and (1/2)N(N — 1) = 6 edges, so the 
incidence matrix Ag is 6 by 4: 


edge 
—1 1 0 O 1 
—]1 1 O 2 
0 -1 1 O 3 
0 -1 0 1 5 
0 0 -1 1 6 
node 1 2 3 4 


2 3 3 


Each row of A, corresponds to an edge of the graph. The entries + 1 are in columns 
that correspond to nodes on the edge (—1 for the starting node, +1 for the ending 
node). The construction describes the “connectivity” of the network, and we display 
one member of the second family: 


3 -1 -1 -!1 

_4Ty —|-—!1 3 -1 -1 

Ko = Aodo -1 -1 3 -1 

—-1 -1 -l 3 
This matrix is singular. Its nullspace contains (1, 1, 1, 1), because that vector is in the 
nullspace of A,. The columns of A, add to the zero column, and the equation 


112 GILBERT STRANG {February 


e€ = Ayx has no unique solution. It is impossible to determine the four x’s from a 
knowledge of their six differences (the e’s). At least one component of x must be 
fixed by a boundary condition, and we set x, = 0. In an electrical network, node 4 
has been grounded. In a network of pipes, node 4 is a reservoir. The potential or the 
pressure is zero, and the last column is removed from A,. The resulting 6 by 3 matrix, 
with independent columns, will be called A. 

The incidence matrix A controls flow in the network. It enters in both of 
Kirchhoff’s fundamental laws: 


voltage law: the potential differences around a loop add to zero 
current law: the currents into a node add to zero. 


For pipes, the pressure differences around every loop add to zero—and the flow 
into a node equals the flow out. The first law makes the potential or the pressure 
well defined, and it connects x to e. The second law is the continuity equation, or 
“conservation law,” and it connects y to f. This is the same pattern e = Ax and 
f = A'y that we saw for springs and masses, and it is repeated throughout applied 
mathematics [6]. The basic form of equilibrium rests on A'CA. 

The equation e = Ax is clear. The action of A, with entries —1 and +1, is to 
compute differences in pressure or potential—which go into e. The dual equation is 
f = A'y, and it looks down the columns of A (or along the rows of A’). Each 
column corresponds to a node, and the plus or minus signs measure current in or 
out. The currents y are balanced by the external sources f, and conservation at the 
three nodes is 


fi = —-VW-y- VM -~] -1 0 -1 0 0 
f= W-¥—-ys or f=} 1 #O -1 +O -1 ~~ Oly. 
fr= Wt Vs— Ie OF EO od 


The matrix is A’. It is interesting to see the continuous analogues: the voltage law 
says there is no rotation (curl e = 0) and the current law says there is conservation 
(—div y =f). Then A completes the great triad from vector calculus: it is the 
gradient, and e is the gradient of the potential. (Gradients have zero curl, and 
(gradient)’ = — divergence.) The divergence theorem integrates —div y = f to find 
the flow out through the boundary. The discrete divergence theorem adds the f’s to 
find the flow out through the ground.' 

As before, we need a third law y = Ce. It expresses the physical properties of the 
six edges, through a diagonal matrix C. The entries c,c, --: cg, come from Ohm’s 
law (for resistors) and Poiseuille’s law (for pipes). As in Hooke’s law or Newton’s 
law, the first and most basic approximation is linearity—but the pattern does not 
require it, and Einstein showed that it is not quite correct. For real conductors or 
real pipes or real springs y = Ce is nearly true for small e (as it is in relativity), and 
the framework is 


potentials > differences —=> currents —> source or A'CAx =f. 
e y A f 


"Adding the three equations above gives f; + fp + fy = —y4 — Vs — Yee 
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Finally we compute the symmetric positive definite matrix 


Cp Co + Cy —C, —C 
K = A'CA = —C; C) + C3 + Cs —C, 


The diagonal entries indicate which edges touch the nodes (including edges to 
ground). If all conductances are c; = 1 then the entries are 3 and —1, and K isa 
submatrix of the earlier K, = A1.A,—which included row 4 and column 4 and was 
singular. Fixing x, = 0 made the matrix K positive definite. 

Our second family contains the singular K, (N by NV) and the nonsingular K 
(n by n), always from a complete graph with C = J and n = N — 1: 


N-1 —1 —1 

Ky=| ~) “7 4 

—] -1 N-]1 
n —-l —] 
and K= t n | 4 
—1 - =] n 


Those are A7.A, and A’A. We do the computations for N = 4 and n = 3. 


6. Elimination and determinants and spanning trees 


Elimination on K produces a multiple of the next smaller K: 


3 -1 -1 3-1 —1 
1 3 -1|- 8/3 —4/3]. 
-1 -1 3 —4/3 8/3 


The multipliers at the first stage are /,, = —1/n, later /,, = —1/(n + 1 — j): 
1 3 1 --+ - 


K= 


—-- 1 2 1 
2 


The pivots on the diagonal are not hard to track down; for the n by n matrix they 
are 


1 
3 
1 1 
3 


noone? ? 1 multiplied b 1 
nal’ on ST Bebe all multiplied by n + L. 


Their product is (n + 1)”~', which is the determinant of K,. That is a celebrated 
formula in graph theory (Kirchhoff’s formula), which counts the number of spanning 
trees in the network: 


A spanning tree connects all nodes to ground , without loops. 
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There are 47 = 16 of them for the complete graph with four nodes: 


4 trees are “stars from a node” (1/2)4! = 12 trees are “paths” 


The reason for this determinant formula is in the incidence matrix A. Its square 
submatrices S (3 by 3) have determinant +1 or —1 when the rows of S correspond 
to edges of a spanning tree. If the edges contain loops, S is singular and det S = 0. 
Then Laplace’s expansion of the determinant of a product produces a count of the 
spanning trees: 


det ATA = y, (det S7)(detS)= Yl 


submatrices S spanning trees 


That is a little outside linear algebra, and I was puzzled when thinking back to 
the first family. The springs were in a line, and where are the spanning trees in a 
straight line graph? If any edge along the line is skipped, the graph becomes 
disconnected—and spanning trees are usually connected. Nevertheless there must 
be n + 1 spanning trees, equal to the determinant of T,. 

The key is that two nodes were grounded. The line of n + 1 springs was fixed at 
both ends. Therefore deleting any spring leaves a spanning tree—all nodes are 
connected to one ground or the other. Note that the whole line, which connects 
ground to ground, counts as a loop! Only the n + 1 broken lines are spanning trees, 
and that number is the correct determinant. 

If the line is fixed at one end, the whole graph becomes a spanning tree and the 
others are gone. In that case det A7A = 1. Our description of spanning trees had to 
differ from the usual one, because there were multiple grounds. If the grounded 
nodes are identified, the definition becomes standard again. 


7. The inverses of K and L 
T 


K is an easy matrix to invert. It is (n + 1)J — ee’, a multiple of the identity 
perturbed by a rank one matrix. The vector e’ =[1---1] gives the off-diagonal 
—1’s. For such a matrix the inverse has the same form: K~! is I/(n + 1) + cee” 
for some number c. Multiplying K by K~! leads to the inner product e’e = n and 
to the right value for c: 


1 1 
I+ (n + 1)c- ~~~ — ne ee’ =I or c= 
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Thus the inverse matrix is K~! = (I + ee7)/(n + 1), again positive: 
1 


n -1 + -1 2 1 1 
goa] -l on -1;/ __! J1 2 1 
-1 -1 -1 na 1112 


The electrical interpretation is straightforward: x = K~1'f gives the potentials at 
the nodes. Suppose there is a current into the first node, emerging at the grounded 
node: f= (1,0,...,0). By symmetry all other nodes will be at the same potential, 
halfway between node 1 and the zero potential at the ground. That matches 
x = K~'f, which is the first column of K~! and is proportional to (2,1,..., 1). 

The lower triangular L is more interesting to invert. I don’t know why you would 
do it, but the result is amazing. Its pattern is visible for n = 3 but more beautiful for 
n=5: 


1 1 

-} 1 1 4 
p=|-$ -$ 1 and 1t=/4 $1 

-bo-b -$ 1 ppd 

“bo -b -$ -4 1 PE eg 


It is not even clear why LL~1 = I! Looking at row 5 of L and column 1 of L™, 
there is a telescoping sum: 


Wr 
aN 
Wn 
WW 
aN 
Ne) 
WW 
N | eR 


1 1 1 1 1 en ee 
--5+(5-9)+(g-3}+(3-3] 27" 


Other inner products vanish in the same way. Or we could multiply in the order 
L~'L, and prove by induction that the product is the identity. There must be an 
elegant way to see that whole construction. 


Note: L~! comes from elimination on K~!, but not in the usual order. The 
factorization K~! = (L7~')’D~1!L~! eliminates from the bottom row upward, and it 
reaches a lower triangular matrix—which is L~! after dividing out the pivots. 


Looking back at K~', the last row of L~' is immediately confirmed as 3, },..., 4,1. 
8. The eigenvalues of K and K, 
The eigenvalues of the n by n matrix of 1’s (which is ee’) are 0,...,0 and n. 


That is typical of a rank one matrix: there must be n — 1 zero eigenvalues and the 
last eigenvalue equals the trace. The eigenvector for A = n is e itself, and the other 
eigenvectors are orthogonal to e (because the matrix is symmetric). 

For K = (n — 1)I — ee’ the eigenvalues are shifted—they aren +1,...,n +1 
and n+ 1—n=1. Their product is (n + 1)"~1, equal to the determinant! For 
K, = NI — ee" the eigenvalues are N,...,N and N— N= 0. It is singular as 
expected. 

The condition number A,,,,(K)/A min(K ), which controls the sensitivity of 
Kx = f, is n + 1. That is well below the condition number of T, which grows like 
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n*. If T corresponds to —d*/dx’, then Kx =f is closer to the integral equation 
x(t) — foix(s)ds = f(t) with x(1) = 0. 

By a fluke we already have an orthogonal matrix Q that diagonalizes K or Ko. 
Its last column contains the eigenvector e (normalized to unit length). Its other 
columns must contain vectors that are perpendicular to e and to each other. That is 
exactly the construction that was carried out for the first family of matrices. In the 
line of springs, the columns of A were ...,1, —1, ... (perpendicular to (1,1, ...,1)) 
and those columns were orthogonalized. Therefore the result is an orthogonal set of 


eigenvectors for K or K,: 
—l 


1 4 4 1][v2 
o-|7} , 401 y3/2 
0 -1 4 1 v4/3 
0 oO -1 1 v4 
9. The nullspace of A? 
It was easy to find the nullspace of A,. It contained the vector e = (1, ...,1) of 


equal potentials, for which the potential differences are all zero: A,e = 0. Its 
nullspace disappeared when the last node was grounded and the last column of A, 
was removed, leaving A. Now we want the solutions to A? y = 0 or to A’y = 0, 
which have the same solutions since a dependent row has no effect. We are looking 
for currents y,,..., ¥, that satisfy Kirchhoff’s law, with flow in equal to flow out 
and no sources. 

The answer is in the loops of the graph. Jf current flows around a loop, 
Kirchhoff ’s conservation law is satisfied. The 4-node graph drawn earlier has three 
small loops, and watching the arrows as we go around those triangles gives the loop 
currents 


—] 0 0 
0 1 0 
0 0 —1 
yy = 1 ’ y2 = —] ’ y3 = 0 . 
—] 0 1 
0 1 —] 


The large loop around the outside triangle is a combination of these inner loops, 
and adds nothing new. Since the rank of A, and A is n = N — 1, and the number 
of rows (edges in the graph) is m, the nullspaces of A? and A? must have dimension 
m — (N — 1). That leads to a linear algebra proof of Euler’s formula: number of 
independent loops = m — N + 1. If several nodes are grounded then linear algebra 
still gives the correct number of loops, properly redefined. (They connect a grounded 
node to a grounded node, without self-intersections.) That number is the dimension 
of the nullspace of A’—equal to 1 for the line of springs. 

To close we look again at those vectors y,, y,, y; from the loops. They appear to 
be the columns of a new incidence matrix! They are, and the fourth column 
(1, —1,1,0,0,0) completes it with +1 and —1 in every row. It is the incidence 
matrix A, for the dual graph, and the extra column comes from the outside triangle 
—the loop around infinity that is not independent of the others. The loops of the 
dual graph are the nodes of the original graph, and linear algebra is taking us into a 
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new pattern—with a matrix A5C~14, that must somehow be dual to A7CA. I 
hesitate to go further. 


Note added in proof. 1 did not attempt to orthogonalize the columns of 7, since 
there was no special reason for hope. But André Weideman’s computer kept the 
faith. Down each orthogonalized column, it showed entries which increase linearly 
up to the final nonzero. For n = 4, the columns are proportional to those of M: 


2 -1 1111 
-~1 2 -1 la 222 

r= 1 2 -1|°™= b 3 3 
—-1 2 c (4 


Why is M the right matrix? Its jth column is a combination of columns 1,..., 7 
of T. Furthermore, column j of M is orthogonal to columns 1,..., j — 1 of T. T isa 
second-difference matrix, the second differences of a linear function are zero! 
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1. Introduction and Notation. Sometimes in resolving a particular open question, 
the method used can be generalized in order to investigate other questions. For 
example, in [1] the concept of a “Niven number” was introduced and investigated. 
(A Niven number is a positive integer which is divisible by its digital sum.) In [2], it 
was shown that the natural density of the set of Niven numbers is 0. In what 
follows, we generalize the method used in [2] to give sufficient conditions in order 
that certain sets of integers, namely integers n divisible by a function f(n), have a 
natural density zero. First, we give the following notation and definitions. 

Let f be an integer valued function. For an integer x, define the following sets of 
nonnegative integers: 


S = {n: f(n) divides n}, 
[(0,x)={n:0<n< x}, 
and the integer 
S(x) = #(S 12 [0, x)). 


Let the sequence f(0), f(1), f(2),..., f(x — 1) be denoted by f({0, x)). Note that 
f({0, x)) is a random variable taking on the values of the above sequence. That is, 
we are interested not only in f(k), but also in the frequency of f(x). Then, letting p 
and o” be the mean and variance of f({0, x)), respectively, we may write 


u=- ~ f(k) 


O<k<x 
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and 1 
oe=— SY (f(k))*- Ww. 
X O<k<x 
For k > 0, we let 
I, = {neéf([0, x)):|n — pI] < ko}, 
A = {n& [0, x): nis a multiple of a member of J, }, 
B= {né& [0,x):|f(n) — pl > ko}. 


2. An Upper Bound for S(x)/x. Here, we recall Chebyshev’s Inequality 
(3; Chapter 8]: 
Let X be a random variable with mean p and variance o*. Then for each k > 0, 
1 
Prob[|X — p| > ko] < 2 
Stating this theorem in terms of the notation given above, we see, that for any 
k > 0, 


x 
k2 . 
It also follows by the description of A that 


werk) 


rel, 


#B< 


where as usual, the square brackets denote the integral part operator. We will 
henceforth restrict k so that k < y/o in order that p — ko > 0. 
Referring to the definitions of S, A, and B, we see that 


SO[0,x) Cc AUB 


for any positive integer x. This follows since if n is an element of S M [0, x), then 
f(n) is a factor of n less than x. If f() is an element of J,, then n is an element of 
A, while on the other hand, f() not an element of J, implies that n is an element 
of B. So, in either case, n is an element of A U B. 

Thus, it is immediate that 


S(x) < #A + #B. 
Therefore, for each k such that 0 < k < p/o, we have 
x x 
S(x)< = +=. (2.1) 
ter,4! k 
Continuing, we remove the square brackets and integrate to obtain 


S(x) < eee) dt + 


x 
+ —. (2.2) 
p—ko t 


u—ko  k? 


The second term on the right side of (2.2) is necessary since the summands of (2.1) 
are strictly decreasing and hence, the first term of (2.1) is not taken into considera- 
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tion when the sum is replaced by an integral. Hence, we now have 


S(x) p+ ko 1 1 
+5 . 
x u—ko (2.3) 


< In 


which gives an upper bound for S(x)/x. 


3. The Natural Density of S. Using (2.1), we can prove the following theorem 
which gives sufficient conditions in order that 
S( x 
lim (=) = 0 
X— 00 Xx 


where x ranges over the integers. That is, sufficient conditions in order that the 
natural density of S is zero will be given. 


9 


THEOREM 1. Let f, S, u, and o be as defined above. If 


lim — =o 
x—-co 0 
and 
lim pp = o, 
then 
S( x 
lim ( 9 


Proof. (outline) The theorem follows by letting k = (u/o)'” in (2.3) and taking 
the limit of each side. Actually, we may choose the exponent to be any positive 
number less than one. 

If a, is the nth term of an increasing sequence, a more general, and sometimes 
more useful, theorem can be similiarly proven. Its proof is based upon observing 
that for a, < x < a,,,,, we have 

S(x) < S(Qn4i) nai S(Qn41) @n4i 


S Ce le 
x a QAn+i QAn+i a 


THEOREM 2. Let a, be the nth term of an increasing sequence and for each n, let 
py. = mean f({0, a,)) and o? = variance f({0, a,)) for an integer valued function f. 
Then for S and S(x) as defined above, 


lim p= oo, 
lim t = 0, 
noo 0 
and if a,,,/a, is bounded, then 
S(x 
lim (*) = 0. 


x—0o XxX 


4. The Natural Density of the Niven Numbers. Hence, sufficient conditions have 
been given for sets such as S to have a natural density of zero. Here, an outline of 
the proof that the natural density of the Niven numbers is zero will be given. This 
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was proven in [2] but the outline given here makes use of the “big-O” notation 
which, in our opinion makes for a more elegant proof. 
We let s(n) be the digital sum of n and for an integer x, consider the set [0, x). 
Then the mean p, and variance o7, of s({0, x)) are given by 
p= 4.5 log x + 0(1) (4.1) 
and 


o* = O(log x), (4.2) 


respectively, where logx denotes the common logarithm. The proof of these 
Statistics is found in [4] and [5]. 
So, using (4.1), (4.2) and Theorem 1, we have the following theorem. 


THEOREM 3. Let N(x) be the number of Niven numbers not exceeding x. Then the 
natural density of N is zero, that is 


N(x 
lim (2) = 0). 
Xx 00 Xx 
Proof. By (4.1) and (4.2), we have that 
lim p = co 
and 
we 20.25 log*x + O(log x) 
im —= = lim ——_~_.——_ = ©. 
x70 O x 00 O(log x) 
Therefore, 


. F 
lim — = 0, 
and by Theorem 1, the natural density of the Niven numbers is zero. 


5. Little w numbers, log numbers and square root numbers. We observe that 
Theorems 1 and 2 can be used to study the natural density of other sets of numbers. 
Consider the following integer valued functions of the set of nonnegative integers. 


w(n) = number of distinct prime factors of n where w(1) is defined to be 1, 
I(n) = {log,n], for n > 1 and 


r(n) = [n'”7]. 
Here, we will investigate the sets 
W = {n: w(n) divides n} = {1, 2, 3, 4,...,14, 16,...}, 
L = {n: 1(n) divides n} = {b,b+1,b+2,...,b*-1,...} 
and 


R = {n:r(n) divides n} = {1,2,3,4,6,8,...} 


with respect to the question of natural density. In what follows, W, L, and R are 
called the set of “little w numbers,” “log numbers,” and “square root numbers,” 
respectively. 
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For any x, it can be shown [6, pp. 355-357] that 
y) w(n) = xIn(In x) + 0(x) 
and 
Y, (w(n))* = x(In(In x))* + 0(x In(In x)). 


Hence, it follows that the mean, p, and variance, o7, of w({0, x)) are In(In x) + 0(1) 
and O(in(in x)) respectively. Thus, 


lim pt = 00 
X= CO 
and since 
2 
; pL 
lim 7 = ©, 
x-0oo O 
we also have that 
lim — = oc 
x-0 O 


Therefore, by Theorem 1, the natural density of W is 0. 
In considering the set, L, of log numbers base b, we investigate the interval 
[1, b”] for any positive integer n. Then 


p. = mean of /([1, b”] _ y I(x) 


n 
b l<x<b" 


= *| + Sx) + | 


t=0 x=p!' 


l 
Sle 


n—1 pBfti-1 
( y) > t+n 


t=0 x= pf 


1 n—-1 
-F(O-9 y) bi +n}. 
But, =O 
n=] (n —1)b"*! — nb" +b 
b-1 tb) = ———_—_______—__-. 
( de a 
Therefore, 


1 1 1 b 
= + —|+———_~ - ——., 
. n( | b’-"\(b—-1) b-1 
which for convenience, we will write as » = n + 0(1). Similarly it can be shown that 
1 2 ; a4 1 2bn , Pb + 1) 
— = + —]|— — 
pn | (x)) | | b-1 (b—1)° 
1 1 
 pn—2 2° opal 2 
b"~*(b — 1) b"~'(b — 1) 


=n’ +0(n). 
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Therefore, 
o* = variance of /([1, b”}) 
_ n2 + O(n) _ (n + 0(1)) = O(n). 
Since 

lim p = oo, 

n— 
lim — = CO, 

n—oo 0 
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and b"*!/b" = b is bounded, we have by Theorem 2 that the natural density of L is 


ZCTO. 


Finally, to demonstrate that the conditions given by Theorem 1 and Theorem 2 
are not necessary, we consider the square root numbers. Let n be a positive integer. 


Then 
1 n*—1 


# = mean r([0, n?)) = 7 y r(x) 


] 2-1 (t+)?-1 


3 Lu r(x) 


which we write as 2n/3 + 0(1). By a similar technique, it can be shown that 


n?—1 


~ ¥ (ro) = (5)? + 0(m), 


Therefore 
1 n?—-1 3 
o* = variance r([0,n”)) = — ¥ (r(x)) - vw 
n x=0 
n- ; 
=—+ . 
1g +O) 
Noting that 
lim p = 00, 
n- oo 
but that 
. Eb 
lim — = 2y2, 
n—oo 0 


we see that Theorem 1 cannot be applied in the investigation of the square root 
numbers with respect to natural density. However, that the natural density of R is 
zero follows from [7, Solution to E 2491, pp. 854-855] which notes that the nth 
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square root number is given by the formula 


oo~ ([S] +1)(e-2[4]} 


from which it follows that the natural density of R is zero. 


+1] 


6. Conclusion. It is possible to investigate other integer valued functions with 
respect to natural density by using Theorems 1 and 2. In particular, another set 
which we believe could be investigated is what could be called the set of “big omega 
numbers.” To describe this set, let 


— yn Nn enn 
N= py'Pr? ° Pr” 


be the canonical representation of the positive integer n and define the integer 
valued function 


Q(n) =n, +n, +n, +--- +n,. 


Thus, we call an integer n a big omega number if Q(n) divides n. It is known 
(6; pp. 355-357] that for any x 


mean ([1, x)) = In(In x) + 0(1). 


However, we have not determined the variance of (Q2({1, x)) at this time. So, we 
cannot make use of Theorem 1 or Theorem 2 yet. We leave the question of the 
natural density of the set of big omega numbers as an open question. 


The authors thank the referee for the many helpful and valuable comments, corrections, and 
suggestions. 
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The Editor’s Corner: The New Mersenne Conjecture 
P. T. BATEMAN, J. L. SELFRIDGE*, AND S. S. WAGSTAFF, JR.** 


It is well known that Mersenne stated in his Cogitata [4] that, of the fifty-five 
primes p < 257, 2” — 1 1s itself prime only for the eleven values 


p= 2, 3,5, 7, 13, 17, 19, 31, 67, 127, and 257. 


It is also well known that his list had five errors: p = 67 and 257 should have been 
removed from the list while p = 61, 89, and 107 should have been added to it. 
Several authors [1, 2, 3] have speculated about how Mersenne formed his list. It is 
easy to notice that all numbers on his (incorrect) list lie within 3 of some power of 2. 
However, Mersenne certainly knew that 2'! — 1 is composite and hence that not all 
primes p = 2“ + 3 produce prime M, = 2? — 1. The next prime of this form not 
on Mersenne’s list is p = 29. He surely knew that M,, is composite, as it has the 
small divisor 233. Also 263 divides 2'*! — 1. Mersenne’s list is explained by the rule 


. . . . . . k 2k 
M,, is prime if and only if p is a prime of one of the forms 2" + 1 or 2°" + 3 (1) 


except for the omission of p = 61. In fact Mersenne stated in [5, Chap. 21, p. 182] a 
rule very similar to (1). (The verb “differs”—not “exceeds,” as some have guessed 
—1is omitted from his sentence, but Mersenne supplied it in a corrigendum on the 
back of page 235.) Drake [2] quotes this sentence from [5], locates the missing verb 
and argues that (1) was in fact Mersenne’s rule. He suggests that 61 was missing 
from [4] either because of a typographical error or because Mersenne mistakenly 
believed that M,, is composite. When copying a list, like “...,61,67,...”, contain- 
ing two adjacent similar items, it is a common error to omit the first of these (here 
“61”’). 

Now the question presents itself: Is there a neat way to distinguish the Mersenne 
hits like 31, 61, 127 from the Mersenne misses like 67,257,... and 89,107,...? 
When (2!27 + 1)/3 was proved prime, we began looking at the other (2? + 1)/3. 
We noticed that they were prime for the hits and composite for the misses! Is this 
accidental? Will “a little more computing” find a counterexample? 

We replace (1) by this new, related conjecture that when both sides of (1) are 
true, (2? + 1)/3 is prime, and when (1) is false, (2? + 1)/3 is composite. Restating 
this conjecture we get the 


NEw MERSENNE CONJECTURE. If two of the following statements about an odd 
positive integer p are true, then the third one is also true. 


(a) p=2* +lorp=4 43. 
(b) M,isprime. _ 
(c) (2? + 1)/3 is prime. 


It is not necessary to assume that p is prime, for if p is composite (or 1), then 
statements (b) and (c) are both false and the conjecture holds. 

It is easy to find examples of primes p for which all three statements are true 
(p = 3,5, 7, 13,17, 19, 31, 61,127) or all three are false ( p = 29, 37, 41, 47,...) or 
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126 


P 


3 
5 

7 

11 

13 

17 

19 

23 

31 

43 

61 

67 

79 

89 

101 
107 
127 
167 
191 
199 
257 
313 
347 
521 
607 
701 
1021 
1279 
1709 
2203 
2281 
2617 
3217 
3539 
4093 
4099 
4253 
4423 
8191 
9689 
9941 
11213 
16381 
19937 
21701 
23209 
44497 
65537 
65539 
86243 
110503 
131071 
132049 
216091 
262147 
524287 
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yes (—1) 
yes (+1) 


yes (—1l or +3) 


no 
yes (— 3) 
yes (+1) 
yes (+3) 
no 
yes (~—1) 
no 
yes (— 3) 
yes (+ 3) 
no 
no 
no 
no 
yes (—1) 
no 
no 
no 
yes (+1) 
no 
no 
no 
no 
no 
yes (— 3) 
no 
no 
no 
no 
no 
no 
no 
yes (— 3) 
yes (+3) 
no 
no 
yes (—1) 
no 
no 
no 
yes (— 3) 
no 
no 
no 
no 
yes (+1) 
yes (+3) 
no 
no 
yes (— 1) 
no 
no 
yes (+ 3) 
yes (~1) 


Table for “‘The New Mersenne Conjecture’ 


p=2*+1lor4* + 3? 


2? — 1 prime? 


yes 
no: 47 

yes 

no: 431 

yes 

no: 193707721 
no: 2867 

yes 

no: 7432339208719 
yes 

yes 

no: 2349023 

no: 383 

no: 164504919713 
no: 535006138814359 
no: 10960009 

no: 14143189112952632419639 
yes 

yes 

no: 796337 

no: 40841 

yes 

no: 379399 

yes 

yes 

no: 78511 

yes 

no: 7079 

no 

no: 73783 

yes 

yes 

no: 338193759479 
yes 

yes 

yes 

no 

yes 

yes 

yes 

yes 

no 

no 

yes 

yes 

no: 231733529 
yes 

yes 

no: 268179002471 
no: 62914441 
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(2? + 1)/3 prime? 


yes 
yes 

yes 

yes 

yes 

yes 

yes 

yes 

yes 

yes 

yes 

no: 7327657 
yes 

no: 179 

yes 

no: 643 

yes 

yes 

yes 

yes 

no: 37239639534523 
yes 

yes 

no: 510203 
no: 115331 
yes 

no: 10211 
no: 706009 
yes 

no: 13219 
no: 22811 
yes 

no: 7489177 
yes (prp) 
no 

no: 2164273 
no: 118071787 
no 

no 

no: 19379 
no 

no 

no: 163811 
no 

no: 43403 
no: 4688219 
no: 2135857 
no 

no: 58599599603 
no 

no 

no: 2883563 
no 

no 

no: 4194353 
no 
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exactly one is true ( p = 67, 257, 1021,... for only (a) true; p = 89,107, 521,... for 
only (b) true; and p = 11,23,43,79,... for only (c) true). However, the New 
Mersenne Conjecture is true for all p less than 100000, which is the current limit of 
the search for Mersenne primes. It is valid also for all p between 10° and 10° for 
which at least one of the three statements is known to hold. We expect that the three 
statements are true simultaneously only for the nine primes mentioned above. 

The Table above summarizes what is known about our conjecture. It lists all odd 
primes p satisfying at least one of these three conditions: 


(1) p < 1000000 and p = 2 + lor p = 4* + 3. 
(2) p < 100000 and 2” — 1 is prime. 
(3) p < 4000 and (2? + 1)/3 1s prime. 


When a number is asserted to be composite, a factor is given if one is known. The 
factors of Mj3:97, and Ms55452, were found by Robinson [6]. The 1065-digit number 
(2°93? + 1)/3 passed a probabilistic primality test, but we did not give a complete 
proof that it is prime. 

It is a simple consequence of quadratic reciprocity that if p = 1 (mod 4), then the 
factors of 2? — 1 are congruent to 1 or 6p + 1 (mod 8p), and if p = 3 (mod 4), 
then the factors of 2? — 1 are congruent to 1 or 2p + 1 (mod 8p). This observation 
is the starting point for a heuristic argument [7] which concludes that the number of 
p less than y for which M, is prime is about e” log, y = 1.78 log, y, where y is 
Euler’s constant. 

Likewise, one can show that if p = 1 (mod 4), then the factors of (2? + 1)/3 are 
congruent to 1 or 2p + 1 (mod 8p), and if p = 3 (mod 4), then the factors of 
(2? + 1)/3 are congruent to 1 or 6p + 1 (mod 8p). A heuristic argument like the 
one mentioned above concludes that the number of p less than y for which 
(2? + 1)/3 is prime is also about e7 log, y. 

The total number of natural numbers less than y with one of the forms 2” + 1 or 
4* + 3 is about 3log, y. Hence, the number of primes less than y with one of these 
forms is O(log y). 

In view of the foregoing heuristics and the fact that there are about y/log y 
primes less than y, the probability that any one of the three statements holds for a 
randomly chosen prime p less than y is O( y~! log? y). If the three statements were 
independent random events, then the expected number of primes p greater than L 
for which at least two of the statements hold is about C/?°y~? log* y dy, which is 
finite. Substituting L = 100000 gives an upper bound on the expected number of 
failures of the New Mersenne Conjecture. Assuming a reasonable value for C (about 
9) we find that the expected number of failures is less than 1. This is one reason why 
we believe that the conjecture is true. Another reason is that it holds for all p less 
than 100000 as well as those larger p for which it has been tested. 

We are grateful to Duncan A. Buell and Jeff Young for testing the primality of 
(2? + 1)/3 for several p > 50000, using a Cray 2 computer. 
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UNSOLVED PROBLEMS 


EDITED BY RICHARD GUY 


In this department the MONTHLY presents easily stated unsolved problems dealing with notions ordinarily 
encountered in undergraduate mathematics. Each problem should be accompanied by relevant references (if 
any are known to the author) and by a brief description of known partial results. Manuscripts should be sent 
to Richard Guy, Department of Mathematics and Statistics, The University of Calgary, Calgary, Alberta, 
Canada T2N 1N4. 


Polynomials All of Whose Derivatives Have Integer Roots 


C. E. CARROLL 
Department of Physics, Auburn University, Alabama 36849 


Let F, be the set of nth degree polynomials p(x) such that p, p’, p’”,..., p~» 
all have integer roots. The superscripts stand for differentiation. FY, is not the 
empty set, because all the roots of p(x) can be the same integer. Assuming that 
n> 1, can we find other members of #? This question was recently raised by 
Frank Schmidt [5], but there is evidence of its being older. Kloke, Pethé, Carroll, 


and others each noted that - 


x"~"(x — 1) (1) 
is a polynomial in #, [3]. Furthermore, if m is any integer, then any nonzero 
multiple of 


qn(x) = x" "(x + mn) (2) 
isin #,. This is proved by computing 


n(x) = Ng, (x). 
If the conjecture given below is correct, we can find all the members of #, and 
answer Schmidt’s latest question [6]. 

Three obvious properties of F, are (i) p(x) € 7, > ap(x) € F, for real a # 0, 
(il) p(x) € Y, => p(x — a) €F, for integer a, and (ili) p(x)E FA, > p’ EF _,. 
We can show that p(x) © #, implies that the average of all roots of p(x) is an 
integer. Let p(x) =a,x"+a,_,x" 1+ --- have roots A,,...,A,- Then XA, is 
one of the elementary symmetric polynomials [4] and a,_, = —a,(XA;,). Repeated 
use of (iii) gives p“~» = a,(nx — XA,)(n — 1)! € Y,, which implies that LA,/n is 
an integer. Property (i) implies that p(x + LA,/n) € #,. Thus, any polynomial in 
#, may be reduced to a polynomial of the form a,x" + a,_,x""* +--+ . When 
finding all members of A, we may assume LA, = 0, without loss of generality. 
Polynomials (1) and (2) have x = 0 as the multiple root, unless n < 3, but we may 
not assume that each member of #, has a multiple root. 

If n < 3, the members of #, are easy to find. A, was treated several years ago 
by Bruggeman and Gush [2], and it appears in the recent problem proposed by P. A. 
Batnik [1]. Here, we are concerned mainly with Y,. If a member of #, has two 
double roots, we use LA, = 0 and property (i) to write 


p(x) =(x+m)(x-m)’, (3) 
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where m is a nonzero integer. The roots of p” are +3~!/* m, which cannot be 
integers. This contradiction shows that no member of #, has two double roots. If 
p(x) © #, and has fewer than three distinct roots, then p(x) has a triple or 
quadruple root. We drop the condition LA, = 0, in order to put the multiple root at 
x = 0. Thus, p(x) is proportional to 


x3(x + 4m), (4) 


where m is any integer; this is a special case of (2). The successive derivatives of 
(4) are 4x? (x + 3m), 12x (x + 2m), and 24 (x + m). 


CONJECTURE. If p(x) € A, and has more than two distinct roots, then it is 
proportional to 


(x — 193 m)(x — 141 m)(x + 167m)’, (5) 


where m is a nonzero integer. The assumption that UA, = 0 has been used. 

Evidence for this conjecture is provided by two computer programs. One pro- 
gram examines all sets of four integers \,,...,A, such that DA, = 0 and LA4 < 
4993532. The other program does a more extensive and efficient search, by finding 
pairs of integer roots of polynomials p(x) such that p’ € #,. The polynomial (5) 
appears in some unpublished work by M. S. Klamkin, around 1950, but he did not 
consider higher-degree polynomials. 

If this conjecture is correct, we can find all members of #,, where n > 4. Each of 
these polynomials has a root of multiplicity n — 1 or n. If we put the multiple root 
at x = 0, every such polynomial is a multiple of (2). To prove this, we start with F.. 
If p(x) € #, and has only single and double roots, then p’ € A, and p’ has four 
distinct roots, which is contrary to the conjecture. If p(x) © A, and has a triple 
root, then p’ has a double root; assuming LA, = 0, we find that p’ is a multiple of 
(5). Hence, p(x) is a multiple of 


(x + 167m)*(x — k)(x — 1), 
where k, /, m are integers, and m # 0. Some computation gives 
(k — 1)? = —41975 m?. 


This shows that p(x) cannot have a triple root. If p(x) € A, and the conjecture is 
correct, then p(x) has a quadruple or quintuple root. Putting the multiple root at 
x = 0, we find that p’ is proportional to (4) and p(x) is proportional to q,(x), 
given by (2). Similar reasoning makes any member of *% into a multiple of g,(x). 
The argument is easily extended to higher degrees. 
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Generalizing the Formula for Areas of Polygons to Moments 


S. F. BOCKMAN 
Department of Aeronautics and Astronautics, Stanford University, Stanford, CA 94305 


1. Introduction. There is a well-known formula for the area of an arbitrary 
polygon whose vertices are given in Cartesian coordinates. For example, it is 
available in the CRC Standard Mathematical Tables [1]. This formula has been 
found useful in surveying at least since the availability of desktop calculating 
machines [2]. Readers of this journal were reminded of the formula’s existence [3]. 
The purpose of this note is to point out the motivation for, and the ease of, 
generalizing the formula to give moments of arbitrary polygons. I do not know of 
any reference where such formulae appear. 

Often when the area of a polygon is needed higher moments are needed as well. 
For a dynamics problem not only the area, but the centroid and moments of inertia, 
of a thin plate may be needed. In order to compute the bending behavior of a beam 
the centroid and moments of inertia of its cross section are needed. Simple formulae 
giving the moments of a polygon in terms of boundary points are particularly useful 
in computer programming. They allow convenient approximation of the moments of 
an arbitrary plane area. Since the formulae are correct for nonconvex areas, and can 
be trivially generalized to non-simply connected areas, they reduce the need for 
complex program logic. 

My desire for moment formulae analagous to the area formula arose a few years 
ago from a problem in biomechanics. The dynamics properties of a structure in the 
inner ear of the Greater Horse Shoe Bat were to be computed. The area, centroid, 
and moment of inertia of a nonconvex cross section were required. A large number 
of points on the boundary of the cross section could conveniently be digitized from 
an illustration in a journal article. The area of the resulting polygon was immedi- 
ately available from the well-known area formula. But, how were the centroid and 
polar moment of inertia to be found? Clearly some sort of brute force method 
would work. However, the elegant approach would be to use formulae like that for 
the area. Unfortunately, the references at hand did not contain such formulae. 

After some attempts to generalize the area formula to higher moments it became 
clear that the effort had the flavor of a proof of the planar case of Stokes’s Theorem 
(cf. [3]). In fact, generalizations could be easily obtained by applying Green’s 
Theorem to the polygon assuming appropriate functions. 


2. Moment formulae. Recall the planar case of Stokes’s Theorem. For a simply 
connected area in the plane and functions P(x, y) and Q(x, y) the following 
equality holds 


J 


are 


(-dP/dy + dQ/dx) dx dy = J onaany? + Ody). 


The area formula can be reproduced by applying the theorem to the polygon and 
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making the choice, P = 0, Q = x. Then 


[= f 


area ar 


(—dP/dy + dQ/dx) dx dy = / x dy. 
ea b 


oundary 


If the polygon’s vertices are given in x-y coordinates and numbered counterclock- 
wise from 1 to n, then doing the required integration yields, 


N+1 


Area = (1/2) dy (x; + x;1)(¥;- Yj-1)) 
i=2 


where we define x,,, =x, and yy,, =),-. Note that a perhaps more common 
form of the formula can be reproduced by dropping canceling terms of the form 


Xi Vis 


Area = (1/2)(x,¥_ — XoYy + X23 — X32 + + + XN — My). 


Similarly, the first and second moments with respect to the x-axis, and the 
mixed-term second moment, can be obtained with the choice P = 0, and the choices 
OQ = x’*/2, OQ = x?/3, and O = x*y/2, respectively. The results of the integrations 
are 


N+1 


[x dx ay = (1/6) » (x? + X;X;_1 + x?_)(y; — ¥j-1) 
i=2 


N+1 
fx? dx dy = (1/12) YL (x7 + x?x in + x71 + x71) O%— Yi) 


1=2 


N+1 


fo dx dy = (1/24) ¥° { | »,(3x? + 2x,x;-1 + x2.,) 
i=2 


+y;_3( x? + 2X;X;_1 + 3x?) — ya}. 


The rest of the first and second moments can be easily obtained from those given 
above. Clearly the method easily generalizes to higher moments. It should be noted 
that the particular summands obtained are not unique since the choices of P and Q 
are not unique. 
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An Elementary Test for the Galois Group of a Quartic 
Polynomial 


LUISE-CHARLOTTE KAPPE 
Department of Mathmatical Sciences, SUNY at Binghamton, Binghamton, NY 13901 


BETTE WARREN 
Department of Mathematics, Eastern Michigan University, Ypsilanti, MI 48197 


1. Introduction. The problem of determining the Galois group of a polynomial 
from its coefficients has held the interest of mathematicians for over a hundred 
years. There is a classical algorithm for determining the Galois group of a polyno- 
mial from its roots which can be found in [4] as well as [8] and [11]. But as van der 
Waerden notes in [11], the method is cumbersome and is not of much interest from 
a practical point of view. More recently Richard Stauduhar [10] has applied modern 
insights to old techniques’ to develop and implement a computer algorithm that 
finds Galois groups of low degree polynomials with integer coefficients. 

We are concerned with the case of quartic polynomials. The earliest complete 
account which we have found is contained in the unpublished dissertation of 1895 
by F. Hack [3], as cited in [4]. Other analyses of the problem were published during 
the first quarter of this century ({1], [2], and [9]). More modern treatments are given 
by I. Kaplansky [7, p. 52], T. Hungerford [5, p. 273], and N. Jacobson [6, p. 253]. 

The test which we present in section 2 can be used to determine the Galois group 
of any irreducible quartic polynomial over any field K of characteristic other than 2. 
It is based on the same reduction to the determination of the Galois group of the 
cubic resolvent polynomial used in [7] and [5]. However, we avoid the need to check 
irreducibility of the quartic over extensions of the base field in order to distinguish 
between the cases of the cyclic and dihedral Galois groups by using a modification 
suggested by Frank Stephanic. Our computational requirement is the ability to solve 
quadratic equations and factor cubic polynomials over the base field K, both of 
which are elementary procedures in the common case where the base field 1s 
assumed to be the rational numbers, Q. 

In section 3 we consider the special case of even quartic polynomials p(x) = 
x* + bx? + d, which, following [8], we call “biquadratic.” (However, the reader 
should be warned that the term “biquadratic” is used as a synonym for “quartic” in 
many other sources.) We give an irreducibility criterion for such polynomials 
(Theorem 2), and the test of section 2 is used to formulate a simple mechanical 
procedure for determining the Galois group of an irreducible biquadratic polyno- 
mial directly either from its coefficients or from its easily obtainable roots (Theorem 
3). Sifnilar results can be found in [7] and [8]. In the last section the simplicity and 
usefulness of the tests is illustrated by examples and by giving construction methods 
for some biquadratic polynomials with all possible Galois groups. 


2. The Elementary Test. Let p(x) = I], <;<4(x — a;) = x* + ax? + bx? + 
cx + d be a polynomial with splitting field F over a base field K and let K? = 
{k*|k © K} denote the set of all squares of elements in K. If p(x) is irreducible and 
separable (no repeated roots), then its Galois group, Gal(F/K), acts transitively on 
the four roots and must therefore be isomorphic to one of the transitive subgroups 
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of S,: a Klein 4-group, V, a cyclic group of order 4, C,, a dihedral group of order 8, 
D,, the alternating group, A,, or S, itself. We assume throughout this note that the 
characteristic of K is not 2. This guarantees that p(x) will be separable if it is 
irreducible. 

The polynomial r(x) = x? — bx? + (ac — 4d)x — (a’*d — 4bd + c*) whose roots 
are t, = a,a, + a,Q,, t, = aa, + aa, and ft; = aja, + aa, 1s called the cubic 
resolvent of p(x). Its splitting field in F will be denoted by E. Finally, we note that 
r(x) and p(x) have the same discriminant, D = I, < ;(a; — a, y= I]; < ;(t; — t,)? 
or D = —4b°A + b?B* + 18dBA — B? — 27A? with A = a’d + c* — 4bd and B = 
ac — 4d (see [6, p. 251)). 


THEOREM 1. Let K be a field of characteristic # 2. Suppose p(x) is irreducible 
over K, r(x) its cubic resolvent with splitting field E, and D the discriminant. Then 

(i) Gal(F/K) = S, if and only if r(x) is irreducible over K and D € K’; 

(ii) Gal(F/K) = A, if and only if r(x) is irreducible over K and D € K?’; 

(iii) Gal(F/K) = V if and only if r(x) splits into linear factors over K; 

(iv) Gal(F/K) = C, if and only if r(x) has exactly one root t in K and g(x) = 
(x? — tx + d(x? + ax + (b — t)) splits over ¥; 

(v) Gal(F/K) = D, if and only if r(x) has exactly one root t in K and g(x) does 
not split over E. 


Proof. Let V, = {(1), (12)(34), (13)(24), (14)(23)}, the only transitive subgroup of 
S, which is isomorphic to V. The splitting field E of the cubic resolvent r(x) is 
contained in F. Since p(x) is separable and irreducible, the common discriminant D 
is not zero, and r(x) has distinct roots, regardless of whether or not r(x) is 
irreducible (see [5, p. 325]). It can be verified by direct calculation that a permuta- 
tion of a,, a5, a3, a, fixes all three roots of r(x) if and only if it acts on the 
subscripts of the a’s as an element of V,. Thus Gal(F/E) = Gal(F/K) O V, and we 
see that 

1) r(x) splits into linear factors over K if and only if Gal(F/K) C V,; 

2) r(x) is irreducible over K if and only if |Gal(F/K)| = |Gal(F/E)| |Gal(E/K)| is 

divisible by 3. 
Since p(x) is irreducible, |Gal(F/K)| is divisible by 4, hence its order is at least 4. 
Thus in the first case we have Gal(F/K) = V, while in the second case |Gal(F/K)| is 
divisible by 12, so Gal(F/K) = A, or S,. In particular, Gal(F/K) will be A, if the 
discriminant D = I], ;(a,; — a,)° is a square in K and §, if it is not (since K does 
not have characteristic two and D # 0, yD # —D). 

Now let us assume that r(x) has exactly one root, t, in K. After possibly 
renumbering we may assume that ¢t = t, = a,a, + a,a,. In light of the previous 
paragraph we have Gal(F/K) = C, or D,. Consider the polynomial g(x) = 
(x? — tx + d)(x? + ax + (b — £)) over K. The roots of its first factor are a,a, and 
a,a,, and the roots of the second are a, + a, and a, + a,. If Gal(F/K) = C, then 
E is the only quadratic extension of K contained in F. Thus each of the quadratic 
factors of g(x) splits in E. Conversely, assume that g(x) splits completely over E. 
Then the polynomial k(x) = x* — (a, + a,)x + a,a, with roots a,, a, has coeffi- 
cients in E. Let M be the splitting field of k(x) over E. Now E C M Cc F, and hence 
Q,, A, t,, tz and ¢t, = ¢ are in M. Since a, + a, = —a — (a, + a,) it follows that 
a, + a, © M. Furthermore, a, — a, # 0 together with (a, — a,)(a; — a4) = ty — 
t, imply that a, — a, is in M. Hence a;, a, © M, since charK # 2. This yields 
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F = M and hence |Gal(F/M)| = 1. Since 
IC,| < |Gal(F/K)| = |Gal(F/M)| |Gal(M_/E)| |Gal(E/K)| < 1-2-2=4< D,|, 


Gal(F/K) must be isomorphic to C,. 
The condition for D, follows by mutual exclusion. O 


We suggest that the reader pause now and determine the Galois groups of the 
following polynomials over Q: p,(x) = x4 — 4x? + 4x? + 6, p(x) = x4 + 4x7 + 
6x* + 4x + 2, p3(x) = x4+ x2 + x*+x+1 (see Example 1), and f(x) = x*+ 
px + p for each prime p (see Example 2). 


3. An Application to Biquadratic Polynomials. In this section we apply our test to 
irreducible polynomials of the form h(x) = x* + bx? + d with b, d € K, a field of 
characteristic # 2. First we prove the following irreducibility criterion for such 
polynomials. 


THEOREM 2. Let h(x) = x* + bx? + d be a polynomial over K, a field of charac- 
teristic # 2, and +a, +f its roots. Then the following conditions are equivalent: 

(1) h(x) is irreducible over K; 

(ii) at,a+ Bpa- BEEK; 

(iii) b* — 4d, —b + 2;d, —b — 2d € K?. 


Proof. The polynomial h(x) cannot have an irreducible cubic factor, so it is 
reducible over K if and only if at least one of the factorizations 


h(x) = (x? — a*)(x? — B*), 
h(x) = (x? - (a + B)x + aB)(x? + (a + B)x + a8), 
h(x) = (x* - (a — B)x - ap) (x? + (a — B)x - a ) 


has all coefficients in K. It follows immediately that (ii) implies (i). 

The basic relations among the coefficients and the roots are a* + B* = —b and 
a’B* = d. These together with (a + 8)? = —b + 2af imply that B? or af is in K 
if a* or a + B, respectively, is in K. Hence (i) implies (ii). 

The equivalence of (ii) and (iii) can be seen as follows. As consequences of the 
basic relations we obtain 

(1) (a+ B)* = —b+2,d 

(2) (b + 207)? = (a? — B*)* = (a + B)*(a — B)? = b* — 4d. 

Hence a + f € K if and only if —b + 2yd € K?. Similarly, a* € K is equivalent to 
b*>-4deK*. O 


‘THEOREM 3. Let h(x) = x* + bx? +.d be irreducible over K, a field of character- 
istic #2. Let +a, +f be its roots and F its splitting field. Then: 

(i) Gal(F/K)=VedeéK’ af &€ K; 

(ii) Gal(F/K) = C, @ d(b? — 4d) € K? © K(aB) = K(a’); 

(iii) Gal(F/K) = D, @ d and d(b? — 4d) € K? © aB € K(a’). 

Proof. The cubic resolvent for h(x) is r(x) = (x — b)(x* — 4d). Thus Theorem 
1 implies that the Galois group of h(x) is isomorphic to one of the three two-power 
groups. Again by Theorem 1, Gal(F/K) = V if and only if r(x) splits over K. This is 
clearly equivalent to yd = aB € K, and (i) is established. 


136 LUISE-CHARLOTTE KAPPE AND BETTE WARREN [February 


Now assume that jd € K, so that r(x) has only one root, t, = b, in K, and we 
have case (iv) or (v) of Theorem 1. The polynomial g(x) associated with 
h(x) is g(x) = (x? — bx + d)x*. The nonzero roots of g(x) are —a? = 
(1/2)(b + yb* — 4d) and — 8? — (1/2)(b — yb? — 4d). Since h(x) is irreducible 
these roots are not in K. By Theorem 1, Gal(F/K) = C, if and only if g(x) splits in 
E = K(,/d). This is the same as saying that K(Vb* — 4d) = K(d), or equivalently, 
K(a’) = K(aB). Two quadratic extensions of a field are equal if and only if the 
product of their discriminants is a square in the field, so the last condition is 
equivalent to d(b* — 4d) € K?. This establishes (ii). Statement (iii) follows by 
mutual exclusion. O 


4, Examples. 

Example 1. The polynomials p,(x) = x* — 4x? + 4x? +6 and p,(x) = x4 + 
4x3 + 6x? + 4x +2 are irreducible by Eisenstein’s criterion. In the first case 
r(x) = x(x? — 4x — 24) and E = Q(7). Now g,(x) = (x — 2)?(x* + 6) obvi- 
ously does not split over E, so Gal(F/Q) = D,. In the second case r,(x) = 
x(x — 2)(x — 4), hence Gal(F/Q) = V. 

The polynomial p,(x) = x4 + x? +x*+x +1 is irreducible as the minimal 
polynomial for the primitive fifth roots of unity, and it follows from other consider- 
ations that Gal(F/Q) = C,. This can be seen directly from Theorem 1 by observing 
that r,(x) = (x — 2)(x* +x-—1) and g(x) = (x — 1)?(x* + x — 1). Thus 
Gal(F/Q) = C,, since r,(x) and g,(x) have the same splitting field. 


Example 2. The polynomial f(x) = x* + px + p is irreducible by Eisenstein’s 
criterion. Since its cubic resolvent r(x) = x’? — 4px — p? is an integer monic 
polynomial it follows that r(x) is irreducible if and only if it has no integer roots. 
Possible roots are the divisors of —p*. We observe that r(1) = 1 — 
4p — p*, r(—1) = —-1+ 4p — p*, r(p) = p*(p — 5), r(—p) = p*3 — p), r(p*) = 
p*(p* — 4p — 1), and r(—p’) = p*(—p* + 4p — 1). It follows that r(x) is irre- 
ducible if and only if p # 3,5. This together with D = — p>(99p — 64) < 0 implies 
that Gal(F/Q) = S, if p # 3,5. 

If p= 3, then r(x) = (x + 3)(x? — 3x — 3) and E = Q(/21). Now g(x) 
= (x* + 3x + 3)(x* + 3) has no real roots, so it does not split over E. Hence 
Gal(F/Q) = D,. 

If p =5, then r(x) = (x — 5)(x* + 5x + 5) and E = Q(/5). Here we have 
g(x) = (x* — 5x + 5)(x? — 5) which splits over E. Thus Gal(F/Q) = C,. 


Example 3. Let k, j be different square-free integers and 0 # r, s € Q. Then 
u(x) = x4 — (rk + s7j)x? + (r’k — s7j)* is irreducible over Q, since b? — 4d = 
l6r?s*kj, —b + 2jd = 4r7k, and —b — 2d = 4s7j are not squares in Q. Theorem 3 
implies, that Gal(F/Q) = V, since d = (r7k — s*j)? € Q?. 

A normal extension of Q has Galois group isomorphic to V if and only if it can 
be written as Q(,k, yj) for two distinct square-free integers k and j. Since the roots 
+(ryk + syj) and +(ryk — syj) of u(x) lie in Q(jk, yj), every normal extension 
with Galois group V can be obtained as a splitting field of a polynomial of this 
form. 


Example 4. Let m,n € Z with m? + n? € Q?. Then the polynomial v(x) = 
x* — 2(m? + n?)x? + n?(m? + n*) is irreducible over Q since m* + n* € Q? im- 
plies that b? — 4d = 4m?(m* + n*) and —b + 2jd = 2(m? + n?) + 2n¥m? + n? 
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are not squares in Q. By Theorem 3 we obtain Gal(F/Q) = C,, since d(b” — 4d) 
= 4m’n?(m2 +n’)? € Q?. 


Example 5. For any pair, p,q of different odd primes, the polynomial w(x) = 
x* — px* + q is irreducible over Q. This follows immediately by Theorem 2 if we 
can show b? — 4d = p? — 4q € Q’, since p + 2/¢ € Q’. 

Without loss of generality we may assume p* — 4g > 0. Suppose p? — 4g = r? 
for some integer ¢t > 0. Then ¢ is odd and each of the factors of 4g = (p + t)(p — t) 
is even. Because g is prime and 0 < p—t<p+t, we must have p — t = 2 and 
p +t =2q. However, this implies that p = g + 1, contradicting the assumption 
that p and g are both odd. 

Similarly, d = g and d(b* — 4d) = g( p* — 4q) are not squares in Q; hence 
Gal(F/Q) = D, by Theorem 3. Since the most commonly used examples of polyno- 
mials with D, as a Galois group have a pair of real and a pair of complex roots, we 
note that w(x) has all roots real if p? — 4g > 0. 


Acknowledgement. The authors want to thank Frank Stephanic for his contribution to Theorem 1. 
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Comparing the Spectral Radii of Two Nonnegative Matrices 


R. B. BAPAT 
Indian Statistical Institute, 7, S. J. S. Sansanwal Marg, New Delhi 110016, India 


If A is an n X n matrix, then r(A) will denote the spectral radius of A, which by 
definition is the maximum modulus of an eigenvalue of A. It is well known that if 
A = ((a,,)) and B = ((b,;)) are nonnegative n X n matrices such that b,, > a,, for 
all i, j, then r(B) > r(A). This is usually proved as a consequence of the Collatz- 
Wielandt characterization of the spectral radius of a nonnegative matrix (see, for 
example [1, pp. 27-28]). In this note we prove a more general result in an 
elementary way. 
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If A is a nonnegative n X n matrix, then by the Perron—Frobenius theorem, r(A) 
is an eigenvalue of A, corresponding to which there are nonnegative left and right 
eigenvectors. We refer to these as Perron eigenvectors. The result that we prove 
gives a bound for the ratio of the spectral radii of two nonnegative matrices in terms 
of the entries of the matrices and the components of the left and the right Perron 
eigenvectors of one of them. In what follows, we take (z/0)° = 1 for any real z 


THEOREM. Let A, B be nonnegative n X n matrices with r(A) > 0 and suppose A 
admits left and right Perron eigenvectors x, y respectively, with L?_,x;,y, = 1 (this is 
satisfied, for example, if A is irreducible). Then 


r(B) . mn {bij 
r(A) © ifj=1 
Furthermore, if the x, y are positive and if B has a positive (right or left) Perron 


eigenvector, then equality holds in (1) if and only if there exist positive p, a 
i= 1,2,...,n such that b;; = pa jj0;/4;, i, J = 1,2,...,7 


Proof. We first prove (1) under the additional assumption that B has a positive 
right Perron eigenvector which we denote by v and we let u;=x,y,/u;,, i= 
1, 2,. 

Let K= {(i, j): 4; ;x,y; > 0}. We have, 


" (24 snl) sm’ 
1 aij x,y;/1(A) 


a, ,X;y,/1(A) 


(1) 


a; ;X,y;/1(A) 
{2 jujv;/r(B) 
(i, EK a; ;x iy,/1(A) 

a; X,Y, 5 jj4;v,/r(B) 
GG, /yEek r(A) a8 :y,/T(A) 

b; ;U;v, 
(i, fyEK r(B) 


i, j= 


IN 


where the first inequality follows by the generalized (weighted) arithmetic mean- 
geometric mean inequality, 
Hence, 


(2) 


n | b; u,v; yee n i; ;XiJ; a, x; ¥;/t(A) 


I @) <WG@ 


i, j=1 i, j=l 
Inequality (1) is obtained from (2) after a trivial simplification. 
From the proof it is clear that equality holds in (1) if and only if for some 
positive A, 


i, j=1,2,...,n (3) 
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Now suppose x, y are positive. Since u; = x,y,/u; for all i, we have from (3), 


r(B U; 
i =X ( ) i, j= 1,2, yn 
} (A) y, 9, 
Set 
r(B) oF 
p= A——, a,=—, i=1,2,...,n 
r(A) y, 


and we get the assertion about equality in (1). The proof of (1) as well as that of the 
assertion about equality is similar when B is assumed to have a positive left 


eigenvector. 
To prove (1) for an arbitrary nonnegative matrix B, approximate B by a 
sequence of positive matrices B), k =1,2,.... Since positive matrices have 


positive Perron eigenvectors, each B‘*) satisfies (1). Now observe that both sides of 
(1) are continuous in the entries of B and the proof is complete. 
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From Calculus to Number Theory 


JAMES DUEMMEL 
Department of Mathematics, Western Washington University, Bellingham, WA 98225 


While preparing an exam for a beginning calculus course, I decided to use the 
following problem. If we have a sheet of metal a inches by b inches and cut identical 
squares of size x by x from the four corners then we can fold up the edges to form a box. 
Find that x which yields the maximum volume. For simplicity I wanted to use integers 
a and b such that the x yielding the maximum, 


a+b—\(a+b)° —3ab 


a 
would be rational. Since the problem is symmetric in a and b and very easy for a 
Square, we will assume a < b. 

Clearly x will be rational if and only if (a + b)* — 3ab is a perfect square. We 
want an integer m such that 


(a + b)° — 3ab =m? 
Or 
a* + b* —ab=m?’. (1) 


Readers familiar with the characterization of Pythagorean triples ({1, p. 242] or 
[4, p. 391]) will have already noted a similarity to the present situation. The problem 
is also discussed in [3], where the emphasis is on the boxes while here we will 
concentrate on the numbers m, a and b. 

Simple observations about common factors suggest that we can restrict ourselves 
to searching for solutions of (1) in which a and 5b are relatively prime. 

To quickly find a solution for my exam I used a simple computer search which 
produced the following list. 


m a b x m a b x 
7 3 8 2/3 43 13 48 3 
7 5 8 1 43 35 48 20/3 
13 7 15 3/2 49 16 55 11/3 
13 8 15 5/3 49 39 55 15/2 
19 5 21 7/6 61 9 65 13/6 
19 16 21 3 61 56 65 10 
31 11 35 5/2 67 32 77 7 
31 24 35 14/3 67 4$ 77 55/6 
37 7 40 5/3 73 17 80 4 
37 33 40 6 73 63 80 35/3 


While this list together with multiples of its entries probably provides a lifetime 
supply of “nice” calculus problems, it also suggests some interesting questions. 
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If (m, a, b) satisfies (1) with a < b does the triple (m, b — a, b) also satisfy (1)? 
Is m = 1 (mod 6) always true? 25 and 55 satisfy m = 1 (mod 6) but neither appears 
in the list. Is no m a multiple of 5? 

The answer to all three questions is “yes.” The first involves simple algebra and 
has an interesting geometric interpretation involving the law of cosines and an 
equilateral triangle divided by a line through one of its vertices into two triangles 
with integral sides (see [2]). 


DEFINITION. A triple of positive integers (m,a,b) is said to be a box triple if 
m* =a* + b* — ab anda <b. A box triple (m, a, b) is primitive if 2a < b anda 
and b are relatively prime. 


In a box triple any pair of the three numbers m, a, b is relatively prime if and 
only if the only common divisor of all three is 1. We will deal with primitive box 
triples. 

The second and third questions raised above require some work. First we note m 
must be odd because a, b and m are relatively prime. If we multiply by 4 and 
complete the square in (1) we obtain (2b — a)* + 3a* = 4m? and hence 


3a7 = (2m+2b-—a)(2m—-2b+a). 


Note that the sum and difference of the factors on the right are 4m and 2(2b — a), 
respectively. The numbers 4m and 2(2b — a) cannot have an odd factor other than 
1 in common with a since then a, b and m would have a common factor other 
than 1. 

It follows that 2m — 2b+ a and 2m +2b-—a have no odd prime factors in 
common and that, with the possible exception of 3, any odd prime divisor of 
2m — 2b + aor2m + 2b — a isa divisor of a. By grouping the odd prime divisors 
of a according to whether they divide 2m — 2b + a or 2m + 2b — a, we find odd 
numbers r and s and integers K, T and n such that 


gcd(3r,s)=1 K+T=2n 


a= 2"rs 
2m—-2b+a=3.-2%r? 
2m + 2b —a = 2's" (2) 


(or a similar case with the right sides of the last two equations reversed). 
We need to know more about K and T. Note that their sum must be even. From 
the last two equations in (2) we see 


4m = 2's? ++ 3-2%. 7?, (3) 


and we previously established that m is odd. Even/odd arguments for various cases 
elimanate all possibilities for K and T except (i) K = T = 0, and (ii) one of K and T 
is 2 and the other is an even integer greater than 2. 

Let K = 2k, T = 2t. Then (3) may be rewritten as 


4m = 457+ 3.4%. r?. (4) 
In this equation, if the arithmetic is performed modulo 3, we have 
m=s* + 3r*=s* (mod3). 


The only possible values of s* modulo 3 are 0 and 1. If s? = 0 (mod 3), then 3|s. 
This contradicts gced(3r, s) = 1. Hence m = s* = 1 (mod 3). 
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Since m is an odd number, this implies m = 1 (mod 6). We have an affirmative 
answer to the second question raised above. 

Using (4) and arithmetic modulo 5 we can show that m cannot be divisible by 5, 
thereby answering the third question. But we will obtain a stronger result later. With 
affirmative answers to the second and third questions we have found necessary 
conditions that a number be an m in a primitive triple. The converse question 
naturally arises. Are the conditions m = 1 (mod 6) and m # 0 (mod 5) sufficient to 
make a number an m in a primitive box triple? 

This question prompted another computer search. Here are the next twenty 
entries in the list of primitive box triples. 


m a b x m a b x 
79 40 91 26/3 151 56 171 38/3 
91 19 99 9/2 157 25 168 6 
91 11 96 8/3 163 75 187 33/2 
97 55 112 35/3 169 15 176 11/3 
103 40 117 &@9 181 104 109 22 
109 24 119 17/3 193 32 207 23/3 
127 13 133 19/6 199 56 221 13 
133 65 153 85/6 211 29 224 7 
133 23 143 11/2 217 87 247 39/2 
139 69 160 15 217 17 225 25/6 


There are some surprises in the list. The numbers 121 and 187 do not appear as 
ms although they satisfy both conditions m = 1 (mod 6) and m # 0 (mod 5). Other 
numbers such as 91, 133 and 217 appear as ms in two distinct primitive triples. 

A longer search revealed many similar occurrences. Clearly the conditions m = 1 
(mod 6) and m # 0 (mod 5) are not sufficient to assure that m will appear as an m 
in a primitive box triple. And why do some ms, but not others, appear in more than 
one primitive triple? 

The key to these questions seems to be in the prime factorization of the ms. For 
example, 121, 187, and the next missing m, 257, have prime factorizations 121 = 117, 
187 = 11-17, and 257 = 23 - 11. Each contains prime factors not congruent to 
1 modulo 6. For those numbers which appear in several primitive triples we find 
91 = 7-13, 133 = 7 - 19, 217 = 7 - 31 in which all of the primes are congruent to 1 
modulo 6. All the remaining ms in our lists are primes or squares of primes 
congruent to 1 modulo 6. 

The numerical evidence strongly suggests a new conjecture: An integer is an m in 
a primitive box triple if and only if all of its prime factors are congruent to 1 
modulo 6. 

We will prove the necessity of the condition. Suppose that m comes from a 
primitive box triple and in (4) set S = 2's and R = 2*r. Rewrite (4) as 


3R2 + S?-= 4m. (5) 
Let p be any odd prime divisor of m. p cannot divide both R and S since 
gcd(3r, s) = 1. Then by (5) it cannot divide either of them. There exists some 
integer c such that Re = 1 (mod p). Then (5) implies 3 + (Sc)* = 0 ( mod p) or, 
with x = Sc, 
x? = -—3 (mod p); 


—3 must be a square, a quadratic residue, modulo p. 
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To this point our mathematical tools have been only elementary properties of 
prime numbers, congruences and the “divides” relation. But now we turn to a 
deeper classical result in number theory, the law of quadratic reciprocity ({1, Chap. 
9] or [4, Chap. 9]). From this famous result the following lemma follows easily. 


LEMMA 1. For an odd prime p larger than 3 the equation x* = —3 modulo p has a 
solution if and only if p = 1 (mod 6). 


In view of the discussion that precedes Lemma 1 we can conclude that, for an m 
in a primitive box triple, every prime factor of m must be congruent to 
1 modulo 6 and the necessity part of the following theorem has been verified. 


THEOREM. An integer is an m in a primitive box triple if and only if all of its prime 
factors are congruent to 1 modulo 6. 


The proof of the sufficiency that we found is lengthy and detailed. So we invite 
the reader to construct a proof. Crucial to our proof was the following pair of 
identities. 


(3x? + y2)(3u? + v2) = 3(xv + yu)” + (3xu — yo)”. 
(3x? + y?)(3u? + v2) = 3(xv — yu)” + (3xu + yo)’. 


We should note that another topic in number theory arises here, the famous 
theorem of Lagrange ({1, p. 279]) which states that every positive integer is the sum 
of at most four sqaures. In our problem we dealt with the special case 4m = s? + 3r? 
in which 4m is written as the sum of four squares of which three are the same. One 
result along the way in the sufficiency proof is this: Every prime congruent to 
1 mod 6 is of the form 3x* + y? for some positive integers x and y. 
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A Note on The Row-Reduction Algorithm 


CutH-HAN SAH 
Department of Mathematics, SUNY, Stony Brook, NY 11794 


Classically, the Gaussian Elimination Method is used to solve a system of n 
linear equations in n unknowns (see [2, §302] for related methods). By setting some 
of the coefficients to 0, there is no problem extending the method to the general case 
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of m equations in n unknowns: 
Qy 1%} + ose +a, Xp = b, 


(1) 


AmiX, bt 1° +a X = b 


Quite frequently, the above system is abbreviated to the matrix equation: 
AX=B, AismxXn, XisnX1, and BismxX 1. (2) 


With the usual convention on row and column indices, the method is often called 
the Row-Reduction Algorithm in elementary texts. Depending on the level of the 
text, the matrix equation (2) may be explained in terms of a linear transformation 
A:F" > F™, where F” denotes the F-vector space of all column vectors with r 
entries from the field F of scalars. When B is the zero column vector, (2) may also 
be explained in terms of testing for the F-linear independence of the n columns of 
A in F™. Such explanations are usually accompanied by discourses on the concepts 
of im A, ker A, rank(A), and nullity( A). 

When one finally gets around to solving (1), practically all the elementary texts 
apply the Row-Reduction Algorithm to the augmented matrix (A, B). It is then 
necessary to explain the decoding process that yields the general form of the 
solution of (1) from the Row-Echelon Normal Form of (A, B). More often than 
not, the students have lost their way by this time. Out of desperation, teachers 
frequently try to assure the students that the Row-Reduction Algorithm may be 
implemented on a desk-top personal computer even though other techniques may be 
used (the choice may depend on the field F of scalars). Aside from the irritation of 
having to perform the decoding step by hand, the question of finding a basis for 
im A is ignored. Also overlooked in this process is the fact that the original 
augmented matrix (A, B) cannot be recovered from its row-echelon normal form 
without peeking into the memory bank of the computer. 

As long as the modern trimmings of vector space and computer implementation 
are mentioned, the shortcomings mentioned above can be overcome with very little 
additional work. We can in fact let the computer do all the work for us. This will be 
described below. 

To justify using a computer, one might as well explain that the system (1) may 
have to be solved over and over again where the single column vector B is replaced 
by a finite set of column vectors in (2). To incorporate this possibility, we simply 
replace the two appearances of 1 in (2) by the positive integer s. In general, we use 
R,, to denote the jth column of the matrix R; the transpose of the matrix R will be 
denoted by ‘'R; I, and O, ,, denote the identity and the zero matrices of appropriate 
sizes, respectively. Instead of applying the row-reduction algorithm to (A, B), we 
apply it to the following (s + n) X (s + m + n) matrix (in block form): 


I, -B O,, 
O yr lL] 


n,s n 


(3) 


Let us now assume that the row-echelon normal form of (3) is: 


I, ‘Y 'P 
O,. 'N ‘'G] 4) 
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We then have the following “recipes”: 


(a) AX,; = B,; has a solution if and only if Y¥,,=0, where 


l<gc<s. 
(b) The (right) column rank of A is the number r of nonzero 

rows of 'N and N,,,..., Nx, is a basis for im A. 
(c) The (right) nullity of A isn — r and Gy,.j,..., Gs, iS a basis 

for ker A. (5) 
(d) If Y,;= 0, then the most general solution of AX, ; = By; is 

Xj = Pa + Gar giCr4r + °° + GanC,, Where c, range over 

F independently. 


In order to explain to the more inquisitive students why the recipe works, one has 
to remind the students of the following items: row operations correspond to left 
multiplication by invertible matrices; row-reduction involves specific orderings of 
the rows and the columns in addition to a specified convention on leading terms of 
the nonzero rows (in particular, the vanishing of the entries in the column above the 
leading entries). 

After the preceding reminders, it is then clear that the introduction of the 
“split-up” identity matrix J,,,, in (3) forces us to reach (4) from (3) through left 
multiplication of (3) by the following invertible matrix: 


I 'P 
O,, ‘G} 


Now, (a) of (5) follows because the translation of Y,, = 0 through the row-reduc- 
tion algorithm (applied to (3)) is precisely the statement that B,, is a suitable linear 
combination of the columns of A. 

Matrix multiplication shows that 'G'A =‘N. Since G is invertible, it is immediate 
that the columns of A and N span the same subspace of F”. It is also clear that ‘N 
is the row-echelon normal form of ‘A because of the presence of I, and O, , in (3). 
These yield (b) of (5). 

By taking tranposes, we have AG = N. By the choice of r, the last n — r columns 
of N are zeroes so that the last n —r columns of G lie in ker A. Since G is 
invertible, these last n — r columns of G must be linearly independent. We thus 
obtain (c) of (5). 

One more matrix multiplication shows that 'Y = —‘B +‘P’A. By taking the 
transpose and looking at the jth column, (d) then follows from (c) in (5). 

If we wish, we could now say that the “absent-minded boss” wants to know the 
original equation (2) from (4). To answer this question, we simply exchange the 
second and the third “column blocks” in (4) and apply the row-reduction algorithm 
to the result. The outcome is simply (3) with its second and third “column blocks” 
exchanged. 

As an example, consider the equation x + 2y = 3. The Row-Reduction Al- 
gorithm takes on the following form: 


1; —31| 0 
0 1; 1 
0 21 0 
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The most general solution is then given by 


(5) = (32) + (-19}: 

y 3/2 —1/2}~ 

The 1 X 1 column vector (1) evidently does span the column space of A = (1,2). 
The other claims may be checked easily. 

It is apparent from our preceding discussions that the use of the transpose could 
have been avoided if we had employed a “Column-Reduction Algorithm” in place 
of the customary Row-Reduction Algorithm. (Of course, one then writes up and 
down from right to left; in particular, one multiplies from the right. This sits well 
with a class that has some students brought up in the appropriate oriental tradition.) 

The use of the transpose can be exploited as a setting to explain the concept of 
the dual space. In particular, one can extend the preceding discussion to include 
solving (1) over a division ring D. In this generality, it is essential that D” and D” 
in (2) be viewed as right D-vector spaces. The D-dual of these are naturally left 
D-vector spaces which can then’ be identified with spaces of row vectors. In this 
respect, row reduction of A (from the left) and column reduction of A (from the 
right) are quite different. As a good exercise, students may be asked to show that the 
left row rank of A coincides with the right column rank of A. To emphasize this 
point, the following example over the real quaternion division algebra can be cited 
to show that the right column rank of A need not be the same as its right row rank: 


In terms of using the transpose ‘R of a matrix R over a division ring D to solve (1) 
as described, it is essential to point out that the row-reduction of ‘R must corre- 
spond to column reduction of R. This means that the entries of ‘R have to be 
viewed as lying in the opposite ring D°? of D (sometimes called the mirror image of 
D) so that left multiplication of the rows of ‘R really corresponds to right 
multiplication if ‘R is viewed to have entries from D. The preceding example may 
be used to exemplify the needed modification. With the dual spaces at hand, it is 
then apparent that the classical Gaussian Elimination Method is a manipulation in 
the dual space while the determination of the column vector B in (2) as a linear 
combination of the columns of the matrix A is a question in the column vector 
space F” rather than its dual. The column-reduction algorithm (disguised in terms 
of the row-reduction algorithm as described) tackles this latter question directly 
while the Gaussian Elimination Method and the decoding process involve a sort of 
detour via “double duality.” 

We note finally that [1] contains an elegant treatment on solving (1) without 
getting involved with reduction algorithms in their explicit form. 
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On Markov Processes in Elementary Mathematics Courses 


JOHN T. BALDWIN! 


Department of Mathematics, Statistics and Computer Science, University of Illinois, Chicago, IL 60680 


I give here a survey of the major results about Markov processes which are 
treated in many finite mathematics courses. These notes are the result of conversa- 
tions with a number of colleagues and a certain amount of literature search. They 
delineate carefully the distinctions between the existence and uniqueness of fixed 
points and asymptotic fixed points of Markov processes. My primary motivation for 
writing up this material was the confusion about these distinctions that I found in a 
number of elementary texts. As noted below these results can be given ‘high-powered’ 
explanations. Such explanations can provide a valuable perspective; they can also 
unnecessarily intimidate. The arguments in this paper are all easily accessible to 
undergraduates. 

A Markov process is a system consisting of a finite number of states s,,..., 5, 
and for each i, j < n a probability p, , of the system passing from state / to state /. 
A state vector { P;, P2,---, P,) 1S a list whose ith entry is the probability p, that the 
system is in state i. If there are n states there is an n X n matrix P of transition 
probabilities such that xP is the state vector after the process has been applied to 
the system in state x. Each state vector and each row of P is a probability or 
stochastic vector; that is, each entry is nonnegative and the sum of the entries is 1. 
We use P to refer to either a Markov process or its associated matrix. 

The following example illustrates these notions. After the first 11 games of the 
1987 baseball season an examination of the results of these games showed that the 
St. Louis Cardinals had a 2/3 chance of winning the next game after a win but only 
a 1/2 chance of winning the next game after a loss. We can describe this situation 
by a Markov process with two states W (win) and L (loss) and the following 
transition matrix: 


2/3 1/3 
1/2 vl 


After these 11 games the team had a winning percentage of .636 and a losing 
percentage of .364. 

Does the information about the probability of winning after a loss provide a 
different (better) predictor of the percentage of games the team will win in 1987 
than assuming the 11 games were typical and predicting .636? The discussion that 
follows provides such a prediction; whether the model is applicable presents a more 
subtle problem. 

An equilibrium or steady-state vector for the process P is a stochastic vector x 
such that xP = x. Clearly, if the process reaches a steady state it remains there. So a 
steady state vector provides a solution to the problem of the previous paragraph. 
But is there such a vector and does the system ever enter the steady state? Can the 


‘This article was written during a visit to the University of Notre Dame in 1986/87. 
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answer to the last question depend on the stochastic vector to which one begins to 
apply the process? 

If repeated iteration of the Markov process applied to any state vector yields a 
sequence of vectors that approach the unique equilibrium vector of P, we say P is 
asymptotically stable. In this case by applying the iterates of P to the basis vectors 
we see that the powers P” of an asymptotically stable Markov process tend to a 
limit matrix P®. 

We now consider three distinct but easily confused questions. When does a 
process P have an equilibrium vector? When does a process P have a unique 
equilibrium vector? When is a process P asymptotically stable? The answers to 
these questions constitute various forms of the fundamental theorem of Markov 
processes. 


I. WEAK FUNDAMENTAL THEOREM. Every Markov process P has an equilibrium 
vector. 


A Markov Process is regular if in some power of the transition matrix P every 
entry is strictly positive. We say a matrix Q is stationary if all rows of Q are the 
same. It is easy to see that each row of a stationary matrix Q is an equilibrium 
vector for Q and that a matrix P is asymptotically stable if and only if P™ exists 
and is stationary. 


II. FUNDAMENTAL THEOREM. Suppose that P is the transition matrix of a regular 
Markov chain. 

(i) There is a unique stochastic vector x satisfying xP = x. 

(ii) Moreover, for any stochastic vector @ the sequence a, @P, aP’,... tends to x. 
That is, P is asymptotically stable. 


The following proof was devised by Victor Harnik and me. It shows that the 
purely algebraic requirements of Theorem I and the first part of Theorem II can be 
obtained by ‘elementary methods.’ That is, the proof proceeds via the techniques 
taught in a finite mathematics course (although we induce on the size of the matrix). 


Proof of Theorems I and II. i). We must show first that the equation xP = x has 
a solution that is a stochastic vector. It suffices to show that the equation x(P — J) 
= 0 has a nontrivial solution in which all entries are nonnegative since we can 
divide by the length of that vector to obtain a stochastic solution. 

There are two cases. Suppose first that one (or more) rows of P has a 1 on the 
diagonal. If p, ,; = 1 then the ith coordinate vector is an equilibrium vector for P. 
For the second case, suppose that no diagonal entry of P is 1. This implies P — I 
satisfies the following conditions. 

a) Each entry on the diagonal is negative. 

b) All other entries are nonnegative. (If all entries in P are positive all nondiago- 
nal entries p,; , of P — I satisfy 0 < p; ; < 1.) 

c) The sum of each row is 0. 

Now we perform column operations on P to put P in lower diagonal form with 
all entries off the diagonal nonnegative and all entries on the diagonal nonpositive. 
If we achieve this form with r columns of 0’s then each solution of the system of 
equations is a positive linear combination of r parameters which we can take to be 
1. Dividing the resulting vector by its length we obtain the required stochastic 
solution. 
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To obtain this form we work row by row changing all entries to the right of the 
diagonal to 0. For the first row, add p, ,/—p,, times the first column to the ith 
column. We will now show that after performing these operations the matrix 
obtained by deleting the first row and the first column satisfies conditions a) 
through c). Thus, we can complete the argument by induction. For this, let the 
matrix resulting from these operations be Q. That is, 


Gi, j ~ Pig 


Since the row sums of P were 0, —p,;;>p;, and —p,, >p,,; Thus 
(—PiiM—Pi,;) > Pi,1Pi,;- Whence 


(—p 5 Pi1P1, i 


and q;;<0 

1,1 
yielding condition a). Condition b) is immediate since except in the first row we 
always added a positive number. For condition c) we compute the sum of the ith 
row of Q. To derive the third line below from the second recall that since the sum of 
the first row of P is 0, 272471, ; = —Pi- 


| 
M:= 
~ 
Z 
| 
> 
Ms 
~ 
a 


j=l P11 j=2 
” Pit 
= » P; j (—p, 1) 
j=l P41 
=O+p,, 
= Pi 


Since g;; = Pj, L294), ; = 0 as required. This completes the proof of Theorem I. 

For Theorem II.i) consider a regular matrix P. Then for some m all entries in P” 
are positive. If P’” has a unique fixed point, then P has at most one fixed point. By 
the first part of the argument P has at least one fixed point. So without loss of 
generality we can assume all entries in P are positive (i.e., we work with P’”). Now 
in performing the column operations described above no diagonal entry can become 
0 except the lower right-hand corner. For, the sum of the remaining entries in that 
row would then be 0, but they are all positive. Thus we first reach a column of 0’s 
from the situation where the last two columns contain n — 2 0’s followed by —a, a 
and b, —b, respectively, where a and 5 are positive. Thus the solution space to 
x(P =~ I) = 0 has dimension 1 and the system has a unique stochastic solution. O 


The essential fact about a regular matrix P is that its unique stable vector 
satisfies ii) of Theorem II. That is, P is asymptotically stable in the sense defined 
above. I reproduce here a proof of this theorem that uses concepts from advanced 
calculus. The following argument was suggested by William Howard to simplify a 
version using the sup norm. Several of my conversations elicited the comment, 
“Theorem II.ii) holds because a regular map is contractive.” In fact, this remark is 
correct if you deal with the correct metric on the correct space. A regular matrix 
need not, however, be contractive viewed as an operator on R’. 
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Proof of Fundamental Theorem ITI. ii). Let vg be the unique stochastic fixed point 
for P (whose existence is guaranteed by Theorem II.i). Let H be the hyperplane of 
stochastic vectors. Consider the subset W = {0 — i): 0 € H}. Let the norm of a 
row vector y with n entries be 


I= Lil. 
ign 
We will show that if all entries of a stochastic matrix Q are positive and c is the 
smallest entry in Q then for any w € W, 
|wQI] < |1 — |||}. 


Let b = (b,,...5,) be the (transpose of the) jth column of Q” and for any d let d 
denote the vector that is d in each coordinate. Now since the sum of the compo- 
nents of w is 0 


WO = Lw-b, = Lw- (b,-é). 
J J 
So = : 
Ol < Liu |(B — @) |] < Xa il - | < |1 — eh. (1) 
J J 


Now an easy induction shows that for any w € W, ||wQ”|| < |1 — c|"||w]|. Since c is 
clearly less than 1/2 this shows that the sequence ||wQ”|| converges geometrically to 
0. But if ||(v — v))Q”|| tends to 0 and Up is fixed by Q, the sequence vQ” tends to U, 
as required. This completes the proof if all terms of Q are positive. Thus, if P is 
regular we have established the result for Q = P” (for some m). Now a calculation 
like (1), but easier, shows that for any stochastic P and any w € W, 


[WPI] < |W]. 
Thus the sequence ||wP”|| converges to 0 since it is nonincreasing and contains a 
subsequence that converges to 0. O 


Thus regularity is a sufficient condition for a Markov process P to be asymptoti- 
cally stable. But there are asymptotically stable processes that are not regular. 
Consider for example the matrix 


1/72 0 17 
1/2 0 1/2]. 
1/2 0 1/72 


On the basis of Theorems I and II.i) one might confuse the existence of a unique 
stochastic fixed point of P with the condition that P is regular. Consider the two 
state Markov state such that the probability of going from state 1 to state 2 is 1 and 
vice versa, Then P has a unique stochastic fixed point (1/2,1/2). But it is easily 
seen that the matrix P is not regular and is not asymptotically stable. 

To characterize those Markov processes that are asymptotically stable requires 
some more terminology. Two complementary notions are involved: irreducibility 
and aperiodicity. 

Define the relation ‘j is accessible from i, written i — j, to mean that it is 
possible to move from state i to state 7 by repeatedly performing the Markov 
process. Thus i > 7 if and only if the (i, 7) entry is not zero in some power of P. 
Now partition the states of the process according to mutual accessibility. We will 
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say that the process P is irreducible if it has only one accessibility class. There is an 
important distinction that allows us to characterize the irreducible Markov processes 
that are asymptotically stable. The process is irreducible if for each pair i and j 
there is a power n such that p; , > 0. It is regular if there is a single n such that 
p;. ; > 9 for all i and j. The period of a state i is the greatest common divisor of the 
k such that pj; > 0. If the period is one we say the state is aperiodic. The next 
lemma (Lemma 1.2 and Theorem 1.4 of [7]) first allows us to extend these 
definitions from states to irreducible processes and then explains the role of regular 
processes in the irreducible case. On the basis of part a) of the lemma we call an 
irreducible Markov process periodic if each state is periodic and aperiodic other- 
wise. This result requires a straightforward manipulation of greatest common 
divisors. The lemma is proved in [5] arguing only with states and in [7] using the 
properties of matrix multiplication. The proof is probably inappropriate for the 
usual course in finite mathematics but would fit well in a course in applied matrix 
theory. 


LEMMA. Let P be an irreducible Markov process. 
a) All states of P have the same period. 
b) P is aperiodic if and only if P is regular. 


Now consider a possibly reducible Markov process. We will say an accessibility 
class of states is an absorbing class if no state outside the class is accessible to any 
member of the class. Note that by decomposing the set of states into maximal sets 
of mutually accessible states it is possible to determine the absorbing classes of the 
process and to determine which of them are irreducible. If the Markov process has 
more than one absorbing class the process is not asymptotically stable. Moreover, if 
the restriction to the absorbing class is periodic, the process is not asymptotically 
stable. In the only remaining case, the restriction to the absorbing class is regular. In 
this case P is asymptotically stable. The following theorem summarizes this situa- 
tion. It is proved by combining the analysis of relations between states with a 
computation of the limit of P” as in the proof of Theorem IV. Thus, we refer to 
Theorem 4.7 of [7] for the proof. 


III. THEOREM. Let P be a Markov process with a unique absorbing class. A 
suitable ordering of the rows of P yields the following canonical form 


R 0 
(Sof: (2) 
If the restriction to the absorbing class is regular then R is regular and the Markov 
process P is asymptotically stable. Otherwise P is not asymptotically stable. 


The distinction between a periodic and an asymptotically stable Markov process 
can be expressed solely in terms of linear algebra. A Markov process is asymptoti- 
cally stable if the eigenspace of the eigenvalue 1 has dimension 1 and there are no 
Other eigenvalues with absolute value 1. It is difficult for students who are un- 
familiar with complex numbers to check this condition since there are Markov 
chains with complex eigenvalues of modulus one. It is easy to construct such an 
example with four states by means of the state diagram. 

Note that if the Markov process P has a unique equilibrium vector then it has a 
unique absorbing class. 
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Larry Lambe suggested a relatively easy proof of a further typical topic from 
finite mathematics courses. An absorbing state of a Markov chain is one that once 
entered cannot be escaped. It corresponds to a 1 on the diagonal of the associated 
matrix. A state that is not absorbing is said to be transient. An absorbing Markov 
process is one with at least one absorbing state such that each absorbing state is 
accessible from each transient state. (That is, if state i is transient and state 7 is 
absorbing, in some power of P the (i, /) entry is positive.) 


IV. ABSORBING PROCESS THEOREM. The matrix P of an absorbing Markov process 
can be put in the following form 
I O 
R Q)’ 


where I is an identity matrix and I — Q has an inverse N. The rows of N - R give the 
probability of eventually passing from the transient state indexed by the row of N to the 
absorbing state indexed by the column of R. 


Proof. The desired form for P is obtained by listing the absorbing states first. 
The idea of the proof is to compute P®. It is easy to see that 


n I 0 
NU + O+--) +0")-R Q’yp 


Now use the matrix version of the sum of a geometric series. 


P 


1 
_ 2 wee 
T-0 I+Q+Q°+ 
So the lower left-hand corner of P® is N - R. Q is a matrix of nonnegative numbers 
less than 1. If g is the largest entry in Q and gq; is the sum of the ith row then the 
(i, 7) entry of Q” is bounded by g/g. Thus Q” tends to the 0 matrix, 
00 I 0 
a ly -R 0) 
and we can read off the result. O 

Given a Markov process P, the main goal in a finite mathematics course is to 
determine if the process is asymptotically stable and if so to find the eventual state 
distribution. Ostensibly, this is a problem in analysis. However, it can be solved by 
discrete means. Determine (by repeated multiplication) if the matrix P (or in the 
reducible case the R of Theorem III) is regular. If it is not the process is not 
asymptotically stable. If it is, then find the stochastic solution to xP = x. Regular 
matrices are a tool but not the goal of this procedure. For regular Markov processes 
these arguments justify a ‘discrete’ solution of a ‘continuous’ problem. One can find 
an asymptotically stable vector by checking whether the matrix is regular and 
finding its fixed point algebraically. 

We have given proofs that are accessible to undergraduates of the fundamental 
theorem of finite Markov processes. There are several more general contexts for 
these results. First the restriction that the matrices be stochastic can be weakened to 
demanding only that the entries be nonnegative. The Perron-Frobenius theory (e.g., 
[1], [7]) uses methods of elementary linear algebra and simple estimates to investi- 
gate the characteristic values of a nonnegative matrix. While this development 
provides a generalization of the results it still fails to answer an important question. 
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What crucial property of the situation discussed here ‘causes’ the existence of 
(asymptotically stable) fixed points? In fact, there are several possible explanations. 
Thus, a topologist can note that the set of n-ary probability vectors is homeomor- 
phic to the (n — 1)-disk and conclude Theorem I from the Brouwer fixed point 
theorem. Alternatively, the linearity and continuity of the function and the fact that 
the domain is a closed convex set can be exploited as in [6] to deduce Theorem I 
from the Markov-Kakutani fixed point theorem. 


Both of these explanations cover only the existence of a fixed point, not the 
asymptotic stability. The general theory of Lipschitz operators (e.g., [4]) provides a 
context to discuss both phenomena. Let C be a subset of a Banach space X. A 
function f: C — X is said to be of Lipschitz class K for a positive real K if for all 
x,y EC, || f(x) — f(y)|| < K]|x — yl]. If K < 1 then f is called contractive and if 
K = 1 then f is called nonexpansive. A contractive map is asymptotically stable; 
moreover, under appropriate conditions on X and C a nonexpansive map has a 
fixed point. (In particular it suffices for X to be a Hilbert space and C to be closed, 
convex, and bounded.) Thus the distinction between Theorems I and II can be 
precisely reflected in a general setting. 
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ELEMENTARY PROBLEMS 


E 3307. Proposed by Peter Andrews, Wilfrid Laurier University, Waterloo, 
Ontario, Murray Klamkin, University of Alberta, Edmonton, Alberta, and Edward T. 
H. Wang, Wilfrid Laurier University. 


The celebrated Morley triangle of a given triangle ABC is the equilateral triangle 
whose vertices are the intersections of adjacent pairs of internal angle trisectors of 
ABC. If s, R, r, F and sy, Ry, ry, Fy are the semiperimeter, the circumradius, the 
inradius, and the area, respectively, of ABC and its Morley triangle, determine the 
maximum of (i) 54,/s, (it) Ry/R, (1) ry,/r, and (iv) Fy, /F. 


E 3308. Proposed by Ion Cucurezeanu, Liceul 10 Constanta, Romania. 


Suppose n is a positive integer greater than 4. Prove that the following two 
conditions are equivalent: 
(i) both n and n + 1 are composite, 
(ii) the integer nearest to (n — 1)!/(n? + n) is even. 


E 3309. Proposed by Donald E. Knuth, Stanford University, Stanford, CA. 


Suppose a, b, c are nonnegative integers with b > a. If0 <@<landO<x<l, 
prove that 


(-nrety (f)( et 8)xe>0. 


k=0 


154 
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Here (as usual) 
(7 =t(t-1)---(t-k+1)/K! 
for any real ¢ and positive integer k, while ( ‘| = 1. 


E 3310. Proposed by Albert Wilansky, Lehigh University, Bethlehem, PA. 


I have a secret positive integer u, not exceeding some predetermined bound N. If 
you give me any positive integer n, I will tell you whether or not u +n is prime. 

(a) Give a number G(N) and a procedure such that you can always determine 
the value of u in at most G(N) such trials. 

(b) Give a number F(N) such that no strategy will always determine u in fewer 
than F(N) such trials. 


E 3311. Proposed by Sydney Bulman-Fleming and Kenneth McDowell, Wilfrid 
Laurier University, Waterloo, Ontario. 


Suppose S is a monoid containing elements a and b such that every element of 
S x S is of the form (au,bu) for some u in S (i.e., S X S, considered as a right 
S-set, is cyclic). 

(a) Show that S must be a singleton if S is any one of the following: finite, 
commutative, idempotent, or inverse. 

(b) Show that S need not be a singleton in general. 


E 3312 . Proposed by Robert Blakley and Douglas Hensley, Texas A & M Univer- 
sity, College Station, Texas. 


Given positive integers m, n with n/2 < m <n, suppose n tennis matches are to 
be scheduled on m successive days, with at least one match per day. Determine the 
largest positive integer K such that, no matter how the matches are scheduled, for 
each k < K there is a consecutive sequence of days on which a total of exactly k 
matches are scheduled. 


SOLUTIONS OF ELEMENTARY PROBLEMS 
An Irreducible Polynomial 


E 3008 [1983, 482]. Proposed by Roger Cuculiére, Paris. 


Show that for n > 2 the polynomial x” — x"~! — x""?— --- —x — 1 is irre- 
ducible over the rationals. 


Solution I by F. Dodd, University of South Alabama, Mobile, and N. J. Lord, 
Tonbridge School, Kent, England, independently. Let P,(x) = x" — x"! — x"? 
— +++ —x— 1 for each n > 2 and consider Q,(x) = (x — 1)P,(x) = x"*! — 2x" 
+ 1. Now Q,(1) = 0 and Q/(r) < 0 for 1 <r < 2n/(n + 1), so that Q,(r) < 0 for 
every r Satisfying 1 <r< 2n/(n + 1). If jz} =r, 1 <r <2n/(n + 1), we have 
[l — 22"| > 2|zj"- 1 =2r"-—1>7r"*! =|z|"*1, which shows that the function 
1 — 2z” (strictly) dominates the function z”*! on the circle |z| = r. Thus Rouché’s 
theorem implies that Q,(z) and 1 — 2z” have exactly the same number of zeros 
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inside |z| =r, for every r satisfying 1<r<2n/(n +1), and hence the same 
number of zeros inside or on |z| = 1. The function 1 — 2z” obviously has n zeros 
inside |z| = 1, while Q(z) = 0 with |z| = 1 forces z = 1. Thus Q,(z) has exactly 
(n — 1) zeros satisfying |z| < 1. Since P,(1) < 0 < P,(2), we see that P(z) has 
(n — 1) zeros satisfying |z| < 1 and one zero satisfying |z] > 1. 

If P(x) were reducible over the rationals, Gauss’s Lemma would tell us that 
P(x) = G(x) A(x) for suitable monic polynomials G(x), H(x) of positive degrees 
with coefficients which are rational integers. One of these polynomials, say G(x), 
must have all its zeros of modulus strictly less than one. However this implies that 
|G(0)| < 1, contradicting the fact that the constant term of the polynomial G(x) 
must be a nonzero integer. 


Solution II by L. E. Mattics, University of South Alabama, Mobile. Denote the 
given polynomial by P(x) and (x — 1)P,(x) by Q,(x). The proposition is easily 
checked by the rational root theorem for n = 2,3, so from now on we assume 
n => 4. By Descartes’ rule of signs, P(x) has precisely one positive real root r and it 
is easily checked that P,(/3) < 0, so that r > v3. 

If P,(s) = 0 and |s| > 1, then Q,(s) = s"*' — 25" + 1 = 0 and so |s|"|s — 2] = 
1. We have 2 < |s — 2] + |s| = |s|~” + |s|, so that Q,(|s) = 0. Since Q,(x) < 0 for 
1 < x <r, we must have |s| > r. On the other hand, if P(t) = 0 and |t| < 1 then 
1 = {t — 2] |t|” < 3)t\”. It follows that the absolute value of the product of all roots t 
of P(x) with |z| < 1 is at least 1/3, so that r is the only root of P(x) whose 
absolute value exceeds 1. (If there were two such roots, then the absolute value of 
their product would be at least r* > 3 and then |P,(0)| > 1; this argument also 
shows that r is not a multiple root of P,(x).) 

Now suppose that G(x) and A(x) are monic polynomials with integer coeffi- 
cients such that P(x) = G(x)A(x) and G(r) = 0. Then if A(x) had positive 
degree, its roots would have absolute value less than 1 and so |H(0)| < 1. But the 
constant term of H(x) must be +1. We are done. 


Editorial comment. M. J. DeLeon noted that the result of the problem is 
contained in the following theorem of Alfred Brauer: If a,, a,,..., a, are integers 
with a, >a,> --- >a, > 0, then the polynomial x” — a,x"~! — a,x"~? 
—+++—a, is irreducible over the rationals. Cf. Alfred Brauer, On algebraic 
equations with all but one root in the interior of the unit circle, Math. Nachrichten, 
4 (1950/51) 250-257. 

The positive root of the polynomial considered in this problem (or more generally 
of the polynomial considered in Brauer’s Theorem) is an example of what is known 
as a PV-number, which is a real algebraic integer greater than 1 all of whose 
conjugates lie inside the unit circle. Cf. J. W. S. Cassels, An Introduction to 
Diophantine Approximation, Cambridge University Press, 1957, Chapter VIII. 


Solved also by R. Breusch, I. Connell, A. A. Jagers (The Netherlands), K.-W. Lau (Hong Kong), 
O. P. Lossers (The Netherlands), H. Niederreiter (Austria), and the proposer. 


A Complex Cyclic Sequence 


E 3181 [1986, 812]. Proposed by Zalman Rubinstein, University of Colorado, 
Boulder. 


Let f(z) =z*+ z. Construct a cyclic sequence for f(z), that is, a sequence 
{z,}°,, of nonzero complex numbers with z,,,, = f(z,,) for all integers n and such 


1989] PROBLEMS AND SOLUTIONS 157 


that 


lim z,= lm z,=0. 

Solution by O. P. Lossers, Eindhoven University of Technology, The Netherlands. 

For a function h:C — C, we let h“” denote the nth iterate of h, for each 
natural number n. Consider the two functions f, g:C — C defined by f(z) = z7 + z 
and g(z) = jz + (1/4) — 4, where vre® = yre®/2® with arguments expressed 
using r>0 and -—7 <@<v7. Note that g is a right inverse of f. We solve the 
problem by exhibiting a z) € C — {0} such that f(z) # 0, gz) ¥ 0 for all 
n EN and f(z.) > 0, g((z,) > 0. 

Let L be the set of negative real numbers with magnitude less than 1. A simple 
computation yields f(L) C L and f‘(z) > 0 for all z & L. We will choose a 
suitable zy € L. 

Let A be the set of complex numbers having positive real and imaginary parts. 
For each z € A, we claim (i) g(z) € A, (ii) |g(z)| < |z|, and (iii) g“(z) > 0. Here 
(i) can be seen by writing /z + (1/4) = jx + iy + (1/4) =a + ib and squaring 
both sides to show that a > } and b > 0 and (ii) can be seen by rewriting g(z) as 
g(z) =z/(yz + (1/4) + 45) and noting that |/z + (1/4) + 3] > Rez + (1/4) + 
1> 1. To show (iii), take any z € A and write g((z) = z, = re’, where r, > 0 
and 0 < 6, < 7/2. By (ii), the magnitudes converge, say 7, > r > 0. If r > 0, then 
r,-1 = |f(z,)| = 7° |r,ei% + 1) implies |r,e'% + 1] > 1, or equivalently that r,(7, + 
2 cos 6,) — 0, which is impossible. Hence r = 0 and (ii) holds. 

It suffices to select z) @ L such that g‘(z,) € A for some n © N (which 
implies that g(”(z)) # 0 for all n © N). The number z, = — 13/16 will do the job, 
since 


1 3. 
(20) = —5 + 7 


©) 1 v¥10 —1 v10 +1 1 
g (20) = 5 — 7 +i > | - 5 4. 


Also solved by A. Zulauf (New Zealand), University of South Alabama Problem Group, and the 
proposer. One incorrect solution was received. 


and 


New Polygons from Old 


E 3183* (1987, 71]. Proposed by Murray Klamkin, University of Alberta, Edmon- 
ton, Canada. 


Let P’ denote the convex n-gon whose vertices are the midpoints of the sides of a 
convex n-gon P. Determine the extreme values of 

(i) Area P’/Area P, 

(11) Perimeter P’/Perimeter P. 
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Solution by David B. Secrest (student), University of Illinois, Urbana. The extreme 
values are summarized in the following table: 


n 3 4 5 > 6 
(area P’)\ 1 1 3 

max( area P | 4 2 4 } 

(area P’\ 1 1 1 1 

min( area P 4 2 2 2 

perim P’ 1 

| perim P | 2 ; ; ; 

_ { perim P’ 1 1 1 1 

| perim P | 2 2 2 2 


We divide the proof into seven cases. 
Case 1. n = 3. The triangle P’ is similar to P with sides exactly half as long; the 
conclusion is immediate for all four extrema. 


Case 2. n = 4, Area Ratio. Given a quadrilateral E,E,E,E,, let Ej, Ej, Es, and 


E; be the midpoints of the sides F,E,, E,E3, E,E,, and E,E,, respectively. By 
similar triangles, area(E/E,E,) = 4 area(E,E,E,) and 


1 
area( EJE,E,) = 4 area( E,E,E,), 


SO 
area( E/E,E3) + area( EjE,E/) = ; area( E,E,E;E,). 
Likewise, 
area( E{/F,E/) + area( EjE,E/) = 7 area| E, E,E,E,), 
SO 


area(E/EJE3E;) 1 


area(E,E,E,E,) 2° 
Case 3. n = 6, Maximum Area Ratio. A degenerate n-gon, 
P=E,E,::: E,, with E, = E,, E;=E,, andE,;=E,;= -:- =E, 
will have area P’/area P = 1, which is the largest the ratio can be if P is convex. 


Case 4 n> 5, Minimum Area Ratio. Giveri an n-gon, P = E,E, --- E,, draw 
all the “corner triangles’, ic. the ones made by connecting three consecutive 
vertices of the n-gon. Let X be some point inside corner triangle E,F,E,. X cannot 
be inside any of the other corner triangles except possibly E,E,E, and E,E,E, 
because all the others are disjoint from E,E,E,. However, E,E,E, and E,E,E, are 
disjoint, so X can be inside at most one of them. In other words, no point inside the 
n-gon P can be inside more than two of the corner triangles. Thus 


)) area(corner triangles) < 2 area P. 
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But the triangles made by connecting midpoints of adjacent sides of P (which will 
be referred to hereafter as the “midpoint corner triangles”) each has 1/4 the area of 
the corresponding corner triangle, so that 


¥ area(midpoint corner triangles) < 7 atea P. 


Adding area P’ to both sides of this inequality and noticing that P’ and the 
midpoint corner triangles together make up P, we get 


1 
area P < 5 area P + area P’ 


or 


1 
ZT. 
area P 2 
It is possible to attain this minimum ratio of 5 by setting FE, = E,= --- = &,,. 
Case 5. n= 5, Maximum Area Ratio. Given a convex pentagon, P = 
E, E,E,E,E,, if we could prove that 
area( E,E,E,) < area(E,E,E,) + area(E,E,E,) + area( E,E,£,), 
then, by adding area( E,E,F,) + area(E,E,E,;) to both sides, we could get 


area P < )area(corner triangles) 


or 
1 ° e e 
q area P < ) area(midpoint corner triangles) 
and it would follow, after adding area P’ to both sides, that 


— area P + area P’ < areaP or area P’/areaP < 7 
We will show that by choosing a suitable labelling of the vertices of P, we can prove 
the stronger result, that 
area( E,E,E,) < area( E,E,E,) + area( E,E;E,). (1) 
In the convex pentagon, P, there must be a pair of adjacent angles that add to 
more than 7 since the average sum of pairs of adjacent angles in a pentagon is 
67/5. Assume ZE, + ZE, > 7. (see FIGURE 1). This implies that the extension of 
E,£, beyond E, and the extension of E,E, beyond E, intersect. Draw the lines 7, 
and ¢, through E, and parallel to E,E, and E,E,, respectively. Draw E,E;. Pick a 
pomt, D, on E,E, so that it is inside the parallelogram formed by ¢,, @,, and the 
extensions of F,E, and E,E,. Draw lines through E, and through FE, parallel to 
E,£,. By performing a reflection of the picture if necessary, we can assume FE, is 
closer to E,E, than E,, is. 
We establish some inequalities: 


area( DE,E,) < area( DE,E,) (2) 


because they share a common base, DE;, but E, is farther away from that base. 
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Likewise, for the base EE, 

area( E,E,D) < area( E,E,E,), (3) 
and, for the base E,E, 

area( DE,E,) < area( E,E,E,). (4) 
Now (2) and (4) yield area( DE,E,) < area(E,F,E,). By adding (3) to the last 


inequality we get (1) and thus area P’/area P < 3. 
It is possible to attain this maximum ratio by setting EF, = E, and E, = Ej. 


Case 6. n => 4, Maximum Perimeter Ratio. An n-gon, P = E,E, --: E,, which 
has FE, = E, and E,= E,= -:: = E, will have perim P = perim P’. 

It is impossible to get a ratio larger than one since, by the triangle inequality, the 
length of one of the sides of P’ is at most that of the two half sides of P that it 
replaces. (This argument works even if P is not convex.) 


Case 7. n= 4, Minimum Perimeter Ratio. Given an n-gon, P = E,E, --- E,, 
let D, be the point of intersection of E,,E, and E,£,, and in general, D, the point of 
intersection of E,_,E,,, and E,E,,.5, where the subscripts are taken mod n. (See 
FIGURE 2). By the triangle inequality, 

E,E, < D,E, + E,D, 


E,E, < D,E, + ED, 


EE, < D,E, + E,D,. 


FIG. 1. 
FIG. 2. 


Also, 0 < D,D, + D,D, + --- +D,D,. Adding, we obtain 
perim P < (D,E, + E,D,) + D,D, + (D,E; + E,D,) + D,D, + --- 
= D,E, + (E,D, + D,D, + D,E,) + (E,D, + D,D,; + D,E,) + --- 
= E,E,+ E,E,+--: +E,E, 
= 2perim P’, 
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SO 


Oe ian 


perim P’/perim P > 
If E,E,,..., E, 
1/2 perim P. 


Solved also by David Callan and jointly by G. Arnold, V. Konecity, and R. Shepler. Partial solution 
by P. L. Hon (Hong Kong). 


is a polygon with £, = E, - = £E, then perim P’ = 


Functions with the Darboux Property 


E 3191 [1987, 181]. Proposed by Gheorghe Rdutu, Centre of Mathematical Statis- 
tics, Bucharest, Romania. 

Find all functions f: R — R which have the Darboux property and which satisfy 
the equality 


f(x+y)=f(x+f(y)) 
forx, yER. 


Solution by Adam Riese, Wright State University, Dayton, OH. 

We show f must be a constant or the identity function. The range of a Darboux 
function is connected, and thus is an interval. Let a and b be the infimum and 
supremum of the range of F. With x = 0, the condition of the problem yields 
f(y) = f({()). This implies x = f(x) for x € (a, b). 

First suppose a is finite and f is not a constant. Since f(x) = x for x € (a, b) 
and f is Darboux, f(a) = a. If f is not a constant, then f(x) = x on an interval 
[a, a + 2d] for some d > 0. In this case, any value of ¢ with 0 <¢ <d satisfies 
f(a —t)=a+s for some s with s >d (s <d leads to the contradiction a = 
f@it+a-ty=f(tttat+s)=a+s+t). However, f(a —t)>a-+d forall ¢ in 
(0, a) and f(a) = a contradict the Darboux property. Hence a = — oo if f is nota 
constant, and similarly b = oo, and hence f is the identity. 


Editorial Comment. The term “Darboux property” should have been defined in 
the statement of the problem. It is the intermediate value property, meaning that if 
f(x) = A and f(y) = B, then on the interval between x and y the function f takes 
every value between A and B. V. C. Williams and E. A. Enneking noted that 
f(x) = x —|x] 1s a solution to the functional equation but does not satisfy the 
Darboux property. 


Solved also by S. F. Barger, R. B. Eggleton, O. P. Lossers, M. J. Reed, jointly by V. C. Williams & 
E. A. Enneking, and the proposer. One incorrect solution was received. 


Maximal Sets of Dispersed Vectors 


E 3206 (1987, 373]. Proposed by Chico Problem Group, California State Univer- 
sity, Chico. 


Let S = {x, X2,..., x,} be a set of n nonzero vectors in R% such that x, - x, < 0 
whenever 1 <i <j <n. 
(a) Prove that n < 2d, and characterize those S for which n = 2d. 
(b) What if x; - x, < 0 is replaced by x; + x, < 0? 
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Solution by David M. Wells, Pennsylvania State University, New Kensington. 

We will verify two assertions simultaneously by induction on d: 

1) n < 2d, with equality if and only if half of the vectors S form an orthogonal 
basis for R¢ and the rest are negative multiples of these. 

2) If x;-x,< Ofori #/j, thnn<d+1. 

Both assertions are true for d = 1. Now suppose d > 1, and let S = {x,,..., x,} 
be a largest set of the desired type. Choose an orthogonal basis for R% in which the 
coordinates of x, are (—1,0,...,0). Let a; be the first coordinate of x,; note a; > 0 
fori<n. Let P={yER% y-x, = 0}, and let y, = Projp x;. We can now verify 
both assertions. 

1) y,° yj, = X;° x; — aja; < x;- x, < 0, so by the induction hypothesis there are 
at most 2d — 2 nonzero vectors in S’ = { y,,..., y,-,}. Thus n < 2d, with equality 
only if S’ has 2d — 2 nonzero vectors and y, = 0 for some i < n. In this case x, is a 
negative multiple of x,, so x, is orthogonal to P, and all vectors in S except x, and 
x, lie in P. 

2) If x,;-x,<0 for i#/j, then y,-y, <0 also. By the induction hypothesis, 
there are at most d vectors in { y,,..., y,-1},son<d+t1. 


Editorial comment. Several readers supplied examples achieving the bound in part 
(b). For example, Ilan Kozma suggests x,,, =(-1,...,—1) and x, = 
(-1,...,—1,7,0,...,0) for i < n, where the positive coordinate is the ith coordi- 
nate. Then x;- x, = —1 for i #j. 

Also solved by C. Blankespoor, J. Ferrer (Spain), T. Jager, L. R. King, I. Kozma (Israel), O. P. 


Lossers (The Netherlands), N. Martin (part a only), A. Pedersen (Denmark), J. H. Steelman, Y. L. Wong, 
Univ. of South Alabama Problem Group, Northridge Problem Solving Seminar, and the proposers. 


A Reluctant Random Walk 


E 3213 [1987, 548]. Proposed by D. M. Bloom, Brooklyn College, CUNY. 


As in Problem E 2276 [1971, 78; 1972, 90], we consider the “Ehrenfest urn” game 
in which players A and B have between them n cards labeled 1,2,...,. At each 
move, one of the numbers 1,2,..., 2 is chosen at random and the player who has 
the card with that number must give it to the other player. The game continues until 
one player has all the cards. Prove that the expected length of the game is 

(a) 2”-! — 1 if A initially has exactly one card. 

(b) 2”~' — 1(n + 1) if A is equally likely to start with any number of cards in 


{1,2,..., 2}. 


Solution by Bruce R. Johnson, University of Victoria, B.C., Canada. 

Let e, be the expected length of the game, given that player A starts with j 
cards; we derive a recurrence relation for e,, Conditioning on the outcome of the 
first move yields 


wyatt yd 
ec. = + yy sth + yin? 


which we rewrite as 


e;-e@ y= role, 417 @;) forl<sj<n-1. (1) 
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Applying this recursively yields 


a-eon {2 (7) 


In this expression at j=n-—1, use e7 =e, = 0, e,_, = e,, and the binomial 
formula to simplify this to e, = 2”~! — 1, proving (a). 
To prove (b), multiply both sides of (1) by j and sum over / to obtain 


+ ("7 Nee) forl<j<n-1. 


Lite —-e,_,)=(n-1)n+ z (n —j)(€;41 — e;)- 


Combining consecutive terms in the sums simplifies this to 
n—-1 n 
ne,»—- d,e;=(n—1)n—ne,+ Jie. 
j=0 j=l 


Using e, = e) = Oand e,_, = e, = 2""' — 1, collecting like terms, and dividing by 
2n yields (1/n)L*_,e; = 2""* — (n + 1)/2, as desired. 

This game has a large expected length, because the player losing is the favorite to 
win the next move, the further behind the stronger the favorite. Also, the expected 
length does not change much as a function of the initial distribution. For example, 
if n = 10, then e, = e, = 511, e, = eg = 5663, e,; = e, = 5794, €, = e. = 583}, 
and e, = 5843. 

Also solved by J. Fitch, O. P. Lossers (The Netherlands), L. E. Mattics, D. Neuenschwander 


(Switzerland), A. Pedersen (Denmark), H. L. Stubbs, Western Maryland College Problem Group, and the 
proposer. One partial solution was received. 


How to Gamble If You Must 


E 3219 [1987, 680]. Proposed by Daniel Rawsthorne, Silver Spring, MD. 


A gambler has no money, but the host of the casino generously allows him to 
play 100 games of the following type. He may either (1) choose to accept one dollar 
with no risk or (2) choose an integer n > 1, whereupon he wins n dollars with 
probability 2/(n + 1) or loses one dollar with probability (n — 1)/(n + 1). (He 
must have at least one dollar to choose option (2).) What is an optimal strategy for 
the gambler if he wishes to leave with $200 or more, and what is his probability of 
success using that strategy? 


Solution by Carl Schoen, University of Wisconsin, Eau Claire. 

The player should choose n = 1 (certain one dollar win) on each odd play and 
n = 99 + k on play k, where k is even. He should continue this until winning on an 
even play; from this point on he should choose n = 1 for each of the remaining 
plays. His probability of $200 is then exactly .5. 

For any chosen option, the player’s expected win is one dollar on a single play. 
Therefore, after 100 plays, his expected total win W is 100, regardless of strategy. 
Since W > 0 always, the probability of W > 200 therefore cannot exceed .5 for any 
strategy, and can equal .5 only if W= 200 and W=0 are the only possible 
outcomes. 
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We show that the strategy described above is the only strategy that achieves this. 
If W = 200 or W = O are the only outcomes of the strategy, then after 99 plays the 
total must be 1 or 199, and on the 100th play the player must choose n = 199 or 
n = 1, respectively, since any other situation yields positive probability for some 
other value of W. If 1 and 199 are the possible totals after 99 plays, then the 
possible totals after 98 plays must be 0 or 198, and the player must choose n = 1 on 
the 99th play, for the same reason. In general, if 0 and 100 + k are the only possible 
outcomes after the kth play, with k even, then the total before that play must be 1 
or 99 + k, and the player must choose n = 99 + k or n = 1, respectively. Similarly, 
if 1 and 100 + & are the only possible outcomes after the kth play, with k odd, then 
the total before that play must be 0 or 99 + k, with the player choosing n = 1 on 
the kth play. Following this backward yields the strategy described above. 


Also solved by F. T. Bruss, A. Gorfin, J. W. Grossman, C. Hurd, R. Jacobson, J. Lawrence, O. P. 
Lossers (The Netherlands), W. A. Newcomb, and the proposer. Partially solved by C. Aschbacher. Three 
incorrect solutions were received. 


Within e of Fermat’s Last Theorem 


E 3223 [1987, 681]. Proposed by the editors (a modification of a problem proposed 
by the late William F. Eberlein). 


Given real numbers ¢ > 0 and p > 1, show that for all sufficiently large positive 
real numbers K the curve x? + y? = K? comes within distance e of a point with 
positive integral coordinates. 


Solution I by Timothy S. Lewis, Eastman Kodak Company, Rochester, NY. Given 
e and p, choose K large enough so that 


(nec ; 


Let m =[K — 1] and n=[L-— 1], where L = (K? — m”)'/”. The distance from 
(m,n) to the curve is less than the horizontal distance from (m,n) to the line 
tangent at (m, L); call this horizontal distance h. The slope of the curve at (m, L) is 
—(m/L)?~, so 
K? (p-1)/p 
h=(L- n)(L/m)?~* =(L- Dr — 1 
m 


Since L — n < 1 and m= K — 1, this quantity is bounded by the left side of (*). 
Solution II by the editors. As x runs from 0 to (2pK’~+)'/””, y decreases from K 
to K — 2 + O(1/K). Furthermore, on this interval 


ion 


dy 
dx 


y K—3 


Since y varies in steps of at most O(K“~?)/?), it must come within O( K“~”)/?) of 
| K — 1] for an integral value of x. 


p-l 
| = O(K“~?)/?), 
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Editorial Comment. Delany located a suitable point near the line y = x. Delany 
and Lossers noted that the result also holds for 0 < p < 1. 


Solved also by J. Delany, O. P. Lossers (The Netherlands), S. Phillip, J. Sturm, and the University of 
South Alabama Problem Group. 


ADVANCED PROBLEMS 


6592. Proposed by Adolf Hildebrand, University of Illinois at Urbana-Champaign. 


For positive real k let o,(n) denote the sum of the kth powers of the (positive) 
divisors of the natural number n. Show that there exists a number k, satisfying 
1 < ky < 2 such that 

(i) if k > ko, then {o,(n + 1) — o,(n)}(-1)"*' > 0 for all sufficiently large n, 

(ii) if O<k<k,o, then {o,(n + 1) — 9,(n)}(—1)"*! changes sign infinitely 
often. (Cf. Problem 6555.) 


6593. Proposed by Michel Balazard, Limoges, France. 


Suppose E is a two-dimensional vector space of continuous real-valued functions 
on [0,1] such that for every x € [0,1] there exists g in E with g(x) # 0. 
Suppose § is a nonempty subset of E such that 


G(x) = supg(x) < +0 
ges 


for every x € [0,1]. Show that G is continuous and give an example to show that 
the result fails if E is three-dimensional instead of two-dimensional. 
6594. Proposed by Stephen M. Gersten, University of Utah, Salt Lake City. 


Let G, A, and B be groups with A and B both free groups. Let ¢: A ~ G*B 
be a homomorphism and let a: G*A > G*B be given by a = (i, ¢), where i is the 
injection G — G * B; that is 


(1,6): 814) + 8y4n > 86(4)) +> 8,6(4,). 
Consider a commutative diagram 
G+A—>G*B 


Jn |n 


A —,.— B 


where the vertical arrows send G to {1} and are the identities on A and B, 
respectively. Prove that if B is injective, then a is also injective. 


SOLUTIONS OF ADVANCED PROBLEMS 


6540 [1987, 303]. Proposed by Mo Song-Qing, Institute of Applied Physics and 
Computational Mathematics, Beijing, China. 


Suppose x is a given real number greater than 1. Let a, = |x"| for n = 1,2,..., 
where |x| is the integral part of x. Let S be the infinite decimal S = 0. a,a,a3..., 
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where the notation indicates the expansion formed by writing down the decimal 
digits of a,, a,, a3,... in turn. (For example, if x = 7, then S = 0.393197... .) Is it 
possible for S to be rational? 


Solution by Michael Filaseta, University of South Carolina, Columbia. It is 
impossible for S to be rational. For every positive integer m there is an e > 0 
sufficiently small so that 10° is in the interval [1,1 + 10~”]. Next, for every such m 
and e and for every a > 0 there are infinitely many positive integers n such that 
|na] >m and {na}, the fractional part of na, is in the interval [0, e). For 
a = logi) x, k =|na], and n as above we see that 


y=x"=10%= 10!"#179 ("93 < 10*105 
satisfies 
10* < y< 10* + 10*-". 


Hence |x”| begins with the digit 1 followed by at least m zeros. Hence the decimal 
expansion of S$ has arbitrarily long blocks of zeros, a conclusion slightly stronger 
than irrationality. 


Editorial remark. All solutions received were essentially the same as Filaseta’s. 
Filaseta also provided some other related results. For example, let f be an integer 
valued arithmetic function such that as n > oo we have limsup f(n) = oo, but 
f(n + 1)/f(n) < y10 for n sufficiently large. Then 0. f(1)f(2)f(3)... is irrational. 
He also mentioned some further analogues due to Carl Pomerance. 

Special cases of the result of this problem were given by various authors in the 
Journal of Number Theory, 13 (1981) 268-269, 19 (1984) 248-253, 25 (1987) 
211-212. 


Solved also by Neal Felsinger, Bruce Reznick, and The University of South Alabama Problem Group. 


REVIEWS 


EDITED BY JOSEPH KONHAUSER 
Department of Mathematics, Macalester College, St. Paul, MN 55105 


Littlewood’s Miscellany. Edited by Béla Bollobas. Cambridge University Press, 
Cambridge, 1986, viii + 200 pp. 


RALPH P. Boas 
Department of Mathematics, Northwestern University, Evanston, IL 60201 


Unless you are not only a mathematician, but also either over 50 years old, or a 
specialist in certain branches of classical analysis, you may never even have heard of 
J. E. Littlewood. (Not long ago, he was mentioned in an article in Science, but that 
article mistakenly gave him the wrong initials. I wrote in to correct the error, and 
was told that nobody élse had noticed it.) However, up to about 1940, classical 
analysis was dominated by three mathematicians, who were, as one of my teachers 
put it, G. H. Hardy, J. E. Littlewood, and “Hardy and Littlewood.” There is a story 
(not included in this book) that some 75 years ago Landau thought that Littlewood 
was a pen name for Hardy, who (in this interpretation) wanted not to seem to be 
dominating British analysis. (Indeed, for many years Hardy had a paper in every 
volume of the Proceedings of the London Mathematical Society.) In search of an 
existence proof, Landau visited Cambridge, saw a great deal of Hardy, nothing of 
Littlewood, and returned to Gottingen convinced of the truth of his conjecture. Of 
course, Littlewood was real, and was (even without counting his joint work with 
Hardy) one of the most important analysts of his day. 

The popular stereotype of a mathematician may have been influenced by the 
publicity about Einstein, who was of course a great physicist but an indifferent 
mathematician. A mathematician is expected to look unworldly, and peculiar in 
some respect—either retarded or very brilliant, as one novelist put it. However, 
when I first saw Littlewood in 1938, I thought that he looked more like a teller in a 
bank than like a mathematician. The new edition of his book has several photo- 
graphs of him at various ages. In the one of him lecturing (page 14) he seems to 
have stopped to think; when he did this, he stood absolutely still. Hardy, on the 
other hand, was constantly in motion. There is no truth—on Hardy’s own evidence 
—that Hardy (in the same situation) ever said, “It’s obvious... Is it obvious?’’, left 
the room for fifteen minutes, and then returned saying “Yes, it’s obvious.” You 
need to understand that “obvious,” as used by Hardy and Littlewood, meant 
something like “It seems plausible, and a moment’s thought will suggest a proof.” 
Of’course, a “moment” for Hardy or Littlewood would have been much longer for 
the average listener. 

The year when I was in Cambridge Littlewood was lecturing on complex analysis. 
There was, in those days, no way to find out what he had to say except to attend his 
lectures. There was no photocopying and none of the modern exchange of preprints. 
Part of Littlewood’s book on complex analysis had existed in galley proof for many 
years, and copies of it circulated in Cambridge, but it was not published until 
several years later. There existed a “Guide to the Literature of Mathematics and 
Physics”; it was about the size of the Combined Membership List, but half its 


167 


168 RALPH P. BOAS (February 


thickness, and included practically all the books there were; and a reasonably 
well-informed mathematician would have at least heard of all of them. 

Indeed, the world in which Hardy and Littlewood flourished was not only 
smaller than ours, by a factor of at least 10, but simpler. Hardy could, and always 
did, submit handwritten manuscripts to the printer. Examinations (many fewer than 
we are accustomed to) were set in moveable type and printed. Mathematicians 
enjoyed a much higher status in Great Britain than they do here and now, as the 
preface to this book brings out (but their salaries were not all commensurate with 
their status). 

Ph.D.s were less common than in the United States, and much less common than 
they now are. Neither Hardy nor Littlewood had a Ph.D., although by 1938 a 
demand for the Ph.D. had developed even at Cambridge, and both of them directed 
Ph.D. candidates. It was explained to me that there was a higher degree, the Sc.D., 
that you could apply for on the strength of your published work. Since people like 
Hardy and Littlewood obviously qualified, there was no reason for them to apply 
unless they had wanted the more spectacular academic robes that went with the 
Sc.D. Hardy, at least, had little respect for the Ph.D. degree, and was not above 
writing a thesis for a student. One such student then asked Hardy to give him a 
letter saying that he had written a good thesis, so that he could get a better job in his 
own country. This, Hardy could not conscientiously do, but he advised the student 
to show the thesis to Littlewood; Littlewood saw that it was a good thesis, wrote the 
letter, and the student got the job. I once repeated this story to a compatriot of the 
student’s, and he said, ““Oh, I know that man”; but he wouldn’t tell me who it was. 

Hardy used to describe how difficult it was for his generation to learn Lebesgue 
integration. Littlhewood was younger, but it is clear from his account of his 
mathematical education that he too had to learn it after he was a well-established 
mathematician. They must have studied it in French, and always said “p.p.” 
(presque partout) for “almost everywhere.” Littlewood, even in his fifties, was quite 
receptive of new ideas. One day I was in the mathematics library (which was kept in 
the quarters of the Cambridge Philosophical Society), glanced at the new journals, 
and saw nothing promising. A little later, Frank Smithies came in and asked if there 
were any interesting new journals. “No,” I said, “only the Proceedings of the Lund 
Physiographical Society.” Frank went over, opened the Proceedings, and found 
Thorin’s proof of the Riesz convexity theorem, which created great excitement in 
Cambridge. The proof so fascinated Littlewood that it is described, in his own 
inimitable style, in this book. 

Littlewood’s book was originally published in 1953 as A Mathematician’s Miscel- 
lany. (The first edition was originally turned down by the publisher that now 
publishes the revised edition.) It is very different from most books on mathematics 
for a wide audience, partly because not all of it even pretends to be about 
mathematics. It was intended to be entertaining, and there is something in it to 
entertain almost everybody. There are some examples of mathematics with mini- 
mum raw material; some technically elementary but more difficult mathematics; an 
account of Littlewood’s own mathematical education; and a delightful essay on 
large numbers. Some of the chapters are full of gossip (not all of which is intelligible 
in another place and time); some are full of witty remarks (not all by J. E. L.). 

One essay is on the discovery of the planet Neptune. Here Littlewood describes 
how he would have gone about discovering Neptune (more simply than Adams did). 
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This may seem surprising, but less so if you realize that the undergraduate 
curriculum in Littlewood’s Cambridge included a great deal of applied mathematics 
and mathematical physics. This was still true three decades later. My friend Frank 
Smithies did his undergraduate work at Edinburgh (which had much the same kind 
of curriculum) at about the same time that I was at Harvard, but when we met I 
discovered that he was about two years ahead of me: he knew everything that I did, 
plus all that applied mathematics. 

Another essay speculates about how Newton discovered the facts about the 
gravitational attraction of a sphere. There are also some notes on ballistics, and a 
discursus on how not to write mathematics—the last includes a devastating parody 
of a style that has unfortunately not yet completely disappeared. The editor has 
added a substantial amount of material that Littlewood amassed after 1953, many 
photographs, and a very informative biographical preface. (On p. 6, the reference to 
p. 100 should be to p. 110.) 


Forever Undecided: A Puzzle Guide to Gédel. By Raymond Smullyan. Alfred A. 
Knopf, Inc., 1987, xu + 257 pp. 


CRAIG SMORYNSKI 
Mathematical Institute, State University of Utrecht, The Netherlands 


A few years ago the Annals of Mathematical Logic underwent a name change: it 
is now the Annals of Pure and Applied Logic. I, for one, do not like the new name. It 
follows, does it not, that if there are pure and applied logics there must be pure and 
applied logicians, just as there are pure and applied mathematicians? And will it not 
also follow, as it has in mathematics, that these two groups will not speak to each 
other? I beg all readers to swamp the APAL (an appalling acronym) editorial board 
with mail asking to change the name back and preserve the status quo. For, as I 
hope to illustrate below, the difference between pure and applied logic is merely one 
of where the application lies—in the sacred world of mathematics or the profane 
world of everyday affairs. The two types of applications use the same tools and can 
be made by any logician—not only by narrow specialists of the pure or applied 
variety. 

Let me begin with an example from “applied logic.” As is well known, the 
United States and the Soviet Union almost share a common border. The Bering 
Strait cuts the two countries off where they very nearly touch. A little farther to the 
south, protruding from the southern end of Alaska and sprinkling themselves 
westward into the Pacific, are the Aleutian Islands. Off the Russian mainland (to be 
more exact, off the Kamchatka Peninsula) are also islands. What is not very well 
known, and has until recently been an official secret shared by Russia and the 
United States, is that lying amidst all these islands is one inhabited both by 
Russians and Americans. 

Human beings being what they are, among the island’s population are patriots 
and traitors. Now, it so happens that patriots always and only speak the truth to 
their compatriots, while traitors always and only speak the truth to those of the 
opposite nationality. To avoid confusion, both countries have agreed to allow no 
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visitors of any third nationality to the island, be they pro-Soviet, pro-American, or 
neutral. 

Thus far I have merely recited a few geopolitical facts, interesting in themselves, 
but of no particular logical significance. Indeed, it might even appear to be a 
situation in which the special talents of the mathematical logician are of no 
particular relevance. Appearances are, however, often illusory. That mathematical 
logic can profitably be brought to bear on the subject becomes apparent by 
reflecting on the following: 


Gedankenexperiment 1. Imagine yourself visiting this island. While wandering 
around you happen across a native. As the island is very far north, it can get quite 
cold and the native has buried himself under so many layers of clothing that you 
cannot judge by the costume whether he is an American or a Russian. A bit 
thoughtlessly you ask, “Are you an American or a Russian?” The native looks at 
you, spots your nationality immediately, replies, “I am a Russian,” and leaves 
before you realize that you still have no idea if he is Russian or American. As you 
stand there and think about the situation for a while, it suddenly occurs to you that 
you do know whether the native was a patriot or a traitor. Which was he? 

The most rudimentary ability to reason will solve the above puzzle. It is not the 
example of applied logic I spoke of. Indeed, although the island I referred to does 
exist and the Americans and Russians on the island have achieved the accom- 
modation described, the puzzle itself is just a Gedankenexperiment: it does not 
describe reality and, therefore, is not applied logic. The application comes with the 
logical analysis of how Americans and Russians reason in solving this puzzle. This 
analysis yields the following: 


Amazing Fact. Americans and Russians give different solutions to the puzzle of 
Gedankenexperiment 1. 

The proof of this is quite simple and I omit it. 

The interest in this fact is not so much in the details of the proof but in that it 
has a proof at all. One might compare it to the proof of ‘the existence of 
Feigenbaum’s number 4.6692016...; this important physical constant can be shown 
to exist and, indeed, calculated to any desired degree of accuracy—all by pure 
thought. In the case at hand, one might suspect on empirical grounds—e.g., the 
general disagreement between Russia and the United States on major international 
issues—that Russians and Americans reason differently. Indeed, the disparity of 
world views of the two nations makes such a difference not merely plausible, but 
even probable. And now, through pure thought, mathematical logic provides a proof 
of this difference. 

Whenever one problem is solved, another generally arises. We know that Ameri- 
cans and Russians reason in different manners. Which of the two is more rational? 


Gedankenexperiment 2. Imagine yourself on the island again. This time a native 
approaches you and says, “If I’m an American traitor or a Russian patriot, then you 
are an American.” What should you make of this? 

Given our first Gedankenexperiment, the following fact should no longer amaze 
the reader. 


Fact. Americans will have no difficulty seeing that the native is telling the truth; 
a Russian will find the situation paradoxical. 
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We can see this quite easily. An American will reason as follows: “Whatever this 
fellow is, he has asserted a sentence of the form ‘p implies g,’ where g is true. 
Therefore, he is telling the truth.” A Russian, on the other hand, will reason along 
the following lines: “If this fellow is an American traitor or a Russian patriot, he 
will tell me the truth. But then his statement is of the form ‘p implies g’ with p true 
and g false, which cannot be. Therefore, this fellow is either an American patriot or 
a Russian traitor and is asserting an implication of the form ‘p implies qg’ with p 
false. But that means he is telling me the truth and must be an American traitor or a 
Russian patriot, which I have already ruled out. This makes no sense.” 

The discovery of such satisfying truths is, in pure science, an end in itself. (This is 
not so in applied science, where the goal is often to effect some change in the world. 
When one dips into applications, however much a purist one may be, one has a 
responsibility to apply one’s results to the betterment of mankind. In the present 
case, one must analyze the implications that our knowledge of Russians’ inferior 
mental abilities should have on such issues as negotiating treaties, funding scientific 
exchanges, and so forth. As this is hardly the place for me to elaborate on these 
matters, I refer the reader to my forthcoming monograph, entitled Beyond Detente; 
A Puzzle Guide to Geo-Political Realities, where such things are worked out in 
detail.) 

Now I would like to shift gears, as it were, and consider a piece of pure logic. The 
point is, of course, that the same logical tools used in applied logic are useful in pure 
logic. In fact, the technique I applied above originated in highly abstruse, pure logic. 
To be specific, the technique comes from that branch of logic known as logical 
puzzle theory—or, more popularly, puzzle analysis—which was invented by Ray- 
mond Smullyan, whose monographs on the subject have been widely read and 
translated into several languages. 

Smullyan’s latest book, Forever Undecided, applies the techniques of puzzle 
analysis to Gedankenexperiments on natives of an imaginary island. Because he is 
able to create his own island, Smullyan is able to make the simplifying assumption 
that there are only two types of natives—knights, who always tell the truth, and 
knaves, who always lie. 


Gedankenexperiment 3. Suppose you visit Smullyan’s island and a native says to 
you, “You will never believe I’m a knight.” Suppose, whether you realize it or not, 
you believe only true assertions. Is the native a knight or a knave? Will you ever 
believe the answer? 

The answer is that (i) the native is a knight, (ii) you won’t believe he is a knight, 
but (iii) you won’t falsely believe he is a knave. Thus, there is an assertion which you 
will neither believe nor disbelieve (believing the native to be a knave amounts to 
believing him not to be a knight), i.e., you will remain forever undecided about this 
assertion. | 

The proof is fairly simple: if the native were a knave, he’d be lying and you 
would eventually believe he was a knight. Since you only believe true things, this 
cannot be the case. Thus, the native is a knight. Thus, what he says about your never 
believing him to be a knight is true. As for your never believing him to be a knave, 
this follows once again from the fact that you only believe true things. 

A small change in the assumption of the Gedankenexperiment yields a different 
conclusion. If, for example, you believe that all your beliefs are true, then you 
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believe some false things. In fact, if you believe you are consistent, then you must 
believe yourself to be inconsistent! 

A few words about interpretation: This is pure logic, not applied. It falls short of 
an application to epistemology because of the imaginary nature of the island and its 
oversimple picture of human nature. It does, however, apply to pure logic. This 
Gedankenexperiment can be modelled in formal systems containing some arithmetic 
to yield Gédel’s First Incompleteness Theorem (any true formal theory containing 
enough arithmetic is incomplete); and the modified form yields the Second Incom- 
pleteness Theorem (any consistent formal theory containing enough arithmetic 
cannot prove its own consistency). Indeed, one may view this monograph not so 
much as a treatise on puzzle analysis as an exposition of Gédel’s theorems and 
related results. 

Inevitably, there arises the question of comparing Smullyan’s exposition of 
Géodel’s theorems to the other leading expositions. Here goes: The slim volume, 
Gédel’s Proof, by E. Nagel and J. R. Newman can be read very quickly, but their 
wavering between presenting the details of coding and not presenting the details 
tends to mystify the proof rather than to de-mystify it. Moreover, the situation is 
not helped by their unconvincing philosophical remarks. Smullyan avoids both 
pitfalls by (i) omitting all the details of the arithmetization, and (11) avoiding 
philosophy altogether. 

If Smullyan beats Nagel and Newman, hands down, the contest with Douglas 
Hofstadter’s Gédel, Escher and Bach and Rudolph von Bitter-Rucker’s Infinity and 
the Mind is far from decided. These two books include the philosophy and the 
details, and much, much more, Hofstadter even including the kitchen sink. On the 
other hand, Hofstadter’s book does run 777 pages, and both of these books offer 
rather more speculation than many professionals find comfortable. 

In a nutshell, I would recommend Smullyan for high school students and 
Hofstadter and Rucker for more advanced students and nonspecialist professionals. 
I am, as already noted, less pleased with Nagel and Newman, and, in any event, 
their booklet is now out of date. 

I shall finish with a couple of mild criticisms of Smullyan’s book. On page 110, 
he says, “I, of course, am certainly all for popularization, providing the populariza- 
tion is not inaccurate.” Yet on p. 84 he says that he is not sure it is possible for a 
person to be peculiar in the sense that one can believe a proposition p and yet 
believe that one doesn’t believe p. This is exactly the sort of error that the 
insularization of purists and applicists causes to arise. Any logician with an eye 
toward applications would quickly cite Baire, Borel, and Lebesgue as examples: 
These men surely believed the axiom of choice—they used it readily enough; yet 
they believed they didn’t believe it—they publicly declared it to be false. 

Again, because of his snobbishly-purist attitude, Smullyan has overlooked im- 
portant epistemological applications. Had he referred to a real island, like the one 
of Gedankenexperiments 1 and 2, he would have asked himself important (still 
open) questions like: Is there a proof of Géddel’s Theorem that Americans under- 
stand but Russians find paradoxical? Is there a proof of Gédel’s Theorem that 
Russians find paradoxical, but the proof that they find it paradoxical is itself 
paradoxical to the Americans? 
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ography is attached. SG 


Algebra, P. Lecture Notes in Mathematics-1520: 
Semigroups: Theory and Applications. Ed: H. 
Jirgensen, G. Lallement, H.J. Weinert. Springer- 
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covers the standard topics with an emphasis on nu- 
merical and approximation technqiues. Techniques 
of integration are down-played. In the end, however, 
this text might be one which covers too much, too 
fast. MR 


Real Analysis, T(15-16), L. Introduction to Real 
Analysis. John DePree, Charles Swartz. Wiley, 
1988, xi + 355 pp. [ISBN: 0-471-85391-7] Recog- 
nizes the trend to merge the traditional advanced 
calculus and the first real variables course. Begins 
with real numbers and sequences, moves quickly to 
R® for half of the book, then on to complete metric 
spaces for concepts of compactness, connectivity, and 
the Stone- Weierstrass Theorem. The gauge integral 
follows quite naturally from the Riemann integral, 
but permits covering the Lebesgue theory. Attrac- 
tive book. AWR 


Differential Equations, P. Lecture Notes in 
Mathematics-1338: Non-Oscillation Domains of Dif- 
ferential Equations with Two Parameters. Angelo 
B. Mingarelli, S. Gotskalk Halvorsen. Springer- 
Verlag, 1988, xi + 109 pp, $13.10 (P). (ISBN: 0- 
387-50078-2] A differential equation is disconjugate 
(non-oscillatory) if every solution has at most one 
(finitely many) zeros. This is a study of the topo- 
logical properties of the set of parameter values for 
which a certain two parameter family of linear sec- 
ond order differential equations is disconjugate or 
non-oscillatory. Vector equations and integral equa- 
tions are also considered. Applications to Sturm- 
Liouville. SP 


Differential Equations, T(14: 1). A First Course 
in Differential Equations with Applications, Fourth 
Edition. Dennis G. Zill. PWS-Kent, 1989, xii + 484 
pp. ([ISBN: 0-534-91568-X] The scope and emphasis 
of the original edition (First Edition, TR, August- 
September 1980) remain the same, but new features 
of this edition include expanded biographical foot- 
notes, many new problems and examples, a new sec- 
tion on LRC circuits, and a revised treatment of 
complex eigenvalues for linear systems. A table of 
integrals has been included in the endpapers. (Sec- 
ond Edition, TR, March 1983; Third Edition, TR, 
February 1987.) CE 


Differential Equations, P. Matched Asymptotic 
Ezpansions: Ideas and Techniques. P.A. Lagerstrom. 
Appl. Math. Sci., V. 76. Springer-Verlag, 1988, xii 
+ 250 pp, $39.95. (ISBN: 0-387-96811-3] Discus- 
sion of selected topics and techniques in the use of 
matched asymptotic expansions for singular pertur- 
bation problems. Focus is on development of con- 
crete examples, rather than rigor and completeness. 
Topics include classical model equations for fluid me- 
chanics, layer type problems. RM 

Differential Equations, T(14: 1, 2). Differen- 
tial Equations with Boundary- Value Problems, Sec- 
ond Edition. Dennis G. Zill. PWS-Kent, 1989, xv 
+ 671 pp. [ISBN: 0-534-91576-0] Second Edition of 
the expanded version of the Fourth Edition of the au- 
thor’s A First Course in Differential Equations with 
Applications. Some material has been rearranged, 
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some amplified, and some rewritten to improve clar- 
ity. Exercises and problems have been added. Stu- 
dent supplement available. Instructors may obtain 
complete solutions manual from the publisher. A 
middle-of-the-road book well worth a look. (First 
Edition, TR, February 1987.) JK 

Differential Equations, T*(16-17), L*. Differ- 
ence Equations. Ronald E. Mickens. Van Nostrand 
Reinhold, 1987, xii + 243 pp, $41.95. [ISBN: 0-442- 
26076-8] The purpose of this book is to present and 
explain mathematical methods for determining so- 
lutions to linear and nonlinear difference equations. 
The appealing writing style, the inclusion of many 
carefully worked examples, and the importance and 
relevance of the subject matter, makes this book a 
valuable addition to the undergraduate literature. 
No exercises. LCL 


Partial Differential Equations, P. Nonlinear Dif- 
fusion Equations and Their Equilibrium States I & 
IT, Ed: W.-M. Ni, L.A. Peletier, J. Serrin. Springer- 
Verlag, 1988. J, Math. Sci. Res. Inst. Publ., V. 
12, xiii + 359 pp, $34.50 (ISBN: 0-387-96771-0]; I, 
Math. Sci. Res. Inst. Publ., V. 13, xiii + 365 pp, 
$35. [ISBN: 0-387-96772-9] Proceedings of a Micro- 
program held August 25-September 12, 1986 at the 
Mathematical Sciences Research Institute, Univer- 
sity of Minnesota. Focus is on problems with equa- 
tion u; = —u+ f(u) and the equilibrium counterpart 
—u+ f(u) = 0, where f(u) is nonlinear. The fact 
that the proceedings fill two volumes attests to re- 
cent progress in a field once thought to be impossibly 
difficult. RBK 


Partial Differential Equations, P. Mazimum 
Principles and Eigenvalue Problems in Partial Dif- 
ferential Equations. Ed: P.W. Schaefer. Pitman Res. 
Notes in Math. Ser., V. 175. Longman Scientific & 
Technical (US Distr: Wiley), 1988, 230 pp, $54.95 
(P). ISBN: 0-470-21077-X] Proceedings of a confer- 
ence held at the University of Tennessee, Knoxville, 
June 15-19, 1987, which focused on recent results and 
applications of maximum principles and the determi- 
nation of bounds for the spectrum of elliptic partial 
differential equations and systems of equations. Five 
talks by M.H. Protter and eleven contributed lec- 
tures. RBK 


Partial Differential Equations, T(18), S, P. 
Variational Principles and Free-Boundary Problems. 
Avner Friedman. Robert E Krieger, 1988, ix + 
710 pp, $68.50. [ISBN: 0-89464-263-4] Corrected 
reprint of 1982 original edition published by Wiley 
(TR, March 1983). LAS ° 


Partial Differential Equations. Lecture Notes 
tn Mathematics-1324: Partial Differential Equations. 
Ed: F. Cardoso, et al. Springer-Verlag, 1988, viii 
+ 433 pp, $37.10 (P). [ISBN: 0-387-50111-8] Par- 
tial differential equations research papers presented 
at the eighth Latin American School of Mathematics 
held in Rio de Janeiro, July 14-25, 1986. Emphasis 
on microlocal analysis, scattering theory and the ap- 
plications of nonlinear analysis to elliptic equations 
and Hamiltonian systems. RBK 
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Numerical Analysis, T(15-16: 1). Numerical 
Analysis. Ian Jacques, Colin Judd. Chapman 


& Hall, 1987, vii + 326 pp, $34.50 (P); $67.50. 
{ISBN: 0-412-27960-6; 0-412-27950-9] An introduc- 
tory textbook covering the solution of linear and non- 
linear equations, the algebraic eigenvalue problem, 
data approximation, numerical integration, and the 
solution of ordinary differential equations. Solutions 
to all of the exercises are given in the back of the 
book. AO 


Numerical Analysis, P, L*. The Algebraic Eigen- 
value Problem. J.H. Wilkinson. Mono. on Nu- 
mer. Analysis. Clarendon Pr, 1988, xviii + 662 pp, 
$39.95 (P). (ISBN: 0-19-853418-3] A paperback edi- 
tion of this classic reference on numerical linear alge- 
bra. Text is identical to that in the 1978 hardcover 
printing. AO 

Numerical Analysis, P. Sequence Transforma- 
tions. Jean-Paul Delahaye. Ser. in Computat. 
Math., V. 11. Springer-Verlag, 1988, xxi + 252 pp, 
$79.50. [ISBN: 0-387-15283-0] Gives summary of 
sequence transformations and convergence accelera- 
tion. Covers accelerable and non-accelerable families 
of sequences, linear sequences, and automatic selec- 
tion of sequence transformations. SP 


Numerical Analysis, §(15), L. Numerical Meth- 
ods, with Applications in the Biomedical Sciences. 
E.H. Twizell. Math. & Its Applic. Halsted Pr, 1988, 
339 pp, $69.95. [ISBN: 0-470-21002-8] Written for 
undergraduate mathematics students and for those 
in biomedical sciences who need an introduction to 
numerical analysis. Chapters on linear and nonlinear 
systems, interpolation and approximation, differenti- 
ation and integration, and several chapters on differ- 
ential equations. Few proofs of theorems, but many 
explanations, examples, and exercises. Calculus and, 
ideally, linear algebra are prerequisites. GG 
Numerical Analysis, P. Reliability in Computing: 
The Role of Interval Methods in Scientific Comput- 
ing. Ed: Ramon EB. Moore. Perspectives in Comput., 
V. 19. Academic Pr, 1988, xv + 428 pp, $49.95. 
[ISBN: 0-12-505630-3] Papers from a series of lec- 
tures and software demonstrations given at the Ohio 
State University in 1987, on the theory and prac- 
tice of interval arithmetic for reliable scientific com- 
putation. Papers on interval versions of program- 
ming languages (FORTRAN-SC, PASCAL-SC), ar- 
chitectures, floating point standards, algorithms, lin- 
ear and nonlinear systems, optimization, and opera- 
tor equations. RM 


Operator Theory, 8(18), P. Operators and Rep- 
resentation Theory. Palle E.T. Jorgensen. Math. 
Stud., V. 147. North-Holland (US Distr: Else- 
vier Science), 1988, viii + 337 pp, Dfl. 175.00 (P). 
[ISBN: 0-444-70321-7] Starting with Lie algebras, 
extensions, and projective representations, the au- 
thor develops certain subjects from the theory of op- 
erator algebra and from representation theory. In 
some cases, this approach is new; also, the author 
shows that C*-algebraic methods may be used with 
some success in nontraditional ways in the theory of 
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representations of infinite-dimensional Lie algebras. 
Throughout the book, the author stresses connec- 
tions to mathematical physics. LW 


Analysis, P. Lecture Notes in Mathematics-1329: 
Orthogonal Polynomials and their Applications. Ed: 
M. Alfaro, et al. Springer-Verlag, 1988, xv + 334 
pp, $28.60 (P). (ISBN: 0-387-19489-4] Proceedings 
of the Second International Symposium on Orthogo- 
nal Polynomials and Their Applications at Sergovia, 
Spain, September 1986. LC 


Analysis, S(18), P. Geometric Inequalities. Yu. 
D. Burago, V.A. Zalgaller. Transl: A.B. Sossinsky. 
Grund. der math. Wissenschaften, B. 285. Springer- 
Verlag, 1988, xiv + 331 pp, $97. (ISBN: 0-387-13615- 
0} A reference on inequalities for geometric charac- 
teristics of curves, surfaces, and other objects. A 
substantial part deals with isoperimeter inequalities 
and their generalizations. LCL 


Analysis, P. Marcel Riesz: Collected Papers. Ed: 
Lars Garding, Lars Hormander. Springer-Verlag, 
1988, vi + 897 pp, $65. [ISBN: 0-387-18115-6] Al- 
most all the published papers, largely in French or 
German. JD-B 


Analysis, S(16-18), P, L. Descriptive Set Theory 
and the Structure of Sets of Uniqueness. Alexan- 
der S. Kechris, Alain Louveau. London Math. Soc. 
Lect. Note Ser., V. 128. Cambridge U Pr, 1987, 367 
pp, $34.50 (P). [ISBN: 0-521-35811-6] From lecture 
notes for a course taught at Caltech, UCLA; this 
is an unusual approach to the problem of when a 
trigonometric expansion is unique, a problem con- 
sidered first by Riemann and Heine. MU 


Analysis, T(17-18: 1), P, L. Harmonic Analy- 
sis on Symmetric Spaces and Applications, II. Au- 
drey Terras. Springer-Verlag, 1988, xi + 385 pp, $45 
(P). (ISBN: 0-387-96663-3] Nitty-gritty analysis on 
spaces of n x n matrices. Fewer applications than 
Volume I. Lots of exercises. An engaging style of 
exposition. BC 

Analysis, S, P*, L*. Inequalities, Second Edition. 
G.H. Hardy, J.E. Littlewood, G. Pélya. Cambridge 
U Pr, 1988, xii + 324 pp, $19.95 (P). [ISBN: 0-521- 
35880-9] This classic, containing the statement and 
proof of all the standard inequalities of analysis, is 
available here as a paperback reprint, affordable for 
personal libraries. LCL 


Analysis, S(18), P. Poisson Algebras and Poisson 
Manifolds. K.H. Bhaskara, K. Viswanath. Pitman 
Res. Notes in Math. Ser., V. 174. Longman Scien- 
tific & Technical (US Distr: Wiley), 1988, 128 pp, 
$47.95 (P). [ISBN: 0-582-01989-3] Assuming some 
familiarity with differentiable manifolds and Lie the- 
ory, the authors present a unified exposition on the 
current state of the theory of Poisson manifolds. 
With a unifying theme of Poisson algebras there 
are chapters on symmetric and alternating Schouten 
products, Poisson manifolds, and calculus on Poisson 
manifolds. Bibliography, index. JS 


Analysis, P. Mathematical Analysis and its Ap- 
plications. Ed: S.M. Mazhar, A. Hamoui, N.S. 
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Faour. KFAS Proc. Ser., V. 3. Pergamon Pr, 1988, 
xi + 430 pp, $120. [ISBN: 0-08-031636-0] A se- 
lection of 38 invited talks and refereed research pa- 


pers from a February 1985 international conference 
in Kuwait. LAS 


Algebraic Geometry, P. Lecture Notes in Math- 
ematics-1335: Hyperrésolutions cubiques et descente 
cohomologique. F. Guillén, et al. Springer-Verlag, 
1988, xii + 192 pp, $20 (P). [ISBN: 0-387-50023-5] 


Algebraic Geometry, P. Lecture Notes in Math- 
ematics-1311: Algebraic Geometry: Sundance 1986. 
Ed: A. Holme, R. Speiser. Springer-Verlag, 1988, 
320 pp, $30.30 (P). [ISBN: 0-387-19236-0] Proceed- 
ings of a conference at Sundance, Utah, July 1986. 
Most of the fourteen papers represent research actu- 
ally begun or carried out at Sundance; the remainder 
consists of the usual writeups of lectures delivered at 
the conference. RB 


Algebraic Geometry, P. Lecture Notes in Math- 
ematics-1337: Theory of Moduli. Ed: E. Ser- 
nesi. Springer-Verlag, 1988, viii + 232 pp, $20 (P). 
[ISBN: 0-387-50080-4] Contains three long papers: 
F. Catanese, “Moduli of Algebraic Surfaces;” R. 
Donagi, “The Schottky Problem;” and J.L. Harer, 
“The Cohomology of the Moduli Space of Curves.” 
SG 


Algebraic Geometry, P. Vector Bundles on Alge- 
braic Varieties. M.F. Atiyah, et al. Oxford U Pr, 
1987, vi + 555 pp, $35 (P). A collection of nineteen 
Papers presented at a conference in Bombay held in 
1984. SG 


Algebraic Geometry, P. Equimultiplicity and 
Blowing Up: An Algebraic Study. M. Herrmann, S. 
Ikeda, U. Orbanz. Springer-Verlag, 1988, xvii + 629 
pp, $99.50. (ISBN: 0-387-15289-X] A research mono- 
graph in commutative algebra treating the behav- 
ior of Hilbert functions and Cohen-Macaulay rings 
during resolution (blowing up) of algebraic or com- 
plex analytic singularities. Includes an extensive ap- 
pendix (150 pp) by B. Moonen on geometric equi- 
multiplicity. LAS 


Algebraic Geometry, P. Lecture Notes in Math- 
ematics-1310: Local Moduli and Singularities. Olav 
Arnfinn Laudal, Gerhard Pfister. Springer-Verlag, 
1988, v + 117 pp, $13.90 (P). [ISBN: 0-387-19235- 
2] The outgrowth of a collaboration between the 
authors over the last five years. The local moduli 
problem attempts to describe the set of isomorphism 
classes of algebraic objects which occur as the result 
of arbitrary small deformations of a given algebraic 
object such as a projective k-scheme. CEC 


Algebraic Geometry, P. Lecture Notes in Mathe- 
matics-1327: Determinantal Rings. Winfried Bruns, 
Udo Vetter. Springer-Verlag, 1988, vii + 236 pp, $20 
(P). (ISBN: 0-387-19468-1] A coherent treatment of 
determinantal rings building on the basics of commu- 
tative algebra as found, for example, in Part I of Mat- 
sumura’s book. The main approach is via the theory 
with straightening law, but other methods have not 
been neglected. LCL 
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Differential Geometry, P. Lecture Notes in 
Mathematics-1339: Geometry and Analysis on Man- 
tfolds. Ed: T. Sunada. Springer-Verlag, 1988, ix + 
277 pp, $24.30 (P). (ISBN: 0-387-50113-4] Proceed- 
ings of a symposium (Katata, Japan) and subsequent 
conference (Kyoto), August 1987. Seventeen papers 
on various aspects of geometric analysis, including 
spectral analysis of the Laplacian on compact and 
noncompact Riemannian manifolds, harmonic anal- 
ysis on manifolds, complex analysis and isospectral 
problems. RB 


Geometry, P, L**. A History of Non-Euclidean 
Geometry: Evolution of the Concept of a Geomet- 
ric Space. B.A. Rosenfeld. Transl: Abe Shenitzer. 
Stud. in History of Math. & Physic. Sci., V. 12. 
Springer-Verlag, 1988, xi + 471 pp, $89. [ISBN: 
0-387-96458-4] A readable, corrected, and supple- 
mented translation of the original 1976 Russian edi- 
tion. Discusses the mathematical and philosophical 
factors underlying the discovery of non-Euclidean ge- 
ometry. Updated reference list of over 650 items in- 
cludes books and papers that have appeared since 
the original date of publication. Additions to text in- 
clude links between ancient and later Arabic mathe- 
matics, new publications on the history of the theory 
of parallel lines, a section on Apollonius’ geometric 
transformations, a section on three-dimensional geo- 
metric algebra, plus other matters. For every college 
and university library. JK 


Algebraic Topology, P. Lecture Notes in Math- 
ematics-1318: Algebraic Topology—Rational Homo- 
topy. Ed: Y. Felix. Springer-Verlag, 1988, viii 
+ 245 pp, $25.80 (P). [ISBN: 0-387-19340-5] Pro- 
ceedings of a meeting at Louvain-la-Neuve, Belgium, 
May 1986, organized in order to discuss and pro- 
mote new developments in algebra and algebraic 
topology related to rational homotopy. Three sur- 
veys (Hilbert and Poincaré series, “tame” homotopy 
theory, Moore conjectures), thirteen research papers 
(five in French). RB 


Algebraic Topology, P. Lecture Notes in Mathe- 
matics-1326: Elliptic Curves and Modular Forms in 
Algebraic Topology. Ed: P.S. Landweber. Springer- 
Verlag, 1988, 224 pp, $20 (P). [ISBN: 0-387-19490-8] 
Twelve papers, with both topologists and number 
theorists as authors, from a September 1986 confer- 
ence at the Institute for Advanced Study. Elliptic 
genera and elliptic cohomology form central theme. 
Connection with algebraic geometry is through for- 
mal groups. GG 


Algebraic Topology, T**(18: 2), L. An Introduc- 
tion to Algebraic Topology. Joseph J. Rotman. Grad. 
Texts in Math., V. 119. Springer-Verlag, 1988, xiii 
+ 433 pp, $49.80. (ISBN: 0-387-96678-1] Delightful 
writing that catches the interplay of geometry and 
algebra. There is an unusually large number of in- 
structive exercises that, together with the text, cover 
the range from historical foundations to the categor- 
ical tools of homological algebra. Balances the study 
of homotopy and (co)homology. JAS 


Topology, T(16-18: 1, 2). Topologie II: Uniforme 
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Raume mit zwet Zeichnungen von Volker Kuhn. 
Horst Herrlich. Berliner Studienreihe zur Math., V. 
3. Heldermann Verlag, 1988, xi + 265 pp, $29 (P). 
[ISBN: 3-88538-103-6] The third in a series of uni- 
versity course lecture notes on topology, preceded 
by Einfuhrung in die Topologie: Metrische Raume 
and Topologische Raume. This volume develops ba- 
sic topological concepts in the framework of nearness 
spaces. Exercises, bibliography, and index make this 
more appropriate as a text than most “lecture notes.” 
JAS 


Operations Research, P. Queueing Theory and 
its Applications: Liber Amicorum for J.W. Cohen. 
Ed: O.J. Boxma, R. Syski. CWI Mono., No. 7. 
North-Holland (US Distr: Elsevier Science), 1988, 
xxii + 446 pp, $97.25. [ISBN:0-444-70497-3] Dedi- 
cated by friends and students to mark the retirement 
of J.W. Cohen, early contributor to the development 
of queueing theory, these papers are grouped in five 
areas: I: Broad Survey; II: Single Server; III: Ana- 
lytic Methods; IV: Applications to Communication 
and Computing; V: Topics in Probability and Statis- 
tics. AWR 


Operations Research, T(17-18: 2), P, L. In- 
teger and Combinatorial Optimization. George L. 
Nemhauser, Laurence A. Wolsey. Wiley, 1988, xiv 
+ 763 pp, $79.95. [ISBN: 0-471-82819-X] An expen- 
sive but extremely well-written graduate text cover- 
ing integer programming. Substantial care is taken 
in the presentation of theoretical aspects of integer 
programming. Good exercises at the end of most 
chapters; no solutions. Very easy to read and di- 
gest. SM 


Optimization, T(17: 1, 2), L. Linear Complemen- 
tarity, Linear and Nonlinear Programming. K.G. 
Murty. Sigma Ser. in Appl. Math., V. 3. Helder- 
mann Verlag, 1988, xlviii + 629 pp, $90 (P). (ISBN: 
3-88538-403-5] A sequel to the author’s book Lin- 
ear and Combinatorial Programming. Provides an 
introduction to geometric, mathematical, and com- 
putational aspects of the linear complementarity 
problem and the quadratic programming problem. 
The final chapter surveys some recent results in lin- 
ear programming (e.g., Karmarkar’s algorithm). AO 


Optimization, T(15-17: 1), L. Introduction to 
Optimization. E.M.L. Beale. Disc. Math. & Opti- 
miz. Wiley, 1988, ix + 121 pp, $31.95. [ISBN: 0-471- 
91760-5] An introduction to several of the topics 
covered by the term “optimization:” unconstrained 
optimization, linear programming, nonlinear pro- 
gramming, integer programming, and dynamic pro- 
gramming. No exercises. AO 

Dynamical Systems, P. Lecture Notes in Math- 
ematics-1309: Global Bifurcation of Periodic Solu- 
tions with Symmetry. Bernold Fiedler. Springer- 
Verlag, 1988, viii + 144 pp, $17.30 (P). [ISBN: 0- 
387-19234-4] Treats the problem of finding periodic 
orbits in dynamical systems with symmetries by de- 
veloping a generic global equivariant Hopf index. A 
global Hopf bifurcation is implied when this index 
is non-zero. Applications to coupled oscillators and 
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reaction diffusion systems. SP 


Dynamical Systems, P. Lecture Notes in Math- 
ematics-1331: Dynamical Systems, Valparaiso 1986. 
Ed: R. Bamén, R. Labarca, J. Palis Jr. Springer- 
Verlag, 1988, vi + 250 pp, $24.30 (P). [ISBN: 0- 
387-50016-2] Conference proceedings of the Sec- 
ond International School of Dynamical Systems held 
at the Universidad Tecnica Federico Santa Maria- 
Valparaiso, Chile. A collection of 15 research arti- 
cles dealing with bifurcation and singularities of vec- 
tor fields, Anosov flows, Hausdorff dimension, limit 
capacity, and foliations. CE 


Dynamical Systems, P*. Global Bifurcations and 
Chaos: Analytical Methods. Stephen Wiggins. Appl. 
Math. Sci., V. 73. Springer-Verlag, 1988, xiv + 
494 pp, $49.95. [ISBN: 0-387-96775-3] A rigorous 
treatment of chaotic phenomena in nonlinear dy- 
namical systems written with the applied scientist 
in mind. Includes background material, definition 
of chaos, and lots of examples. Treats the Smale 
Horseshoe, symbolic dynamics, general criteria for 
chaos in hyperbolic and nonhyperbolic systems, ho- 
moclinic orbits, and Melnikov-like methods of detect- 
ing chaos. SP 


Dynamical Systems, P, L. Singularities and 
Groups in Bifurcation Theory, Volume II. Martin 
Golubitsky, Ian Stewart, David G. Schaeffer. Appl. 
Math. Sci., V. 69. Springer-Verlag, 1988, xvi + 
533 pp, $69.50. [ISBN: 0-387-96652-8] Bifurcation 
theory studies how the solutions to equations (alge- 
braic, ordinary differential equations, partial differ- 
ential equations) change their structure (topological, 
geometric) as parameters in the equations are var- 
ied. In this second volume of a comprehensive work, 
the authors focus on how the use of group theoretic 
techniques aids in understanding bifurcation of sys- 
tems with symmetry, i.e., systems whose solution sets 
are invariant under an invertible linear transforma- 
tion. Included are case studies of Benard convection, 
deformation of elastic material, and Taylor-Couette 
flow. CE 


Dynamical Systerns, P. Lecture Notes in Math- 
ematics-1294: Substitution Dynamical Systems— 
Spectral Analysis. Martine Queffélec. Springer- 
Verlag, 1987, xiii + 240 pp, $25.80 (P). [ISBN: 0- 
387-18692-1] A complete and unified description of 
substitution dynamical systems arising from substi- 
tutions of constant length, linking several dornains: 
combinatorics, ergodic theory, and harmonic analysis 
of measures. LCL 

Dynamical Systems, T(18: 2), P. Asymptotic 
Behavior of Dissipative Systems. Jack K. Hale. 
Math. Surv. & Mono., No. 25. AMS, 1988, ix + 198 
pp, $34. [ISBN: 0-8218-1527-X] A dynamical system 
is dissipative if there exists a bounded set (an attrac- 
tor) into which every orbit eventually enters and re- 
mains. Here we have & presentation of the dissipative 
systems in the infinite dimensional case. A general 
class of systems, called asymptotically smooth, are 
given for which a global attractor A exists. Large 
number of exainples and applications. MR 
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Dynamical Systems, P. Chaotic Motions in 
Nonlinear Dynamical Systems. W. Szemplitska- 
Stupnicka, G. Iooss, F.C. Moon. Springer-Verlag, 
1988, 193 pp, $33.10 (P). [ISBN: 0-387-82062-0] 
Contains three lectures of interest to applied scien- 
tists interested in chaotic phenomena. Presents view- 
points of both the mathematician and the experi- 
menter in nonlinear dynamics. Discusses Poincaré 
maps, fractal dimension, Lyaponov exponents, the 
relation between chaos and classical perturbation 
techniques, and methods of calculating bifurca- 
tions. SP 


Control Theory, P. Control and Dynamical Sys- 
tems: Advances in Theory and Applications, V. 27: 
System Identification and Adaptive Control, Part 3 
of 3. Ed: C.T. Leondes. Academic Pr, 1988, x + 
377 pp, $65. [ISBN: 0-12-012727-X] Part of a tril- 
ogy intended as a comprehensive reference for prac- 
titioners in the field. Besides articles describing new 
general techniques (linear programming approach to 
constrained multivariable process control, techniques 
using finite element approximation), there are arti- 
cles as specific as optimal control for air-conditioning 
systems in large buildings. AWR 


Control Theory, P. Lecture Notes in Control 
and Information Sctences-112: State-Space Models 
of Lumped and Distributed Systems. V. Kecman. 
Springer-Verlag, 1988, ix + 280 pp, $30.90 (P). 
[ISBN: 0-387-50082-0] Example-oriented treatment 
of dynamic processes, such as mass storage (in- 
flow and outflow), fluid flow, and heat transfer. A 
“lumped” process occurs simultaneously throughout 
a system; a “distributed” processes varies spatially. 
From the Preface: “The reader. will find basic and 
indispensable knowledge here, and master the tech- 
niques and secrets for devising a dynamic mathemat- 
ical model making use of the fundamental laws of 
nature.” BC 


Control Theory, P. Lecture Notes in Mathematics- 
1313: Optimal Periodic Control. Fritz Colonius. 
Springer-Verlag, 1988, vi + 177 pp, $17.30 (P). 
[ISBN: 0-387-19249-2] Terse notes concerned with 
optimal periodic control for ordinary and functional 
differential equations of retarded type. AWR 


Control Theory, P. Lecture Notes in Control and 
Information Sciences-105: Modelling and Adaptive 
Control. Ed: Ch. I. Byrnes, A. Kurzhanski. 
Springer-Verlag, 1988, v + 384 pp, $48 (P). [ISBN: 
0-387-19019-8] Proceedings of a 1986 workshop in 
Sopron, Hungary on dynamical system modeling and 
control in the face of uncertainty. RM 


Control Theory, T(18: 3), P. Linear Stochastic 
Systems. Peter E. Caines. Prob. & Math. Stat. 
Wiley, 1988, xiv + 874 pp, $59.95. [ISBN: 0-471- 
08101-9] Mathematically-rigorous treatment of es- 
timation and control theory for linear stochastic sys- 
tems. Stochastic processes and systems, theory of 
prediction, system identification, parameter estima- 
tion, and control, and stochastic adaptive control 
theory. Ph.D. thesis, tested in graduate courses. TH 


Control Theory, P. Perturbation Methods in Op- 
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timal Control. Alain Bensoussan. Modern Appl. 
Math. Wiley, 1988, xiv + 573 pp, $59.95. (ISBN: 0- 
471-91994-2] Authors distinguish their work from 
the very large literature on perturbation that fo- 
cuses on differential equations rather than control 
theory, and from the work of J.L. Lions [Problémes 
auz Limites non Homogénes et Applications, V. 1, 2, 
3, Dunod, 1968, 1969] about control problems with 
perturbations for systems described by partial differ- 
ential equations. This book collects from the liter- 
ature control problems described by ordinary differ- 
ential equations. AWR 


Probability, P. Lecture Notes in Mathematics- 
1321: Séminaire de Probabilités XXII. Ed: J. Azéma, 
P.A. Meyer, M. Yor. Springer-Verlag, 1988, iv + 
600 pp, $55.90 (P). [ISBN: 0-387-19351-0] Forty re- 
search articles plus errata from Séminaire de Proba- 
bilités XX (LNM 1204). GG 


Probability, T(15-16). Introduction to Stochastic 
Models. Roe Goodman. Benjamin/Cummings, 1988, 
xii + 368 pp, $39.95. [ISBN: 0-8053-6011-5] An 
introduction to probability and stochastic processes 
aimed at juniors or seniors, but really presuming only 
one year of calculus and introductory linear algebra. 
Focus is on random variables and expectation rather 
than combinatorics, and covers many classic proba- 
bility problems. Includes Markov chains, the Poisson 
process, and queueing. Attractive. AWR 


Probability, P. Unimodality, Convezity, and Appli- 
cations. Sudhakar Dharmadhikari, Kumar Joag-dev. 
Prob. & Math. Stat. Academic Pr, 1988, xii + 
278 pp, $64.50. [ISBN: 0-12-214690-5] Theoretical 
monograph developing the concept of unimodality of 
a distribution (unique maximum value) through the 
convexity of the distribution function. Main applica- 
tions are to statistical inference and reliability the- 
ory. RSK 


Stochastic Processes, P. Lecture Notes in 
Mathematics-1316: Stochastic Analysis and Related 
Topics. Ed: H. Korezlioglu, A.S. Ustunel. Springer- 
Verlag, 1988, 371 pp, $34.80 (P). [ISBN: 0-387-19315- 
4] Twelve papers (10 English, 2 French) from a 1986 
workshop in Silivri, Turkey. Three invited lectures 
on Brownian motion, diffusion, and infinite dimen- 
sional calculus; stochastic calculus of variations; and 
noncausal stochastic integrals and calculus. TH 


Stochastic Processes, T(18: 1), P, L. Numeri- 
cal Techniques for Stochastic Optimization. Ed: Yu. 
Ermoliev, R. J-B Wets. Ser. in Computat. Math., 
V. 10. Springer-Verlag, 1988, xiii + 571 pp, $74. 
[ISBN 0-387-18677-8] A collection of articles cov- 
ering numerical solution of stochastic programs. An 
introductory chapter is followed by seven chapters 
on numerical techniques of solution, twelve chapters 
on the computer implementation of these techniques, 
and nine chapters giving case studies and test prob- 
lems. The typeface of this book appears to have 
been produced on a laser printer with poor resolu- 
tion, making this book very tiring on the eyes. SM 


Elementary Statistics, T(13: 1). Ezploring 
Statistics. Damaraju Raghavarao. Stat.: Textbooks 
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& Mono., V. 92. Marcel Dekker, 1988, ix + 276 
pp, $39.75. (ISBN: 0-8247-7952-5] For self-study or 
non-mathematical introductory course covering data 
collection and summaries, simple inference, multi- 
variate relationships, ANOVA, and Chi-square. For- 
mulas (e.g., mean and standard deviation) are con- 
centrated in chapter appendices; chapters concen- 
trate on ideas and examples and avoid calculations. 
Some examples use Minitab. Latin square example 
is sexist. TH 


Computational Statistics, P, L. The New S Lan- 
guage: A Programming Environment for Data Anal- 
ysts and Graphics. Richard A. Becker, John M. 
Chambers, Allan R. Wilks. Wadsworth, 1988, xvii 
+ 702 pp, $29.95 (P); $39.95. [ISBN: 0-534-09192-X] 
S is a language and an interactive programming en- 
vironment for data analysis and graphics. The first 
half of this book is an introduction to the capabili- 
ties of S. The second half is a reference manual that 
contains detailed documentation of the S functions 
and datasets. An appendix describes the relation- 
ship between this version of S and an earlier ver- 
sion described in S: An Interactive Environment for 
Data Analysis and Graphics by R.A. Becker and J.M. 
Chambers, Wadsworth, 1984 (TR, February 1985). 
AO 


Statistics, P*. Goodness-of-Fit Statistics for Dis- 
crete Multivariate Data. Timothy R.C. Read, Noel 
A.C, Cressie. Ser. in Stat. Springer-Verlag, 1988, 
xi + 211 pp, $44. [ISBN: 0-387-96682-X] Thorough 
analysis and comparison of goodness-of-fit statistics. 
Treatment is unified by using the authors’ power- 
divergence family of statistics, which includes Pear- 
son’s X? and the log likelihood ratio statistic G? as 
special cases. Also provides a detailed historical ac- 
count of these two statistics, and a chapter on future 
directions for research. Good bibliography. RSK 
Statistics, S*(14-18), P, L*. Encyclopedia of Sta- 
tistical Sciences, Volume 9: Strata Chart to Zyskind- 
Martin Models, Cumulative Indez, Volumes 1-9. Ed: 
Samuel Kotz, Norman L. Johnson. Wiley, 1988, xii 
+ 762 pp, $125; $775 (Set). [ISBN: 0-471-85474-3] 
At long last, the final volume in what turned out to 
be a decade-long project! (See TR, October 1982, 
of Series and Volume 1.) An important addition to 
the literature for the non-specialist. A supplemen- 
tary volume is projected for the near future. Note 
special price for whole set. RSK 


Statistics, P. Foundations of Estimation Theory. 
Lubomir Kubaééek. Fund. Stud. in Engin., V. 9. 


-Elsevier Science, 1988, vi + 328 pp, $117. [ISBN: 


0-444-98941-2] Updated translation of a Czechoslo- 
vakian monograph. Theoretical presentation assum- 
ing a background of matrix theory, functional anal- 
ysis, and advanced probability theory. Note price! 
RSK 

Statistics, T(17: 1, 2), P*. Applied Regres- 
sion Analysis: A Research Tool. John O. Rawl- 
ings. Stat./Prob. Ser. Wadsworth, 1988, xvii + 553 
pp, $49.95. [ISBN: 0-534-09246-2] Non-theoretical 
treatment assuming a year course in statistical meth- 
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ods. First part reviews least squares regression using 
matrix notation, with a detailed case study demon- 
strating the techniques. Middle part contains chap- 
ters on the geometric interpretation of least squares, 
selection procedures, class variables in regression, 
problem areas, diagnostics, and transformations. Fi- 
nal part consists of chapters on collinearity, response 
surface modeling, and analysis of unbalanced data, 
with detailed case studies illustrating each. RSK 


Statistics, T(17-18: 1, 2), S, P. Linear Struc- 
tures. Jan R. Magnus. Stat. Mono., V. 42. Oxford 
U Pr, 1988, xii + 205 pp, $49.95. [ISBN: 0-85264- 
299-7] A linear structure is a class of matrices with 
some constraint: symmetric, triangular, diagonal, or 
skew-symmetric. A special case of such a structure is 
the commutation matrix which transforms the vector 
vec A formed by stacking columns of A one under- 
neath the other into vec A’; also, the properties of 
linear structures can be used to obtain Jacobian ma- 
trices of transformations involving such structures. 
Developed from a course for graduate students in 
econometrics and statistics, the book presupposes “a 
modest general background in undergraduate math- 
ematics and matrix algebra.” Exercises follow each 
section. LW 


Computer Literacy, S, P, L. IBM: The Making of 
the Common View. Michael Killen. Harcourt Brace 
Jovanovich, 1988, xx + 284 pp, $17.95. [ISBN: 0-15- 
143480-8] An overly-dramatized account of IBM’s 
effort from 1983 to 1987 to bring consistency to their 
computer systems through System Application Ar- 
chitecture (SAA). Heavy on management analysis, 
light on computer details or philosophy. LAS 


Programming, S(14-16). Common Lisp Drill. 
Taiichi Yuasa. Transl: Richard Weyhrauch, Yasuko 
Kitajima. Academic Pr, 1988, x + 232 pp, $19.95 
(P). (ISBN: 0-12-774861-X] Extensive, well-designed 
set of exercises for common Lisp, based on the text 
Introduction to Common Lisp by the author and 
Masami Hagiya (TR, June-July 1988). Nicely co- 
ordinated with the earlier book, though one wonders 
why they were not included in it. RM 

Languages, S(14-17), P, L. Prolog by Ezample: 
How to Learn, Teach and Use It. Helder Coelho, José 
C. Cotta. Symbolic Computat. Springer-Verlag, 
1988, x + 382 pp, $35. [ISBN: 0-387-18313-2] The 
descendant of the authors’ widely used “How to solve 
it with Prolog” (1979), this guide book for logic pro- 
gramming software development presents 175 prob- 
lems with annotated solutions in the Prolog lan- 
guage. The learn-by-example pedagogical material 
graduates in difficulty from novice to professional, 
and is supplemented by brief chapters for teach- 
ers and students, and lists of Prolog implementa- 
tions. RB 


Languages, S(14-16), P, L. C: An Advanced In- 
troduction (ANSI C Edition). Narain Gehani. Prin- 
ciples of Comput. Sci. Computer Science Pr, 1988, 
xv + 265 pp, $23.95 (P). [ISBN: 0-7167-8196-4] A 
version of the author’s popular book on program- 
ming in C language, revised to agree with the nearly- 
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approved ANSI standard language definition, with 
overviews of the superset languages C++ and Con- 
current C; description of ANSI standard library; dif- 
ferences between ANSI and the prior de facto stan- 
dard “K&R;” and an annotated bibliography. Pre- 
sumes experience with another high-level language; 
focuses on advanced features. RB 


Languages, P. Lecture Notes in Computer Sctence- 
306: Foundations of Logic and Functional Program- 
ming. Ed: M. Boscarol, L. Carlucci Aiello, G. 
Levi. Springer-Verlag, 1988, v + 218 pp, $21.80 
(P). (ISBN: 0-387-19129-1] Ten papers from the 
proceedings of a workshop on logic and functional 
programming held in Trento, Italy, December 15-19, 
1986. LCL 


Algorithms, P. Lecture Notes in Computer Science- 
318: SWAT 88. Ed: R. Karlsson, A. Lingas. 
Springer-Verlag, 1988, vi + 262 pp, $23.10 (P). 
[ISBN: 0-387-19487-8] Proceedings of the 1st Scan- 
danavian Workshop on Algorithm Theory held July 
5-8, 1988 in Halmstad, Sweden. Contains the texts 
of four invited and twenty-four contributed papers 
describing research in various areas of algorithm the- 
ory: data structures, computational geometry, and 
computational complexity. AO 


Algorithms, T*(16-17: 1), P. Efficient Parallel 
Algorithms. Alan Gibbons, Wojciech Rytter. Cam- 
bridge U Pr, 1988, viii + 259 pp, $59.50. (ISBN: 0- 
521-34585-5] Design of algorithms for parallel com- 
putation in the context of a high-level programming 
language rather than that of specific machine ar- 
chitectures. Studies problems with an inherently 
parallel] nature concerning graphs, expression eval- 
uation, recognition and parsing of context-free lan- 
guages, sorting, strong matching. Mentions problems 
not apparently parallel in nature. Targeted at non- 
specialists. DFA 


Algorithms, T(14: 1). Fundamentals of Data 
Structures in Turbo Pascal: For the IBM PC. EI- 
lis Horowitz, Sartaj Sahni. Comput. Software 
Eng. Ser. Computer Science Pr, 1989, x + 478 
pp, $39.95. (ISBN: 0-7167-8152-2] Adapts authors’ 
popular Fundamentals of Data Structures for users 
of the IBM PC (or equivalent) and Turbo Pascal 
(Versions 3 and 4). Assumes a prior programming 
course. Introduces the chosen computer and lan- 
guage, then presents all the usual topics: arrays, 
stacks, queues, lists, trees, graphs, sorting methods, 
sets, game-playing, hashing. Emphasis on design of 
good structures and time/space analysis of the re- 
sulting algorithms. DFA 


Computer Systems, P. Creating User Interfaces 
by Demonstration. Brad A. Myers. Perspectives in 
Comput., V. 22. Academic Pr, 1988, xxiii + 276 
pp, $29.95. [ISBN: 0-12-512305-1] Describes the 
design and implementation of Peridot, a tool for cre- 
ating complex, graphical, highly-interactive user in- 
terfaces by demonstration rather than programming. 
Integrates and incorporates the results of recent re- 
search in visual programming, programming by ex- 
ample, constraints, and plausible inference. Based 
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on the author’s Ph.D. research at the University of 
Toronto. AO 


Computer Systems, P. Lecture Notes in Com- 
puter Sctence-309: Experiences with Distributed Sys- 
tems. Ed: J. Nehmer. Springer-Verlag, 1988, vi + 
292 pp, $24.50 (P). [ISBN: 0-387-19333-2] Proceed- 
ings of an international workshop at Kaiserlautern, 
FRG, September 1987 in which (good and bad) ex- 
periences with existing concepts in distributed sys- 
tem design were exchanged. Seven reports on spe- 
cific projects (Amoeba, CONIC, DAC, HCS, INCAS, 
POOL, PEACE) and five papers on experiences with 
topics accumulated through several projects (fault 
tolerance, two on design principles, two on dis- 
tributed databases). RB 


Computer Systems, S(15-17), P. The Archi- 
tectural Logic of Database Systems. E.J. Yan- 
nakoudakis. Springer-Verlag, 1988, xiv + 318 pp, 
$39 (P). [ISBN: 0-387-19513-0] A general, example- 
oriented introduction to database principles and pre- 
sentation of current database management software 
at various levels, without reference to vendor-related 
software. Intended for students, programmers, sys- 
tem analysts, database administrators and data pro- 
cessing managers. Presumes elementary knowledge 
of programming. Standard DBMS languages dis- 
cussed; sizable dictionary of terms. RB 


Computer Systems, S, P, L*. Computer Algebra: 
Systems and Algorithms for Algebraic Computation. 
J.H. Davenport, Y. Siret, E. Tournier. Transl: A. 
Davenport, J.H. Davenport. Academic Pr, 1988, xix 
+ 267 pp, $14. [ISBN: 0-12-204230-1] The first sys- 
tematic exposition (translated from the French orig- 
inal) of algorithms and data representation used in 
computer algebra systems. Covers polynomial sim- 
plification, modular and p-adic methods, formal inte- 
gration, and ordinary differential equations. An ap- 
pendix contains a complete description of REDUCE, 
one of the earliest computer algebra systems. LAS 


Computer Systems, P. Lecture Notes in Com- 
puter Science-312: Distributed Algorithms. Ed: J. 
van Leeuwen. Springer-Verlag, 1988, vii + 430 pp, 
$33.30 (P). [ISBN: 0-387-19366-9] Proceedings of 
the second international workshop held in Amster- 
dam, July 8-10, 1987. JAS 


Theory of Computation, T(16-17: 1), S, L. 
Parsing Theory, Volume I: Languages and Parsing. 
Seppo Sippu, Eljas Soisalon-Soininen. EATCS Mono. 
on Theoret. Comput. Sci., V. 15. Springer-Verlag, 
19§8, viii + 228 pp, $59.50. [ISBN: 0-387-13720- 
3] A textbook and up-to-date reference work on 
the theory of deterministic parsing of context-free 
grammars. The presentation treats the material in 
a mathematical spirit, deriving construction algo- 
rithms from general graph-theoretic methods, paying 
special attention to complexity issues. This volume 
introduces the basic concepts of languages and pars- 
ing, including mathematical and computer scientific 
background. Presumes elementary formal language 
theory, complexity, data structures, analysis of algo- 
rithms. Over 200 exercises. RB 
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Theory of Computation, P. Computing in Horn 
Clause Theories. Peter Padawitz. EATCS Mono. on 
Theoret. Comput. Sci., V. 16. Springer-Verlag, 
1988, xi + 322 pp, $45. [ISBN: 0-387-19427-4] This 
monograph presents Horn logic with equality as a 
unifying common background behind semantical con- 
cepts, recursion, logic programming, term rewrit- 
ing, data type specification and automated theorem 
proving. This approach provides for “natural” prob- 
lem specification, multiple semantical views, and de- 
ductive methods usable for rapid prototyping. Self- 
contained; requires general ability to deal with for- 
malisms, inductive proof. RB 


Theory of Computation, P. Lecture Notes in 
Computer Science-316: Automata Networks. Ed: 
C. Choffrut. Springer-Verlag, 1988, vii + 125 pp, 
$15.40 (P). [ISBN: 0-387-19444-4] Proceedings of 
the annual University of Paris Spring School con- 
ference (May 1988) in which the “state-of-the-art” 
in a specific topic is surveyed. Nine papers: cellu- 
lar automata, relationship with group theory, one- 
dimensional case, properties of finite automata net- 
works (three papers), the “firing squad” problem, an 
application to artificial intelligence, a probabilistic 
approach. RB 


Theory of Computation, P. Lecture Notes in 
Computer Science-323: Attribute Grammars: Defini- 
tions, Systems and Bibliography. Pierre Deransart, 
Martin Jourdan, Bernard Lorho. Springer-Verlag, 
1988, ix + 232 pp, $20.60 (P). [ISBN: 0-387-50056- 
1] A survey of the present state-of-the-art in at- 
tribute grammars, in three parts. Definitions re- 
views results, promising research directions in terms 
of a unified vocabulary. Systems provides descrip- 
tions of over 30 software systems which implement 
attribute evaluation. Thematically indexed bibliog- 
raphy. For researchers, graduate students, software 
engineers. RB 


Theory of Computation, P. Lecture Notes in 
Computer Science-324: Mathematical Foundations of 
Computer Science 1988. Ed: M.P. Chytil, L. Janiga, 
V. Koubek. Springer-Verlag, 1988, ix + 562 pp, 
$44.60 (P). [ISBN: 0-387-50110-X] Proceedings of the 
thirteenth such conference, held in August 1988 at 
Carlsbad, Czechoslovakia. An international array 
of authors contributed eleven invited papers and 42 
short communications on a broad range of topics. RB 


Theory of Computation, S(17-18), P. Nonse- 
quential Processes: A Petri Net View. Eike Best, 
César Fernandez C. EATCS Mono. on Theoret. 
Comput. Sci., V. 13. Springer-Verlag, 1988, ix + 112 
pp, $39. [ISBN: 0-387-19030-9] A monograph of- 
fering a mathematical treatment of occurrence nets, 
which are proposed by Petri net theory for modelling 
concurrency by partially ordered sets. Intended for 
theoretical computer science students, discrete math- 
ematicians, researchers in Petri nets, concurrent sys- 
tems designers; previous knowledge of Petri nets not 
strictly necessary. 47 exercises. RB 


Theory of Computation, P. Lecture Notes in 
Computer Sctence-308: Conditional Term Rewriting 


184 


Systems. Ed: S. Kaplan, J.-P. Jouannaud. Springer- 
Verlag, 1988, vi + 278 pp, $23.10 (P). [ISBN: 0-387- 
19242-5] “Conditional rewrite systems” is a subarea 
of term rewriting in formal language theory. Or- 
ganizers of this workshop (Bordeaux, France, July 
1987) hoped to identify key problems in the sub- 
area, but unexpectedly found some presumed open 
questions already solved by contributed papers. Sev- 
enteen research papers, seven short descriptions of 
demonstrated systems. RB 


Theory of Computation, P. Lecture Notes in 
Computer Science-319: VLSI Algorithms and Archi- 
tectures. Ed: J.H. Reif. Springer-Verlag, 1988, x + 
476 pp, $34.60 (P). [ISBN: 0-387-96818-0] Proceed- 
ings of AWOC 88 workshop in Corfu, Greece. Papers 
on parallel and NC algorithms, tree compaction, em- 
bedding of paralle] networks, compaction and chan- 
nel routing, VLSI layout, testing and design, dis- 
tributed computing, parallel routing and sorting. RM 


Theory of Computation, S(17-18), P. Algebraic 
Theory of Processes. Matthew Hennessy. Ser. in 
Found. of Comput. MIT Pr, 1988, ix + 272 pp, 
$39.95. [ISBN: 0-262-08171-7] A general and sys- 
tematic introduction to the semantics of concurrent 
systems. The algebraic theory of formal semantics 
of languages is developed and applied to a particu- 
lar semantic theory of distributed processes. Three 
complementary views of semantics of concurrent pro- 
cesses (behavioral, denotational, proof-theoretic) are 
introduced and shown equivalent. Self-contained for 
the theoretical computer scientist; about 100 exer- 
cises. RB 


Artificial Intelligence, P. Lecture Notes in Com- 
puter Sctence-313: Uncertainty and Intelligent Sys- 
tems. Ed: B. Bouchon, L. Saitta, R.R. Yager. 
Springer-Verlag, 1988, viii + 408 pp, $31.40 (P). 
[ISBN: 0-387-19402-9] Proceedings of the 2nd Inter- 
national Conference on Information Processing and 
Management of Uncertainty in Knowledge-Based 
Systems held in Urbino, Italy, July 4-7, 1988. Con- 
tains 48 papers in the areas of evidence combination, 
fuzzy mathematics, fuzzy sets and possibility theory, 
information theory, intelligent data bases, knowledge 
acquisition and machine learning, knowledge repre- 
sentation, logics for artificial intelligence, neural nets, 
and reasoning techniques under uncertainty. AO 


Artificial Intelligence, P. Surfaces in Range Im- 
age Understanding. Paul J. Besl. Ser. in Per- 
ception Engin. Springer-Verlag, 1988, xv + 339 
pp, $58. (ISBN: 0-387-96773-7] This monograph, 
the author’s dissertation, is a detailed account of 
a digital image segmentation algorithm based on 3- 
dimensional surface geometry, together with its theo- 
retical motivation and experimental results. This al- 
gorithm’s unified general-purpose approach does not 
require special domain assumptions. Extensive back- 
ground material included. RB 


Artificial Intelligence, P. Recent Advances in 
Speech Understanding and Dialog Systems. Ed: H. 
Niemann, M. Lang, G. Sagerer. NATO ASI Ser. F, 
V. 46. Springer-Verlag, 1988, x + 521 pp, $93.50. 
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[ISBN: 0-387-19245-X] Proceedings of a two week 
NATO-sponsored institute in Bad Windsheim, FRG, 
July 1987. Ten invited surveys and 37 contributed 
papers: speech coding and segmentation, word recog- 
nition, linguistic processing. RB 

Artificial Intelligence, T(13-17), P, L. Simula- 
tion, Knowledge-Based Computing, and Fuzzy Statis- 
tics. Constantin V. Negoita, Dan Ralescu. Elect., 
Comput. Sci. & Engin. Ser. Van Nostrand Rein- 
hold, 1987, xi + 158 pp, $36.95. [ISBN: 0-442-26923- 
4] What are fuzzy variables and fuzzy systems, and 
do they have desirable qualities? The main purpose 
of this book is to understand these questions and 
provide some answers. The approach is to employ 
models in which the values of the variables can be 
linguistic rather than numeric, and casual relation- 
ships between variables can be formulated verbally 
rather than mathematically. The authors present a 
detailed description of fuzzy controllers, fuzzy statis- 
tics, and fuzzy-set theory, all basic to the study of 
“approximate reasoning and decision making under 
uncertainty.” LCL 


Artificial Intelligence, S(15-17), L. Ezploring 
Artificial Intelligence: Survey Talks from the Na- 
tional Conferences on Artificial Intelligence. Ed: 
Howard E. Shrobe. Morgan Kaufmann, 1988, xii 
+ 693 pp, $19.95 (P); $39.95. [ISBN: 0-934613- 
67-2; 0-934613-69-9] Revised versions of talks from 
the 1986-87 AAAI conferences, Gives nice overview 
of current artificial intelligence theory and practice. 
Topics include learning, natural language, planning, 
reasoning about causality, theoretical foundations, 
symbolic computing architectures and systems. Nice 
overview, accessible to a wide audience. RM 


Artificial Intelligence, P. Syntactic and Structural 
Pattern Recognition. Ed: Gabriel Ferraté, et al. 
NATO ASI Ser. F, V. 45. Springer-Verlag, 1988, 
xv + 467 pp, $88. [ISBN: 0-387-19209-3] Proceed- 
ings of a NATO-sponsored workshop in Barcelona- 
Sitges, Spain, October 1986. Matching and pars- 
ing techniques in error-correcting graphs; grammati- 
cal inference under structure-simplifying constraints; 
integration of logic-based and syntactic techniques; 
applications to speech recognition, drawing recogni- 
tion, feature identification, cryptosystems, medical 
pathology. RB 


Artificial Intelligence, P. Lecture Notes in Com- 
puter Sctence-320: Natural Language at the Com- 
puter. Ed: A. Blaser. Springer-Verlag, 1988, 176 
pp, $18 (P). [ISBN: 0-387-50011-1] Proceedings of 
a one-day symposium at Heidelberg, FRG (February 
1988) sponsored by IBM Germany, which presented 
research done at IBM on natural language in text 
processing and human-machine communication, and 
forecast future prospects in the field. Seven papers 
on syntax and grammatical analysis, semantics, and 
discourse analysis. RB 


Artificial Intelligence, S(17-18), P. A Theory of 
Heuristic Information in Game-Tree Search. Chun- 
Hung Tzeng. Symbolic Computat. Springer-Verlag, 
1988, x + 107 pp, $39.50. [ISBN: 0-387-18665-4] A 
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monograph on heuristic (i.e., self-learning) comput- 
ing methods which offers a theoretical foundation for 
the use of heuristic information, without proposing 
actual procedures for game-tree searches. Starting 
with probabilistic game models, the author formu- 
lates the notions of heuristic information and node 
strength, thereby allowing a mathematical theory for 
estimating node strength based on the heuristic in- 
formation. RB 


Artificial Intelligence, P. Non-Standard Logics for 
Automated Reasoning. Ed: Philippe Smets, et al. 
Academic Pr, 1988, x + 334 pp, $19. [ISBN: 0-12- 
649520-3] The publication resulting from a Euro- 
pean project which considered various non-classical 
logical formalisms for describing knowledge-based 
systems. The book contains ten papers, each fol- 
lowed by brief critical discussions, which were gen- 
erated by the dialogue of 27 European participants 
who met in workshops during September 1986 and 
June 1987. RM 


Artificial Intelligence, P. Sensors and Sensory 
Systems for Advanced Robots. Ed: Paolo Dario. 
NATO ASI Ser. F, V. 43. Springer-Verlag, 1988, xi 
+ 597 pp, $120. (ISBN: 0-387-19089-9] Proceedings 
of the NATO-sponsored workshop on the topic held 
at Maratea, Italy, April 1986, which gathered repre- 
sentatives of industry, government, and academia in 
biological, psychological, engineering, and computer 
science fields from thirteen countries. The workshop 
focused on analysis of transducer technologies for 
sensor construction; other topics are biological mod- 
els, applications, integrated systems. 28 papers. RB 


Artificial Intelligence, S(15-18), L. Knowledge, 
Skill and Artificial Intelligence. Ed: Bo Goranzon, 
Ingela Josefson. Foundat. & Applic. of AI. Springer- 
Verlag, 1988, xx + 193 pp, $39 (P). [ISBN: 0-387- 
19519-X] Contributions by British and Scandinavian 
researchers to the debate on the effects of new tech- 
nology and its implications for society. Discussion 
of epistemological issues associated with the mecha- 
nization of tacit knowledge, issues of apprenticeship 
skill and artificial intelligence, artificial intelligence 
and the flexible craftsman. Emphasis on values, cul- 
tural and politica] issues relating to the introduction 
of artificial intelligence and expert systems. RM 


Computer Science, P. Data Types and Persis- 
tence. Ed: Malcolm P. Atkinson, Peter Bune- 
man, Ronald Morrison. Topics in Inform. Sys- 
tems. Springer-Verlag, 1988, xviii + 292 pp, $49. 
[ISBNz 0-387-18785-5] Toward the integration of 
databases and programming languages, an August 
1985 workshop at Appin, Scotland, focused on per- 
sistence and data types. The sixteen papers in this 
volume consider abstract data types, type check- 
ing of sophisticated types, binding strategies, inheri- 
tance and object oriented approaches, functional lan- 
guages, concurrency, machine architectures for per- 
sistent data. RB 


Computer Science, P*. ‘The Complezity of Robot 
Motion Planning. John Canny. ACM Doct. Disser- 
tat. Awards. MIT Pr, 1988, xvi + 197 pp, $27.50. 
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[ISBN: 0-262-03136-1] The most studied and most 
basic robot motion planning problem is the “gener- 
alized movers problem:” find a collision-free path for 
a (jointed) robot in the presence of obstacles. In this 
truly outstanding dissertation, the author obtains ex- 
ponentially faster solution algorithms by application 
of sophisticated mathematics (including resultants 
for systems of polynomials, Whitney’s stratified sets 
from differential topology), then proceeds further to 
solve three long-open problems about robot motion 
complexity. RB 


Computer Science, P. Lecture Notes in Computer 
Science-314: Graph- Theoretic Concepts in Computer 
Sctence. Ed: H. Gottler, H.J. Schneider. Springer- 
Verlag, 1988, vi + 254 pp, $23.10 (P). (ISBN: 0- 
387-19422-3] Proceedings of the 13th International 
Workshop on Graph Theoretic Concepts in Com- 
puter Science held in 1987. Papers on graph gram- 
mars and languages, layout, geometry and data 
structures, randomness and chaos, databases, dis- 
tributed systems, program design, vision, and an ap- 
plication to chemistry. RM 


Compucer Science, P. Lecture Notes in Com- 
puter Science-295: Parallel Computing in Science 
and Engineering. Ed: R. Dierstein,D. Miller- 
Wichards, H.-M. Wacker. Springer-Verlag, 1988, 185 
pp, $19.10 (P). [ISBN: 0-387-18923-8] Proceedings 
of a Bonn seminar (June 1987) hosted by the Ger- 
man Aerospace Research Establishment (DF VLR). 
Ten papers on background information, parallel com- 
puter architectures, software and langauges, algo- 
rithms and applications. RB 


Computer Science, P. Lecture Notes in Engineer- 
ing-36: Japanese Supercomputing: Architecture, Al- 
gorithms, and Applications. Ed: R.H. Mendez, 
S.A. Orszag. Springer-Verlag, 1988, iv + 161 pp, 
$27.40 (P). [ISBN: 0-387-96765-6] Keeping tabs on 
the Joneses: a diverse sample of twelve papers by 
Japanese authors related to supercomputing. Super- 
computer simulations of shock waves and automobile 
aerodynamics; implementations of known algorithms 
on vector and hypercube architectures; a Japanese 
benchmark study of a Western superminicomputer; 
technical descriptions of three Japanese supercom- 
puters. RB 


Computer Science, P. Lecture Notes in Com- 
puter Sctence-305: MFDBS 87. Ed: J. Biskup, 
et al. Springer-Verlag, 1988, 247 pp, $24.50 (P). 
[ISBN: 0-387-19121-6] Thirteen papers from the 


-First Symposium on Mathematical Fundamentals of 


Database Systems held January 19-23, 1987 in Dres- 
den, GDR. AO 


Computer Science, T(16-17: 1), S, L. LR Pars- 
ing: Theory and Practice. Nige] P. Chapman. Cam- 
bridge U Pr, 1987, viii + 228 pp, $39.50. (ISBN: 
0-521-30413-X] Contains an introduction to the the- 
ory of LR parsing and a description of some of the 
practical techniques used to implement LR parsers. 
The theory of LR parsers is presented using parsing 
automata and item grammars rather than the more 
traditional (but less intuitive) ideas of ‘valid items’ 
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and ‘valid prefixes.’ AO 


Computer Science, P. Lecture Notes in Computer 
Scitence-293: Advances in Cryptology—CRYPTO 
’*87. Ed: Carl Pomerance. Springer-Verlag, 1988, 
x + 460 pp, $36.70 (P). (ISBN: 0-387-18796-0} Pro- 
ceedings containing more than forty papers on topics 
such as communication networks, protocols, key dis- 
tribution systems, public key systems, design, and 
applications. LCL 


Computer Science, P. Initial Computability, Al- 
gebraic Specifications, and Partial Algebras. Horst 
Reichel. Internat. Ser. of Mono. on Comput. Sci., 
V. 2. Clarendon Pr, 1987, 221 pp, $55. (ISBN: 0-19- 
853806-5] Considers partial algebras and its appli- 
cations to computer science. Assumes knowledge of 
universal algebra (especially free algebras), and data 
abstraction in computer science. LC 


Computer Science, P. Information-Based Com- 
plezity. J.F. Traub, G.W. Wasilkowski, H. Wo#nia- 
kowski. Computer Sci. & Sci. Computing. Aca- 
demic Pr, 1988, xiii + 523 pp, $64.50. (ISBN: 0- 
12-697545-0] Information-based complexity is the 
branch of computational complexity theory that 
deals with the intrinsic difficulty of finding approxi- 
mate solutions to problems for which the informa- 
tion available is partial, noisy, and/or only avail- 
able at some (computational) cost. This book pro- 
vides a comprehensive treatment of the theory and 
applications of information-based complexity in the 
worst case, average case, probabilistic, random, and 
asymptotic settings. AO 


Computer Science, T*(16-17: 1), L. Principles 
of Operating Systems. Sacha Krakowiak. Transl: 
David Beeson. MIT Pr, 1988, xi + 469 pp, $37.50. 
[ISBN: 0-262-11122-5] Surveys the basic principles 
underlying the design of operating systems for cen- 
tralized (shared memory) systems. Examples illus- 
trating major ideas are taken from CP/M, Multics, 
Unix, and the operating system designed for the 
Plessey 250. Numerous exercises (of varying levels 
of difficulty) appear at the end of each chapter. AO 
Applications, T(16: 1, 2), L*. Wave Propaga- 
tion in Solids and Fluids. Julian L. Davis. Springer- 
Verlag, 1988, x + 386 pp, $75. [ISBN: 0-387-96739-7] 
Systematic account of the mathematical methods of 
wave phenomena. After a brief introduction to os- 
cillatory phenomena and the physics of wave prop- 
agation, including the partial differential equations, 
chapters follow on the vibrating string, water waves, 
sound waves, fluid dynamics, elastic media, and the 
treatment of the Hamilton-Jacobi theory in the set- 
ting of variational methods. Readable. No prob- 
lems. Bibliography limited to mostly well-known 
books and a few papers. Book to be followed by 
one on wave propogation in electromagnetic media. 
Interdisciplinary by design. Highly recommended for 
libraries. JK 


Applications, P. Computers in Mathematical Re- 
search. Ed: N.M. Stephens, M.P. Thorne. Inst. of 
Math. & Its Applic, V. 14. Clarendon Pr, 1988, 
xii + 251 pp, $57.50. [ISBN: 0-19-853620-8] Pro- 
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ceedings of an IMA-sponsored conference in Cardiff, 
Wales (September 1986) which sampled some appli- 
cations of the computer to pure and applied mathe- 
matical research, as an instrument of proof or as an 
exploratory tool. Sixteen papers on applications in 
analysis, cryptography, combinatorics, number the- 
ory, symbolic manipulation, geometry, groups, statis- 
tics, applied mathematics. RB 


Applications, S(17), P. Digital Signal Processing 
Design. Andrew Bateman, Warren Yates. Elect. 
Eng., Communic., & Signal Processing. Computer 
Science Pr, 1989, 385 pp, $59.95. [ISBN: 0-7167- 
8188-3] Survey of digital signal processing technol- 
ogy, including algorithms and circuit design tech- 
niques, discussion of implementation of digital signal 
processing techniques based on TI TMS 320 series of 
devices. Analysis of the differences between analog 
and digital signal processing, discussion of applica- 
tion areas (filtering, spectral analysis, speech pro- 
cessing). Nice survey, aimed at engineers; no exer- 
cises. RM 


Applications, S(18), P. ll-Posed Problems in the 
Natural Sciences. Ed: A.N. Tikhonov, A.V. Gon- 
charsky. Transl: M. Bloch. MIR (US Distr: Im- 
ported Pub), 1987, 344 pp, $9.95 (P). The title refers 
to “inverse” problems which arise in reconstructing 
physical reality from inexact experimental data. The 
corresponding mathematical theory treats vector op- 
erators, not necessarily linear, which may have non- 
unique or discontinuous inverses. Three initial pa- 
pers cover general theory; the following twelve are 
applications to astrophysics, tomography, optics, and 
other areas. PZ 


Applications (Biological Science), P. Biomath- 


.ematics and Related Computational Problems. Ed: 


Luigi M. Ricciardi. Kluwer Academic, 1988, xxv 
+ 733 pp, $149. [ISBN: 90-277-2726-0] Sixty- 
three papers from the Internationa] Workshop held 
at Naples in May 1987. Topics include nonlin- 
ear reaction-diffusion, stability of population models, 
and analysis of neuronal models. SP 

Applications (Biological Science), T(14-15), S, 
P, L. Quantitative Ecological Theory: An Introduc- 
tion to Basic Models. Michael] R. Rose. Johns Hop- 
kins U Pr, 1987, 203 pp, $25. [ISBN: 0-8018-3509-7] 
A manual designed to teach mathematical modeling 
in ecology to those with no prior background in mod- 
eling. It serves as an introduction to the basic mod- 
els of population growth, migration, competition and 
coexistence, and ecosystem stability. Includes both 
continuous-time and discrete-time models. Assumes 
an exposure to calculus. LCL 

Applications (Biological Science), T(17-18: 2), 
P. Introduction to Theoretical Neurobiology, V. 1 & 
2. Henry C. Tuckwell. Stud. in Math. Biology. 
Cambridge U Pr, 1988, $49.50 each. Volume 1: Lin- 
ear Cable Theory and Dendritic Structure, xii + 291 
pp (ISBN: 0-521-35096-4]; Volume 2: Nonlinear and 
Stochastic Theories, xi + 265 pp. (ISBN: 0-521- 
35217-7] An exposition of the dynamical behavior 
of neurons, containing “descriptions and analyses of 
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the principal mathematical models that have been 
developed for neurons in the last 30 years.” Volume 
1 covers simple neural models, derivation and time- 
dependent solutions of the usual linear cable equa- 
tion, Rall’s model nerve cell. Neuroanatomical and 
neurophysiological facts are reviewed and readings 
are suggested for those with primarily mathemati- 
cal backgrounds. Volume 2 considers more compli- 
cated and mathematically complex models, including 
Hodgkin-Huxley equations, stochastic models, statis- 
tical analysis of neuronal data. Intended for graduate 
students and researchers in applied mathematics and 
neurobiology. RB 


Applications (Cognitive Science), P, L*. Neu- 
rocomputing: Foundations of Research. Ed: James 
A. Anderson, Edward Rosenfeld. MIT Pr, 1988, xxi 
+ 729 pp, $45. [ISBN: 0-262-01097-6] Collection 
of 43 papers giving historical overview of the foun- 
dations of neurocomputing and connectionism. In- 
cludes early papers of McCullogh and Pitts through 
recent work on analog retinas by Carver Mead and 
colleagues. Selections from the work of Hebb, Von 
Neumann, Rosenblatt, Minsky and Papert, Koho- 
nen, Grossberg, Hopfield, McClelland and Rumel- 
hart, all give broad and balanced overview of histor- 
ical development of the field. RM 


Applications (Cognitive Science), P. Neural 
Networks and Natural Intelligence. Ed: Stephen 
Grossberg. MIT Pr, 1988, xi + 637 pp, $35. [ISBN: 
0-262-07107-X] Collection of papers by Grossberg 
and colleagues at the Center for Adaptive Systems 
(CAS) at Boston University on perception, cogni- 
tive information processing and competitive learning, 
cognitive-emotional interaction, goal-oriented motor 
control, and robotics. The work is motivated by an 
in-depth analysis of biological data, computational 
theory following from design tradeoffs. RM 


Applications (Communication Theory), P. 
Mathematical Modelling for Information Technology: 
Telecommunication Transmission, Reception and Se- 
curity. Ed: A.O. Moscardini, E.H. Robson. Math. & 
Its Applic. Halsted Pr, 1988, 214 pp, $87.95. [ISBN: 
0-470-21024-9}] Proceedings of the tenth “POLY- 
MODEL” conference held in 1987 at Sunderland 
Polytechnic in northeast England. Seventeen pa- 
pers on signal processing, communication security, 
networks, and on the social impact of communica- 
tion. LAS 


Applications (Communication Theory), P. 
ISDN: The Integrated Services Digital Network: 
Concepts, Methods, Systems. 
Springer-Verlag, 1988, xi + 250 pp, $64.50. [ISBN: 
0-387-17446-X] A description of ISDN with reference 
to its services, its technology and the operating prin- 
ciples of ISDN terminals, intended for implementing 
or operating engineers, educators, researchers. Gen- 
eral telecommunication objectives, ISDN telecommu- 
nication services, ISDN structure, subscriber access, 
ISDN terminals, switching, transmission methods, 
user’s view of ISDN. Current standards included in 
an appendix. RB 
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Applications (Economics), S(17-18), P, L. Lin- 
ear Programming and Economic Analysis. Robert 
Dorfman, Paul A. Samuelson, Robert M. Solov. 
Dover, 1987, ix + 525 pp, $12.95 (P). [ISBN: 0-486- 
65491-5] An unabridged republication of the 1958 
RAND Corporation report. Discusses the relation- 
ships betweeen linear programming and economic 
topics such as von Neumann game theory and Wal- 
rasian equilibrium. SM 


Applications (Engineering), P. Variational Prin- 
ciples of Continuum Mechanics with Engineering Ap- 
plications, Volume 2: Introduction to Optimal De- 
sign Theory. Vadim Komkov. Math. & Its Applic. 
D Reidel (US Distr: Kluwer), 1988, viii + 276 pp, 
$69. [ISBN: 90-277-2639-6] Follows Volume I (TR, 
June-July 1987) which reformulated the laws of con- 
tinuum mechanics in variational form. This volume 
treats primarily two problems typified by the follow- 
ing example. Given a potential energy functional 
V(¢,f, 9,9) when ¢ is a stress function, f the pres- 
sure, p the mass/area, and M an admissible region. 
1) Fix f and Q and find a p which optimizes V(¢, ), 
and 2) fix p and f and find an N (a region) which 
optimizes V(¢,N). MR 

Applications (Engineering), P. Design Automa- 
tion: Automated Full-Custom VLSI Layout Using the 
ULYSSES Design Environment. Michael L. Bush- 
nell. Perspectives in Comput., V. 21. Academic 
Pr, 1988, xv + 463 pp, $44.50. [ISBN: 0-12-148400- 
9] System which integrates individual CAD design 
tools into an integrated design system that ensures 
proper integration and coordination of individual de- 
sign tasks. Uses artificial intelligence techniques to 
provide an expert system for the tool integration 
problem, codifying a design methodology for com- 
plete VLSI layouts. RM 


Applications (Engineering), P. Signal Process- 
ing and Pattern Recognition in Nondestructive Eval- 
uation of Materials. Ed: C.H. Chen. NATO ASI 
Ser. F, V. 44. Springer-Verlag, 1988, viii + 344 
pp, $79.50. (ISBN: 0-387-19100-3] Proceedings of a 
NATO-sponsored workshop held in Quebec, Canada, 
August 1987, which focused on applications of sig- 
nal processing and artificial intelligence to the field 
of nondestructive evaluation and testing of materi- 
als. 22 papers, primarily on signal processing appli- 
cations. RB 

Applications (Engineering), T(17-18: 1), P, L. 
Surface Engineering Geometry for Computer-Aided 
Design and Manufacture. Ding Qiulin, B.J. Davies. 
Ser. in Mech. Engin. Halsted Pr, 1987, 340 
pp, $79.95. [ISBN: 0-470-20997-6] Comprehensive 
treatment of surface modelling, including mathemat- 
ical theory, computer solutions, systems and micro- 
based CAD/CAM environments, engineering appli- 
cations. Includes curve and surface geometry, trans- 
formations, spline, Bezier, and rational curves and 
surfaces, fairing (i.e., refinement of shape quality), 
tool paths, surface intersection, hidden surface re- 
moval. RM 


Applications (Engineering), T*(15-16: 2-4), L. 
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Advanced Engineering Mathematics, Sizth Edition. 
Erwin Kreyszig. Wiley, 1988, xviii + 1413 pp, 
$54.82. (ISBN: 0-471-85824-2] A book which can 
be used for up to four semester courses. Changes 
in this edition include some rewriting with a greater 
emphasis on readability, treatment of applications, 
and additional examples. Suitable for students of 
engineering, physics, and mathematics interested in 
practical problems. Modern viewpoint throughout. 
Self-contained. Excellent choice for courses crossing 
linear algebra, differentia] equations, complex vari- 
ables, and numerical analysis. (First Edition, TR, 
December 1967; Third Edition, TR, October 1972 
and Extended Review, June-July 1974; Fourth Edi- 
tion, TR, June-July 1979; Fifth Edition, TR, Febru- 
ary 1984.) JK 


Applications (Fluid Dynamics), P. Lecture 
Notes in Engineering-34: Multiphase Flow in Porous 
Media: Mechanics, Mathematics, and Numerics. 
M.B. Allen III, G.A. Behie, J.A. Trangenstein. 
Springer-Verlag, 1988, 306 pp, $44.60 (P). (ISBN: 0- 
387-96731-1] Outlines what the authors emphasize 
to be promising new techniques in the mathematical 
modeling and simulation of fluid flow in petroleum 
resevoirs. Growing out of a series of lectures deliv- 
ered in the autumn of 1986 at the IBM Scientific 
Center in Bergen, Norway, the monograph divides 
into three parts dealing in turn with the basic me- 
chanics of oil resevoir flow (Allen); numerical analysis 
of resevoir fluid flow (Trangenstein); and numerical 
linear algebra for resevoir simulation (Behie). CE 


Applications (Physics), S(18), P. Mathematical 
Quantum Field Theory and Related Topics. Ed: Joel 
S. Feldman, Lon M. Rosen. CMS Conf. Proc., V. 
9. AMS, 1987, xiv + 261 pp, (P). [ISBN: 0-8218-6014- 
3] Proceedings of a 1987 Montreal Conference. MU 


Applications (Physics), T(17-18: 1), P. The 
Spinorial Chessboard. P. Budinich, A. Trautman. 
Trieste Notes in Physics. Springer-Verlag, 1988, viii 
+ 128 pp, $27.50 (P). [ISBN: 0-387-19078-3] A new, 
mathematically rigorous exposition of the theory of 
spinors on manifolds, via their intimate connection 
with Clifford algebras, with special attention paid 
to applications to higher-dimensional real pseudo- 
euclidean spaces of interest to physicists. (The title 
refers to a conceptual model for explaining double 
periodicity properties of real Clifford algebras.) RB 


Applications (Physics), S(15-18). Mathemati- 
cal Physics. Robert Carroll. Math. Stud., V. 152. 
North-Holland (US Distr: Elsevier Science), 1988, x 
+ 399 pp, $94.75. [ISBN: 0-444-70443-4] This unin- 
spiring text is largely devoted to proving well-known 
theorems, with almost no reference to physics. Con- 
tains an extensive bibliography. MU 


Applications (Physics), S(18), P. Mathematical 
Frontiers in Computational Chemical Physics. Ed: 
Donald G. Truhlar. IMA, V. 15. Springer-Verlag, 
1988, xii + 349 pp, $36.80. [ISBN: 0-387-96782- 
6] From plenary lectures given at a workshop at 
the University of Minnesota in 1987. Of the genre, 
this volume is unusually well done. Each chapter 


TELEGRAPHIC REVIEWS 


[February 


contains expository material for the nonexpert, and 
many unsolved problem areas are discussed. These 
areas include partial] differential and integral equa- 
tions, analytic continuation, asymptotic expansions, 
group theory, Lie algebra, simulations, and statistical 
mechanics. MU 

Applications (Physics), S(18), P. Gauge Field 
Theory and Complez Geometry. Yuri I. Manin. 
Trans]: N. Koblitz, J.R. King. Grund. der math. 
Wissenschaften, B. 289. Springer-Verlag, 1988, x + 
297 pp, $79.50. [ISBN: 0-387-18275-6] This very 
clear translation of the 1984 original provides an ex- 
cursion through the advanced introductory material 
necessary for the final chapter, Geometric Structures 
of Supersymmetry and Gravitation. MU 


Applications (Physics), S(17-18), P. Mathemat- 
tcs and General Relativity. Ed: James A. Isenberg. 
Contemp. Math., V. 71. AMS, 1988, xv + 367 pp, 
$35 (P). [ISBN: 0-8218-5079-2] Proceedings of the 
AMS-IMS-SIAM Joint Summer Research Conference 
held in June 1986 at Santa Cruz, California. MU 


Applications (Physics), T(15: 1), L. A Primer 
of Diffusion Problems. Richard Ghez. Wiley, 1988, 
xiii + 243 pp, $22.95 (P). [ISBN: 0-471-84692- 
9] Assumes calculus, ordinary differential equa- 
tions, thermodynamics. The diffusion equation, the 
steady state, diffusion under external forces, time- 
dependent diffusion, similarity. Analytical and nu- 
merical methods for solution. Physically significant 
examples, mainly from metallurgy and semiconduc- 
tor technology. Exercises. Concise, self-contained 
introduction to Laplace transforms. DFA 
Applications (Physics), (18), P. Infintte Lie Al- 
gebras and Conformal Invariance in Condensed Mat- 
ter and Particle Physics. Ed: K. Dietz, V. Rit- 
tenberg. World Scientific, 1987, ix + 201 pp, $44. 
[ISBN: 9971-50-240-2] Proceedings of the Johns 
Hopkins Workshop on Current Problems in Particle 
Theory 10, held in Bonn, 1986. MU 


Reviewers 


RJA: Richard J. Allen, St. Olaf; DFA: David F. Apple- 
yard, Carleton; SB: Steve Benson, St. Olaf; RB: Richard 
Brown, Carleton; JNC: Judith N. Cederberg, St. Olaf; LC: 
Laura Chihara, St. Olaf; BC: Barry Cipra, St. Olaf; CEC: 
Clifton E. Corzatt, St. Olaf; JD-B: John Dyer-Bennet, Car- 
leton; CE: Christopher Ennis, Carleton; SG: Steven Galovich, 
Carleton; GG: George Gilbert, St. Olaf; BH: Bruce Hanson, 
St. Olaf; RH: Rhonda Hatcher, St. Olaf; TH: Timothy Hes- 
terberg, St. Olaf; PH: Paul Humke, St. Olaf; JJ: Jason Jones, 
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Kleber, St. Olaf; JK: Joseph Konhauser, Macalester; LCL: 
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RM: Richard Molnar, Macalester; RWN: Richard W. Nau, 
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G. Michael Schneider, Macalester; JS: John Schue, Macalester; 
SS: Seymour Schuster, Carleton; JAS: J. Arthur Seebach, 
Jr., St. Olaf; KS: Kay Smith, St. Olaf; LAS: Lynn Arthur 
Steen, St. Olaf; MS: Myriam Steinback, Macalester; ES: Eliz- 
abeth Strouse, Macalester; MU: Milton Ulmer, Carleton; TAV: 
Theodore A. Vessey, St. Olaf; MW: Martha Wallace, St. Olaf; 
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FIGURE ON SUCCESS 


With solid selections 
for a variety of course needs 


Lial/Miller 
Calculus with Applications, 4/e 


(Also available in a new brief version.) 
Finite Mathematics and Calculus with Applications, 3/e 
Finite Mathematics, 4/e 
Precalculus 


College Algebra, 5/e 
Trigonometry, 4/e 


ohnson/Steffensen 


Elementary Algebra, 2/e 
Intermediate Algebra, 2/e 


Gillett 
Algebra and Trigonometry 
College Algebra 


Elich/Cannon 


Precalculus 


Shenk 


alculus and Analytic Geometry, 4/e 


Demko 


Primer for Linear Algebra 


For further information write 


Meredith Hellestrae, Department SA-AMM 
1900 East Lake Avenue 
Glenview, Illinois 60025 


Scott, Foresman and Company 
We figure our success depends on you 


Just Published... 


COLLEGE ALGEBRA AND BASIC MATHEMATICS: Skills, 
TRIGONOMETRY Applications, and Problem Solving 
Third Edition Second Edition 
ROBERT ELLIS and DENNY GULICK and 

BEGINNING ALGEBRA AND 
APPLIED TRIGONOMETRY PROBLEM SOLVING 
MICHAEL N. PAYNE and Second Edition 
WAYNE R. ANDERSON Both by ALAN WISE 
COLLEGE ALGEBRA 
and 
COLLEGE ALGEBRA AND 
TRIGONOMETRY 
and 
TRIGONOMETRY COLLEGE ALGEBRA 
All by ADELBERT HACKERT WD TRIGONOMETRY 
and GENE R. SELLERS AND RIC *ONOME TRY 


INTERMEDIATE ALGEBRA AND 
PROBLEM SOLVING 

SeCond Edition 

ALAN WISE, RICHARD NATION, and 
PETER CRAMPTON 


ROBERT ELLIS DENNY GULLICK 


From HBJ for 1989 


AN INTRODUCTION TO DISCRETE 
MATHEMATICS 

Second Edition 

STEVEN ROMAN 


APPLIED CALCULUS 
BERNARD KOLMAN and 
CHARLES DENLINGER 


INTRODUCTION TO 
MATHEMATICAL STRUCTURES 
STEVEN GALOVICH 


A FIRST COURSE IN PROBABILITY 
AND STATISTICS WITH 
APPLICATIONS 

Second Edition 

PEGGY TANG STRAIT 


LINEAR PROGRAMMING 
JAMES CALVERT and 
WILLIAM VOXMAN 


EXPLORING SMALL GROUPS 
Abstract Algebra 

Tutorial Software 

LADNOR D. GEISSINGER 


HARCOURT 

BRACE 

JOVANOVICH, INC. 
College Sales Office 
7555 Caldwell Avenue 


Chicago, IL 60648 
(312) 647-8822 


HB 


New from Brooks/Cole 


@ The latest from the Smith & Boyle 
Algebra series! 


College Algebra, Fourth Edition 

1989. 560 pages. Casebound. 

Intermediate Algebra for College Students, 
Fourth Edition 

1989. 560 pages. Casebound. 


Also available 


Beginning Algebra for College Students, 
Third Edition 

1984. 313 pages. Casebound. 

Each book in the Smith & Boyle series (by 
Karl J. Smith and Patrick J. Boyle, both of 
Santa Rosa Junior College) is complemented 
by an Algebra Study Guide, Solutions Man- 
ual, Test Items, and EXP Test, Brooks/Cole’s 
microcomputer testing system for IBM PCs 
and compatibles that allows you to create, 


edit, and print mathematics tests in minutes. 


Cr ee ey 


New for 1989 


Mathematics for Calculus by James Stewart, 
McMaster University, Lothar Redlin, The 
Pennsylvania State University, and Saleem 
Watson, California State University, 

Long Beach 

608 pages. Casebound. 1989. Instructor's 
Solutions Manual. Student Solutions 
Manual. EXPTest. 


Also by James Stewart 


Calculus by James Stewart, 

McMaster University 

976 pages. Casebound. 1987 Instructor's 
Manual (2 volumes). Student Solutions Man- 
ual (2 volumes). Test Item File. EXPTest. 


Single Variable Calculus by James Stewart, 
McMaster University 
640 pages. Casebound. 1987, 


And coming in fall 1989... 


Multivariate Calculus, 
by James Stewart 


Also by Kari Smith: 


College Mathematics and Calculus with 
Applications to Management, Life, and 
Social Sciences 

748 pages. Casebound. 1988. 

Accompanied by: Student Solutions Manual. 
Instructor's Manual. EXP Test. 


Calculus with Applications 

410 pages. Casebound. 1988. 

Accompanied by: Student Solutions Manual. 
Instructor’s Manual. EXPTest. 


Finite Mathematics, Second Edition 

448 pages. Casebound. 1988. 

Accompanied by: Student Solutions Manual. 
Instructor’s Manual. EXPTest, and Computer 
Aided Finite Math, (a Study Guide and 
Software Package for the Apple II), by 
Avery/ Baker 


Computer Algebra Software 


MAPLE: Symbolic Computation for the 
Macintosh, Version 4.2 

by the Symbolic Computation Group, Uni- 
versity of Waterloo. The most efficient 
symbolic computation system ever devel- 
oped for the Macintosh! MAPLE can solve 
difficult and time-consuming equations 
with only one megabyte of memory; with 
two megabytes it can solve problems that are 
virtually impossible by other methods. 


The MAPLE package consists of nine 3.5” 
800K Macintosh disks. First Leaves For The 
Macintosh (a tutorial), and The MAPLE 
Reference Manual. The Single User package 
sells for $395.00. A free demonstration 
package is available, as is information on site 
licenses to departments and universities. 
Our Software Support Representative 

can answer your fulfillment questions: 


(408) 373-0728, ext. 136. 


To order a complimentary copy of a book, software demonstration disk, 
or our 1989 Software Catalog, write to: 
BC89256 
Brooks/Cole Publishing Company 
511 Forest Lodge Rd. 
Pacific Grove, California 93950 


You know mathematics is more than 
beautiful. It's powerful. With mathemati- 
cal models like P=P, e " reliable predic- 
tions are made about inflation, rush hour 
traffic, the spread of disease, the growth 
of populations. 

Barnett & Ziegler's College Algebra, 
Fourth Edition helps pre-calculus students 
understand and exploit the power of 
mathematics. It teaches students what 
abstractions" can do through the use of 
hundreds of varied, practical examples 
and applications. 


Barnett & Ziegler's Pre-Calculus Series 

College Algebra, Fourth Edition 

College Algebra with Trigonometry, 
Fourth Edition 

Precalculus: Functions and Graphs, 
Second Edition 
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What Mathematics Can Do 


COLLEGE DIVISION McGraw-Hill Publishing Company 
1221 Avenue of the Americas, New York, NY 10020 


Brooks/Cole 


New in 1989 


a ee ed 


From Rice & Strange 


Ordinary Differential Equations 
with Applications, 

Second Edition 

by Ben J. Rice and Jerry D. 
Strange, both of the University of 
Dayton. 465 pages. Casebound. 
1989. Complete Solutions Manual. 


College Algebra with 
Applications, Fourth Edition 

by Ben J. Rice and Jerry D. Strange 
416 pages. Casebound. 1989. 
Study Guide. Student Solutions 
Manual. Answer Book. EXPTest. 


Algebra and Trigonometry with 
Applications, Fourth Edition 

by Ben J. Rice and Jerry D. Strange 
528 pages. Casebound. 1989. 
Study Guide. Student Solutions 
Manual. Answer Book. EXPTest. 


From PWS-Kent, by the 
same authors 


Plane Trigonometry, 
Fifth Edition, 1989 
by Ben J. Rice and Jerry D. Strange 


Also New 


Elements of Calculus, 

Second Edition, 

by G.D. Allen, Charles K. Chui, 
and William Perry, all of Texas 
A&M University 544 pages. 
Casebound. 1989. 

Student Solutions Manual. 
Answer Book. 


Linear Algebra with 
Applications, Third Edition, 

by Jeanne L. Agnew, Oklahoma 
State University, and Robert C. 
Knapp, University of Wisconsin, 
Whitewater 

400 pages. Casebound. 1989. 
Instructor’s Solution Manual. 
MAX Software (free site license to 
departments upon adoption). 


Mathematics Software 


1988 EDUCOM/NCRIPTAL Higher 
Education Software Award Winner 
MAX: The MAtriX Algebra 
Calculator (Version 3.1) and 
Linear Algebra Problems for 
Computer Solution (book), 

by Eugene A. Herman and 
Charles A. Jepsen, both of 
Grinnel College 

An exciting software/book 
package to solve and explore 
linear algebra problems on the 
IBM PC and compatibles. 


Calculus-Pad, Version 1.5 and 
Exploring with Calculus-Pad 
(book) 

by R.D. Norman and J.H. Verner, 
Queen’s University. A graphics 
software and tutorial/exploration 
package that gives students the 
tools they need to graph simple 
and complex functions and 
increase their understanding of 
calculus. For IBM PCs and 
compatibles. 


For information on these and other Brooks/Cole titles write on department letterhead to: 


BC89257 
r 


_| Brooks/Cole Publishing Company 


511 Forest Lodge Road 


Pacific Grove, California 93950-5098 


Cambridge University Press- 


Undergraduate Algebraic 


Geometry 
M. Reid 
London Mathematical Society Students Texts 
Reid introduces the reader to the basic 
concepts of algebraic geometry, including: 
plane conic, cubics and the group law, affine 
and projective varieties, and nonsingularity 
and dimension. 
1988 / 129 pp. / 35559-1 / Cloth $34.50 

35662-8 / Paper $12.95 


Basic Abstract Algebra 

P.B. Bhattacharya, S.K. Jain and 

S.R. Nagpaul 

This complete and comprehensive textbook 
allows flexibility in the selection of topics to 


be taught in individual courses. 
1987 / 454pp. / 31107-1 / Paper about $27.95 


Rings and Factorization 

David Sharpe 

Presents a thorough introduction to the 
concept of factorization and its application to 
problems in algebra and number theory. 
Introduces the notions of rings, fields, prime 
elements and unique factorization and shows 
how these concepts can be applied toa 
variety of examples. 

1988 / 111 pp. / 33718-6 / Paper $14.95 


Lectures on Stochastic Analysis 
Diffusion Theory 
D.W. Stroock 
London Mathematical Society Students Texts 
This book is intended to be a reasonably self- 
contained introduction to stochastic analysis 
techniques that can be used in the study of 
certain problems. 
1987 / 128 pp. / 33366-0 / Cloth $34.50 

33645-7 / Paper $11.95 


An Introduction to 


Hilbert Spaces 
N. Young 
This textbook is an introduction to the theory 
of Hilbert spaces and its applications. Young 
stresses these applications particularly for 
the solution of partial differential equations - 
in mathematical physics and to the 
approximation of functions in complex 
analysis. 
1988 / 239 pp. / 33071-8 / Cloth $59.50 

33717-8 / Paper $21.95 


Spacetime and Singularities: 


An Introduction 

Gregory L. Naber 

London Mathematical Society Student Texts 

Provides an elementary introduction to the 

geometrical methods and notions used in 

special and general relativity. 

1988 / 176 pp. / 33327-X / Cloth about $34.50 
33612-0 / Paper about $13.95 


Notes on Logic and Set Theory 
P.T. Johnstone 

The text provides a succinct introduction to 
mathematical logic and set theory, which 
together form the foundations for the 
rigorous development of mathematics. It 


covers the basic concept of logic. 
1987 / 111 pp. / 33502-7 / Cloth $34.50 
33692-9 / Paper $12.95 


A Course in Mathematics for 
Students of Physics 


Volume | 

Paul Bamberg and Shlomo Sternberg 
This textbook covers the theory and physical 
applications of linear algebra and of the 


calculus of several variables. 
1988 / 300 pp. / 25017-X / Cloth $49.50 


Mathematics asa 


Service Subject 

Edited by A.G. Howson, J.P. Kahane, 

P. Lauginie, and E. de Turckheim 

International Commission on Mathematical 

Instruction Study Series 

This volume consists of a number of key 

papers presented by international authorities 

on the role of mathematics in applied 

subjects, such as engineering, computer 

science, and mathematical modelling. 

1988 / 150 pp. / 35395-5 / Cloth $39.50 
35703-9 / Paper $14.95 


Littlewood’s Miscellany 

Edited by Bela Bollobas 

Presenting most of Professor Littlewood’s 
earlier work together with much of the 
material he collected after the publication of 
A Mathematician’s Miscellany, this volume 
enables us to see academic life in Cambridge 
— especially in Trinity College — through the 
eyes of one of its greatest figures. 

1986 / 208 pp. / 33702-X / Paper $12.95 


At bookstores or order from 


Cambridge University Press 


32 East 57th Street, New York, NY 10022. Cambridge toll-free numbers for orders only: 
800-872-7423, outside NY State. 800-227-0247, NY State only. MasterCard and Visa accepted. 
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BECAUSE DOING ANYTHING BETTER 


MEANS DOING IT DIFFERENTTY, .. WE 
DARE YOU TO BE DIFFERENT 


We challenge you to look at mathematics differently and we do it each time we publish The UMAP Journal. 
We're making applications of contemporarymathematics as dynamic as they should be. From an elegant 
explanation of price-elasticity in illegal drugs to the strategic implications of hiring a new secretary we're 
constructing mathematical models to tackle the problems of a new age. The UMAP Journal, published quarterly, 
blends up-to-date teaching modules with commentaries and articles to create a boldly different journal, 
So take the challenge." We Dare You" . 
Individual subscriptions may also include the annual collection, UMAP Modules, Tools for Teaching. 


The UMAP Journal & UMAP Modules, Tools for Teaching 


Individual subscriptions: $31 per year for the Journat $45 for he Journaland UMAP Modules. Special student rate: $12 for Journal ony 
Institutional membership subscription is $130 per year (indudes 2 Journals and 2UMAP Modules). 
Library rate is $81 per year for the Joumaland UMAP Modules. 

Thereisa $3 discount for members of SIAM, MAA, NCTM, AMATYC, TIMS, or ASA. Foreign subscriptions, add $8.50. 


Send check to COMAP Inc. 60Lowell Stet, Afington, MA 02174 (617) 641-2500 
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New from Brooks/Cole 
Applied Calculus from Taylor & Gilligan 


Applied Calculus, Second Edition, 

by Claudia Taylor and Lawrence Gilligan, both 
of the University of Cincinnati 

560 pages. Casebound. © 1989. 

Accompanied by: Solutions Manual. Instructor's 
Test Bank. EXPTest. 

This readable new edition of Taylor & Gilligan's 
outstanding text focuses on the liberal use of 
examples to teach calculus as a tool for solving 
real-world problems. This text is designed for 
business, management science, economics, 
biology, social science, and psychology stu- 
dents. New to this edition are innovative spread- 
sheet exercises for use with a computer. 


Easy to read and easy to use, Applied Calculus 
offers hundreds of interesting, relevant applica- 
tions, more than 430 solved examples, and 
more than 2800 exercises, all presented in an 
open, accessible format. 


Calculus With Applications, 

by Claudia Taylor and Lawrence Gilligan 

680 pages. Casebound. © 1989. 

Accompanied by: Solutions Manual. Instructor's 
Test Bank. EXPTest. 

This expanded version of Taylor & Gilligan’s 
Applied Calculus offers additional chapters and 
topic coverage, including a chapter on Taylor 
Polynomials and Series, Probability and Cal- 
culus, and Trigonometric Functions. 


EXPTest, Brooks/Cole’s state-of-the-art micro- 
computer testing system for the IBM PC is 
available for both Taylor & Gilligan texts. EXP- 
Test allows professors to create, edit, and print 
math tests in just minutes. 


For information on these and other 
Brooks/Cole titles, write on department 
letterhead to: 


BC89258 
Brooks/Cole Publishing Company, 511 Forest Lodge Rd. 
Pacific Grove, CA 93950 


Mathematics from Academic Press Journals 


New 
I Games and Economic Behavior pub- 
lishes original and survey papers dealing 


e with game-theoretic modeling in the 

B a VI r social, biological, and mathematical sci- 

ences. Papers published are mathemati- 

Sally rigorous aS well aS accessible to 
readers in related fields. The purpose of 
the journal is to facilitate cross-fertiliza- 
Editor tion between the theory and application 
Ehud Kalai of game-theoretic reasoning. 


Northwestern University, Evanston, Illinois 


Volume 1 (1989), 4 issues 

ISSN 0899-8256 

In the U.S.A. and Canada: $100.00 
All other countries: $122.00 


H STO ri a Historia Mathematica is concerned 
with the history of all aspects of the 
mathematical sciences in all parts of the 


Mathematica world and from all historical periods. 


Published under the Auspices of the 
Commission on the History of 
Editor Mathematics of the Division of the 
Eberhard Knobloch History of Science of the International 


; oe Union of the History and Philosophy of 
Technische Universitat Berlin, West Germany Science 


Managing Editor 


Helena Pycior 
University of Wisconsin, Milwaukee 


Volume 16 (1989), 4 issues 

ISSN 0315-0860 

In the U.S.A. and Canada: $74.00 
All other countries: $91.00 


Sample copies and privileged personal rates are available upon request. 
For more information, please refer to $9047 and write or call: 


ACADEMIC PRESS, INC. 

Journal Promotion Department 

1250 Sixth Avenue, San Diego, CA 92101, U.S.A. 
(619) 230-1840 


$9047 


The lion’s share of quality mathematics texts is from- 


The Prindle, Weber & Schmidt 
Series in Mathematics 


New for 1989 


ARITHMETIC AND ALGEBRA, 
Second Edition 
Rosanne Proga 


ELEMENTARY ALGEBRA FOR COLLEGE 
STUDENTS, Third Edition 


Jerome E. Kaufmann 


INTERMEDIATE ALGEBRA FOR COLLEGE 
STUDENTS, Third Edition 


Jerome E. Kaufmann 

ALGEBRA FOR COLLEGE STUDENTS, 
Third Edition 

Jerome E. Kaufmann 

ALGEBRA WITH TRIGONOMETRY FOR 
COLLEGE STUDENTS, Second Edition 
Jerome E. Kaufmann 


COLLEGE ALGEBRA WITH APPLICATIONS, 


Second Edition 
James W. Hall and Richard D. Bennett, 
both of Parkland College 


PLANE TRIGONOMETRY, Fifth Edition 
Bernard J. Rice and Jerry D. Strange, 
both of University of Dayton 


FUNDAMENTALS OF COLLEGE ALGEBRA, 
Seventh Edition 
Earl W. Swokowski, Marquette University 


FUNDAMENTALS OF TRIGONOMETRY, 
Seventh Edition 
Earl W. Swokowski, Marquette University 


FUNDAMENTALS OF ALGEBRA AND 
TRIGONOMETRY, Seventh Edition 
Earl W. Swokowski, Marquette University 


ALGEBRA AND TRIGONOMETRY WITH 
ANALYTIC GEOMETRY, Seventh Edition 
Earl W. Swokowski, Marquette University 


ELEMENTARY LINEAR ALGEBRA, 
Third Edition 

Stewart Venit and Wayne Bishop, both of 
California State University at Los Angeles 


A FIRST COURSE IN DIFFERENTIAL 
EQUATIONS WITH APPLICATIONS, 
Fourth Edition 

Dennis G. Zill, Loyola Marymount University 


DIFFERENTIAL EQUATIONS WITH 
BOUNDARY-VALUE PROBLEMS, 
Second Edition 


Dennis G. Zill, Loyola Marymount University 


NUMERICAL ANALYSIS, Fourth Edition 
Richard L. Burden and J. Douglas Faires, 
both of Youngstown State University 


INTRODUCTORY REAL ANALYSIS 
James R. Kirkwood, Sweet Briar College 
PWS-KENT 


ue Publishing Company 
20 Park Plaza 
Boston, Ma. 02116 
5 Division of Wadsworth, Inc. 
rtners in Education 
1-800-349-2204 (in Mass. 1-617-542-3377) 


WADSWORTH, INC.-- WINNER OF THE NATIONAL 
ASSOCIATION OF COLLEGE STORES 
“Publisher of the Year" 
Award for 1988! 


Calculus on Heisenberg Manifolds 


Richard Beals and Peter Greiner 

The classical pseudodifferential calculus is well adapted to detailed study of elliptic op- 
erators such as the Laplacian associated to the De Rham complex. This book develops a full 
asymptotic calculus adapted to certain second order operators which are hypoelliptic but 
not elliptic. The motivating example is the operator Op associated to the ép-complex on a 
CR-manifold. Like the laplacian, Opis a natural operator of intrinsic interest, a prototype 
of a general class, and a test case. Principal terms of parametrices and other operators asso- 
ciated to Opare calculated on both the symbol side and the kernel side. 
Annals of Mathematics Studies, 119 
Paper: $15.95 ISBN 0-691-08501-3 Cloth: $40.00 ISBN 0-691-08500-5 


Lie Groups, Lie Algebras, and Cohomology 
Anthony Knapp 


This book starts with the elementary theory of Lie groups of matrices and arrives at the 
definition, elementary properties, and first applications of cohomological induction, which 
is a recently discovered algebraic construction of group representations. Along the way it 
develops the computational techniques that are so important in handling Lie groups. These 
notes develop what is needed beyond a first graduate course in algebra in order to appreci- 
ate cohomological induction and to see its first consequences. 

Mathematical Notes, 34 
Paper: $29.50 ISBN 0-691-08498-X 


AT YOUR BOOKSTORE OR 
Princeton University Press 


41 WILLIAM ST. e PRINCETON, NJ 08540 « (609) 452-4900 e ORDERS 800-PRS-ISBN (777-4726) 


No Nonsense. No Surprises. No Sleight-of-Hand. 


New for 19 8 9 
Count on the 
Gustafson & Frisk _ fiar;tigenometry rddiion, 


S : both of Rock Valley College 

erties [rom 400 pages. Casebound. 1989. 
Brooks/ Cole Also Available from Brooks/Cole 
David Gustafson and Peter Frisk take their Beginning Algebra, Second Edition. 
mathematics, their students, and their 474 pages. Casebound. 1988. 
textbooks seriously. Each book offers a Intermediate Algebra, Second Edition. 
step-by-step mathematically precise presen- 528 pages. Casebound. 1988. 

‘tation of important skills and concepts your Algebra for College Students, Second 
students will need in future mathematics Edition. 634 pages. Casebound. 1988. 
COUTSES. College Algebra, Third Edition. 478 pages. 
And each text comes with a full array of Casebound. 1986. 
supplementary materials, including EXP- College Algebra and Trigonometry, Second 
Test, Brooks/Cole’s state-of-the-art micro- Edition. 688 pages. Casebound. 1986. 


computer testing system for the IBM PC. . ; 
EXPTest allows you to create, edit, and print Functions and Graphs. 574 pages. Case 


math tests in just minutes. 


BC89253 
For information on these and other > Brooks/Cole Publishing Company 
Brooks/Cole mathematics texts write on Y | 511 Forest Lodge Road 


department letterhead to: Pacific Grove, California 93950-5098 


Announcing the successor to muMATH. 


Derive™ 
A Mathematical Assistant 


for PC-compatible computers 
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COMMAND: Author Build Calculus Declare Expand Factor Help Jump soLve Manage 
Options UK] Quit Remove Simplify Transfer moVe Window approX 

Enter option 

User B: DERIVEAD .MTH Free : 79% Derive Algebra 


¢ Computer algebra, including calculus, vectors 
and matrices 

e 2-dimensional display of formulas 

e 2- and 3-dimensional function plotting 

e Exact and approximate arithmetic to thousands 
of digits 

¢ Easy menu-driven interface 

¢ Requires only 512 kilobytes of RAM memory and 
one floppy drive 

¢ Ideal for educators, students and professionals 

¢ $200 plus shipping: Call or write for information: 


Soft Warchouse: 


3615 Harding Avenue, Suite 505 ¢ Honolulu, HI 96816 
(808) 734-5801 after noon PST 


eee 
Handcrafted software for the mind. 


©1988 Soft Warehouse, inc. 


Wadsworth & Brooks/Cole 
Advanced Books & Software 


we 
EXP:The Scientific Word Processor, Release 1.11 by Simon Smith and Walter L. Smith. 
EXP is a complete and very fast “what you see is what you get” word processing program for the IBM 
PC, PC/XT, PC/AT, and compatibles, and the AT&T 6300. EXP includes hundreds of technical 
symbols; the ability to create macros; automatic positioning, sizing, and centering of technical 
expressions; automatic reformatting; find and search-replace; soft-hyphenation; proportional spacing 
on/off; even/odd headers—footers; right-hand justification on/off; footnotes; left-hand side equation 
justification; automatic page numbering; automatic numbering for equations, exercises, etc.; windows 
to view and edit up to four files at once; and column printing. Release 1.11 contains a macro editor 
and a driver for the HP LaserJet PLUS/Series II printers and drivers for 8-, 9-, and 24-pin dot-matrix 
printers from Epson, NEC, Toshiba, and Tandy. Specify whether BL or 35" disks desired. 

e 1987. ISBN 0-534-09096-6. $150. University, department, and nonacademic site licenses available. 
This advertisement (except for the logos) was written with EXP Release 1.11 and printed on a HP Series II. 


EXPTest Version 3.0 by Simon Smith. 

EXPTest is a fast and easy way to create mathematics and statistics tests. Based upon EXP, 
EXPTest consists of two parts: 1) A menu-driven test-generation program that allows you to see all 
technical symbols, fonts, and formatting on the screen just as they will print plus the ability to edit 
questions, add new ones, and create multiple forms; 2) a set of test questions keyed to selected texts 
published by Brooks/Cole Publishing Company. EXPTest is free upon adoption of one of these 
selected texts. It is not for sale. For details, contact your Wadsworth & Brooks/Cole sales 
representative or call Brooks/Cole. 


Statistics: A Guide to the Unknown, Third Edition, edited by Judith M. Tanur, Frederick 
Mosteller, William H. Kruskal, Erich L. Lehmann, Richard F. Link, Richard S. Pieters, and Gerald 
R. Rising. 

The third edition of this very successful book describes the important applications of statistics and 
probability in many areas. The book assumes no special knowledge of statistics, probability, or 
mathematics. This new edition is a major revision: Authors have updated the articles that are carried 
over from earlier editions and the book contains twelve new articles. All articles have exercise sets. 


e 1989. 304 pp. Paper. ISBN 0-524-09492-9. $16.95. 


Real Analysis and Probability by R. M. Dudley. 

Graduate text that offers a clear exposition of modern probability theory and of the interplay between 
the properties of metric spaces and those of probability measures. Discusses the subadditive ergodic 
theorems, metrics for convergence in laws, and the Borel isomorphism theorem. Includes the best and 
shortest proofs for theorems such as the completion of metric spaces, Daniell-Stone integration theory, 
the strong law of large numbers, ergodic theorem, martingale convergence theorem, subadditive 
ergodic theorem, and Hartman-Winter law of the iterated logarithm. 

Contents: 1. Foundations; Set Theory. 2. General Topology. 3. Measures. 4. Integration. 5. L’ Spaces; 
Introduction to Functional Analysis. 6. Convex Sets and Duality of Normed Spaces. 7. Measure, Topol- 
ogy, and Differentiation. 8. Introduction to Probability Theory. 9. Convergence of Laws and Central 
Limit Theorems. 10. Conditional Expectation and Martingales. 11. Convergence of Laws on Separable 
Metric Spaces. 12. Stochastic Processes. 13. Measurability: Borel Isomorphism and Analytic Sets. 

e 1989. Cloth. 488 pp. ISBN 0-534-10050-3. $52.95. 


MAPLE: Symbolic Computation for the Macintosh, Version 4.2 by the Symbolic 
Computation Group, University of Waterloo. 

MAPLE for the Macintosh will be released in early 1989. If you want to have a powerful interactive 
symbolic processor for your Macintosh, call for details. 


Wadsworth & Brooks/Cole Advanced Books & Software, 
511 Forest Lodge Rd., Pacific Grove, CA 93950-5098. 
For information call (408)373-0728. 

For U.S. orders call our toll-free number (800)354-9706. 


“and Lively 
Calculus 


Report of the Conference/Workshop to Develop Curriculum 
and Teaching Methods for Calculus at the College Level, 
Ronald G. Douglas, Editor. 

MAA Notes #6 


249 pp., 1987, Paperbound, ISBN-0-88385-056-7 
Catalog Number - NTE-07 


Price: $12.50 
| 


Should calculus be taught differently? Can it? Common wisdom says 
‘*no’’—which topics are taught, and when, are dictated by the logic of the 
subject and by client department. The surprising answer from a four-day 
Sloan Foundation-sponsored conference on calculus instruction, chaired by 
Ronald Douglas, is that significant change is possible, desirable, and neces- 
sary. Meeting at Tulane University in New Orleans in January, 1986, a diverse 
and sometimes contentious group of twenty-five faculty, university and foun- 
dation administrators, and scientists from client departments, put aside their 
differences to call for a leaner, livelier, more contemporary course, more 
sharply focused on calculus’s central ideas and on its role as the language 
of science. 

This volume contains the results of that conference and the papers pre- 
sented to the conferees. These are certain to be the point of departure and 
basis for efforts to strengthen and reshape calculus in the next decade. 


Order from 
The Mathematical Association 
of America 
1529 Eighteenth St., NW 
Washington, DC 20036 
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NOTICE TO AUTHORS 


See statement of editorial policy (volume 89, p. 3). Follow the format in current issues. Put your full mailing 
address in a line at the head of the paper, following the title and the author’s name. Send three copies of the 
manuscript, legibly typewritten on only one side of the paper, double-spaced with wide margins, and keep one as 
protection against loss. Prepare illustrations carefully, on separate sheets of paper in black ink, the original without 
lettering and two copies with lettering added. Rough copies of the illustrations should be included in the manuscript 
at the appropriate places. Supply the full five-symbol Mathematics Subject Classification number, as described in 
Mathematical Reviews, 1985 and later. (This is necessary for indexing purposes.) 

All manuscripts whose length is more than 7 manuscript pages should be sent to HERBERT S. WILF, 
Department of Mathematics, University of Pennsylvania, Philadelphia, PA 19104. Shorter articles about the 
teaching of mathematics should be sent to either MELVIN HENRIKSEN (linear algebra, algebra, differential 
equations), Department of Mathematics, Harvey Mudd College, Claremont, CA 91711, or STAN WAGON 
(calculus, analysis, number theory, discrete mathematics, statistics), Department of Mathematics, Smith College, 
Northampton, MA 01063. Other shorter articles should be submitted as follows: in algebra, discrete mathematics, 
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Ramanujan, Modular Equations, and Approximations to Pi or 
How to Compute One Billion Digits of Pi 


J. M. BORWEIN AND P. B. BORWEIN 
Mathematics Department, Dalhousie University, Halifax, N.S. B3H 3J5 Canada 


and 


D. H. BAILEY 
NASA Ames Research Center, Moffett Field, CA 94035 


Preface. The year 1987 was the centenary of Ramanujan’s birth. He died in 1920 
Had he not died so young, his presence in modern mathematics might be more 
immediately felt. Had he lived to have access to powerful algebraic manipulation 
software, such as MACSYMA, who knows how much more spectacular his already 
astonishing career might have been. 

This article will follow up one small thread of Ramanujan’s work which has 
found a modern computational context, namely, one of his approaches to approxi- 
mating pi. Our experience has been that as we have come to understand these pieces 
of Ramanujan’s work, as they have become mathematically demystified, and as we 
have come to realize the intrinsic complexity of these results, we have come to 
realize how truly singular his abilities were. This article attempts to present a 
considerable amount of material and, of necessity, little is presented in detail. We 
have, however, given much more detail than Ramanujan provided. Our intention is 
that the circle of ideas will become apparent and that the finer points may be 
pursued through the indicated references. 


1. Introduction. There is a close and beautiful connection between the transfor- 
mation theory for elliptic integrals and the very rapid approximation of pi. This 
connection was first made explicit by Ramanujan in his 1914 paper “Modular 
Equations and Approximations to 7” [26]. We might emphasize that Algorithms 1 
and 2: are not to be found in Ramanuyjan’s work, indeed no recursive approximation 
of a is considered, but as we shall see they are intimately related to his analysis. 
Three central examples are: 


Sum 1. (Ramanujan) 


1 y8 2 (4n)! [1103 + 26390n] 


7 9801, (n!)* 3964" 
Algorithm 1. Let a, = 6 — 4/2 and y:= v2 — 1. 
Let 
1-(1-ys)'” 
Yn+1 i+ (1 ayia 
and 


An+1 = (1 + Vne1) Gy a 22n+3y (1 + Vn+1 + Yeu) 


201 
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Then 
0<a,—1/2 < 16: 4"e~?'4"" 
and a, converges to 1/a quartically (that is, with order four). 


Algorithm 2. Let sy = 5(/5 — 2) and ay := 1/2. 


Let 
25 
S,41. =~ 5 
(2 +x/z+1)’s, 
where 
x= 5/s,-1 y= (x-1) 47 
and 
1 1/5 
Zi= Sx) + yy? — =) ; 
Let 
so — 5 
O,41 = S2a, — | 5 + /s,(52 — 2s, + 5) \. 
Then 


0<a,- + <16-5"e7 >" 
7 
and a, converges to 1/7 quintically (that is, with order five). 

Each additional term in Sum 1 adds roughly eight digits, each additional iteration 
of Algorithm 1 quadruples the number of correct digits, while each additional 
iteration of Algorithm 2 quintuples the number of correct digits. Thus a mere 
thirteen iterations of Algorithm 2 provide in excess of one billion decimal digits of 
pi. In general, for us, pth-order convergence of a sequence {a,,) to a means that a,, 
tends to a and that 


lOn+1 — @| S Cla, — al? 


for some constant C > 0. Algorithm 1 is arguably the most efficient algorithm 

currently known for the extended precision calculation of pi. While the rates of 

convergence are impressive, it is the subtle and thoroughly nontransparent nature of 

these results and the beauty of the underlying mathematics that intrigue us most. 
Watson [37], commenting on certain formulae of Ramanujan, talks of 


a thrill which is indistinguishable from the thrill which I feel when I enter the 

Sagrestia Nuovo of the Capella Medici and see before me the austere beauty of 

the four statues representing “Day,” “Night,” “Evening,” and “Dawn” which 

Michelangelo has set over the tomb of Giuliano de’Medici and Lorenzo 

de’ Medici. 

Sum 1 is directly due to Ramanujan and appears in [26]. It rests on a modular 
identity of order 58 and, like much of Ramanujan’s work, appears without proof 
and with only scanty motivation. The first complete derivation we know of appears 
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in [11]. Algorithms 1 and 2 are based on modular identities of orders 4 and 5, 
respectively. The underlying quintic modular identity in Algorithm 2 (the relation 
for s,,) is also due to Ramanujan, though the first proof is due to Berndt and will 
appear in [7]. 

One intention in writing this article is to explain the genesis of Sum 1 and of 
Algorithms 1 and 2. It is not possible to give a short self-contained account without 
assuming an unusual degree of familiarity with modular function theory. Also, parts 
of the derivation involve considerable algebraic calculation and may most easily be 
done with the aid of a symbol manipulation package (MACSYMA, MAPLE, 
REDUCE, etc.). We hope however to give a taste of methods involved. The full 
details are available in [11]. 

A second intention is very briefly to describe the role of these and related 
approximations in the recent extended precision calculations of pi. In part this 
entails a short discussion of the complexity and implementation of such calcula- 
tions. This centers on a discussion of multiplication by fast Fourier transform 
methods. Of considerable related interest is the fact that these algorithms for 7 are 
provably close to the theoretical optimum. 


2. The State of Our Current Ignorance. Pi is almost certainly the most natural of 
the transcendental numbers, arising as the circumference of a circle of unit diame- 
ter. Thus, it is not surprising that its properties have been studied for some 
twenty-five hundred years. What is surprising is how little we actually know. 

We know that 7 is irrational, and have known this since Lambert’s proof of 1771 
(see [5]). We have known that 7 is transcendental since Lindemann’s proof of 1882 
[23]. We also know that 7 is not a Liouville number. Mahler proved this in 1953. An 
irrational number £ is Liouville if, for any n, there exist integers p and g so that 

1 
< 7: 

q 
Liouville showed these numbers are all transcendental. In fact we know that 

Pp 1 
tT ——|> jee (2.1) 


0 < 


P 
B-~— 
q 


for p,q integral with q sufficiently large. This irrationality estimate, due to 
Chudnovsky and Chudnovsky [16] is certainly not best possible. It is likely that 
14.65 should be replaced by 2 + « for any e > 0. Almost all transcendental numbers 
satisfy such an inequality. We know a few related results for the rate of algebraic 
approximation. The results may be pursued in [4] and [11]. 

We know that e” is transcendental. This follows by noting that e” = (—1)~' and 
applying the Gelfond-Schneider theorem [4]. We know that 7 + log2 + 2 log3 is 
transcendental. This result is a consequence of the work that won Baker a Fields 
Medal in 1970. And we know a few more than the first two hundred million digits 
of the decimal expansion for 7 (Kanada, see Section 3). 

The state of our ignorance is more profound. We do not know whether such basic 
constants as 7 + e, 7/e, or log are irrational, let alone transcendental. The best 
we can say about these three particular constants is that they cannot satisfy any 
polynomial of degree eight or less with integer coefficients of average size less than 
10’ [3]. This is a consequence of some recent computations employing the 
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Ferguson-Forcade algorithm [17]. We don’t know anything of consequence about 
the single continued fraction of pi, except (numerically) the first 17 million terms, 
which Gosper computed in 1985 using Sum 1. Likewise, apart from listing the first 
many millions of digits of 7, we know virtually nothing about the decimal expan- 
sion of z. It is possible, albeit not a good bet, that all but finitely many of the 
decimal digits of pi are in fact 0’s and 1’s. Carl Sagan’s recent novel Contact rests on 
a similar possibility. Questions concerning the normality of or the distribution of 
digits of particular transcendentals such as 7 appear completely beyond the scope 
of current mathematical techniques. The evidence from analysis of the first thirty 
million digits is that they are very uniformly distributed [2]. The next one hundred 
and seventy million digits apparently contain no surprises. 

In part we perhaps settle for computing digits of 7 because there 1s little else we 
can currently do. We would be amiss, however, if we did not emphasize that the 
extended precision calculation of pi has substantial application as a test of the 
“global integrity” of a supercomputer. The extended precision calculations de- 
scribed in Section 3 uncovered hardware errors which had to be corrected before 
those calculations could be successfully run. Such calculations, implemented as in 
Section 4, are apparently now used routinely to check supercomputers before they 
leave the factory. A large-scale calculation of pi is entirely unforgiving; it soaks into 
all parts of the machine and a single bit awry leaves detectable consequences. 


3. Matters Computational 


I am ashamed to tell you to how many figures I carried these calculations, having 
no other business at the time. 
Isaac Newton 


Newton’s embarrassment at having computed 15 digits, which he did using the 
arcsinlike formula 


3/3 04 1 1 1 1 
7 a 5-25 28-27 72-29 


28 uf Vea we dx, 


is indicative both of the spirit in which people calculate digits and the fact that a 
surprising number of people have succumbed to the temptation [5]. 

The history of efforts to determine an accurate value for the constant we now 
know as 7 is almost as long as the history of civilization itself. By 2000 B.c. both the 
Babylonians and the Egyptians knew 7 to nearly two decimal places. The Babyloni- 
ans used, among others, the value 3 1/8 and the Egyptians used 3 13/81. Not all 
ancient societies were as accurate, however—nearly 1500 years later the Hebrews 
were perhaps still content to use the value 3, as the following quote suggests. 


Also, he made a molten sea of ten cubits from brim to brim, round in compass, 
and five cubits the height thereof; and a line of thirty cubits did compass it round 
about. 

Old Testament, 1 Kings 7:23 


Despite the long pedigree of the problem, all nonempirical calculations have 
employed, up to minor variations, only three techniques. 
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1) The first technique due to Archimedes of Syracuse (287-212 B.c.) is, recur- 
sively, to calculate the length of circumscribed and inscribed regular 6 - 2”-gons 
about a circle of diameter 1. Call these quantities a, and b,, respectively. Then 
Ay i= 2y3, by ‘= 3 and, as Gauss’s teacher Pfaff discovered in 1800, 

2a,, 


Gn+1 and by, 41 = V4n+1), - 
a, + b, 


Archimedes, with n = 4, obtained 


10 1 
35 <a<3-. 


While hardly better than estimates one could get with a ruler, this is the first method 
that can be used to generate an arbitrary number of digits, and to a nonnumerical 
mathematician perhaps the problem ends here. Variations on this theme provided 
the basis for virtually all calculations of 7 for the next 1800 years, culminating with 
a 34 digit calculation due to Ludolph van Ceulen (1540-1610). This demands 
polygons with about 2° sides and so is extraordinarily time consuming. 


11) Calculus provides the basis for the second technique. The underlying method 
relies on Gregory’s series of 1671 
x at x? x? 1 
t —_— —_—_ — —_ — + —- — «es. < 
arctan x f tae x 3 5 |x| 


coupled with a formula which allows small x to be used, like 


T 1 1 
— = 4 arctan| — | — arctan| —— |. 
4 | 5 | | 239 | 


This particular formula is due to Machin and was employed by him to compute 100 
digits of ~ in 1706. Variations on this second theme are the basis of all the 
calculations done until the 1970’s including William Shanks’ monumental hand- 
calculation of 527 digits. In the introduction to his book [32], which presents this 
calculation, Shanks writes: 


Towards the close of the year 1850 the Author first formed the design of rectifying 
the circle to upwards of 300 places of decimals. He was fully aware at that time, 
that the accomplishment of his purpose would add little or nothing to his fame as a 
Mathematician though it might as a Computer; nor would it be productive of 
anything in the shape of pecuniary recompense. 


Shanks actually attempted to hand-calculate 707 digits but a mistake crept in at 
the 527th digit. This went unnoticed until 1945, when D. Ferguson, in one of the 
last “nondigital” calculations, computed 530 digits. Even with machine calculations 
mistakes occur, so most record-setting calculations are done twice—by sufficiently 
different methods. 

The advent of computers has greatly increased the scope and decreased the toil of 
such calculations. Metropolis, Reitwieser, and von Neumann computed and ana- 
lyzed 2037 digits using Machin’s formula on ENIAC in 1949. In 1961, Dan Shanks 
and Wrench calculated 100,000 digits on an IBM 7090 [31]. By 1973, still using 
Machin-like arctan expansions, the million digit mark was passed by Guillard and 
Bouyer on a CDC 7600. 
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i111) The third technique, based on the transformation theory of elliptic integrals, 
provides the algorithms for the most recent set of computations. The most recent 
records are due separately to Gosper, Bailey, and Kanada. Gosper in 1985 calcu- 
lated over 17 million digits (in fact over 17 million terms of the continued fraction) 
using a carefully orchestrated evaluation of Sum 1. 

Bailey in January 1986 computed over 29 million digits using Algorithm 1 on a 
Cray 2 [2]. Kanada, using a related quadratic algorithm (due in basis to Gauss and 
made explicit by Brent [12] and Salamin [27]) and using Algorithm 1 for a check, 
verified 33,554,000 digits. This employed a HITACHI S-810/20, took roughly eight 
hours, and was completed in September of 1986. In January 1987 Kanada extended 
his computation to 27’ decimal places of 7 and the hundred million digit mark had 
been passed. The calculation took roughly a day and a half on a NEC SX2 machine. 
Kanada’s most recent feat (Jan. 1988) was to compute 201,326,000 digits, which 
required only six hours on a new Hitachi S-820 supercomputer. Within the next few 
years many hundreds of millions of digits will no doubt have been similarly 
computed. Further discussion of the history of the computation of pi may be found 
in [5] and [9]. 


4. Complexity Concerns. One of the interesting morals from theoretical com- 
puter science is that many familiar algorithms are far from optimal. In order to be 
more precise we introduce the notion of bit complexity. Bit complexity counts the 
number of single operations required to complete an algorithm. The single-digit 
operations we count are +,—,X. (We could, if we wished, introduce storage and 
logical comparison into the count. This, however, doesn’t affect the order of growth 
of the algorithms in which we are interested.) This is a good measure of time on a 
serial machine. Thus, addition of two n-digit integers by the usual method has bit 
complexity O(n), and straightforward uniqueness considerations show this to be 
asymptotically best possible. 

Multiplication is a different story. Usual multiplication of two n-digit integers 
has bit complexity O(n’) and no better. However, it is possible to multiply two 
n-digit integers with complexity O(n(logn)(loglogn)). This result is due to 
Schénhage and Strassen and dates from 1971 [29]. It provides the best bound known 
for multiplication. No multiplication can have speed better than O(n). Unhappily, 
more exact results aren’t available. 

The original observation that a faster than O(n”) multiplication is possible was 
due to Karatsuba in 1962. Observe that 


(a + b10")(c + d10") = ac + [(a — b)(c — d) — ac — bd}10” + bd10””, 


and thus multiplication of two 2n-digit integers can be reduced to three multiplica- 
tions of n-digit integers and a few extra additions. (Of course multiplication by 10” 
is just a shift of the decimal point.) If one now proceeds recursively one produces a 
multiplication with bit complexity 


O( n log» 3), 
Note that log, 3 = 1.58... < 2. 
We denote by M(n) the bit complexity of multiplying two n-digit integers 
together by any method that is at least as fast as usual multiplication. 


The trick to implementing high precision arithmetic is to get the multiplication 
right. Division and root extraction piggyback off multiplication using Newton’s 
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method. One may use the iteration 
X pay = 2X, — XK 
to compute 1/y and the iteration 


1 
Mkt > x4 + 
k 


to compute Vy . One may also compute 1/ vy from 


x,(3 — yx}) 
or 


and so avoid divisions in the computation of vy . Not only do these iterations 
converge quadratically but, because Newton’s method 1s self-correcting (a slight 
perturbation in x, does not change the limit), it is possible at the Ath stage to work 
only to precision 2*. If division and root extraction are so implemented, they both 
have bit complexity O(M(n)), in the sense that n-digit input produces n-digit 
accuracy in a time bounded by a constant times the speed of multiplication. This 
extends in the obvious way to the solution of any algebraic equation, with the 
startling conclusion that every algebraic number can be computed (to n-digit 
accuracy) with bit complexity O( M(n)). Writing down n-digits of /2 or 3y7 is (up 
to a constant) no more complicated than multiplication. 

The Schénhage-Strassen multiplication is hard to implement. However, a multi- 
plication with complexity O((log n)***n) based on an ordinary complex (floating 
point) fast Fourier transform is reasonably straightforward. This is Kanada’s 
approach, and the recent records all rely critically on some variations of this 
technique. 

To see how the fast Fourier transform may be used to accelerate multiplication, 
let x = (Xo, X1, Xz,---,X,—1) and y = (, V1, Yo,---> VY, —-1) be the representations 
of two high-precision numbers in some radix b. The radix b is usually selected to be 
some power of 2 or 10 whose square is less than the largest integer exactly 
representable as an ordinary floating-point number on the computer being used. 
Then, except for releasing each “carry,” the product z = (Zo, Z,, Z3,---5 29,1) of x 
and y may be written as 


Zo = Xo Vo 
Z1 = Xo yy t+ XV 
24 = Xo Vy + XY, + XV 


n-1 — XoVn-1 + X1Vn-2 tee: +xX,-1¥o 


24n-3 = Xn—-1)n—-2 + Xn—2Yn-1 
~4n-2 — Xn-1Yn-1 
~on-1 = 0. 


Now consider x and y to have n zeros appended, so that x, y, and z all have 
length N = 2n. Then a key observation may be made: the product sequence z is 
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precisely the discrete convolution C(x, y): 
N-1 
z= C,(x,y)= b Xi Vk-j> 
j=0 
where the subscript k — j is to be interpreted as k — j + N if k — j 1s negative. 
Now a well-known result of Fourier analysis may be applied. Let F(x) denote 
the discrete Fourier transform of the sequence x, and let F~‘(x) denote the inverse 
discrete Fourier transform of x: 
N-1 
F,(x) . y xe 7MUK/N 
'=0 


nN 


F(x): 


2|- 


N-1 
y xe? TURIN, 
j=0 


Then the “convolution theorem,” whose proof is a straightforward exercise, states 
that 


F[C(x, y)] = F(x)F(y) 
or, expressed another way, 


C(x, y) = FL F(x) F(y)]. 

Thus the entire multiplication pyramid z can be obtained by performing two 
forward discrete Fourier transforms, one vector complex multiplication and one 
inverse transform, each of length N = 2n. Once the real parts of the resulting 
complex numbers have been rounded to the nearest integer, the final multiprecision 
product may be obtained by merely releasing the carries modulo b. This may be 
done by starting at the end of the z vector and working backward, as in elementary 
school arithmetic, or by applying other schemes suitable for vector processing on 
more sophisticated computers. 

A straightforward implementation of the above procedure would not result in 
any computational savings—in fact, it would be several times more costly than the 
usual “schoolboy” scheme. The reason this scheme is used is that the discrete 
Fourier transform may be computed much more rapidly using some variation of the 
well-known “fast Fourier transform” (FFT) algorithm [13]. In particular, if N = 2”, 
then the discrete Fourier transform may be evaluated in only 5m2” arithmetic 
operations using an FFT. Direct application of the definition of the discrete Fourier 
transform would require 2*”*? floating-point arithmetic operations, even if it is 
assumed that all powers of e~*7'/" have been precalculated. 

This is the basic scheme for high-speed multiprecision multiplication. Many 
details of efficient implementations have been omitted. For example, it is possible to 
take advantage of the fact that the input sequences x and y and the output 
sequence z are all purely real numbers, and thereby sharply reduce the operation 
count. Also, it is possible to dispense with complex numbers altogether in favor of 
performing computations in fields of integers modulo large prime numbers. Inter- 
ested readers are referred to [2], [8], [13], and [22]. 

When the costs of all the constituent operations, using the best known tech- 
niques, are totalled both Algorithms 1 and 2 compute n digits of 7 with bit 
complexity O( M(n)log n), and use O(log n) full precision operations. 
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The bit complexity for Sum 1, or for 7 using any of the arctan expansions, is 
between O((logn)*M(n)) and O(nM(n)) depending on implementation. In each 
case, one is required to sum O(n) terms of the appropriate series. Done naively, one 
obtains the latter bound. If the calculation is carefully orchestrated so that the terms 
are grouped to grow evenly in size (as rational numbers) then one can achieve the 
former bound, but with no corresponding reduction in the number of operations. 

The Archimedean iteration of section 2 converges like 1/4” so in excess of n 
iterations are needed for n-digit accuracy, and the bit complexity is O(nM(n)). 

Almost any familiar transcendental number such as e, y, §(3), or Catalan’s 
constant (presuming the last three to be nonalgebraic) can be computed with bit 
complexity O((log n)M(n)) or O((log n)?M(n)). None of these numbers is known 
to be computable essentially any faster than this. In light of the previous observa- 
tion that algebraic numbers are all computable with bit complexity O( M(n)), a 
proof that 7 cannot be computed with this speed would imply the transcendence of 
a. It would, in fact, imply more, as there are transcendental numbers which have 
complexity O( M(n)). An example is 0.10100100001... . 

It is also reasonable to speculate that computing the nth digit of 7 is not very 
much easier than computing all the first n digits. We think it very probable that 
computing the nth digit of 7 cannot be O(”). 


5. The Miracle of Theta Functions 


When I was a student, abelian functions were, as an effect of the Jacobian 
tradition, considered the uncontested summit of mathematics, and each of us was 
ambitious to make progress in this field. And now? The younger generation 
hardly knows abelian functions. 

Felix Klein [21] 


Felix Klein’s lament from a hundred years ago has an uncomfortable timelessness 
to it. Sadly, it is now possible never to see what Bochner referred to as “the miracle 
of the theta functions” in an entire university mathematics program. A small piece 
of this miracle is required here [6], [11], [28]. First some standard notations. The 
complete elliptic integrals of the first and second kind, respectively, 


K(k) = —— (5.1) 
0 vl — k?sin’t 


and 
E(k) = fv — k?sin2t dt. (5.2) 
0 


The second integral arises in the rectification of the ellipse, hence the name elliptic 
integrals. The complementary modulus is 


ki = V1 — k? 
and the complementary integrals K' and E’ are defined by 
K(k) = K(k’) and E(k) = E(k’). 
The first remarkable identity is Legendre’s relation namely 
7 


E(k)K"(k) + E(k) K(k) ~ K(k) K(k) = 5 (5.3) 
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(for 0 < k < 1), which is pivotal in relating these quantities to pi. We also need to 
define two Jacobian theta functions 


O(ge= Y gerry (5.4) 
and 
@(q)= Yq”. (5.5) 


These are in fact specializations with (t = 0) of the general theta functions. More 
generally 


@,(t,¢)= YL gre  (imt > 0) 


n=—o 


with similar extensions of @,. In Jacobi’s approach these general theta functions 
provide the basic building blocks for elliptic functions, as functions of t (see [11], 
[39]). 

The complete elliptic integrals and the special theta functions are related as 
follows. For |q| < 1 


K(k) = 503(4) (5.6) 
and 
; dK(k) 
E(k) = (k’) (i) +k . (5.7) 
where 
03(- 
km K(q)= See, KR) = Se (538) 
and 
gq = eR UO/K) (5.9) 


The modular function X is defined by 


(5.10) 


Q,(q) | 
Q3(q) 


A(t) = A(q) = k*(q) = | 


where 


q:=e'™, 

We wish to make a few comments about modular functions in general before 
restricting our attention to the particular modular function A. Modular functions are 
functions which are meromorphic in H, the upper half of the complex plane, and 
which are invariant under a group of linear fractional transformations, G, in the 
sense that 


f(s(z))=f(z) Ve eG. 
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[Additional growth conditions on f at certain points of the associated fundamental 
region (see below) are also demanded.] We restrict G to be a subgroup of the 
modular group Y where I is the set of all transformations w of the form 


at + b 
w(t) ct+d’ 
with a, b,c, d integers and ad — bc = 1. Observe that [ is a group under composi- 
tion. A fundamental region F, is a set in H with the property that any element in H 
is uniquely the image of some element in F. under the action of G. Thus the 
behaviour of a modular function is uniquely determined by its behaviour on a 
fundamental region. 

Modular functions are, in a sense, an extension of elliptic (or doubly periodic) 
functions-—functions such as sn which are invariant under linear transformations 
and which arise naturally in the inversion of elliptic integrals. 

The definitions we have given above are not complete. We will be more precise in 
our discussion of A. One might bear in mind that much of the theory for A holds in 
considerably greater generality. 

The fundamental region F we associate with A is the set of complex numbers 


F:= {imt>0} A [{}ret|<1 and 
t+ 1j>1} U {ret = -1} VU {2+ 1) =1}]. 


The A-group (or theta-subgroup) is the set of linear fractional transformations w 
satisfying 


at +b 
ct +d’ 


w(t) = 


where a, b,c, d are integers and ad — bc = 1, while in addition a and d are odd 
and b and c are even. Thus the corresponding matrices are unimodular. What 
makes A a A-modular function is the fact that A is meromorphic in {im ¢ > 0} and 
that 


A(w(t)) = A(t) 


for all w in the A-group, plus the fact that A tends to a definite limit (possibly 
infinite) as ¢ tends to a vertex of the fundamental region (one of the three points 
(0, —1), (0, 0), (i, 00)). Here we only allow convergence from within the fundamental 
region. 

Now some of the miracle of modular functions can be described. Largely because 
every point in the upper half plane is the image of a point in F under an element of 
the A-group, one can deduce that any A-modular function that is bounded on F is 
constant. Slightly further into the theory, but relying on the above, is the result that 
any two modular functions are algebraically related, and resting on this, but further 
again into the field, is the following remarkable result. Recall that q is given by 
(5.9). 


THEOREM 1. Let z be a primitive pth root of unity for p an odd prime. Consider the 
pth order modular equation for \ as defined by 


W(x, A) = (x —Xo)(x — Ay) + (x — d,)s (5.11) 
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where 


A= A(zig!/?) i<p 


I 


and 
A, =A(q?). 


Then the function W, is a polynomial in x and X (independent of q), which has integer 
coefficients and is of degree p + 1 in both x and X. 


The modular equation for A usually has a simpler form in the associated 
variables u := x'!/® and v := N/”®. In this form the 5th-order modular equation is 
given by 


Q (u,v) = u® — v® + 5u7v?(u* — v2) + 4uv(1 - uv*). (5.12) 
In particular 
O29") nn ang 82D _ 2 
03(q”) 03(4) 


are related by an algebraic equation of degree p + 1. 
The miracle is not over. The pth-order multiplier (for \) is defined by 


2 
M,(k(q), k(q?) = A? ow 
° K(k(q)) 03(q) 
and turns out to be a rational function of k(qg’?) and k(q). 
One is now in possession of a pth-order algorithm for K/z7, namely: Let 
k, = k(q?). Then 


2K (ko) _ 


(5.13) 


M,*(ko, k,)M;*(ky, k,)M, (ky, ks) ous 


This is an entirely algebraic algorithm. One needs to know the pth-order modular 
equation for A to compute k;,, from k, and one needs to know the rational 
multiplier M,. The speed of convergence (O(c? ), for some c < 1) is easily deduced 
from (5.13) and (5.9). 

The function A(t) is 1-1 on F and has a well-defined inverse, A~*, with branch 
points only at 0, 1 and oo. This can be used to provide a one line proof of the “big” 
Picard theorem that a nonconstant entire function misses at most one value (as does 
exp). Indeed, suppose g is an entire function and that it is never zero or one; then 
exp(A~/(g(z))) is a bounded entire function and is hence constant. 

Littlewood suggested that, at the right point in history, the above would have 
been a strong candidate for a ‘one line doctoral thesis’. 


6. Ramanujan’s Solvable Modular Equations. Hardy [19] commenting on 
Ramanyjan’s work on elliptic and modular functions says 


It is here that both the profundity and limitations of Ramanujan’s knowledge 
stand out most sharply. 


We present only one of Ramanujan’s modular equations. 
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THEOREM 2. 


50,(q7>) 


= 14 7 +7”, (6.1) 
®3(q) ° 


where for i = 1 and 2 


no ix(y pa] 


with 
_ 503(q°) 


- Q;(4) 


This is a slightly rewritten form of entry 12(i11) of Chapter 19 of Ramanujan’s 
Second Notebook (see [7], where Berndt’s proofs may be studied). One can think of 
Ramanujan’s quintic modular equation as an equation in the multiplier M, of 
(5.13). The initial surprise is that it is solvable. The quintic modular relation for i, 
W,, and the related equation for 1’, Q.,, are both nonsolvable. The Galois group of 
the sixth-degree equation (2, (see (5.12)) over Q(v) is A, and is nonsolvable. Indeed 
both Hermite and Kronecker showed, in the middle of the last century, that the 
solution of a general quintic may be effected in terms of the solution of the 
5th-order modular equation (5.12) and the roots may thus be given in terms of 
the theta functions. 

In fact, in general, the Galois group for W, of (5.11) has order p( p + 1)(p — 1) 
and is never solvable for p => 5. The group is quite easy to compute, it is generated 
by two permutations. If 


—1 and y=(x-1)’+7. 


T 


g:i=e'™, then r>7+2 and "> Gran 


are both elements of the A-group and induce permutations on the A, of Theorem 1. 
For any fixed p, one can use the q-expansion of (5.10) to compute the effect of 
these transformations on the A,, and can thus easily write down the Galois group. 

While W, is not solvable over Q(A), it is solvable over Q(A, AQ). Note that A, is 
a root of W,. It is of degree p + 1 because W, 1s irreducible. Thus the Galois group 
for W, over Q(A, AQ) has order p( p — 1). For p = 5, 7, and 11 this gives groups of 
order 20, 42, and 110, respectively, which are obviously solvable and, in fact, for 
general primes, the construction always produces a solvable group. 

From (5.8) and (5.10) one sees that Ramanujan’s modular equation can be 
rewritten to give A; solvable in terms of A, and A. Thus, we can hope to find an 
explicit solvable relation for A, in terms of A and AQ. For p = 3, W, 1s of degree 4 
and is, of course, solvable. For p = 7, Ramanujan again helps us out, by providing a 
solvable seventh-order modular identity for the closely related eta function defined 
by 


n(q) = 49" TT 4”). 
The first interesting prime for which an explicit solvable form is not known is the 


“endecadic” ( p = 11) case. We consider only prime values because for nonprime 
values the modular equation factors. 
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This leads to the interesting problem of mechanically constructing these equa- 
tions. In principle, and to some extent in practice, this is a purely computational 
problem. Modular equations can be computed fairly easily from (5.11) and even 
more easily in the associated variables u and v. Because one knows a priori bounds 
on the size of the (integer) coefficients of the equations one can perform these 
calculations exactly. The coefficients of the equation, in the variables u and v, grow 
at most like 2”. (See [11].) Computing the solvable forms and the associated 
computational problems are a little more intricate— though still in principle entirely 
mechanical. A word of caution however: in the variables u and v the endecadic 
modular equation has largest coefficient 165, a three digit integer. The endecadic 
modular equation for the intimately related function J (Klein’s absolute invariant) 
has coefficients as large as 


27090964785531389931563200281035226311929052227303 x 2773'757°11753. 


It is, therefore, one thing to solve these equations, it is entirely another matter to 
present them with the economy of Ramanujan. 

The paucity of Ramanujan’s background in complex analysis and group theory 
leaves open to speculation Ramanujan’s methods. The proofs given by Berndt are 
difficult. In the seventh-order case, Berndt was aided by MACSYMA~—a sophisti- 
cated algebraic manipulation package. Berndt comments after giving the proof of 
various seventh-order modular identities: 


Of course, the proof that we have given is quite unsatisfactory because it is a 
verification that could not have been achieved without knowledge of the result. 
Ramanujan obviously possessed a more natural, transparent, and ingenious 


proof. 


7. Modular Equations and Pi. We wish to connect the modular equations of 
Theorem 1 to pi. This we contrive via the function alpha defined by: 


E’(k) 7 
(OR GRY ™ 
where 

k= k(q) and qe.” 
This allows one to rewrite Legendre’s equation (5.3) in a one-sided form without the 
conjugate variable as 


7 = K[VrE - (vr - ar) K], (7.2) 


We have suppressed, and will continue to suppress, the k variable. With (5.6) and 
(5.7) at hand we can write a g-expansion for a, namely, 


1 x n?(—q)" 

_ _ vr4 we 

" X (-a)" 
a(r) = n= — co 


(7.3) 
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and we can see that as r tends to infinity g = e~7”” tends to zero and a(r) tends to 
1/7. In fact 
1 1 
a(r) -— = slvr — ~ Jen (7.4) 
vii vii 


The key now is iteratively to calculate a. This is the content of the next theorem. 


THEOREM 3. Let ko = k(q), ky = k(q?) and M, = M,(Ko, k,) as in (5.13). 
Then 


; a(r) Fs ; pki?k,M, 
a( p r) ~ M2 — VF M2 PNY M ? 
Pp P Pp 


where represents the full derivative of M, with respect to ky. In particular, a is 
algebraic for rational arguments. 


We know that K(k,) 1s related via M, to K(k) and we know that E(k) is 
related via differentiation to K. (See (5.7) and (5.13).) Note that g — q? corre- 
sponds to r > p’r. Thus from (7.2) some relation like that of the above theorem 
must exist. The actual derivation requires some careful algebraic manipulation. (See 
[11], where it has also been made entirely explicit for p := 2, 3, 4, 5, and 7, and 
where numerous algebraic values are determined for a(r).) In the case p := 5 we 
can specialize with some considerable knowledge of quintic modular equations to 
get: 


THEOREM 4. Let s = 1/M,(Ko, k,). Then 


a(25r) =s’a(r) — yr w—>) + ys(s* — 2s + 5) |. 


This couples with Ramanujan’s quintic modular equation to provide a derivation of 
Algorithm 2. 

Algorithm 1 results from specializing Theorem 3 with p := 4 and coupling it with 
a quartic modular equation. The quartic equation in question is just two steps of the 
corresponding quadratic equation which is Legendre’s form of the arithmetic 
geometric mean iteration, namely: 


27k 
k, = , 
l1+k 
An algebraic pth-order algorithm for 7 is derived from coupling Theorem 3 with 


a pth-order modular equation. The substantial details which are skirted here are 
available in [11]. 


8. Ramanujan’s sum. This amazing sum, 
1 v8 ©& (4n)! [1103 + 263907] 
7 9801  (n!)4 3964" 


is a specialization (N = 58) of the following result, which gives reciprocal series for 
a in terms of our function alpha and related modular quantities. 
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THEOREM 5. 
1 1 3 LIN 

1 ta}.(),la).40 1) 

T 5 (n!) v ? ) 
where, 

45, -1 
_ Aky (ky) _ By + BN 
xy = 77> = > , 
(1+ 4&3) 

with 


and 
ky = ke), = (ky)"/(2ky). 
Here (c),, is the rising factorial: (c),, ?= Me. + 1)(c + 2)---(e+n-— 1). 


Some of the ingredients for the proof of Theorem 5, which are detailed in [11], 
are the following. Our first step is to write (7.2) as a sum after replacing the E by K 
and dK /dk using (5.7). One then uses an identity of Clausen’s which allows one to 
write the square of a hypergeometric function ,F, in terms of a generalized 
hypergeometric ,F,, namely, for all & one has 

9) 2 


K(k) 131 
(1 + | | - re 
9) ) 


< GLELG) 


n=0 (1),(1), n! 


Here g is related to k by 

4k(k’)° 

(1 +k?) 
as required in Theorem 5. We have actually done more than just use Clausen’s 
identity, we have also transformed it once using a standard hypergeometric substitu- 
tion due to Kummer. Incidentally, Clausen was a nineteenth-century mathematician 
who, among other things, computed 250 digits of 7 in 1847 using Machin’s formula. 


The desired formula (8.1) is obtained on combining these pieces. 
Even with Theorem 5, our work is not complete. We still have to compute 


keg = k(e 78) and = agg = (58). 


gi? + g-12\~ 
2 


In fact 


858 = 9) 


(FS 
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is a well-known invariant related to the fundamental solution to Pell’s equation for 
29 and it turns out that 


sg = a (99729 — 444)(99/2 — 70 — 13729). 


One can, in principle, and for N := 58, probably in practice, solve for ky by directly 
solving the Nth-order equation 


Wy(kiol — kx) = 0 


For N = 58, given that Ramanujan [26] and Weber [38] have calculated g,. for us, 
verification by this method is somewhat easier though it still requires a tractable 
form of W,,. Actually, more sophisticated number-theoretic techniques exist for 
computing k, (these numbers are called singular moduli). A description of such 
techniques, including a reconstruction of how Ramanujan might have computed the 
various singular moduli he presents in [26]; is presented by Watson in a long series 
of papers commencing with [36]; and some more recent derivations are given in [11] 
and [30]. An inspection of Theorem 5 shows that all the constants in Series 1 are 
determined from g.,. Knowing a is equivalent to determining that the number 1103 
is correct. 

It is less clear how one explicitly calculates a,, in algebraic form, except by brute 
force, and a considerable amount of brute force is required; but a numerical 
calculation to any reasonable accuracy is easily obtained from (7.3) and 1103 
appears! The reader is encouraged to try this to, say, 16 digits. This presumably is 
what Ramanujan observed. Ironically, when Gosper computed 17 million digits of 7 
using Sum 1, he had no mathematical proof that Sum 1 actually converged to 1/z. 
He compared ten million digits of the calculation to a previous calculation of 
Kanada et al. This verification that Sum 1 is correct to ten million places also 
provided the first complete proof that a., is as advertised above. A nice touch—that 
the calculation of the sum should prove itself as it goes. 

Roughly this works as follows. One knows enough about the exact algebraic 
nature of the components of d,(N) and x, to know that if the purported sum (of 
positive terms) were incorrect, that before one reached 3 million digits, this sum 
must have ceased to agree with 1/7. Notice that the components of Sum 1 are 
related to the solution of an equation of degree 58, but virtually no irrationality 
remains in the final packaging. Once again, there are very good number-theoretic 
reasons, presumably unknown to Ramanujan, why this must be so (58 is at least a 
good candidate number for such a reduction). Ramanujan’s insight into this 
marvellous simplification remains obscure. 

Ramanujan [26] gives 14 other series for 1/7, some others almost as spectacular 
as Sum 1—and one can indeed derive some even more spectacular related series.* 
He gives almost no explanation as to their genesis, saying only that there are 
“corresponding theories” to the standard theory (as sketched in section 5) from 
which they follow. Hardy, quoting Mordell, observed that “it is unfortunate that 
Ramanujan has not developed the corresponding theories.” By methods analogous 


*(Added in proof) Many related series due to Borwein and Borwein and to Chudnovsky and 
Chudnovsky appear in papers in Ramanujan Revisited, Academic Press, 1988. 
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to those used above, all his series can be derived from the classical theory [11]. 
Again it is unclear what passage Ramanujan took to them, but it must in some part 
have diverged from ours. 

We conclude by writing down another extraordinary series of Ramanujan’s, 
which also derives from the same general body of theory, 


I _ 0° (20) + 5 


n gi2n+4 


W n=0 


This series is composed of fractions whose numerators grow like 2°” and whose 
denominators are exactly 16 - 2'*”. In particular this can be used to calculate the 
second block of n binary digits of 7 without calculating the first n binary digits. 
This beautiful observation, due to Holloway, results, disappointingly, in no intrinsic 
reduction in complexity. 


9. Sources. References [7], [11], [19], [26], [36], and [37] relate directly to Ra- 
manujan’s work. References [2], [8], [9], [10], [12], [22], [24], [27], [29], and [31] 
discuss the computational concerns of the paper. 

Material on modular functions and special functions may be pursued in [1], [6], 
[9], [14], [15], [18], [20], [28], [34], [38], and [39]. Some of the number-theoretic 
concerns are touched on in [3], [6], [9], [11], [16], [23], and [35]. 

Finally, details of all derivations are given in [11]. 
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I. Introduction. One of the most basic, yet difficult, questions in mathematics 1s: 
can you solve this equation? Many adjectives can be inserted before the word 
“equation”; in this article we are interested in polynomial equations over division 
rings. 

A great deal of mathematics has arisen from attempts to solve polynomial 
equations, or to prove them unsolvable, ranging from the formulas for roots of cubic 
and quartic polynomials of the Italian algebraists of the 16th century to Galois’ 
theory of solvability, which led to modern field theory and group theory. 

For polynomial equations with coefficients from a field, results on the nature and 
existence of solutions are very well known. It was known to the Greeks that there 
were equations with rational coefficients, such as x”? — 2 = 0, with no rational 
roots, while Gauss published his first proof of the Fundamental Theorem of Algebra 
(every polynomial with complex coefficients has a root in the complex numbers) in 
1799. 

The results surveyed in this paper are all, in some sense, motivated by one 
question: do theorems on polynomial equations over fields still hold for polynomial 
equations over division rings (noncommutative fields)? 

We will see that the results about equations over division rings are often 
surprisingly different from the familiar results for equations over fields and that 
some of the most well-known results about equations over fields fail quite dramati- 
cally for equations over division rings. For other results, there are division ring 
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analogues which reduce to the field case in the presence of commutativity. In 
general, results about the solution of equations over division rings are much less 
complete than the results for equations over fields. 

Examples of division rings are less familiar than examples of fields. The real 
quaternions, denoted H and discovered by Hamilton in 1843, are certainly the best 
known example of a (noncommutative) division ring. H is a 4-dimensional real 
vector space with basis {1, i, j,k} and multiplication determined by the identities 
i* = j* =k? = -1,k = ij = —ji. This construction can be generalized by replacing 
R by other fields. 

Some other examples of division rings are more difficult to describe explicitly, 
such as quotient rings of skew polynomial rings, crossed products such as cyclic 
division algebras and generic (or universal) division rings. Details on these and other 
examples of division rings can be found in [Cohn, 1977] or [Dauns, 1982]. 

Throughout this article D will denote a division ring, Z(D) its centre (a field in 
its own right) and F a field. Other terms used for division rings include skew field, 
sfield and, most confusingly, field. Those adopting this last term usually (but not 
always) refer to commutative fields when they mean a field (in our sense). 

A division ring D is a vector space over its centre Z(D). We denote [D: Z(D)] 
by dim D, the dimension of D as a vector space over Z( D) and write dim D = oo if 
this dimension is infinite. In the study of division rings, the finite dimensional and 
infinite-dimensional cases often require quite different techniques. 

At times, we may want to consider a class of division rings which all have the 
same field contained in their centres. A ring R is an F-algebra if R has a copy of 
the field F C Z(R). Note that Z(R) may be larger than F. 

Before beginning our survey of polynomial equations over a division ring, we 
have to consider one more question: exactly what do we mean by a polynomial 
equation over a division ring? 

It seems clear that a polynomial equation over the division ring D is an equation 
of the form f(x,, x5,..., X,) = 0 where f is a polynomial over D, but there are a 
number of different interpretations of the notion of a polynomial over D. 

In the case of an equation in one variable, f(x) = 0, one possibility is to take f 
to be of the form a,x" + a,_,x" + +--+ +a,x + ay with the coefficients a, all in 
D. The set of all such expressions will be denoted D,[x], following the notation of 
[Gordon and Motzkin, 1965]. D,[x] can be made into a ring by defining addition in 
the usual way and defining multiplication as though x were central. If we do this, 
the evaluation map D,|[x] - D, x ~ a, a € D 1s not a ring homomorphism unless 
a © Z(D). Thus we can have a factorization f(x) = g(x)h(x) in D,[x] without 
necessarily having f(a) = g(a)h(a) for all a € D. 

A more general notion of polynomial is to take f to be an element of the 
coproduct D *, F[x], where F C Z(D) (often F = Z(D)). An element of D *; F[x] 
is a finite sum of monomials of the form a,xa,xa,x --- a,xa,.,,, where the 
a, = D. Let # bea basis of D over F with 1 © &. Each element of D*, F[x] can 
be expressed uniquely as a linear combination (over F') of monomials of the form 
a,XaA,xX +++ Xa,,,, Where a, & &. This gives a “normal form” for elements of 
D *,F [x]. The degree of a monomial is the number of x’s that appear in it and the 
degree of a polynomial is the maximum of the degrees of the monomials in it. This 
is independent of the basis of D over F. In D*, F [x], elements of F commute with 
x while elements of D\ F do not commute with x. Thus the expression ax — xa is 
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equal to 0 exactly when a € F, so that if a € D\ F then ax — xa is a polynomial 
(element of D *, F[x]) composed of two monomials and has degree one. 

For polynomial equations in more than one variable, f(x,,..., x,) = 0, we take 
fe D*,FCXxX,...,X,). FCx,,...,x,) denotes the free F-algebra on {x,,..., x, }, 
so the indeterminates commute with F but not with each other. An ele- 
ment of D*,F(x,,...,x,) is then a sum of monomials of the form 
A,X; AyX;,d,...a,X;a,,,. The degree of such a monomial is & and the degree of a 
polynomial is the maximum of the degrees of its (nonzero) monomuals. 

A Solution of the polynomial equation f(x,,..., x,,) = 0 1s simply an n-tuple of 
elements of D, (d,,..., d,,) such that f(d,, d,,..., d,) = 0. The solution set of the 
equation is the set of all solutions of the equation. Two different equations may 
have the same solution set since one equation may be transformed into another (by 
various means). 

At times we may wish to compare the polynomial equations that are satisfied by 
two different division rings, so the kinds of polynomials considered must make 
sense in both rings. If both rings are F-algebras for some field F then we could 
consider elements of the free algebra F(x,,..., x,,) aS the polynomials to be used. 

If we wish to compare equations satisfied by any two division rings, then 
elements of the free ring Z(x,,..., x,,) can be used. In this case, a Z-polynomial is 
often called a (ring) term and a polynomial equation is called a term equation. This 
terminology is consistent with the usage in universal algebra. 


II. Single polynomial equations. In the study of polynomial equations over a 
division ring, it seems very natural to attempt to produce analogues of the classical 
results for polynomials over a field. What are the division ring versions of theorems 
such as: every linear equation over a field has a unique solution in the field, every 
polynomial of degree n over a field has n roots in some extension of the base field, 
a root of a polynomial gives a factorization of the polynomial? We shall see that the 
division ring results are often vastly different from the results for fields. In many 
cases, there are no Satisfactory analogues and known results are far from complete. 

The first case we examine is that of linear equations. Over a field the situation is 
trivial: ax = b has a unique solution in the field if and only if a # 0. 

For an example of how different the situation can be in a division ring, consider 
the equation ix — xi = 1 over H, the real quaternions. Not only does this equation 
have no solution in H, it cannot have a solution in any ring containing H, since if 
there were such an x, i7x = —x but ix = 1 + xi gives i7x = i(1 + xi) =i + (ix) 
i=it+(1+ xi)i = 2i — x, and so 2i = O, a contradiction. 

Over a division ring, the general linear equation has the form /?_,a,xb; = c, 
where n is a positive integer. Most efforts on solving linear equations over division 
rings have concentrated on the solution of the equation ax — xb = c. Clearly if 
either a or b is central and a # b then there is a unique solution in the division 
ring, while if a = b and a is central, then there is no solution unless c = 0, in which 
case the equation is just 0x = 0. Thus one condition to consider is the following: for 
a ring R 


the equation ax — xb=c, a#b,a,b,c€R has a solution in R. (*) 


It is easy to see that any ring satisfying (*) must be a division ring. Meisters [1961] 
has shown that if we also require the solution to ax — xb = c to be unique, then the 
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ring must be a field. He also proved that any division ring finite dimensional over its 
centre that satisfies (*) must be a field. Lazerson [1961] states (without proof) that if 
D is a division ring satisfying (*), then every non-central element of D must be 
transcendental over the centre of D. Thus a condition like (*), while a natural 
analogue of the situation over a field, seems to be too restrictive in the case of 
division rings. 

Instead let us ask for conditions on elements a, b, c of a division ring D so that 
the equation ax — xb = c has a solution. Since this is a linear equation, its solution 
will be unique if and only if the equation ax — xb=0 has x = 0 as the only 
solution. Thus if a and b are not conjugate, any solution to ax — xb =c will be 
unique. If a and b are conjugate then there will not be a unique solution. In this 
case the equation can be transformed into ay — ya = d, since b = tat~! for some 
nonzero t, so ax — xb = c = ax — xtat™' gives a(xt) — (xt)a = ct. 

If the division ring D is algebraic and separable over its centre, Johnson [1944] 
proved: 


THEOREM. If a and b are not conjugate, then ax — xb = c has a unique solution in 
D, where a, b,c € D. 


He also found necessary and sufficient conditions for a solution when a and b 
are conjugate. 
A special case of this result is the following. 


THEOREM. If D is a quaternion algebra over a formally real field F (i.e., —1 is not 
a sum of squares in F) and a © D\ F then ax — xa = b has a solution in D if and 
only if ba = ab. 


Another way to approach the solution of ax — xa=b is to consider the 
derivation map x > ax — xa. Using this approach Jacobson [1944] found necessary 
and sufficient conditions for the equation ax — xa = b to have a solution where a 
is an algebraic element in an arbitrary algebra. Lazerson [1961] gives a construction 
for a division ring that has an element t whose associated derivation x ~ xt — tx is 
onto, so that the equation xt — tx = b has a solution for all elements b. 

We have seen that ax — xb =c does not always have a solution in a given 
division ring D. Can D be embedded in another division ring in which ax — xb = c 
is solvable? 

P. M. Cohn in [Cohn, 1958, 1959] considered this question and was able to prove 
the following result in this direction. 


THEOREM. Let A be an algebra over a field F, without zero-divisors. Then A can be 
embedded in an algebra A* over F, without zero-divisors, such that for any two 
elements a, b © A*, neither algebraic over F, and any c © A* there is an x © A* with 
ax — xb=c. 


While the algebra A can be chosen to be a division ring, with F the centre of A, 
there is no guarantee that the algebra A* will be a division ring, although clearly all 
algebraic elements of A* are invertible. 

For a linear equation over a division ring, the most complete results have been 
obtained by Cohn [1973b]. In that paper, he proved the following theorem. 
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THEOREM. Let D be a division ring and F a fixed subfield of Z(D). Consider the 

equation ax — xb = c, where a, b,c © D. Then 

(1) if a and b are both transcendental over F then there is a division ring E, 
containing D with F C Z(E), which has infinitely many solutions of the 
equation, 

(11) if one of a or b is algebraic over F while the other is either transcendental over F 
or algebraic over F but with a different minimal equation, then there is a unique 
solution in D of the equation, 

(111) if a and b have the same minimal equation over Z(D) then there is a solution of 
ax — xb=c in an extension of D if and only if either c=0 or (t — cbc” ') X 
(t — a) divides the minimal polynomial of a over Z(D). 


Conditions (11) and (iii) imply the earlier results of Johnson for elements of an 
algebraic division ring. 

As an example of the use of this theorem consider the “metro-equation”’ 
ax — xa = 1 over a division ring D with centre F. If a is transcendental over F 
then there is a division ring extension of D which contains a solution. If a is 
algebraic and separable over F there is no solution in D or any extension of D, 
while if a is algebraic but not separable over F there is a solution in D. 

For the metro-equation, there is an interesting short proof that there is no 
solution when a is algebraic and separable over F. Suppose that a © D\ F is 
algebraic over F with minimal polynomial f. It follows by induction that a”x — xa” 
= na" ' for n > 1 and hence that f(a)x — xf(a) = f(a) = 0 as f(a) = 0. Thus 
f’ = 0 by the minimality of f. If a is separable over F, then a © F, a contradiction. 

In the case of polynomials of degree greater than one over a division ring there 
are even fewer results known than in the linear case. We would like to find results 
similar to those known for polynomial equations over a field, namely that a 
polynomial p over a field has a root in some extension field, p(a) = 0 implies that 
p(x) = q(x)(x — a) for some polynomial g (the Factor Theorem) and hence that a 
polynomial of degree n has n roots in a suitable extension field. 

To illustrate the problems which can arise when working over division rings, 
consider the equation x” — a = 0 where n > 2. If we work in the ordinary real 
quaternions H, then if a € R it has exactly n nth roots in H. If a is real then it has 
infinitely many nth roots, unless n = 2 and a > 0, in which case there are exactly 
two square roots. For example x* + 1=0 has solutions (ai + bj + ck) 
/ Va* + b* + c*, where a, b,c © R and a* + b? + c? # 0, so —1 has uncountably 
many square roots in H. Similarly, 1 has uncountably many cube roots in H, since 
x? —1=0 has solutions 1, -1/2 + (V3 /2)a, —1/2 — (V3 /2)a, where «a € H 
and a? = —1. These results are proved in [Niven, 1942] and [Brand, 1942]. Brand’s 
note shows that the calculations are essentially the same as finding nth roots over 
the complex numbers. 

Fein and Schacher [1971] consider the problem of characterizing the rational 
numbers which have nth roots in some finite-dimensional division ring extension of 
Q@. They show, for example, that if n is not congruent to 0 mod 4, then there is a 
division ring D, finite dimensional over Q, containing an nth root of a, while —25 
has no 4th roots in any such D. 

For equations of the form x” + a, _,x" 1+ --- +a,x + a, = 0 with all coeffi- 
cients in a division ring D, Niven [1941] showed that if D is a quaternion algebra 
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over a real closed field then such an equation has a root in D. In particular, any 
such equation over the real quaternions H has a root in H. 

This property is unique to quaternion division algebras (among finite-dimen- 
sional division rings) because of a result of Baer, given in Niven’s paper, that the 
only finite-dimensional division algebras D for which x” + a,_,x" 1 +--+ +a) = 
0, a,’s © D, always has a solution in D are quaternion algebras over real closed 
fields (a field F is real closed if —1 is not a sum of squares in F, but is a sum of 
Squares in every proper algebraic extension of F'). Thus in a sense the real 
quaternion algebra is “algebraically closed.” 

More recently, Cohn [1975a] has shown that every equation x” +a,_,x"~' 
+ +++ +a) =0 with coefficients in a division ring D has a solution in some 
division ring extension of D. 

For more general polynomial equations f(x) = 0 with f € D*, F[x], the results 
are more fragmented. Eilenberg and Niven [1944] showed that if f © H+, R[x] and 
f has only one monomial of maximum degree, then f(x) = 0 has a solution in H. 
Their proof uses algebraic topology, a homotopy argument and the existence of nth 
roots in H to deduce the existence of a root of f(x) = 0. 

Cohn has pointed out that a result of R. Wood [1985] leads to the following more 
general result. If D is a quaternion algebra over a real closed field F and 
f © D*,F[x] has only one monomial of maximum degree (greater than zero), then 
f(x) = 0 has a solution in D. 

Cohn [1975a] has proved some results for equations of certain forms or equations 
over particular division rings. For example, the equation xax + bx + xc + d= (0, 
a # 0, always has a solution in some extension. 

If every polynomial equation (of nonzero degree) over D has a solution in some 
extension of D, then there are some restrictions on the structure of D. 


THEOREM [Cohn, 1977]. Let D be a division ring with centre F. If every noncon- 
stant polynomial over D has a root in some extension of D, then F is algebraically 
closed in D. 


The metro-equation shows that F is separably closed in D. A different argument 
is used to show that there are no elements purely inseparable over F (see [Cohn, 
1977], p. 201). 

Cohn has connected the solving of polynomial equations in division ring exten- 
sions to the solution of matrix equations and the existence of singular eigenvalues. 
This has led to the following: 


CONJECTURE [Cohn, 1973a]. Let D be an F-division algebra with F algebraically 
closed in D. Then each nonconstant polynomial has a root in some division ring 
extension of D. 


What else can be said about the number of solutions of a polynomial equation 
over a division ring? For equations f(x) = 0 with f € D,[x] there are some results 
similar to those for equations over a field. In an early paper on equations over 
division rings, Richardson [1927] showed that the roots of a polynomial of degree n 
lie in at most n conjugacy classes. Gordon and Motzkin [1965] gave a second proof 
of Richardson’s result and showed that if one conjugacy class has two distinct roots 
of the equation, then there were infinitely many roots in that conjugacy class. Thus 
a polynomial of degree n has either at most n roots or infinitely many roots. 
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Earlier, Herstein [1956] had shown that the number of conjugates of an element 
of a division ring is either one (i.e., the element is central) or is infinite. As a 
consequence, any polynomial in Z(D)[x] has either at most n roots or infinitely 
many roots. This result is not as general as that of Gordon and Motzkin since the 
polynomials considered are more restricted in form. 

While the number of solutions of a polynomial equation in one variable may be 
infinite there are certainly some limitations on the size of the solution set. Amitsur 
[1965] has proved that if f(x,,..., x,,) 18 a nonconstant polynomial in n-variables 
over a division ring D infinite dimensional over its centre, then not every n-tuple of 
elements of D is in the solution set of f(x,,...,x,) = 0. This does not of course 
hold for finite-dimensional division rings; for example if D is commutative, then 
each pair of elements is a solution of xy — yx = 0. 

It should be mentioned that for polynomials f © D,[x] there is a Factor 
Theorem, which states that f(a) = 0 if and only if f(x) = g(x)(x — a) for some 
g © D,[x], but this does not imply that such a polynomial of degree n has at most 
n roots since the factorization is in D,[x] and the evaluation map D,[x] ~ D,x a 
is not generally a homomorphism. For polynomials in D *, F[x] there is no result 
similar to the Factor Theorem known. 

Given n elements a,,..., a, of a division ring D there clearly is a polynomial in 
D *,F [x] which has the elements as roots, namely (x — a,)--:(x —a,). Beck 
[1979] showed that if D is a generalized quaternion algebra and a,,...,a, are n 
non-conjugate elements in D\ Z(D) then there is a unique polynomial in D,[x] of 
degree n whose roots are exactly a,,..., a, He also obtained a similar result when 
roots are allowed to have multiplicities greater than one. These results were also 
obtained by Bray and Whaples [1983]. 

Gordon and Motzkin also considered the problem of constructing polynomials in 
D *,F [x] having specified numbers of roots. They proved that if [D: F] =d is 
finite, n an integer greater than 0 and fh an integer with 0 < h < n%, then there is a 
polynomial in D*,F[x] of degree n which has exactly h zeroes. This differs 
sharply from the results known when the polynomials considered are in D,[x]. 


III. Systems of equations. We now turn to some questions about systems of 
equations in division rings. Two systems of equations in the same set of variables 
are equivalent over a given division ring if they have the same solution set in the 
division ring. 

We first examine whether an infinite system of equations is equivalent to some 
finite subsystem. In one case, we have the following: 


THEOREM A. Over a finite-dimensional division ring, an infinite system of poly- 
nomial equations in a finite number of variables is equivalent to a finite subsystem. 


In this theorem, the term “polynomial equations” can be taken to mean either 
elements of Z(x,,...,x,) (term equations) or elements of D#*,;F(x,,...,X,), 
where F = Z(D). 

One consequence of this theorem is that for finite-dimensional division rings, an 
infinite conjunction of equations can be replaced by a single statement which is the 
conjunction of the equivalent finite subsystem of equations. 

The proof of this theorem uses the fact that a finitely generated generic matrix 
ring, with coefficients in the integers, satisfies the ascending chain condition on 
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semiprime ideals. [Rowen, 1980] contains a proof of this fact (see Theorem 4.5.7) 
and related definitions. 

Theorem A is not true for division rings in general. As an example, consider the 
division ring and infinite system of equations (in four variables) constructed as 
follows. Begin with the two-generated solvable torsion-free group G constructed in 
{Baumslag and Solitar, 1962]. This group is isomorphic to a proper homomorphic 
image of itself. Now form the integral group ring ZG, which is an Ore domain and 
embed it in a division ring D [Lewin, 1972]. This is the division ring we use. 

To construct the system of equations, we find a sequence of epimorphisms 
$1, >,... from the two-generated free group into G with the property that for each 
ie N, ker, € ker ¢$,,,. Choose a group word w,,,(u, v) © ker¢$;,, — ker¢,; and 
replace all occurrences of u~! and v~! by x and yp respectively to obtain a 
semigroup word w/,,(u, v, x, y). Then in D the system of (ring) term equations 
{w/(u, v,x, y) — 1 = 0; i © N} is not equivalent to any finite subsystem. 

We do not know how pathological this example is. As a result we ask the 
following. 


Question B. Is there a division ring, infinite dimensional over its centre, for which 
Theorem A holds on term equations? 


Dr. G. Revesz has informed us (oral communication) that a result of his shows 
that over the free field (the universal field of fractions of the free algebra) a system 
of term equations in two variables is equivalent to a finite subsystem. 

Rather than consider systems of equations over a single division ring, we now 
turn to comparing systems of term equations satisfied by a pair of division rings. In 
particular, if we have two division rings D and D’ such that every term equation 
with a solution in D has a solution in D’, then what relationship is there between D 
and D’? 

To begin, consider the commutative case. If we have two fields F and F’, both 
algebraic over the rationals, then every term equation which has a solution in F has 
a solution in F’ if and only if F is isomorphic to a subfield of F’. On the other 
hand, if two fields both contain a copy of the algebraic closure of the rationals, then 
they satisfy the same term equations. 

In the division ring case, the analogous result is the following. 


THEOREM [Lawrence]. If D and D’ are division rings, then every finite system of 
term equations which has a solution in D has a solution in D’ if and only if D can be 
embedded in an ultrapower of D’. 


A general reference for basic properties of ultraproducts is [Bell and Slomson, 
1969]. In essence, ultraproducts preserve first-order logical properties. In particular, 
dim D is preserved under ultrapowers, so by a theorem of Bergman and Small we 
obtain: 


COROLLARY [Bergman and Small, 1975]. If D and D’ are division rings and every 
finite system of term equations which has a solution in D has a solution in D’, then 
dim D divides dim D’ (as integers). 


For example, the equation (xy — yx)z = 1 has a solution if and only if the 
division ring is not commutative, that is, if and only if, dim D # 1. It is rather easy 
to find an example of a term equation which has a solution in every division ring of 
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dimension 9 but has no solution in any division ring of dimension 4. Using an 
example of Bergman [1976] of a rational identity satisfied by division rings of 
dimension 9 but not satisfied by division rings of dimension 4, one can construct a 
system of (term) equations (in about 25 variables) which has a solution in every 
division ring of dimension 4 but has no solution in any division ring of dimension 9. 

Conversely, if two division rings are similar algebraically, we can ask if they 
satisfy the same equations. One particular instance of such a question is: 


Question. If two division rings are both of dimension four over their centres and 
both centres contain the algebraic closure of the rationals, do the division rings 
satisfy the same term equations? 


Next we look at some recent applications of systems of equations over. division 
rings to some problems in formal language theory. 

Let M be a finitely generated free monoid with generating set {u,,...,u,}. A 
subset YC M is called a language in the alphabet u,,...,u,. In the early 1970's 
Ehrenfeucht asked the following: for each language # does there exist a finite 
subset S of # such that any two endomorphisms of the monoid M which agree on 
S must agree on #? Such a subset, if it exists, is called a fest set for #. 

Culik and Karhumaki [Karhumaki, 1984] showed that the existence of a test set 
was equivalent to showing that each system of monoid equations (in a finite set of 
variables) is equivalent over the free monoid to a finite subsystem. This was proved 
recently by Albert and Lawrence using group theory [Albert and Lawrence, 1985]. 

Another proof uses Theorem A. First note that the free monoid on a countable 
set of generators can be embedded into a finite-dimensional division ring [Lichtman, 
1978]. Now as monoid equations are also ring equations, Theorem A gives us the 
desired result. 

The question of Ehrenfeucht can be generalized by allowing a finite number of 
substitutions rather than a single substitution (i.e., an endomorphism). For example, 
let M be the free monoid generated by {u,v}, let Y= {u"v"; n = 1,2,...}, let @ 
map uw to the set {1, uw} and v to the set {v, wv} and let ~ map uw to the set {u, v} 
and v to {v7}. Then wv is mapped to the multiset {v, wv,uv, u*v} under ¢ and to 
the multiset { uv’, v} under y, so that the substitutions ¢ and y do not agree on 
{uv}. For each language # is there a finite test set S such that two finite 
substitutions agreeing on S (i.e., giving the same multiset) will agree on ¥? 

This question has an affirmative answer if every system of monoid equations is 
equivalent to a finite subsystem over Z( X)*, the multiplicative monoid of the free 
ring (with zero removed). In particular, an affirmative answer to Question B would 
give an affirmative answer to the question on finite substitutions. 


IV. Algebraically closed division rings. The notion of an algebraically closed field 
can be generalized to division rings in several ways. We will use a natural generaliza- 
tion due to A. Robinson [Robinson, 1971]. This defines a division ring D to be 
algebraically closed if every finite system of polynomial equations over D which has 
a solution in an extension of D has a solution in D. We will also say that a division 
ring D of dimension at most n? over its centre is algebraically closed of degree n if 
each finite system of polynomial equations which has a solution in an extension 
division ring of dimension at most n? over its (own) centre has a solution in D. 
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Thus an algebraically closed field is the same as a division ring which is 
algebraically closed of degree 1, and an algebraically closed division ring is the same 
as a division ring which is algebraically closed of degree oo. 

A division ring D is said to be existentially closed if an existential sentence (a 
sentence of the form 4x,4x,,...,4x,Q(x,,...,X,), where Q has no quantifiers) 
which holds in a division ring extension of D must hold in D. It is rather easy to 
show that in a division ring an existential sentence (in the language of rings) is 
equivalent to an existential sentence in which the matrix part is equivalent to a 
conjunction of equations, so a division ring is existentially closed if and only if it is 
algebraically closed. 

The remainder of this section looks at some of the properties of existentially 
closed division rings of degree co and existentially closed division rings of finite 
degree (greater than one). 

Existentially closed division rings of degree oo have been investigated in [Cohn, 
1975], [Macintyre, 1974] and [Wheeler, 1972, 74]. Wheeler [1972] has found an 
existential sentence P(x,,..., x,,) which expresses the fact that the x,’s commute 
with each other and are algebraically independent. Thus an existentially closed 
division ring contains an algebraically closed subfield of infinite transcendence 
degree, so that, in this sense, existentially closed division rings are large. However, 
the centre of such a division ring is as small as possible, that is, either the prime 
subfield (regarding the division ring simply as a ring) or the central field F 
(regarding the division ring as an F-algebra). Just as for algebraically closed groups, 
an existentially closed division ring cannot be finitely generated or finitely related, 
and the class of existentially closed division rings is not elementary. Some results on 
existentially closed division rings have been used by Wheeler to formulate a version 
of Hilbert’s Nullstellensatz [Wheeler, 1972], [Cohn, 1974]. 

Unlike the commutative case there is really no notion of algebraic closure for 
division rings. For example, there is no existentially closed division ring containing 
the rationals such that every existentially closed division ring of characteristic 0 
contains a copy of this division ring, hence there is no minimal existentially closed 
division ring of characteristic 0. In fact, a countable existentially closed division ring 
contains a proper subring isomorphic to itself, while the intersection of all its 
algebraically closed subfields is again as small as possible. Also, a countable 
existentially closed division ring has a continuum of automorphisms, so it must have 
outer automorphisms. 

The situation does not improve if we restrict our attention to existentially closed 
division rings of degree n, where n > 1, as we can see from examples in the case 
n= 2. 

We have seen that in some sense the real quaternion algebra is algebraically 
closed, but it turns out not to be existentially closed of degree 2. This follows from a 
theorem of Pfister [1971] which shows that there is a field extension of the real 
numbers in which — 1 is a sum of four squares but not a sum of two squares. Then 
the system of equations 


wetxr*+y?4+27=-1 
iw — wi =jw-w = ix -xi=jx -xjJ=ly-yl=jy-y 


=iz—-zi=jz—z=0 
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has no solution in the real quaternions but it does have a solution in a division ring 
extension of dimension 4. 

It also follows from this result that the class of (existentially closed) division rings 
of dimension 4 does not have the amalgamation property. For example there is no 
(existentially closed) division ring of dimension 4 that contains isomorphic copies of 
ordinary quaternion algebras over Q(¥—7) and Q(/—15 ). 

In spite of these examples, one may hope for some reasonable properties of 
existentially closed division rings of finite degree. With this hope in mind, we ask: 


Question. If two division rings D and D’ can both be embedded in a division 
ring of dimension n’, are existentially closed of degree n and their centres have the 
same transcendence degree (over the prime subfield), is D then isomorphic to D’? 


Finally we should point out that several authors have used other definitions of 
algebraically closed division rings which differ from Robinson’s definition. Makar- 
Limanov [1985] looks at algebraic closure from the point of view of a single 
polynomial equation in one variable. He shows that there are noncommutative 
division rings of characteristic zero in which each nontrivial polynomial has a root. 
Dauns [1982] and Smith [1977] use yet another definition of algebraically closed 
involving factorizations of elements of D,[x]. 


Acknowledgement. The authors would like to thank P. M. Cohn for his comments and corrections. 
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Letters to the Editor 


Editor: 


One of the examples in the paper by Arora, Goel, and Rodriguez (Special 
techniques for trigonometric integrals, this MONTHLY (February, 1988) 126-130) is 
incomplete, for convergence of the improper integral was not proved. Thus all that 
can be concluded 1s that either 27 = —a1n2 or 2] = — oo. 

Moreover, while it is true that Ahlfors and several other textbook authors derive 
the formula for {J In(sin @) d@ as an offshoot of an intricate contour integration, 
essentially the same presentation as the one in the MONTHLY article (including a 
proof of convergence) appears in the Schaum’s Outline Series book on advanced 
calculus by Murray Spiegel (p. 275). 


Gerald Leibowitz 
University of Connecticut 
Storrs, Connecticut 06269 


UNSOLVED PROBLEMS 


EDITED BY RICHARD GUY 


In this department the MONTHLY presents easily stated unsolved problems dealing with notions 
ordinarily encountered in undergraduate mathematics. Each problem should be accompanied by 
relevant references (if any are known to the author) and by a brief description of known partial results. 
Manuscripts should be sent to Richard Guy, Department of Mathematics and Statistics, The 
University of Calgary, Calgary, Alberta, Canada T2N 1N4. 


The Missing Boundary of the Blaschke Diagram 


J. R. SANGWINE-YAGER 
Department of Mathematical Sciences, Saint Mary’s College, Moraga, CA 94575 


In 1916 Blaschke [3] proposed mapping the family of compact convex sets %, in 
3-dimensional Euclidean space, E°, into a compact region in the plane. The range 
of this map is now known as the Blaschke Diagram. Two well-known geometric 
inequalities determine part of the boundary of the Blaschke Diagram, but the 
inequalities which complete the boundary remain unknown. A thirty-year-old con- 
jecture on the convex sets mapped to the missing boundary is still unresolved, 
although the images of these sets under Blaschke’s map are easily calculated with a 
computer. Furthermore, the geometric inequality which these convex sets satisfy is 
unknown. This paper concludes with a conjectured inequality which may bound the 
Blaschke Diagram. 

A set is convex if the line segment joining any two points of the set is contained 
within it. The valuations on the family of compact convex sets involved in Blaschke’s 
map are volume, surface area and integral mean curvature, {>(x, + «,) dS, where 
k,, «, are the principal curvatures. For each K in #, these valuations will be 
denoted by V(K)=V, S(K)=S and M(K) = M, respectively. The unit ball 
centered at the origin is denoted by B. 

Inequalities of Minkowski state 


S?’> 3VM, (1) 
M? > 4a, (2) 

and 
M3 > 4892V. (3) 


If K is a planar convex set, its area is (1/2)S and its perimeter is (2/7)M. The 
isoperimetric inequality for planar sets becomes 


2M? > mS, where V = 0. (4) 


Blaschke proposed that each member of “% be mapped to the point (x, y),where 


The range of this map is the Blaschke Diagram and is denoted by #%. The 
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inequalities above translate to 


x? >y, (1)’ 
1>x, (2)’ 
1>y, (3)’ 
and 
8 
72 >x, where y=0. (4)’ 


Thus ¥ is a bounded region, see FiGuRE 1, but the boundary from ((8/17), 0) to 
(1,1) is not known. Surveys of the problem by Hadwiger [6, 72-82] and Bieri [2] 
include bibliographies; contributions by both authors will be presented below. 


Fic. 1 


Not only is a boundary of the Blaschke Diagram missing, there is only one 
known inequality which eliminates any part of the line x = 1, for 0 < y < 1. It 1s 
due to Groemer [4] and states 


TS 2M? 
V> ml — | (5) 
or 
T 8 
y> Ex(x— =), 
and at 


x =1, y = 0.07439. 
This parabola is labelled “G’ in FiGuRE 1. 
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Before we discuss the known extreme sets, observe that all similar sets are 
mapped to the same point. Examples will arise in the discussion showing that the 
preimage of a point may also contain nonsimilar sets. The balls are the only bodies 
at the point (1, 1). The family of extreme sets mapped to the parabolic boundary are 
the cap bodies. These are the convex hull of a ball and countably many points 
exterior to it such that the line segment joining any two of these points intersects the 
ball. The simplest example is a dunce cap sitting on a ball. The image of points and 
line segments is (0,0). Planar convex sets are mapped to the x-axis, and the disks 
are the only sets whose image is ((8/77), 0). 

Some comments on the interior of # may be useful. To show that the Blaschke 
Diagram is connected, consider the convex array 6K + (1 — @)L, where K and L 
are elements of “,0 < 8 < 1, and + represents Minkowski or vector addition of 
sets. Each element of the array is a member of %, and it follows from the properties 
of V, S and M, see [6, p. 45], that the image of the array is an algebraic curve. In 
particular, the image of a set K is connected to (1,1) by the curve determined by its 
outer parallel bodies (that is, bodies of the form K + ¢tB,t > 0). If the image of K 
lies on the line y = 3x — 2, then all its outer parallel bodies are mapped to that line. 
The curves generated by the outer parallel bodies of members of “# mapped to the 
left (right) of the line have a positive (negative) second derivative. In all cases these 
curves have slope 3 at (1,1). The curves determined by the outer parallel bodies of a 
line segment and a disk are labelled ‘A’ and ‘B’, respectively, in FIGURE 2. (For 
clarity, the scale on the x-axis in Figure 2 has been doubled.) Interestingly, the sets 
of constant width in E? are also mapped to a closed interval on the line y = 3x — 2. 
This follows from an identity due to Blaschke: if K has constant width b, then 
2V = bS — (2/3)mb°. The planar set of constant width having minimal area is the 
Reuleaux triangle, its 3-dimensional counterpart is unknown. 

Two well-known conjectures have been posed about the missing boundary. 
Hadwiger [5] showed that of all sets of revolution with fixed surface area and 


FIG. 2 
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mean-width, the centrally symmetric truncated spheres have the smallest volume. 
The image of these sets is labelled ‘C’ in FIGURE 2, and Hadwiger conjectured that 
it was the missing boundary. A truncated sphere is a sphere with a countable 
number of nonintersecting segments removed. By a segment we mean the nonempty 
intersection of an open halfspace with a sphere which does not include the sphere’s 
center. Bieri [1] showed that this conjecture was false by exhibiting a body, whose 
image is labelled ‘D’, outside Hadwiger’s boundary. This body is an asymmetric 
truncated sphere; three congruent segments of maximal size are removed. This led 
to a conjecture by Bieri which remains unresolved: the missing boundary is the 
image of fully truncated spheres. A sphere is fully truncated when no relatively open 
set on the surface of the original sphere remains. This conjecture is appealing, in 
part because the truncated spheres are the polar duals of the cap bodies. 

While Bieri’s conjecture is not resolved, much can be learned about the fully 
truncated spheres. Formulae may be derived for V, S and M: the volume is the sum 
of the volume of cones, the surface area is the sum of the areas of circular faces and 
the total mean curvature is equal to the sum of the products of the perimeters of the 
faces and the angle subtended by the face at the sphere’s center. The simplest way to 
generate a full truncation is by an osculatory packing. In such a recursive packing, a 
new circle is inscribed in the triangular region created by three mutually tangential 
circles (on a sphere or in the plane). Wilker [7] has extended the Descartes circle 
formula (often attributed to Soddy) to hyperbolic and spherical geometries. If three 
mutually tangential circles have curvatures c,, c,, c3;, and « is the curvature of the 
space, then the curvature of the inscribed circle is 


C=C, + Cy + C3 + 2/cyc, + Coe; + C3¢C, — Kk. 


With these formulae one may computer generate the images in the Blaschke 
Diagram of a multitude of fully truncated spheres. The author’s efforts have been 
disappointing. The images lie in a band; the centrally symmetric bodies appear to be 
more extreme than close noncentrally symmetric ones. These bodies do not appear 
to be significantly more extreme than Bieri’s original counterexample which is 
neither fully truncated nor centrally symmetric. 

Finally, the author is unable to resist the temptation to contribute a conjecture. It 
follows from (1) and (2) that 


M S 3V 
S —., 
Aa M S 


Consideration of valid geometric inequalities involving weighted arithmetic means 
(Bonnesen’s inequality in the plane, for example) leads to the conjecture that, for all 
members of %, 


S 8 M 8 \ 3V 
—< 477 Tt 1- | 

M a” 4a 

In the case of equality, this relationship translates to the parabola through (0, 0), 
((8/7), 0) and (1,1) in the Blaschke Diagram (‘F’ in Fig. 2) and all of the images 
of convex sets calculated by the author are bounded by it. 
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EDITED BY DENNIS DETURCK, DAVID J. HALLENBECK, AND ANITA E. SOLOW 


A Geometrically Inspired Proof 
of the Singular Value Decomposition 


S. J. BLANK and NISHAN KRIKORIAN 
Department of Mathematics, Northeastern University, Boston, MA 02115 


DAVID SPRING 
Department of Mathematics, York University, Toronto, Ontario, Canada M4N 3M6 


Any real n X m matrix A can be factored into A = USV’ where U and V are 
n Xn and m X m real orthogonal matrices and S is a diagonal n X m matrix for 
which 5); > 57) > +++ 2S,,>0 and p= min(m,n). This is the singular value 
decomposition (SVD) of A and the s,, are its singular values. 

An equivalent formulation of the SVD for linear transformations can be given as 
follows. For any linear transformation A: R”™ — R” there exist orthonormal bases 
U1, U>,..-,U,, Mm R™ and u,, uy,...,u, in R” such that Av; =s,,u, fori=1,..., p 
and Av, = 0 fori=p+1,...,m. This can be viewed geometrically by saying that 
A takes the coordinate system of v’s to the coordinate system of u’s with 
expansions and contractions along corresponding coordinate directions given by the 
S;;'S. 

The purpose of this note is to give a proof of the SVD that exposes its geometric 
content. 

First consider the nonsingular case of A: R* — R*. The image of the unit sphere 
||v|| = 1 under A is the level surface of a quadratic form. To verify this let Av = u, 
so that 1 = |lv||? = ||A7!ul|? = u’A~1A~!u. Moreover, since A~'A™! is positive 
definite, the image of the unit sphere under A is an ellipsoid, and we will refer to it 
as such. We will never use this fact, however, since its demonstration requires a 
spectral resolution of the quadratic form into a positive weighted sum of squares. 

Let w be a radial vector of maximal length in the ellipsoid and let v be its 
preimage under A. That is, w is any vector such that ||A~‘w|| =1 and ||w|| = 
max{||u||: || A~*u|| = 1}, and v is any vector such that Av = w. If we can show that 
A takes the subspace S perpendicular to v to the subspace T perpendicular to w, we 
can set v,; = v0, u, = w/||w||, and s,, = ||w||. The proof will then continue by an 
obvious induction on the two subspaces. 


Sy} 
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To this end consider the plane S, that touches the sphere only at the point v. It is 
a well-known geometric property of spheres that S, must be the unique such plane 
and must also be perpendicular to the vector v. Let the plane 7, be the image of S, 
under A. Since A is one-one and since S, touches the sphere only at the point v, 
then 7, must touch the ellipsoid only at the point w. In fact, 7, must be the unique 
plane with this property. If there were another, then an application of A~! would 
produce a plane different from S, also touching the sphere only at the point v, an 
impossibility. 

Furthermore, 7, must be perpendicular to the vector w. To see this, take a large 
sphere centered at the origin, and shrink it until it first touches the ellipsoid. The 
point w must occur among the points of first contact. Now consider the plane that 
touches the large sphere only at the point w. As above, this plane is unique and 
perpendicular to the vector w. Furthermore, since the large sphere completely 
contains the ellipsoid, this plane also touches the ellipsoid only at the point w and 
must therefore coincide with 7}. 

The proof for the nonsingular case then concludes with the observation that 
linear maps preserve parallel planes. Since S is parallel to S, and T is parallel to T, 
and since A takes S, to 7;, it must therefore take S to T. 

Now for the general case of A: R™ — R”. First restrict A to the orthogonal 
complement of its null space in R™. A is nonsingular on this subspace [2]. Use the 
procedure above to obtain orthonormal bases v,, v5,...,v, of this subspace in R”™ 
and u,,u,,...,u, of the range space of A in R™. Then extend these orthonormal 
sets to orthonormal bases of R™ and R”. This finishes the proof. 

We have tried to present a proof employing only elementary geometric ideas. By 
recognizing “the plane touching...only at the point...” as a tangent plane and 
noting the differentiability of A, the proof can be made even shorter but more 
analytic. 

The crucial non-geometric (but very intuitive) idea in the proof is, of course, the 
use of compactness to find w. The ellipsoid is compact since it is the continuous 
image of the unit sphere. The Euclidean norm, which is also continuous, therefore 
realizes its maximum at some point w on the ellipsoid. 

The proof of the SVD in Golub and Van Loan [1] also uses compactness, but the 
inductive splitting of A is obtained algebraically. Both proofs can be extended to the 
complex case. The usual proof of the SVD examines the spectral resolution of A’A 
[2]. The spectral theorem can itself be proved using compactness [3]. None of these 
proofs exhibits the compelling geometry of the one presented here. 
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Sum Zero (mod n), Size n Subsets of Integers 


CRalIG BAILEY and R. BRUCE RICHTER 
Department of Mathematics, U.S. Naval Academy, Annapolis, MD 21402 


In this note, a theorem of Chevalley is used to prove the following result. 


THEOREM 1. Let n be any positive integer and suppose a,,..., @5,,_1 are arbitrary 
integers. Then there is a subset I of {1,2,...,2n — 1} such that XL; .;a; = 0 (mod n) 
and |I| =n. 


Theorem 1 is reminiscent of the well-known fact that if a,,..., a, are arbitrary 
integers, then there is a nonempty subset J of {1,...,”} such that X,.,;a, =0 
(modn). However, this result is a direct consequence of the pigeonhole principle. 
We have been unable to prove Theorem 1 by such elementary means. 

Theorem 1 is best-possible, in the sense that if there are only 2n — 2 integers, 
then no collection of n of them need sum to 0 (mod n). Specifically, take n — 1 
zeroes and n — 1 ones. 

Theorem 1 is a corollary to the following conjecture [1]. 


CONJECTURE 2. Let a' = (aj, a},..., a,), i= 1,2,..., k(n — 1) + 1, be integral 
vectors. Then there is a nonempty subset I of {1,...,k(n —1) +1} such that 
Le 7a = 0 (mod n), where 0 is the vector of all zeroes. 


In the event that 1 is a prime power, then Conjecture 2 is proved in [1] using 
generalizations of Chevalley’s Theorem. Indeed, the proof we give of Theorem 1 in 
the event n is prime is based on [1]. Theorem 1 is a special case of Conjecture 2, 
with k = 2 and all first coordinates 1. 


THEOREM 3. (Chevalley’s Theorem [2], [3]) Let p be a prime and let f(x ,..., X,) 
be a polynomial of degree <n such that f(0,...,0) = 0 (mod p). Then there is a 
nonzero (mod p) solution to f(x,,..., X,) = 0 (mod p). 


This theorem deserves to be better known. Its proof is not difficult and much 
more is known. However, for our immediate purposes, it is enough. 

Our proof of Theorem 1 breaks up into two parts; the first deals with the case 
that n is a prime and the second with the case that n is composite. 

Let us first assume that n is a prime number p. Let b be a quadratic non-residue 
modulo p (i.e. the equation x” = b (mod p) has no solution.) 

Set 


2 


2p-1 2 2p-1 
f(xXy,---, Xop-1) — | » | a | » cat) 7 
i=l 


i=] 


Evidently, /(0,0,...,0) =0 (mod p), so Chevalley’s Theorem yields a nonzero 
(mod p) solution (x,,...,X2,-,) to f = 0 (mod p). Fix such a solution. 

Because b is a quadratic nonresidue modulo p, the only solution to the equation 
yi — by? = 0 (mod p) is y, = y, = 0 (mod p). It follows that, for the nonzero 
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(mod p) solution above, we must have 


D xp ted (mod p) (1) 
r a,xP-'=0 (mod p). (2) 


By Fermat’s little theorem, if x, # 0 (mod p), then x?~' = 1 (mod p). If I is the 
set of indices i such that x; # 0 (mod p), then Eq. (1) above becomes ©, _ ,1 = 0 
(mod p). Since 0 < |J| < 2p — 1, it follows that |J| = 

Looking now at Eq. (2) above, we see that LU, . ;a; = 0 (mod p), and thus we have 
found the required n = p integers in this case. 

We now proceed by induction on n. The result is true from the above work for 
n = 2,3. Suppose n > 4 and that Theorem 1 holds for all smaller values of n. If n is 
prime, then we are done by the first part, so we assume n is composite, say n = km, 
where 1 < k, m <n. Thus, Theorem 1 is true when n is replaced by either k or m. 

An easy induction on r > 2 proves that if we have rk — 1 integers, a,,..., 4,,_1, 
then there are r — 1 disjoint subsets J,,..., I,_, of {1,2,..., rk — 1}, each one of 
size k, such that de 4; = 0 (modk), j= 1,2,...,7r— 1. In particular, we use 
this fact with r = 2m. Thus, with our original 2” — 1 = (2m)k — 1 integers, we 
have shown there are 2m — 1 disjoint subsets f,,..., I,,,-, of {1,2,...,2n — 1} 
such that, for 7 = 1,...,2m — 1, die 1 4; = 0 (mod k) and |J,| = k. 

For j = 1,. 2m — 1, let 5 = Lier i and let bi = b,/k: note that b’ is an 
integer. Now consider the 2m — ‘1 integers bi,..-, b3,-4- By the inductive assump- 
tion, there is a subset J of {1,2,...,2m — 1} such that |J| =m and2,.,;b/ =0 
(mod m). Let I =U <I. Evidently, [Z| = mk =n and 5674; = Lye shies 4i = 
Lj skb/ = 0 (mod km). Since n = km, we are done. & 

Chevalley’ s Theorem can be extended to systems of polynomial equations. 


THEOREM 4. For j = 1,...,k, let F,(x,,..., X,) be a polynomial of degree r;, such 
that F,(0,...,0) = 0 (mod r), for some fixed prime p. If Lr, <n, then there is a 
nonzero (mod p) solution to the system of congruences F, = 0 ‘(mod Pp). 


Theorem 4 can be deduced from Theorem 3 by a suitable choice of polynomial 
f(2,..-, 2,). For we can then let 9(x,,...,x,) =f(/%,..., F,) and the equation 
g = 0 (mod p) is equivalent to the system of Theorem 4. For our needs in Theorem 
1, we had k = 2 and f(x, y) = x? — by”. In general, f is fairly complicated, but 
always exists. 

Observe that Theorem 4 may be used to prove Conjecture 2 in the event that n is 
a prime. A result analogous to Theorem 4 for prime power was used in [1] to prove 
Conjecture 2 when n is a prime power. 


Since this article was written, Dom de Caen has informed us of an earlier proof of Theorem 1 in the 
literature. In [4] is our same ‘multiplication’ portion together with an elementary proof in the case n is 
prime. Their techniques extend to the analogous result for any abelian group. 
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On Open Maps 


JOHN CROWE and DOMINICK SAMPERI 
Department of Mathematics and Computer Science, Manhattan College, Bronx, NY 10471 


In this note we prove that if two topological spaces X and Y satisfy suitable 
hypotheses, and if A is a subset of X consisting of isolated points, then a continuous 
map f: X — Y is open if and only if ff X — A is an open map. 

Our result (Theorem 1) applies when X = R™” and Y=R", provided n > 1. 
Using the Implicit Function Theorem, it then follows that if f: R” > R” is C’, if 
n> 1, and if {x € R™| rank(df(x)) < n} consists of isolated points, then f is an 
open map. This shows, in particular, that the Open Mapping Theorem for a 
non-constant analytic function f(z) is a consequence of the Cauchy-Riemann 
equations and the fact that f’(z) = 0 only at isolated points. 

Recall that a point p in a connected subset N of a topological space X is called a 
cut point if N — { p} is not connected. 

We will say that a map f: X — Y is open at x € X if for any open neighbor- 
hood N of x, f(N) contains an open neighborhood of f(x). Clearly, a map f: 
X — Y is open if and only if it is open at x for each x € X. 

The following lemma will be useful. 


LEMMA 1. Let Y be a locally connected topological space. Then the following two 
statements are equivalent. 

(1) No connected open subset of Y contains a cut point. 

(ii) Whenever p is an isolated point in the boundary of an open set WC Y, it 
follows that p = W°. 


Proof. Assume that (ii) is false. Then there is a point p in the boundary of an 
open set WC Y, with p € W°®, and such that (W- W)QNV= { p}, for some 
open connected neighborhood V of p. It then follows that VN W¥ 9,VN (W)é 
# @O,andV=(VN W)U(VO W*) U { p}. Therefore, p is a cut point in V, so 
(i) is false, and we have (1) => (ii). 

Now assume that (i) is false. Then there is a connected open set N C Y, with 
N = W,U W,U { p}, where W, and W, are disjoint open sets, and p € W, U Wy. 
It follows easily from this that (W, — W,) A N = { p}, and p € W,, so (ii) is false. 
This concludes the proof of Lemma 1. 


We are now ready to present our main result. 


THEOREM 1. Let X be a locally compact Hausdorff space with the property that 
points in X are not open subsets of X. Let Y be a locally connected Hausdorff space 
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with the property that no open connected subset of Y contains a cut point. Let A be a 
subset of X consisting of isolated points. Assume that the map f: X — Y is continuous, 
and that f } X — A is an open map. 

Then f is an open map. 


Proof. It will suffice to show that f is open at x for each x € A. Assume that 
there is an x) © A such that f is not open at x). Then there are open sets N and V, 
with N compact, such that x» € NC NC V, and f(x,) € f(V)°. Since the points 
in A are isolated, we may assume that VM A = {x,}. Then since ff X — A is an 
open map, f(V — {x,}) is an open subset of f(V), so f(x9) € f(V — {Xo}). 

Since N — {xy} CV — {xo}, f(Xo) E f(N — {x9}), and f(N — {x,}) is open. 
Since ff N is continuous and {x,} is not an open subset of N, f(XQ) 
e f(N — {x,}). On the other hand, f(N) is closed, so 


f(N = {xo}) CS(N — {xo}) UF(N-N)U {f(x}, 
and since f(N — N) is closed and does not contain f(x,), it follows that f (X) is 
an isolated point in the boundary of the open set f(N — {x9}). We have f(x9) 
aenaana SEE oe = 
& f(N — {x }), because f(N — {x })Cf(N) Cf(V), and f(x.) €f(V)’. 
Therefore, (11) in Lemma 1 1s false for Y, so (i) must also be false, contradicting our 
hypothesis. This concludes the proof of Theorem 1. 
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On a Conjecture of R. J. Simpson About Exact Covering Congruences 


DORON ZEILBERGER' 
Department of Mathematics, Drexel University, Philadelphia, PA 19104 


The following is a counterexample? to Simpson’s conjecture [2]: D = 
{6, 15, 35, 14,210 (140 times)}. It was concocted using the elegant and powerful 
approach of [1]. 
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A Note on Taylor’s Theorem 


JOsE A. FACENDA AGUIRRE 
Facultad de Matematicas, Tarfia s/n, 41012 Sevilla, Spain 


In a first course of mathematical analysis, when we study Taylor’s formula, it is 
usual to prove the following approximation theorem on Taylor’s polynomials: 
Let f: [a, b] > R be a function n times differentiable at c € [a, b]. If 


P,(h) = 


k=0 k 


9 


FOC) 
! 


then 


_ fle+h)— P(r) 
lim. ———————————- = 0 
h->0 h” 


The proof is based on the application of L’H6pital’s rule n — 1 times and the 
existence of f‘”(c); (see, e.g., [5, p. 193]). 

The following result is a generalization of the theorem already mentioned and, 
furthermore, it naturally comes along with the study of functions of several 
variables. 


THEOREM. Let A be an open subset of R", and let f: A CR” — R™ be a function 
p times differentiable at a © A. Then 


f(a +h) ~ f(a) ~ Df(a)(h) — Def (a)(h?) 


im  — _ = 0. 
h—0 Ill? 


Although the result is well known within the field of normed linear spaces (see [4, 
p. 165, Thm. 2.11.1]), the results used in the proof are not likely to be at the level of 
undergraduate students. Furthermore, we have not been able to find a published 
proof with respect to the aforementioned finite-dimensional spaces. 

The purpose of this note is to give a short proof using only the mean value 
theorem for real-valued functions defined on any subset of R”. We think that it is 
interesting because of its simplicity and its being widely unknown. 

Before beginning the proof we recall two results about higher-order derivatives. 


(a) If f: A CR” > R”™ is p times differentiable at a © A, then D’f(a) is a 
p-linear symmetric form, that is, D?f(a) © L?(R",R™) and 
D?f(a)(h’,...,h?)= Ye--+ LD, f(ayhi, «++ hP, 
i,=1 


I 
. Pp 
i=1 
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where h' = (hj,...,h,) ER. 1<i<p. If h' = --- =h? =h, we denote 
D’f(a)(h,...,h) = D?f(a)(h?). 
p terms 


If {j,---5 Jy} is a permutation of {i),..., i}; then 
D,...,f(a) = D,..,f(a). 


(See [2, p. 240, Thm. 7.83] for p = 2. For general p, see [3, 8.12.4 and 8.12.7]). 


(b) Let f: A C R” > R” be a function p times differentiable at a € A. If we 
define g(h) = D’f(a)(h”) then g is a C®-function and its successive derivatives 
are: 


Dg(h) = pD?f(a)(h?~*) 


meaning 
Dg(h)(k) = pD’f(a) (h,...,h, k),k ER". 
p — 1 terms 
D’g(h) = pD?f(a)(h?~*) 
meaning 
D’g(h)(k', k?) = p(p—1)D?’f(a) (h,...,h, k’, k?); kk? ER". 


p — 2 terms 
And, in general, if 1 <i < p then 
Dig(h) = p(p—1)---(p—i+ I)D?fla)(h?™) 
meaning 
D'e(h)(K},..., k*) 
= p(p—1)---(p—it+1)D?f(a) (h,...,h,k',..., k'); 
p — i terms 
kth... ki ER". 
(See [1, p. 373] for the case p = 2.) 
Proof of the theorem. We first suppose that m = 1 and proceed by induction on 
p. The result is true for p = 1 because f is differentiable at a. We assume that the 
theorem is true for all p < gq. 
Let f be g + 1 times differentiable at a € A. Then there exists r > 0 such that 


B(a,r) Cc A, and for every x © B(a,r), D7f(x) there exists. We define, for h © 
B(0, r), 


R(h) = f(a + h) = fla) = Df(ay(h) = + = DN Yay(h"), 


It is obvious that R is q+ 1 times differentiable at 0, so its partial derivatives, 
D,R = R', 1 <i<n, are q times differentiable at the origin. Hence, by the 
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inductive hypothesis, if 


. . . 1 . 
S'(h) = Ri(h) ~ R'(0) ~ DR'(O)(h) ~ + — —D*R'(O)(H"), 
it follows that 
S'(h) 
lim = 0, <i<n. 
h>0 |All? 
We claim that S'(h) = R'(h), 1 <i<n. 


To obtain this it is sufficient to prove D/R(O) = 0,1 <j < gq + 1, since, accord- 
ing to the expression of higher-order derivatives given in (A), it follows that 
D/R(0) = 0,0 <j <qand1l<i<n. 

With this aim, we differentiate R repeatedly, obtaining 


D/R(h) = Dif(a +h) — Dif(a) — +++ — D*'fla)(ht7™), 


(q-j+ 1)! 
1 <j < q. In particular, 
D'R(h) = D'f(a +h) — Dif(a) — DT 'f(a)(h). 
Nye 
D/R(0) = 0 € L/(R”,R), l<j<4q. 
(Note that result (b) is being used.) 
Moreover, since 
_ DIR(h)  _ Dif(a +h) — Dif(a) — DI *flay\(h) 
in —— = bk" = 
ho |All h—0 || 
because f is g+ 1 times differentiable at a, it follows that D?*'R(O)=0€ 
L7**(R",R). Thus S'(h) = R'(h), as we stated. 
Therefore, we have 
D,R(h) 


im = 0, 
ho |All? 


<i<n. 
If we apply the mean value theorem we infer that 
R(h) = R(h) — R(O) = DR(th)h = YD. R(th)h,, OK<t<1. 
i=1 
We conclude the proof from the inequalities 
|R(A)| < yA) |D;R(th)| |hj| < y Aw |D,R(th)| 
alae < i=. WALI? iiAl| i=1_ (WALI? 


in which the last term tends towards 0 as h does. 

In the case when f takes values in R™, m > 1, we apply the same argument to 
each of the real-valued functions f,,1 <i<m, which occur in the coordinate 
representation of the mapping f. 
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We conclude with the following remainder form of the theorem: 


COROLLARY. If f is p times differentiable at a, then there exists a function E, 
defined on a neighborhood of 0 such that 


f(a +h) =f(a) + Df(a)(h) + + + —Def(a)(h?) + E,(h)|al|? 


and E,(h) ~O0ash—0. 
The author thanks the referee for many valuable suggestions. 
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Material Implication Revisited 


JOSEPH S. FULDA 
Department of Computer Science, Hofstra University, Hempstead, NY 11550 


Material implication, the logical connective corresponding to the English “if,” 
has vexed scholars and students alike with its counterintuitive definition of condi- 
tionals with false antecedents as true (see Figure 1) [1]. In addition, using condi- 
tionals with unrelated antecedents and consequents, something which is not pro- 
scribed, seems to be contrary to the intuitive notion of implication. These two 
consequences of the traditional definition of material implication have led to the 
so-called paradoxes of material implication: p = (q = p), a true proposition is 
implied by any proposition whatever; and ~ p=>(p-=4@q), a false proposition 
implies any proposition whatever [2]. 


P q ~pVq 
T T T 
T F F 
F T T 
F F T 


Fic. 1. The definition of maternal implication, p > g. 


We will show in this paper that the traditional definition of material implication, 
when properly understood, is quite intuitive. We need not revert to a three-valued 
logic, to modality, to alternative, non-truth functional semantics for the conditional, 
or to the extensive literature on counterfactuals. These developments of modern 
symbolic logic are of major importance. But to explain the simple material condi- 
tional, we need not go beyond the framework of the classical, two-valued, truth- 
functional logic. 
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First, I remind the reader that if we work within the formalism of the classical, 
two-valued, truth-functional logic, the standard truth table for the conditional must 
result. All alternative truth tables that might be used for material implication clearly 
result in some other connective, such as conjunction, equivalence, or merely the 
conditional’s consequent (see Fic. 3). Yet this demonstration that the standard truth 
table for the conditional is the only reasonable alternative within the classical 
system of two-valued, truth-functional logic does not suffice as an explanation of the 
definition of =. As philosopher Robert Nozick writes: “A proof of p will give us 
the conviction that p is true, but it need not give us understanding of how p can be 
true, given apparent excluders” [3] (slightly edited). 

One explanation often offered is that of C. Ray Wylie [4]. Wylie reminds us that 
we often use implications with false antecedents in natural language and gives 
examples of this. These examples provide further conviction that the traditional 
definition of material implication is appropriate, but still leave considerable uneasi- 
ness with it. 

It is the thesis of this paper that this uneasiness is none other than the familiar 
temptation to commit the fallacy of conversion (p > q+ q = p), also known as 
the fallacy of affirming the consequent (p = qg,qt p) [5], and replace material 
implication (= ) with material equivalence (=). 

One reason for this temptation is that “if” as used in everyday language often 
means iff—if and only if. For example, two of the four types of implication that 
Copi isolates in his much-used text [6] are really biconditionals. One is definitional 
implication: definitions must be reversible. Thus the converse of “If a polygon has 
three sides, then it is a triangle” is true also. Another is causal implication. If a then 
b, because a causes b; therefore, if b then a, since for b to have occurred, its cause, 
a, must have first occurred. (We sidestep here multiple causation and a vast 
literature on causality and how to treat it logically.) Thus when a child is told by a 
parent, “If you don’t behave, I shall slap you,” “if? is used in the sense of iff and 
the child is right to consider good behavior adequate protection from being slapped. 
Were this not so, there would be no particular reason for good behavior and hence 
no particular reason for the parent’s utterance. 

In Latin, there is a grammatical difference between if used as = and if used as 
«> [7]. Thus, si laborabit, felix erit, if he works he will be happy, is future indicative 
in both the antecedent and the consequent. But, si /aboraverit, felix erit, 1f he works 
(will have worked) he will be happy, is future perfect indicative in the antecedent 
and future simple indicative in the consequent. As Moreland and Fleischer explain, 
“Tn such cases it is emphasized that the action in the protasis must be completed in 
order for the action in the apodosis to occur” (italics in original) [7]. 

However, there is a deeper reason for the desire to use = in place of =. Not 
only is = given by the standard definitions of material equivalence as ( p = qg) A 
(q = p) and as(pAq)V(~pA ~ q), but also by ~ p © g as shown in Figure 
2. Observe that this definition of material equivalence differs from the traditional 


P q ~peq 
T T T 
T F F 
F T F 
F F T 


Fic. 2. The definition of material equivalence, p = gq. 
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definition of material implication only in that the disjunction is exclusive rather 
than inclusive, a difference easily and naturally slipped around. 

Every time we use “if” to mean iff in everyday language, we are using © for 
‘or.” Thus, in the example above, the parent is telling the child that either he must 
behave or he will be slapped, but of course not both. 

Let us now turn to conditionals with unrelated antecedents and consequents. In a 
way, this problem is greater than the problem of conditionals with false antecedents, 
for the latter causes us trouble only with the last two lines of the standard truth 
table, while with the former only the second line of the truth table is unproblematic. 

The substitution of ® for V that we have been discussing also prevents a prime 
way that unrelatedness between the antecedent and the consequent of a conditional 
can arise in the course of proving the validity of an argument. In particular, we 
observe that most of the rules of the various systems for natural deduction apply to 
® as well as to V (e.g., commutation, association, distribution of conjunction over 
disjunction, disjunctive syllogism, constructive dilemma, destructive dilemma). One 
clear and notable exception is the rule often called addition: from p we may infer 
pV q, but we cannot infer p ® g, because g might be true. Indeed, for exclu- 
sive disjunction, the following rule, reminiscent of disjunctive syllogism, holds: 
p®q, pt ~ gq. Not only is addition a rule with no ®-analogue, it is also the only 
rule in all natural deduction systems known to the present writer in which an 
irrelevancy is introduced. A term nowhere in the premises occurs in the conclusion. 
Thus by replacing V by © in the definition of material implication (and obtaining 
material equivalence), one is ruling out the irrelevancy stemming from V. Such 
irrelevancy can show up in conditionals with unrelated antecedents and conse- 
quents, which is yet another reason why replacing V with ® and hence => with 
<> seems so natural and comfortable a thing to do. 

Observe that the paradoxes of material implication are also made possible by 
addition, as shown by the following conditional proofs (after Copi’s method [8]): 


4 


F p=(q=>P) Ft ~p> (pq) 

l. p assumption 1. ~p assumption 

2, pV -~q addition, 1 2, ~pVq addition, 1 

3. ~qVp commutation, 2 3. p> q def. mat. impl., 2 
4,.q¢g>p def. mat. impl., 3 4. ~p>(p>q)C.P.,1, 2-3 

5. p> (q=> p) C.P., 1, 2-4 


The absence of these paradoxes when ® is used rather than V is a final reason for 
the temptation to replace = by =. 

Finally, it is interesting to note that only =, and =, of the four possibilities 
for the truth table of material implication (see FIGURE 3) leave p> qAq=>p 
undisturbed as the definition of p < g. This may be yet another reason for the 
temptation to substitute =, for =,, while there is no similar temptation to 


P q P= 14 P= 24 P= 34 P= 4d 
T T T T T T 
T F F F F F 
F T T T F F 
F F T F T F 


Fic. 3. Four alternatives for => . 
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substitute either =>, or =>, for =,. Indeed, while p>,qg \q-=>,p and 
P >=39 \ q >3p both yield iff, both p >,q Aq =>,p and p>4q Aq =>,4p yield 
and. This can be easily verified by constructing the appropriate truth tables. 

In summary: (1) The standard truth table for material implication obtained 
within the framework of classical, two-valued, truth-functional logic is the only 
possibility that does not clearly mean something other than implication. (2) All 
truth table entries in the definition of material implication correspond to uses in 
everyday speech and writing, including the entries with false antecedents. (3) 
Remaining uneasiness with the definition of material implication can be attributed 
to a desire to commit the fallacy of conversion and replace = by «©. (4) This 
fallacy is made attractive by everyday use of “if” to mean iff. (5) Such a substitution 
amounts to using ® in place of V in the definition of material implication, 
something easily and naturally done. (6) The use of @ in place of V also removes 
any unrelatedness between the antecedent and the consequent of a conditional 
introduced by the addition rule which can be used with V but not with ©. (7) Their 
proofs indicate that the paradoxes of material implication are likewise made 
possible by addition and are thus eliminated when ©, rather than \V, 1s used. 
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A Pictorial Proof of Uniform Continuity 


D. M. BLOOM 
Mathematics Department, Brooklyn College of CUNY, Brooklyn, NY 11210 


The following theorem is usually proved in a beginning analysis course. 


THEOREM. If the real-valued function f is continuous on the interval [a, b] then f is 
uniformly continuous on [a, b). 


The standard proofs use either infinite sequences or (if one has discussed 
compactness) open coverings (see [1, p. 103] or [2, pp. 78-79]). Here is a proof 
which uses neither; instead, we use facts about closed sets and continuity in the 
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plane. (Admittedly, these facts must be proved, but one has usually done so 

anyway.) The idea is that if f is continuous on [a, b] and if e > 0, then the 6 which 

will work for the given e is simply the minimum value of |x — y| on the closed set 
T = {(x, y): x, y © [a, b] and |f(x) — f(y)| > e}, 


as illustrated by the following diagram: 


T = {(x, y): x, y€[a,b] and |f(x) — f(y)| > e} 


Notice that our 6 must in fact be positive (not 0), since if 7 intersects the line 
x = y then for some x we have | f(x) — f(x)| > e, which is absurd. 

To fill in more of the reasoning: since f is continuous on I = [a, b], it follows 
that g(x, y) =|f(x) — f(y)| is continuous on J x J; hence the set T = g71[e, 00) 
is closed. Since T is also bounded, and since the distance function d(x, y) = |x — y| 
is continuous on R?%, it follows that the number 6 = min{|x — y|: (x, y) € T} 
exists. As shown above, 6 > 0; moreover, 


Ix -~y| <8 = (x,y) €T=> g(x,y) <e=>|f(x) -f(y)| <e, 
as desired. 
This proof easily generalizes to compact metric spaces. The facts that are needed 
for the proof are (1) the inverse image of a closed set under a continuous function is 
closed, (2) a closed subset of a compact space is compact, (3) if C is compact then 


so is C X C, (4) a continuous function from a compact space to R has a minimum 
value, and (5) the distance function d(x, y) is always continuous. 
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On the Differentiation Formula for sin @ 


DONALD HARTIG 
Mathematics Department, California Polytechnic State University, San Luis Obispo, CA 93407 


Very few textbooks on elementary calculus can lay claim to a “rigorous” proof of 
the fact that the sine function differentiates to the cosine function. See the remarks 
in Peter Ungar’s insightful review [1] of three such texts. In the figure below I offer 
what should be regarded as another plausibility argument in support of the fact that 


790? = cos 6. 


y-axis 


unit circle 


sind =y »----------“-------- 


X-axis 


d A 
= = <5 = sing = cos @. 


It is as rigorous as the usual “proofs” and has the redeeming feature that the 
companion formula: 


d if] in 6 
76 °° = —sin8, 


can be motivated in the same way: 
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E 3316. Proposed by Jim Delany, California Polytechnic State University, San 
Luis Obispo. 


Consider the fluctuations in distance between an observer located at (h, k) and 
an object orbiting along the ellipse x?/a? + y?/b* = 1, where a > b > 0. If the 
observer is at or near the origin, then on each orbit the distance will have two 
relative maxima and two relative minima. If the observer is far from the origin, there 
will be only one of each. Determine the equation of the curve that marks the 
boundary between the two cases. 


E 3317. Proposed by Peter J. Ferraro, Roselle Park, NJ. 


For any positive integer n and any positive real number a put 
n—-1 


S,(a) = L | Va + j/n|. 


(a) Prove that S,(a) = n| Vo | if |a| + 1 is not a perfect square. 
(b) What is the value of S,(a) if [a] + 1 is a perfect square? 


Here |x| denotes the greatest integer not exceeding x. 


E 3318. Proposed by Walter Rudin, University of Wisconsin, Madison. 


Suppose 0 < p < oo. Let A be the set of sequences of positive real numbers 
a, 4,,... such that ©%,a,=1. Find sup,©%_,a,(a, + 4,,,+°°:)?~' and 
sup,o~_ 1a, (a, + dy + -++ +a,)?7". 


SOLUTIONS OF ELEMENTARY PROBLEMS 
Weighing Seven Coins in Five Weighings 


E 3023 [1983, 645]. Proposed by J. G. Mauldon, Amherst College, Amherst, MA. 


You are given an accurate indicating spring scale (not a balance) and seven coins 
each of which weighs x or y, where x and y are unknown. In five weighings, 
determine the weight of each coin. 


Solution I by Aage Bondesen. We assume x < y. We let a, b,c, d, e, f, g denote 
both the coins and their weights, and we use a similar notation for the sets of coins 
to be defined below and the weights of those sets. We use our first two weighings to 
weigh the coin sets A = {a,b,c} and B = {a,d,e}. Our argument will be much 
concerned with the “average weights” a = A/3 and 8 = B/3. By symmetry, we 
may assume a < #. We treat separately the cases a < B and a = B. 

I) a < B. We spend our third weighing on the coin set C = {b,d}. We put 
y = C/2 and divide into five subcases. Each time we compute a ratio of differences, 
the denominator is 0 if and only if x = y, in which case x = y = a and we know all 
the weights, so we may assume x < y. 

1) y < a < £. This implies (1) b + 3d < 2a + 2c and (2) b+ c < e+ d. Con- 
sider the possibilities for d. If d = x, then (2) implies b = c = x and e = y, and 
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then (1) yields a = y. If d = y, then (1) implies a = c = y and b = x, and then (2) 
yields e = y. These possibilities can be distinguished by a, B, y, because in the first 
case (a —- y)/(B — a) =(y—- x)/(y — x) = 1, while in the second (a — y)/ 
(B —a)=(y - x)/2%y —- x) = 1/2. Having distinguished these, we can find x, y 
from 2x + y=A and x +2y = B in the first case and from x + 2y =A and 
3y = B in the second case. Now a, b, c, d, e are known, and f, g can be determined 
in a fourth and fifth weighing. 

2) y=a < B. y=aimplies a= b=c=d=a, and a < Pf implies a = x and 
e = y. Now f, g can be found in two more weighings. 

3) a<y< pf. This implies (1) 2a + 2c < b+ 3d and (2) 3b + d< 2a + 2e. 
We will consider (y — a)/( 8 — y) under the two possibilities a = x and a = y. If 
a=x, then (2) implies b=x and e=y, and then (1) yields d=y. Now 
(y — a)/(B — y) = By — x — 2c)/(y — x), which is 3 for c = x and 1 for c = y. 
On the other hand, if a = y, then (1) implies d = y and c = x, and then (2) yields 
b = x. In this case (y — a)/(B — y) = (y — x) /(y + 2e — 3x), which is 1 if e = x 
and 1/3 if e=y. 

We conclude that if (y — a)/(B — y) is 3 or 1/3 we have (a, b,c, d,e) = 
(x, x, x, y, y) or (a, b,c, d,e) = (y, X, xX, y, y), respectively. We then find x, y 
from 3x =A and x+2y=B or y+2x=A and 3y = B, respectively, which 
yields a,b,c, d,e, and we have two further weighings to determine f/f, g. If 
(y — a)/(B — y) = 1, we must weigh one more set to decide between the two 
possibilities for (a, b,c, d,e) in terms of x, y. We choose to weigh D = {c, e, f} 
and put 6 = D/3. If (a, b,c, d, e) = (x, x, y, y, y), then (a — 6)/ 
(B —a)=Q2x-y-f)/y-x), which is —1 if f=x and —-2 if f=y. 
On the other hand, if (a,b,c, d,e) =(y, x, x, y, x), then (a — 6)/(B — a) = 
(y — f)/(y —-x), which is 1 if f= x and 0 if f= y. Hence evaluating this ratio 
determines a, b,c, d,e and also f as x or y. We find x, y from 2x + y = A and 
x + 2y = B in each case, and the fifth weighing determines g. 

The other two cases, 4) a < 8 = y and 5) a < B < y, are completely symmetric 
to 2) and 1), respectively. This reduces us to the other major case. 

II) a = £. We must once more define the coin sets C, D, E to be weighed 
besides A and B. We take C = {a, b, d, f} and D = {a, c, d, f} and put y = C/4 
and 6 = D/4. We may assume y < 6. We treat y < 6 and y = 6 separately. 

Il’) y < 6. In this case, b= x, c=y, and x#y. Since a#y and a#6 
(otherwise a = b=c=d=e=f and y = 38), we have three subcases. 

1) a <y <6. This leads to a+ x + 4y < 3f + 3d, whence f = d= y, and then 
e = x (since a = £8). Now comparison of 3y with 2a + 6 reduces to comparison of 
b + 6d + 6f with 2a + 11c, which reduces to comparison of x + y with 2a. We 
have a= x @ 3y > 2a+6 and a=y = 3y < 2a + 6. Thus we know whether a 
is x or y, and we can then determine x and y from A and C. Then a, b,c, d, e, f 
are known, and g can be determined in a fifth weighing. 

2) y < 6 < a. This case is symmetric to 1). 

3) y < a < 6. This implies 3x + 3d4+ 3f<a+4x4+ 4y < 3y + 3d + 3f, Le, 
a+yt4x < 3f+3d<a+x+4y, whence f+ d=x+y. Since also e+ d= 
x + y (from a = £), it follows that f= e, and then comparison of a + 8 with 
y + 6 reduces to comparison of 2a with x + y. We have a=xea+t+B<y+6 
and a=y@a+pBp>y+t46. We now weigh E = {e, f, g} in our fifth weighing 
and put e = E/3. If a= x, then 6(6 — a) =y—-x and 6(e — 46) = 4e + 2g — 
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3x — 3y. On the other hand, if a=y, then 6(y — a) =x -—y and 6(e€ —y)= 
4e + 2g — 3x — 3y. In the two cases, we compute (6 — a)/(e — 6) or (y — a)/ 
(e — y) to identify e and g from the following tables: 


a=x ay 
e x x y y e x x y 
g x yo} xy} y x} y y 
b- a 1 1 y~ @ 1 1 
~s | 73 | wEY Py — 3} tL] -l | m3 
E e—y¥ 


Once e and g are identified to x or y, the same can be done with f and d, x and y 
can be calculated from A and C, and we are finished. 

II”) y = 6. Since also a = 8, we have b=c=d=e. We divide into three 
subcases. 

1) a= y. In this case a=b=c=d=e=f= a, and g is found in a fifth 
weighing. 

2) a < y. This reduces to a + 2b < 3f, whence f = y, and a or b is x. We spend 
our fifth weighing on EF = {a, g} and put e = E'/2. The following table is easily 
established (note that y # x): 


This assigns x or y to each coin, and the values of x and y can be calculated from 
A and C. 


3) y < a. This case is symmetric to 2). 


Solution II by the proposer. We give a strong (1.e., nonbranching) weighing 
procedure which is robust, in the sense that modest manufacturing, experimental or 
rounding errors will not give a qualitatively wrong result, unless perhaps when the 
coins are all of the same weight or the values of x and y are practically indistin- 
guishable. Part of our solution may be regarded as a computer-assisted proof that 
five weighings suffice for the solution of the problem. 

We denote the seven coins by a, b, c, d, e, f, g. Our procedure is to determine, in 
five weighings, the values of P, O, R, S, T—the weights, respectively, of the five sets 
{c, d,e, f, g}, {a, b, c,d}, (a, d,e}, {b,e, f} and {a, f, g}. 

We assume without loss of generality that coin a is of weight y and we denote 
by X the set of all coins of weight x, so that either XY = @ or else X € %, where 
denotes the set of all the 63 nonempty subsets of {b, c, d, e, f, g}. We write p, q for 
the number of coins of weight x in the two sets {c,d,e,f,g}, {a,b,c,d} 
respectively, observing that p is an integer and qg € {0,1, 2,3}, so that the relation 
4p = 5q would imply p= q=0and X= @. 

If X = © all the coins have weight y and so 4P = 5Q. Conversely, if 4P = 5Q, 
we have (4p — 5g)(x — y) = 4P — 5Q = 0 so that either x = y or X = ©, and in 
either case the seven coins are all of the same weight P/5 and the problem is solved. 
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Henceforth, therefore, we may and shall assume that 4P # 5Q, so that 4p # 5q, 
x#yand X € 2. 

Once the set X € 2 is known, then p and gq are also known and we find that 
y = (Op — Pq)/(4p — 5q) and x = y + (4P — 5Q0)/(4p — 5q), so that the prob- 
lem is solved. All that remains, therefore, is to determine the set X. 

Compute the two quantities U,V, where U = U(X, x, y) = 4P — 5Q # 0 and 
V = V(X, x, y) = 30 — 3R — 21S + 20T, observing that U(X, x, y) = 
(x — y)UCX,1,0) and V(X, x, y) = (x — y)V(X, 1,0), so that 
V(X, x, y)/UCX, x, y) is independent of x and y. This observation justifies the 
notation W = W(X) in the expression W = W(X) = 9240(60 + 
V(X, x, y)/UCX, x, y)) and permits us, in evaluating W(X), to assume that x = 1 
and y = 0. Then U = 4p — 5gq, so that U is an integer, and similarly V is an integer 
and we find 1 < |U| < 12 and [U| # 9, so that U divides 9240 and consequently, for 
every X € 2X, W(X) is an integer. 


nn Lae — wees —— +m KK — 
XxX + 184800 -xx- xxx 523600 »+xxxxx 552552 oe 587664 
*X+xxx- 355740 -x++xxx §24040 -+x+xxx §52720 -+xx-xx 588280 


-xx-xx- 369600 --xX+xx: 5625360 -+xxx-x 552860 -xxx-xx 591360 
-xxxx:x 378840 ss eexx: 625525 -+x-x-x §53080 | ------ x 600600 
-x++xx+ 421960 -+x++++ 526680 -++x+++ §54400 -xxx:x- 603680 
-x-xx-x 452760 -xx++-x 531300 *x+++xx 557480 -++x+-x 616000 


7+X++°x 625240 
*xx-+x+ 628320 


--xxx:+ 457380 
xx: x+x 466620 


>x+-+++x 535920 
-xxx-+x 539000 


-x-x+xx 559020 
-+x+-x+ 560560 


-+xx++ 480480 -+xx-+++ §40540 -+xx-x: 563640 *x+x+x+ 642180 
-x+-&>x 486640 *x:x++x §45160 *xx: + xx 572880 -+xx--x 660660 
-+x+x++ 489720 -+xx:x 549120 -xxx:++ 574200 -xxxx:+ 674520 
-+++x-++ 498960 -+++x-+x 549780 | ----- xx 576345 *x+++x+ 729960 


*xx-x++ 734580 
*x-xx-+ 748440 
*x++x++ 942480 


-xxxxxx 517440 
-x-xxxx 518980 
-+xxxx- 520520 


--xxxx 550200 
-+++xxx 550550 
->x>x- 551320 


-xx:+++ 577500 
--x-xx 579480 
-x>x+++ 582120 


The integer W(X) is tabulated against X in the accompanying figure, where we 
have written X for x and - for y. It is this figure which may be regarded as 
providing a computer-assisted proof that five weighings suffice for the solution of 
the problem, since it will be seen that the 63 values of W(X) are all distinct, so that 
the value of W(X) uniquely determines the set X—Zindeed, it is immediately 
apparent that the set X is uniquely determined by the first four decimal digits of the 
six-digit integer W(X). We observe that specification of the third, fourth and fifth 
digits of W(X) is also sufficient to determine X. In order to substantiate this claim 
we let WX be an APL vector listing the 63 elements of (W(X): X © 2} and we 
evaluate the vector V and the scalar D by the APL command: 


D<—[/+/Vo.=V —101L001110+4(6p10) T WX 


Since D = 1 there are no repetitions in the list V of the 8 two-digit and 55 
three-digit integers obtained by lopping off the last and the first two digits of the 63 
values of W(X). 

In practice, of course, the value of W actually observed should be rounded to the 
nearest integer, or to the nearest element of the set {W(X): X © 2}. It is this 
possibility which makes the method robust. 
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Solved also by H. S. Morse and C. S. Weaver. Partial solutions were received from A. J. Bruni 
(student), O. P. Lossers (The Netherlands), and M. Pachter (S. Africa). 


Superqueens 


E 3162 [1986, 566]. Proposed by Paul Monsky, Brandeis University. 


A superqueen is a piece that moves on a square board like an ordinary chess 
queen but is permitted to continue along the extended diagonals (one may think of 
the board as a torus with opposite sides next to each other.) A result of Polya’s that 
has been rediscovered by others from time to time (see, for example, E 2968 [1979, 
309]) is that N superqueens may be placed on an N by N board with no two 
attacking one another if and only if N is prime to 6. 

(a) Is it possible, for each value of N, to place N — 2 superqueens on an N by N 
board with no two attacking one another? 

(b) For what values of N can N — 1 superqueens be so positioned on an N by N 
board? 


Solution by the proposer. (a) Such placements are always possible; for each value 
of N we describe one explicitly. If the ith superqueen is in column x, and row y, we 
shall write g; for the vector (x,, y,) viewed as an element of Z/N X Z/N. It 
suffices to specify the g;,, — q; for1 <i< N — 3. The “generic” q,,, — q, will be 
(1,2) for N odd and (1,3) for N even; however, there wiJl be a few exceptional 
values of i for which q;,, — q; takes another value. For conciseness, we denote the 
vectors (1,2), (1,3), €,4, (,5) €,6) (2,3), 2,4, (,5), and (2,1) by 
A, B,C, D, E, F,G, H and I, respectively. A notation such as ABBC (or more 
briefly ABC) will mean a placement of five superqueens with g,,, — g; = A, B, B,C 
for i = 1,2, 3,4, respectively. 

If N is not a multiple of 3 or 4, the solution is easy to describe and in fact more 
than N — 2 superqueens are possible (cases 1 and 2 below). The placement of the 
N — 2 superqueens is far more elaborate in the remaining cases. The constructions 
are as follows. 

(1) If N is prime to 6, then A‘~! places N pairwise non-attacking superqueens. 

(2) If N = +2mod12, let N=2M with M>1. Then B”“-'EB™~? places 
N — 1 pairwise non-attacking superqueens. 

(3) If N = +3mod12, let N =6M+3 with M > 0. Then 
A™—!BA*?MFAM—1FA*™~! suffices. 

(4) If NM = 12M + 4, then A_ suffices for M = 0 and 
B°™— 1) B"—1GB™CB3"—'!DB°*™ suffices for M > 0. 


(5) If NM = 12M + 6, then BAB suffices for M = 0 and 
B?™—1CB44+14 FB?™—'HB suffices for M > 0. 

(6) If N= 12M + 8, then B°“GB?“DB™AB?“GB>"*? suffices. 

(7) If N = 12M, then A?BIBA? suffices for M = 1 and 


BM~2EBM~?HB*™ 14 B23"! FB™~!CB*™—! suffices for M > 1. 

Setting z,= x, + y, and t;=x,—y,, it is straightforward but tedious to show 
that in each placement above the x,, y,, z;, t; each represent distinct residue classes 
mod N. Thus no pair of placed superqueens attack each other. 

(b) Placing N — 1 superqueens is possible if and only if N is not divisible by 3 or 
4. (1) and (2) of part (a) show the condition is sufficient. To prove necessity, 
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suppose N — 1 pairwise nonattacking superqueens have been placed. By translation, 
we may assume that row N and column WN are empty. 

Suppose the ith superqueen is in row x, and column y,, and set z, = x, + y, and 
t, = x; — y,. Viewing the summations in terms of x; and y,, we have Lz, = N(N — 1), 
Yt, = 0, and Y(z? + t?) = 2N(N — 1)(2N — 1)/3. Since the superqueens are 
nonattacking, {z,;} and {t,} each occupy N — 1 congruence classes mod N; let u, v 
with 0 < u,v < N be the omitted class for {z,}, {t;}, respectively. Then u + Lz; = 
v+ Yt, = OM = N(N — 1)/2mod N. Therefore, u = v = N(N — 1)/2mod N. 
This implies u = v = 0 for odd N and u =v = N/2 for even N. 

When N is odd, we conclude that the z,’s belong to distinct nonzero congruence 
classes mod N; similarly for {t,}. Thus £z? = Lt? = Lj? mod N, so L(z? + t7) = 
N(N — 1)2N — 1)/3mod N. Since the sum equals 2N(N — 1)2N — 1)/3, we 
conclude that (N — 1)(2N — 1)/3 must be an integer, which implies that N is not 
divisible by 3 (or 4, being odd). 

When N is even, let z) = ty) = N/2. Then the z,’s belong to distinct congruence 
classes mod N, and similarly for the ¢,’s. Since N is even, z, = mod N implies 
z? = j* mod2N. Summing, we find modulo 2N that Yz? = Lt? = Lj? = 
N(N — 1)2N — 1)/6. Deleting the terms for z) = tj = N/2, we have 
D522? + t?) = N(N — 1)(2N — 1)/3 — N?/2mod2N. Again the sum equals 
2N(N — 1)(2N — 1)/3, and we conclude that N?/3 — N/4 + 1/6 is an integer. 
Again this implies that N cannot be a multiple of 3 or 4. 


No other solutions were received. 


A Multiplicity of Eigenvalues 


E 3189 [1987, 181]. Proposed by M. Lutzky, Silver Spring, MD. 


Prove that the product of two skew-symmetric matrices of order 2N has no 
simple eigenvalues. 


Solution I by O. P. Lossers, Eindhoven University of Technology, Eindhoven, The 
Netherlands. Let A and B be skew-symmetric matrices of order 2.N, and let A be an 
eigenvalue of AB. We shall use the following well-known fact (W. Greub, Linear 
Algebra, Springer, 1967, 1975, 1981, §8.15): 


The rank of a skew-symmetric matrix is even. (*) 


In particular, any skew-symmetric matrix of even order has an even-dimensional 
kernel. 

First suppose A = 0. If B is singular, then (*) implies dim(Ker B) > 2; because 
Ker( AB) > Ker B, we must then have dim(Ker AB) > 2. If B is not singular, then 
A must be singular, and we have Ker AB = B~ ‘(Ker A), which by (*) has dimension 
at least 2. 

Now suppose A # 0. Let U = Ker(ABA — AA). Since Ker(AB — AI) D AU, it 
suffices to prove dim AU > 2. By the dimension theorem for linear mappings, we 
have dim AU = dimU — dim(U NM Ker A). The two terms on the right are even, 
because Ker A C U and (*) applies to A and ABA — AA. Hence it suffices to show 
Ker A # U. 
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If KerA = U, then (AB —AI)Ax =0 implies Ax = 0, i.e. ImA NM Ker( AB — AT) 
= {0}. On the other hand, Ker( AB — AJ) C Im 4, since (AB — AJ)x = 0 implies 
x = A(A~'Bx). This yields a contradiction, because the fact that » is an eigenvalue 
implies Ker(AB — AI) # {0}. 


Solution II by A. A. Jagers, Universiteit Twente, Enschede, The Netherlands. Let 
A, B be skew-symmetric matrices of order 2N, with A, an eigenvalue of AB with 
eigenspace FE. If A is nonsingular, then E = Ker(B — A,A~‘), which by (*) has 
even dimension. 

Now suppose 4 is singular. Let L be the linear space of skew-symmetric complex 
matrices of order 2N. The determinant function is a polynomial function on L; 
since it does not vanish everywhere on L it cannot vanish on an open neighborhood 
of A. Therefore, there exist nonsingular skew-symmetric matrices arbitrarily close 
to A. 

If A, is a simple eigenvalue, then the polynomial function f( M, A) = det(M — AT) 
on L XC satisfies f(AB,A,) =0 and (df/dA)(AB, A,) # 0. By the implicit 
function theorem, there is a smooth function A defined on a neighborhood of AB in 
L such that A(AB)=A, and f(M,A(M)) =0 on that neighborhood. For M 
sufficiently close to AB, we have (df/dA)(M, A(M)) # 0. However, M can be 
chosen as A’B for some nonsingular skew-symmetric A’ close to A, contradicting the 
statement already proved for A’B. 


Editorial comment. While Losser’s solution is the more complicated of the two 
solutions above, it has the advantage that it is valid for any field of characteristic 
# 2. 


Solved also by M. Sandy, P. A. Walujo (Indonesia), and the proposer. 


A Failure to Generate 1 


E 3194 [1987, 181]. Proposed by Ira Gessel, Brandeis University, Waltham, MA. 


Let S be the smallest set of rational functions containing x and y and closed 
under subtraction and taking reciprocals. Show that 1 € S. 


Solution by O. P. Lossers, Eindhoven University of Technology, Eindhoven, The 
Netherlands. Let U be the set of rational functions f such that f(—x, —y) = 
—f(x, y) for all x, y. Then U is closed under subtraction and taking reciprocals of 
non-zero elements. Also, x, y € U,so S C U. Since 1 € U, we conclude 1 € S. 


Editorial comment. (1) As noted by Mark Meyerson, the zero function, which 
belongs to S since x — x = 0, does not have a reciprocal. Hence S should be 
defined to be closed under subtraction and taking reciprocals of nonzero elements, 
as assumed in the solution above. (2) The proposer informs us that the problem was 
inspired by Problem 1 of D. J. Newman’s A Problem Seminar (Springer-Verlag, 
1982): “Derive the operations +, —, -, and + from — and reciprocal.” Newman’s 
solution assumes that one is allowed to derive 1 — x from x, and Gessel’s problem 
shows that this is not possible. 


Solved also by S. F. Barger, O. MatouS (Czechoslovakia), L. E. Mattics, M. D. Meyerson, Western 
Maryland College Problems Group, V. C. Williams and D. J. Williams, and the proposer. 
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An Infinity of Natural Limits 


E 3205 [1987, 372]. Proposed by Dean S. Clark, University of Rhode Island. 
Let 


a — mi/2 — y (-1)"! 
m >) 
j=0 


where | x | denotes the integral part of x. What is the set of sequential limit points of 
the sequence {a,,}°_}? In particular, what are liminfa,, and lim sup a,,? 


Composite solution by O. P. Lossers, Eindhoven University of Technology, The 
Netherlands, and University of South Alabama Problem Group. The limit points are 
the non-negative integers and + oo. We first develop a more tractable expression for 
a,,. Since (—1)lV/! is constant as j varies from n? to (n + 1)* — 1, for any n, we 
obtain 

k?-] 
D (-1) = (1). 
/=0 


J 


Letting k =k, =|v¥m| so that m= k? +r withO <r=r, < 2k,, we have 


m? 


¥ (-1)!= (“1k + (-1)(r +), 


j=O0 
OT 


a, = k(1 + r/k?)'” + (-1)'k + (-1) r+). 


Expanding the square root by the binomial formula and collecting terms yields 


1 
m/2 | 

Let N,= {m EN: k(m) is even} and N, = {meEN: k(m) is odd}. By taking 
subsequences, we need only consider convergent subsequences of {a,,} having all 
indices in N, or all indices in N_; let A,, A,, respectively, be the limit points of such 
sequences. We have a,, =r+1+4+7r/2k + O(1/m'’") for m € N, and a,, = 2k — 
r—1+r/2k + O(/m'”) for m&N,. Because 0 < r/2k < 1, we have A, = 
{1,2,...} U {oo} (attained by constant r) and A, = {0,1,...} U {co} (attained by 
constant 2k — r, in which case r/2k — 1). In particular, lima,, = 0 and lima,, = 
00. 


a, = (1+ (-D*)k+ (-2) Mr 4 1) 4+ = +0 


Solved also by N. Felsinger, J. Fitch, W. Janous (Austria), O. MatouS (Czechoslovakia), A. Pedersen 
(Denmark), and the proposer. Three incorrect solutions were received. 


A Sequence of Circles 


E 3209 [1987, 457]. Proposed by Bruce A. Reznick, University of Illinois at 
Urbana-Champaign. 
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Let Cy, Ci, Gy,... be the sequence of circles in the Cartesian plane defined as 
follows: 

(i) Cy is the circle x? + y? = 1, 

(11) for n = 0,1,2,... the circle C,,, lies in the upper half-plane and is tangent 
to C, as well as to both branches of the hyerbola x* — y* = 1. 

Let r, be the radius of C,. Show that r, is an integer and give a formula for r,. 


Solution by students of the 1987 Mathematical Olympiad Program, U.S. Military 
Academy, West Point, NY. Suppose n > 1. By symmetry, the center of C, lies on 
the y-axis. Letting (0, a,) denote the center of C,, the equation of C, is x* + 
(y — a,)° =r’. Because C, is tangent to C,_,, we also have 


GA, ~ Ay_-y =f, + Ny (1) 


The points of tangency between C, and the hyperbola x* — y* = 1 correspond to 
a double root of the equation y* + 1+ (y —a,)* =r’. A double root must occur 
at a value where the derivative of 2y* — 2ya, + a2 +1-r/ isO,ie, at y, = a,/2. 
Substituting for y in the equation, we find 


a? = 2r? — 2, (2) 


From successive instances of (2), we obtain a* — a*_, = 2(r7 — r7_,). Canceling 
(1) from this and then adding (1) to what remains yields 2a, = 37, — r,_,. Substi- 
tuting this relation into (1) yields the recurrence relation 


i, = 67,1 — Fy-2- (3) 
Since we are given ad, = 0 and # = 1, (1) and (2) imply 7, = 3, so that by (3) 
each r, is an integer. Solving (3) with 7) = 1, r, = 3 yields the explicit formula 


r, = ~[(3 + 22)" + (3 — 2y2)"]. 


Solved by more than 50 other readers and the proposer. 


A Positive Function Seeks Its Maximum 


E 3226 [1987, 786]. Proposed by Stan Wagon, Smith College, Northampton, MA. 


The standard derivation of the Wallis product for 7 uses the fact (usually proved 
by integration by parts) that 


Show that for any continuous function f: [a, b] — [0, co) with positive maximum 
M we have 


[Poy ae 
lim TT = M. 
LF (x)" dx 
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Solution by Douglas B. Tyler, University of California, Davis, CA. 
Clearly lim, | .(/f"*'//f") < lim, , .(/f"M//f") = M. Fix e>0, let E= 


Ht CO 


f-'((M — 22, M]) and D = f-‘((M — e, M]), so that E D> D and m(D) > 0, where 
m(D) is the Lebesgue measure of the set D. Now 
(M = 26)" _ (M= 26)" _ [(M = 26)/(M = 91" 
n no m(D) 
Jf Jf 


which tends to 0 as n > oo. Thus 


fre ir (M - 20) ff 


[rr “fr + fr “fr + m(E)(M — 26)" 


Dividing the top and bottom by /,f" and letting n — oo yields 
lim, , o( Jf" **/Jf") => M — 2e. Since e was arbitrary, lim, ,,,(/f"*'//f") = M 


Editorial comment. Other solutions or extensions appear in various texts. Several 
solvers found the problem in Walter Rudin, Real and Complex Analysis (McGraw- 
Hill, 2nd ed., 1974), p. 77 (ex. 23). K.-W. Lau found it in G. Polya and G. Szeg6, 
Problems and Theorems in Analysis (Springer-Verlag), Problem 199 of part II, vol. 1. 
I. M. Roussos found it in G. DeBarra, Introduction to Measure Theory (Van 
Nostrand Reinhold, 1974), p. 131 (problem 22), with an inaccurate hint on p. 254. 
E. S. Key showed that if, in the conclusion, n + 1 is replaced with n + c, then M 
may be replaced with M° for any real c; for positive c this follows by replacing 
f(x) by f(x)* in the assertion of the problem. 


Solved by more than 40 other readers and the proposer. Several incorrect or incomplete solutions 
were received. 


Largest Product for Fixed Sum 


E 3230. Proposed by William Miller, Le Moyne College, Syracuse, New York. 


If n is a given positive integer, what is the largest possible product of distinct 
positive integers whose sum is n? 


Solution by Kenneth Schilling, University of Michigan, Flint. For all positive 
integers i > 2, let 7, =2+3+ --- +i. Given a positive integer n > 4, find the 
unique i such that 7,_, < n < T, and write n = JT, — j, where j © {1,2,...,7}. For 
n <4, set S, = {n}. For n > 4, let 


{3,4,....2+1} -—{i} ifj=1; 
{2,3,...,i} — {7} if j = 2,3,...,i 


Then S, is the set of distinct positive integers with the largest possible product 
whose sum is n. 

To prove this, call a set S of positive integers good if S = S, for some n. Write 
~S and [1S as usual for the sum and product, respectively, of the elements of S. By 
construction, for all m there exists exactly one good set S with }S =n. We 


S = 


no 
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complete the proof by constructing, for all sets S which are not good, a set S’ of 
distinct positive integers such that U.S’ = YS and [1S’ > IIS. 
This is trivial for ©S < 4, so assume from here on that ©} S >5 and that 


S = {51, 55,...,5,,}, where s;<s,< --- <s,. Say that s is a hole in S if 
Ss; <s<s,, but s € S. An alternative characterization of good sets S' is 

(1) s; = 2 or 3, 

(2) S has at most one hole, 
and (3) if s; = 3 and S has a hole, then that hole is s,, — 1. 


For each S$ which fails to satisfy one of the conditions (1)-—(3), we shall now 
construct a set S’ such that © S’ = YS and [1S’ > IIS. 

Indeed, suppose S does not satisfy (1). If s, = 4 and s, = 5, then let S’ = S — 
{5} U {2,3}. If s; = 4 and s, > 5, then let S’=S — {4,5,} U {2,3, 5, — 1}. If 
s, > 4, then let S’ = S — {5,} U {2, 5, — 2}. 

Suppose that S does not satisfy (2). Then S has holes a and b such that 
a<b,a-—1€S8S, and b}+1€S. Let S’=S—{a-1,5+1} U {a,b}. Then 
IIS’ > TIS because ab > ab+a-—b-—1=(a-1)(b +1). 

Suppose, finally, that S does not satisfy (3). Then s, = 3 and S has a hole 
a#s,,— 1. By (2), we may assume that a is the only hole in S, so in particular 
a+2€S8. Let S’=S— {a+2}U {a,2}. Since a > 2,2a > a+ 2, and so []S’ 
> IS. This completes the proof. 


Editorial comment. The related problem obtained by removing the word “dis- 
tinct” from the statement has made many appearances, including the Pi Mu Epsilon 
Journal, 3 (1959-1964) 119 and 232-233, the 1976 International Mathematical 
Olympiad, and the 1979 Putnam Competition. 

Solved also by N. Artemiadis (Greece), J. C. Binz (Switzerland), D. Callan, J. Delany, L. Erdés 
(student, Hungary), C. V. Heuer, A. Gorfin, J. Guillerme (France), C. K. Li and B. S. Tam, O. P. Lossers 


(The Netherlands), R. Persky, D. B. Shapiro, J. H. Steelman, P. Tracy, J. T. Ward, C. H. Webster, and 
the proposer. Five incorrect or incomplete solutions were received. 


ADVANCED PROBLEMS 


6595. Proposed by P. A. Griffith and J. J. Rotman, University of Illinois at 
Urbana-Champaign. 


An R-module E is injective if it is a direct summand of any module containing it. 
Every module can be imbedded in an injective module. The injective envelope E(M) 
is an injective module containing M such that there is no injective module £’ with 
Mc E’c E(M) and E’ # E(M). The injective envelope £(M) exists and is 
unique to isomorphism. 

(i) A functor T is called additive if, for every pair of R-modules A and B, we 
have 7(f + g) = T(f) + T(g) whenever f, g © Hom,(A, B). Show that there is a 
ring R for which there is no additive functor T: R-mod — R-mod with T(M) = 
E(M). 

(11) Show that there is a ring R for which there is no functor 7: R-mod — R-mod 
with T(M) = E(M). 
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*Gil) Find all rings R for which there exists a functor with the property 
mentioned in (ii). 


6596. Proposed by S. D. Chatterji and C. El-Hayek, Ecole Polytechnique Féderale, 
Lausanne, Switzerland. 


Prove that the differential equation 
dx 1 
dt t?+ x? 


has a unique solution defined on R satisfying the initial condition x(1) = 1. 


6597. Proposed by Ichiro Murase, Science University of Tokyo, Japan. 
Let f(x) € R[x], say 


f(x) =a) + a,x +--+ +a,x", n> 0, a, #0. 


n n 


Let Z,(f) denote the number of zeros of f in (0, + 00), each counted according to 
its multiplicity. Let W(do, a,,..., a,) denote the number of pairs (a,, a,) with 
k <1 such that a,a,< 0 and a,=0 for k < v <1. Descartes’ rule of signs says 
that Z,(f) < Wao, a,,..., a,) and W( do, a,,..-, a4,) — Z,(f) is even. 

If there is an index k, 1 < k < n — 1, such that 


2 
Ap 14, <9, Agayy, < 9, Ap S Ay 4g 415 


prove that 
Z.(f) < Wao, ay,..., 4,) — 2. 


SOLUTIONS OF ADVANCED PROBLEMS 


6544 [1987, 387]. Proposed by Daniel Goffinet, Lycée Claude Fauriel, St. Etienne, 
France. 


What is the partial fraction decomposition of 1/(x”" — 1) over the field Q of 
rational numbers? 


Solution by O. P. Lossers, Eindhoven University of Technology, The Netherlands. 
The factorization of x” — 1 into irreducible monic polynomials is 


x" —-1= [1 o.(*), 


where ¢, denotes the cyclotomic polynomial, i.e., the monic polynomial of degree 
y(d) that has the primitive dth roots of unity as its zeroes. Logarithmic differentia- 
tion yields 


nx" _ yy 


x™~1 a, ba(x) 
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OT 
n xi, (x) 


x” __ 1 dn ob, (x) > 


from which it follows that 


1 1 xo; (x) — 9(d)o,(x) 


x" — 1 A oan b4(x) 


Solved also by David G. Cantor, William H. Gustafson, Keith A. Kearnes, Douglas B. Tyler, and the 
proposer. 


6545 [1987, 469]. Proposed by L. A. Rubel, University of Illinois at Urbana- 
Champaign. 


Suppose p,(z) is a polynomial over C for n=0,1,2,... and suppose 
oP, (Z)w” converges for all complex z and w. Must L°°_,p/(z)w” converge for 
all complex z and w? (Here p/(z) is the ordinary derivative of p,,(z).) 


Solution by the proposer. No. In fact, the polynomials p,(z) can be chosen so that 
g(w) = 2) p,(0)w" 
n=0 


does not converge for any nonzero w. The idea is to find polynomials that are 

“small” on a sequence of large open sets that expand to exhaust the left and right 

half planes, while they are “large” on a sequence of small open sets that contract to 

the origin. For present purposes define !! = (n!)!; thus, e.g., S!!= 1-2- --+- 120. 
Let 


R, = {z:1/n < Re(z) < 2n, —n < Im(z) <n}, 
L* = {z: —2n < Re(z) < 1/(2n), —n < Im(z) <n}, 
L,= LE\ B, 


B= { z: |Im(z)| < 4/n!!, Re(z) > —4/n\\}, 


and 


M,, = {z: |Re(z)| < 1/n!!, |Im(z)| < 1/n!!}. 


n 


Roughly speaking, a small “bite” B, has been taken out of L*, into which has been 
placed the small set M, for mischievous purposes. Clearly we may surround R,, L,, 
and M_ by open sets no two of which intersect, and whose union does not separate 
the plane. Hence we may apply Runge’s Theorem (cf. Saks-Zygmund, 2nd edition, 
Chapter IV, Theorem 2.2) to choose a sequence of polynomials r,(z) such that 


I,(z)|<1/Gn), 2 EL, UR, 
and 
Ir,(z) — nl!| <1, zeEM.. 
Set g,(z) = zr,(z). Then g/(0) = r,(0) must exceed n!! — 1 in modulus, while 
lan(z)| <1, zEL, UR,. 
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Set p,(z) = q,(z)/n! Then p/(0) must exceed (n!! — 1)/n! in modulus, so that 
g(w) has the claimed property. On the other hand, set 


co 


p,(z)w". 
=0 


2 = 


f(z, w) = 


Since p,(0) = q,(0) = 0, we may assume z # 0. Hence, if Re(z) < 0, then z € L, 
for n sufficiently large. But if Re(z) > 0, then z © R, for n sufficiently large. 
Hence for z non-zero 


| p,(z) | < 1/n! 


if n is sufficiently large; the result follows since the series f(z, w) always converges. 


Editorial Comment. Leonard Lipshitz of Purdue University has pointed out that 
it follows from a result of Abhyankar and Moh (see [1]) that if U°_)p,(z)w” 
converges as a power series in w in some neighborhood of w = 0 for each z € M, 
where M is a set of positive two-dimensional Lebesgue measure in C = R’, then the 
series that results on grouping Lp,(z)w” as a power series in z and w must be 
convergent in a neighborhood of (z, w) = (0,0), provided that deg p, < n for all n. 

The proposer’s solution shows that, without this additional restriction, the result 
fails, in general. It is easy to modify the Lipshitz remark to include the case 
deg p, = O(n). (Just replace w by w* for a suitable K.) It would be interesting to 
see whether the hypothesis deg p, < y(n) implies the result for any om for which 
g(n) # O(n), and if so, for which q. 

The main result of [1], tailored to the context of two complex variables, asserts 
that if f(x, vy) = Loa; xy! is a formal power series in the two complex variables 
x and y, and if, for all s in a subset S of C of positive measure, f(sy, y) has a 
positive radius of convergence as a power series in y, then f(x, y) converges in 
some neighborhood of the origin in C*. 

In more specific form Lipshitz’s remark is the following. 


THEOREM. Let f(u,v) = La, ju! where a;; = 0 if i > j. Suppose that for every 
u & C (or a subset M of C of positive measure) f(u, v) converges as a power series in 
v. Then f(u, v) converges as a power series in two variables. 


Proof. Let u = x/v. Then 
x x\! 
- _ te) ps 
f(=.0} = La, [=] e 
= a, xv. 


Since a;, = 0 for i > j this is a power series in x and v. Call it g(x, v). If we set 
x = av, where a € M, then 


g(av,v) = ya; (av) ‘vs! = dia, ,a'v/ = f(a, v). 


Hence g(av, v) is a convergent power series in v for all a in the set M of positive 
measure. Hence by Abhyankar and Moh g(x, v) is convergent as a power series in 
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two variables. So La, ,x'v/~' = g(x, v) is convergent. Hence so is 


g(w,v) = da, (uv) ‘vo! = 4, ju'v/ = f(u,v). 


This completes the proof. 


REFERENCE 


1. S. S. Abhyankar and T. T. Moh, A reduction theorem for divergent power series, J. reine angew. 
Math., 241 (1970) 27-33. 


The proposer’s solution was the only correct solution received. 


REVIEWS 


EDITED BY JOSEPH KONHAUSER 
Department of Mathematics, Macalester College, St. Paul, MN 55105 


Combinatorial Enumeration of Groups, Graphs, and Chemical Compounds. By G. 
Polya and R. C. Read. Springer-Verlag, New York, 1987, vi + 148 pp. 


RUSSELL MERRIS! 
Mathematics and Computer Science Department, California State University, 
Hayward, California 94542 


Suppose you are given three colors, say red, white, and blue, with which to paint 
the faces of the die in FIGuRE 1. The only rule is that each face must be uniformly 
painted one of the 3 colors. In how many different ways can the job be done? The 
answer depends on how we interpret the word “different.” Imagine two possibilities. 
In the first case, the numbers on the die faces show through the paint, so that if face 
1 is painted blue and the other 5 faces are painted red, we can tell this is different 
from painting face 4 blue and all the others red. Here the answer is an easy 
application of the so-called Fundamental Counting Principle, namely, 3° = 729. 


Fic. 1 


The more interesting case occurs when the numbers disappear under the paint. 
Once the dice have been rolled around a few times, it makes very little difference 
whether it was face 1 or face 4 that was originally distinguished by the blue coat. We 
will call two (of the 729) colorings equivalent if one can be rotated so as to appear 
identical to the other. An equivalence class of colorings is a color pattern. If we 
interpret “different” as meaning inequivalent, then it is the number of patterns that 
we seek (a number which would have warmed the heart of H. J. Heinz). Before 
going on, the reader may wish to convince himself that the colorings illustrated in 
Figures 2 and 3 are inequivalent. 


"Supported by ONR contract 85-K-0335. 
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Formally, we may describe the coloring in Figure 2 by means of a function f: 
{1, 2,3,4,5,6} > {r,w, b}, specifically, f= (r, w, w, b, b, b). Alternatively, one 
may identify f with the “word” rwwbbb, which one is tempted to write rw2b>. A 
problem with yielding to this temptation is that the inequivalent coloring g in 
Figure 3 may be expressed using the word bwrwbb which, if written as rw7b?, might 
easily be confused with f. Polya’s great idea was to welcome this confusion. Think 
of a word like bwrwbb as a product of noncommuting variables. If the variables are 
allowed to commute, we obtain an expression of the form rw7b? which we might 
call the weight of the word. Clearly, equivalent colorings have the same weight. 

We can, of course, count the number of 6-letter words of weight rw7b°. It is just 
the multinomial coefficient 


6! 
11213! 


So, of the 729 colorings, 60 have weight rw7b°. Indeed, the 60 colorings of this 
weight comprise a union of (at least 2) color patterns. Given 3 nonnegative integers 
i, j and k that add up to 6, let c, , , be the number of inequivalent red-white-blue 
colorings of the cube with weight r'w/b*. Then, for example, cs 9, = 1 and 
C173 2 2. Moreover, by symmetry, ¢) 53 = C391 = C132 = *°° 

The pattern enumerator is the generating function 


P(r,w,b) = ic, ,r'w/b*. 


Pélya’s Theorem amounts to a clever way of obtaining P(r, w, 5) from the rotation 
group G of the cube: 


identity (1265) (12)(34)(56) (123)(465) 
(1364) (13)(25)(46) (124)(365) 

(1463) (14)(25)(36) (132)(456) 

(16)(25) (1562) (15)(26)(34) (135)(264) 
(16)(34) (2354) (16)(23)(45) (142)(356) 
(25)(34) (2453) (16)(24)(35) (145)(263) 
(153)(246) 

(154)(236) 


Observe that a function (coloring, word) h is equivalent to f if and only if h = fo 
for some rotation o € G. For purposes of enumeration what turns out to be 
important is the cycle structure of o. If c;(o) is the number of cycles of length 7 in 
the disjoint cycle factorization of o, define 


6 
m(o) = Ths. 
jx 


Then m(o) is a monomial in the 6 variables s,, 55,..., 56; 1t is a device for keeping 
track of the cycle structure of o. For example, m(2453) = sjs, (don’t forget the 
cycles of length 1), and m(16)(34) = s?s3. The arithmetic mean of these 24 monomi- 
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als is the cycle index polynomial of G, 


Zo(S15 590+++5 56) = =z DY, m(c) 


1 
= 54 (st + 35783 + 657s, + 653 + 852). 


Note that, in our case, Z,, actually involves only s,, 55, 53 and s4. 

We are now ready to state Polya’s Counting Theorem: The pattern enumerator is 
obtained from the cycle index polynomial by substituting for s, the ith power sum 
of r, w and Jb, Le., 


s,=ri tw + bi. 
In our particular case, 
P(r,w,b) 
1 6 7 2 
= syltr tw +5) + 3(r+w+tb)(r*> 4+ w? + Bb’) 
+6(r + w+ b)(r4 + wt + bt) + 6(7? + w? + b>) + 8(r? + wit D3) | 


= {6} + 1{5,1} + 2{4,2} + 2{4,1,1} + 2{3,3} + 3{3,2,1} + 6{2,2,2}, 


where 
{6} =r°+ w+ BD, 
{5,1} = row + r°b + rw? + rb? + w°d + wb’, 
{4,2} = r4w? + r4b? + r?w4 + r7b* + wih? + w*d4, 
{4,1,1} = r*wb + rw’b + rwb’, 
{3,3} =r?w? + r°b? + w°d?," 
{3,2,1} = r3w*b + r3wb? + r?w3b + r?wb? + rw2b? + rw°d’,” 
and 


{2,2,2} = r2w2b?, 


Note, e.g., that the coefficient of rv7b? in P(r, w, b) is 3. This means there are 
exactly 3 color patterns of this weight. Figures 2 and 3 illustrate representatives 
from 2 of them. By the same token, there must be 6 color patterns of weight r*w7b?. 

Since we now know the number of color patterns of each weight, it is a simple 
matter to compute the total number of color patterns. Observe that this grand total 
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may be expressed as 


1 6 -, ¢,(6 
P(Q1,11I=— ¥ Tevet)” 

24 cEGi=l 
1 y 36(9) 

7 24 oE&G 
1 

= 54 |3° + 3(3)(32) + 6(32)(3) + 6(37) + 8(37)| = 57, 

where c(o) = c,(o) + +++ +c¢,¢(0) 1s the total number of cycles in o. 


Published in German in 1937, Polya’s now classic paper contained one theorem 
and 100 pages of applications [4]. As the catalyst for a whole new theory of 
combinatorial enumeration, Polya’s article is one of the most significant papers in 
20th-century mathematics. Now, on the 50th anniversary of its appearance, the 
article has been republished in English translation with an outstanding supplement 
by Ronald Read. 

It turns out that Polya’s theorem (1937) was first published by J. H. Redfield 
(1927), but no one understood Redfield’s paper until it was explained by F. Harary 
(1960). Conceptually, the theorem is a version of what has come to be known as 
Burnside’s Lemma, which is due to Cauchy but attributed by Burnside to Frobenius! 
In addition to historical anecdotes, Read shows us the facade of the mathematical 
edifice which has been built on the foundation of Pdlya’s work, and provides us 
with approximately 250 references. Among these, the single one most worthy of 
mention was written by N. G. de Bruyn [2]. In the absence of an English translation 
of the original, many of us learned Polya’s theorem from de Bruijn’s lucid exposi- 
tion. In addition, [2] contains a significant extension which incorporates a second 
group of symmetries operating on the “colors.” A more recent extension involves 
the introduction of group characters into the cycle index polynomial with applica- 
tions to the NMR spectrum [1; 6]. Among the many approaches to Polya’s 
Theorem, one of the least expected involves Mobius inversion [5]. Finally, an article 
of special interest to the reviewer involves the distance between color patterns [3]. 
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From One to Zero: A Universal History of Numbers. By Georges Ifrah (translated by 
Lowell Bair), Viking Penguin Inc., 1987. xvi + 503 pp. 


FRANK SWETZ 
Departments of Mathematics and Education, Pennsylvania State University, Harrisburg, PA 17057 


I have just read a beautiful book. This is a term that I use to describe a painting 
or a poem but seldom a book, especially one on mathematics. However, in this 
instance, I feel it is justified. Georges Ifrah’s book, From One to Zero, presents a 
history of numbers or, more correctly, numerals, how they were conceived, tran- 
scribed and how they eventually evolved into the system we know today as the 
Hindu-Arabic numerals. In the past, other authors have undertaken the same feat 
and produced noteworthy works. Tobias Dantzig’s Number: The Language of 
Science (1930) and Karl Menninger’s Number Words and Number Symbols (U.S. 
edition, 1969) come easily to mind. Ifrah’s most recent contribution to this literature 
is truly engrossing. He supplements and extends the work of his predecessors, 
updates research findings, fills in missing information and develops relevant theories 
that cast historical and sociological insights into the place of numeration and the use 
of numerals in our cultural heritage. 

Prompted by a child’s questions, ““Where do figures come from?,” “When did 
people learn to count?,” and “How did numbers start?,” Georges Ifrah began his 
quest to learn the answers to these questions. The result is a systematic explanation 
and documentation of the evolution of our numeral system. The book has six major 
divisions: Awareness of Numbers; Concrete Counting; Invention of Numerals, 
Numerals and Letters, Hybrid Numeration Systems and The Ultimate State of 
Numerical Notation, which span twenty-nine chapters that focus on specific aspects 
of numeric development. Ifrah is a French citizen, fluent in both Arabic and 
Hebrew, a teacher by profession and a graphic artist by avocation. All these 
attributes contributed to the production of this book. In particular, Ifrah’s quest for 
information utilized findings available in French research literature, an extremely 
rich resource of anthropological discoveries and comments on the cultural ascen- 
dancy of man and one that is frequently overlooked by English-speaking re- 
searchers. His abilities in Arabic and Hebrew allowed for an in-depth examination 
of numerical usage and tendencies in these two societies. For example, in an 
examination of magic squares several years ago, I came across a medieval Cabalistic 
rendering of the sacred name Yahweh embedded in a magic square of order three 
but could not determine how the letters of the Hebrew alphabet were assigned their 
numerical values. I found the answer in Ifrah’s chapter 21 on the consideration of 
“Numerals, Letters, Magic, Mysticism, and Divination.” 

In reading this book, many such answers were found and new levels of under- 
standing reached. Numerals are visual expressions of a number sense and as such 
they must be examined and analyzed visually as well as theoretically. From One to 
Zero abounds with beautifully rendered illustrations of which 395 comprise formal 
figures while numerous others are incorporated in, and referred to, throughout the 
text. Ifrah’s skill as an artist serves the reader well—the evolution of tally notches to 
symbolic Roman numerals is graphically demonstrated as is the graphic progression 
of Egyptian hieroglyphic numerals to their cursive hieratic form. Such demonstra- 
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tions are interspersed throughout the historical discussion providing a visual dimen- 
sion of understanding into the evolutionary process of symbolic number rendering. 

In its entirety, the book stands as a testimony to Georges Ifrah the teacher. The 
reader is drawn into the developments described. Upon reading Chapter 3, “The 
First Calculating Machine: The Hand,” I found myself practicing an Afghan 
duodecimal finger-counting technique and performing digital contortions in isolat- 
ing the Chinese finger position for 100,000. An intriguing premise is put forward in 
the question title of chapter 10, “Was Writing Invented by Accountants?,” in which 
the ancient Sumerian practice of using concrete token impressions on wet clay for 
numerical accounting is examined as a precursor of writing. If this premise is carried 
forward, mathematics is the mother not only of science but also of literature! 

From One to Zero: A Universal History of Numbers was originally published in 
French under the title Histoire Universelle des Chiffres (1981). Lowell Bair’s English- 
language translation was produced by Viking Penguin and released in hard cover in 
1985. The 1987 edition is a paperback version of the work in its entirety. This book 
is an outstanding piece of scholarship, meticulously conceived and crafted. It is 
beautifully designed and highly readable. Unfortunately, it lacks an index. The book 
is highly recommended personal reading for anyone curious about the origins of 
counting, number uses and symbols, and the beginnings of mathematics itself. A 
prize reference for university and high school libraries. 
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General, P, L*. Izrail M. Gelfand: Collected Pa- 
pers, Volume IJ. Ed: S.G. Gindikin, et al. Springer- 
Verlag, 1988, x + 1039 pp, $149.50. [ISBN: 0-387- 
13619-3] Second of three volumes ( Volume I, TR, 
December 1988) featuring 75 papers on group repre- 
sentation theory arranged in nine thematic groups. 
All papers appear in English. Contains a com- 
plete Gelfand bibliography, keyed to the three vol- 
umes. LAS 


General, S(13), P, L. The Puzzling Adventures of 
Dr. Ecco. Dennis Shasha. WH Freeman, 1988, xiii 
+ 181 pp, $9.95 (P); $15.95. [ISBN: 0-7167-1978-9; 
0-7167-1958-4] A book about puzzles and problem 
solving, disguised as the fictional tale of Dr. Jacob 
Ecco, the legendary private detective. Readers are 
invited to solve thirty-eight puzzles posed in narra- 
tive form. An effective device for honing thinking 
and problem solving skills. Also entertaining. CEC 


General, P. The Mathematical Heritage of Her- 
mann Weyl. Ed: R.O. Wells, Jr. Proc. of Symp. 
in Pure Math., V. 48. AMS, 1988, vii + 344 pp, 
$47. [ISBN:0-8218-1482-6] Eighteen papers honor- 
ing Weyl’s contributions to mathematics and mathe- 
matical physics, especially group representation the- 
ory. An impressive list of authors—many may be the 
object of future “heritage” volumes. BC 


Mathematics Appreciation, S*, L*. Penrose 
Tiles to Trapdoor Ciphers. Martin Gardner. WH 
Freeman, 1989, ix + 311 pp, $13.95 (P); $19.95. 
(ISBN: 0-7167-1987-8; 0-7167-1986-X] Fractals, sur- 
real numbers, Ramsey theory, paradoxes, and much 
more from the inexhaustible spring of Gardner’s Sci- 
entific Americancolumn. A few new chapters extend 
original columns (on Penrose tiles, the Oulipo, and 
trapdoor codes), and a concluding chapter re-engages 
Dr. Matrix to pose some amazing facts about magic 
squares. LAS 


Education, P*, L**. Proceedings of the Sizth 
International Congress on Mathematical Education. 
Ed: Ann and Keith Hirst. ICMI Secretariat. Janos 


Bolyai Mathematical Society, (U.S. Distr: Mathe- 
matical Association of America), 1988, 397 pp, $45. 
[ISBN: 963-8022-48-5] Five plenary addresses (B. 
Nebres on school mathematics in developing coun- 
tries; G. Vergnaud on psychology of mathematics 
education; A. Ershov on computerization of math- 
ematics education in the U.S.S.R.; L. Lovasz on al- 
gorithmic mathematics, and J.-P. Kahane on George 
Pélya) followed by careful reports from each of the 30 
action, theme, and topic groups that met at ICME- 
VI in Budapest in August, 1988. A wealth of up- 
to-date information about mathematics education 
around the world, published in record-breaking time 
of four months. All but Kahane’s paper are in En- 
glish. LAS 


Education, P, L. Managing Mathematics: A Hand- 
book for the Head of Department. The Mathematical 
Association and Stanley Thornes, 1988, xii + 146 
pp, £4.25 (P). (ISBN: 0-85950-918-4] Written as a 
consequence of recommendations in the Cockcroft re- 
port Mathematics Counts, this slim volume presents 
sound advice and reminders of things to consider for 
secondary school department heads. Although many 
details are unique to Great Britain, much of the wis- 
dom of this handbook applies more broadly. Well 
written; comprehensive; useful. LAS 


Education, P*, L**. Everybody Counts: A Re- 
port to the Nation on the Future of Mathematics 
Education. National Research Council. National 
Academy Press, 1989, xii + 114 pp, $7.95. (ISBN: 0- 
309-03977-0] A forceful consensus statement from 
three mathematics units at the National Academy 
of Sciences (MSEB, BMS, MS2000) on mathemat- 
ics education “as all one system, from kindergarten 
through graduate school.” Ranging from human re- 
sources and national needs to curricula and teaching, 
the report outlines a national strategy for respond- 
ing to the many challenges facing mathematics to- 
day. According to the Preface, Everybody Counts is 
intended as a signal that the nation’s leading scien- 
tists and engineers—the ” Academy”—are prepared 
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to join with mathematicians and mathematics edu- 
cators “to participate actively in the long-term work 
of rebuilding mathematics education in the United 
States.” LCL 


History, S(13-16), L. Descartes’ Dream: The 
World According to Mathematics. Philip J. Davis, 
Reuben Hersh. Penguin Books, 1988, xviii + 321 
pp, $8.95 (P). [ISBN: 0-14-022787-3] A collection 
of independent essays centered around several dif- 
ferent themes. Among the topics approached are 
“|..the impact mathematics makes when it is applied 
to the world of nature or of human activities” and 
“how does the computerization of the world affect 
the physical and intellectual quality of civilization?” 
The essays require different levels of mathematical 
knowledge, ranging from very little to a fairly high 
level. A very interesting, well-written book. Paper- 
back reprint of 1986 Harcourt Brace hardcover (TR, 
March 1987). RH 


History, P. Mathematics from Manuscript to Print: 
1300-1600. Ed: Cynthia Hay. Clarendon Pr, 1988, 
ix + 273 pp, $67. (ISBN: 0-19-853909-6] “‘Renais- 
sance mathematics? Was there any?” This volume 
records the proceedings of a joint British-French con- 
ference on mathematics history during the period in- 
dicated, recognizing the quincentenary of Chuquet’s 
Triparty. Eighteen papers (in English): Italian and 
Provencal mathematics; Chuquet and French mathe- 
matics; sixteenth century mathematics; ramifications 
of mathematics and its history. RB 


Logic, P. Lecture Notes in Mathematics-1292: Clas- 
sification Theory. Ed: J.T. Baldwin. Springer-Ver- 
lag, 1987, 500 pp, $48.50 (P). [ISBN: 0-387-18674- 
3] Proceedings of U.S.-Israel Workshop on Model 
Theory in Mathematical Logic held in Chicago, De- 
cember 15-19, 1985. Research papers and surveys 
of recent work. Introduction provides brief history 
of subject and overview of major directions of re- 


search. KS 


Logic, P. Logic, P. Lecture Notes in Mathematics- 
1333: Cabal Seminar 81-85. Ed: A.S. Kechris, D.A. 
Martin, J.R. Steel. Springer-Verlag, 1988, 224 pp, 
$20 (P). [ISBN: 0-387-50020-0] 

Foundations, T(18: 1), P. Introduction to Higher 
Order Categorical Logic. J. Lambek, P.J. Scott. 
Stud. in Adv. Math., V. 7. Cambridge U Pr, 1988, 
ix + 293 pp, $24.95 (P). [ISBN: 0-521-35653-9] Pa- 
perback edition (with corrections) of 1986 publica- 
tion (TR, April 1987). KS 

Discrete Mathematics, T(13-14: 1). Introduc- 
tion to Discrete Mathematics. Steven C. Althoen, 
Robert J. Bumcrot. PWS-Kent, 1988, xii + 346 
pp, $27.50. [ISBN: 0-534-91504-3] Written for the 
future computer scientist, the text presents topics 
unified by the use of algorithms. Chapter one be- 
gins by describing algorithms; subsequent chapters 
present enumeration, induction, recursion, circuits, 
trees, Eulerian graphs, planarity, and networks. In- 
cludes a section on algorithm efficiency and one on 
error propagation. The final chapter introduces re- 
lations, algebraic structures, and machines. Written 
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at a very elementary level; contains many diagrams, 
examples, and exercises. LW 


Number Theory, P. Investigations in Number 
Theory. Ed: T. Kubota. Adv. Stud. in Pure Math., 
V. 13. Academic Pr, 1988, 621 pp, $89.50. (ISBN: 0- 
12-427640-7] Nineteen papers on class field theory, 
diophantine inequalities, and automorphic forms. In- 
cludes a numerical table of class numbers and funda- 
mental units for pure cubic fields. BC 


Number Theory, P*. Number Theory and Its Ap- 
plications in China. Ed: Wang Yuan, Yang Chung- 
chun, Pan Chengbiao. Contemp. Math., V. 77. 
AMS, 1988, xiii + 170 pp, $20 (P). [ISBN: 0-8218- 
5084-9] This book contains nine survey articles and 
three articles on recent research in the People’s Re- 
public. The research accomplishment of Chinese 
number theorists from 1949-1979 are emphasized. 
Wide ranging, with some excellent lists of refer- 
ences. CEC 


Group Theory, P. Nineteen Papers on Algebraic 
Semigroups. A. Ya. Aizenshtat, et al. AMS Transl. 
Ser. 2, V. 139. AMS, 1988, vi + 210 pp, $69. [ISBN: 
0-8218-3115-1] Papers on algebraic semigroups by 
Aizenshtat, Podran, Ponizovskii, Shain, Shutov, and 
Vazhenin. Translated from Russian. RH 


Algebra, P. The Structure of Finite Algebras. 
David Hobby, Ralph McKenzie. Contemp. Math., 
V. 76. AMS, 1988, xi + 203 pp, $27 (P). [ISBN: 
0-8218-5073-3] A finite algebra is a finite set of ele- 
ments together with a (possibly infinite) set of oper- 
ations acting on this set of elements. Finite groups 
and rings are examples of finite algebras. The main 
result presented in this book is that the lattice of 
congruences of a finite algebra determines much of 
the structure of that algebra. Other new results are 
also presented. RH 


Calculus, T(13: 2). Calculus, Second Edition. J. 
Douglas and Barbara T. Faires. Math. Ser. Ran- 
dom House, 1988, xx + 1196 pp, $40. [ISBN: 0-394- 
36624-7] A standard calculus text which is partic- 
ularly well done. All the graphs have been redrawn 
for this edition. Readable, with lots of worked ex- 
amples, routine exercises, and challenging problems. 
The two-color format is particularly nice. (First Edi- 
tion, TR, June-July 1983.) CEC 


Complex Analysis, T(18: 1, 2), S, P. Capaci- 
ties in Complez Analysis. Urban Cegrell. Aspects 
of Math., E. 14. Friedr. Vieweg & Sohn, 1988, xi + 
153 pp, DM 42 (P). [ISBN: 3-528-06335-1] A study 
of capacity theory for plurisubharmonic and analytic 
functions of several complex variables. In the well- 
understood case of one complex variable, the Laplace 
operator links function theory to the capacity of sets; 
here, the link is the complex Monge-Ampere opera- 
tor. In twelve brief chapters, each with references. PZ 


Differential Equations, P. Solution of Variational 
Inequalities in Mechanics. I. Hlavaéek. Appl. Math. 
Sci., V. 66. Springer-Verlag, 1988, x + 275 pp, $42.80 
(P). [ISBN: 0-387-96597-1] Theory and numerical 
techniques for variational inequalities, with empha- 
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sis on plasticity and contact problems of elastic bod- 
ies. BC 


Partial Differential Equations, P. Lecture Notes 
in Mathematics-1340: Calculus of Variations and 
Partial Differential Equations. Ed: S. Hildebrandt, 
D. Kinderlehrer, M. Miranda. Springer-Verlag, 1988, 
301 pp, $28.60 (P). [ISBN: 0-387-50119-3] Proceed- 
ings of a June 1986 conference held in Trento, Italy 
in honor of Hans Lewy. 23 diverse papers, arranged 
alphabetically by author. LAS 


Numerical Analysis, L. Numerical Analysis 1987. 
Ed: D.F. Griffiths, G.A. Watson. Pitman Res. Notes 
in Math. Ser., V. 170. Longman Scientific & Tech- 
nical (US Distr: Wiley), 1988, 300 pp, $54.95 (P). 
[ISBN: 0-470-21012-5] Sixteen invited papers pre- 
sented at the 12th Dundee Biennial Conference on 
Numerical Analysis held on June 23-26, 1987. The 
papers cover a broad range of general numerical tech- 
niques. SM 


Functional Analysis, P. Lecture Notes in Mathe- 
matics-1302: Function Spaces and Applications. Ed: 
M. Cwikel, et al. Springer-Verlag, 1988, vi + 445 
pp, $39.40 (P). (ISBN: 0-387-18905-X] Proceedings 
of a seminar in Lund, Sweden, June 1986. In keep- 
ing with M. Riesz’s contributions, the topic is mostly 
interpolation theory and its current impact on func- 
tion space methods in analysis. Contains thirty-five 
papers and a problem section. TAV 


Functional Analysis, P. Topological Algebras: Se- 
lected Topics. Anastasios Mallios. Math. Stud., V. 
124. North-Holland (US Distr: Elsevier Science), 
1986, xvii + 535 pp, $64.75 (P). [ISBN: 0-444-87966- 
8] Almost entitled General Theory of Topological 
Algebras, this dense text is intended for those who 
wish to apply the methods and results of this the- 
ory to other disciplines. The author assumes some 
familiarity with the general theory of topological vec- 
tor spaces, and he employs an explanatory and de- 
tailed approach. With a systematic use of locally 
multiplicatively-convex algebras, the author presents 
theory regarding spectrum (local and global), projec- 
tive and inductive limit algebras, the Gel’fand map, 
and tensor products; he also includes some current 
applications. LW 


Analysis, P. Lecture Notes in Mathematics-1334: 
Global Analysis—Studies and Applications III. Ed: 
Yu. G. Borisovich, Yu. E. Gliklikh. Springer- 
Verlag, 1988, 331 pp, $28.60 (P). [ISBN: 0-387-50019- 
7| Translation of sixteen expository and selected re- 
search papers from the two 1987 issues of the Rus- 
sian publication series “New Developments in Global 
Analysis.” A sequence to LDNM-1108 (TR, December 
1985) and LNM-1214 (TR, June-July 1987). LAS 


Differential Geometry, P. Elliptic Operators, 
Topology and Asymptotic Methods. John Roe. Pit- 
man Res. Notes in Math. Ser., V. 179. Longman 
Scientific & Technical (US Distr: Wiley), 1988, 184 
pp, $49.95 (P). [ISBN: 0-470-21095-8] A survey of 
material leading up to the heat equation proof of the 
Atiyah-Singer index theorem. Differential geometry 
and functional analysis, but not partial differential 
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equations, form necessary background. Pricey pa- 
perback. GG 

Differential Geometry, T*(16-17). Manifolds, 
Tensor Analysts, and Applications. R. Abraham, 
J.E. Marsden, T. Ratiu. Appl. Math. Sci., V. 75. 
Springer-Verlag, 1988, vii + 654 pp, $59.80. [ISBN: 
0-387-96790-7] Interesting introduction to differen- 
tial geometry and its applications. Written for a wide 
audience; requires only linear algebra and multivari- 
able calculus. Topics include vector fields (including 
a dynamical system), both finite and infinite dimen- 
sional manifolds, differential forms, and integration. 
Applications come mainly from mechanics. Exer- 
cises. MR 


Geometry, $(16-17), P, L. Art Gallery Theorems 
and Algorithms. Joseph O’Rourke. Intern. Ser. of 
Mono. on Comput. Sci., V. 3. Oxford U Pr, 1987, 
xiv + 282 pp, $45. [ISBN: 0-19-503965-3] The orig- 
inal Art Gallery Theorem states that [n/3] guards 
are necessary and sufficient to guard a polygonal art 
gallery with n-walls. This extensive monograph dis- 
cusses this result and other results of combinatorial 
and computational geometry which have a similar 
flavor. Includes references but not exercises. CEC 


Geometry, P. Geometry of Random Motion. Ed: 
Rick Durrett, Mark A. Pinsky. Contemp. Math., 
V. 73. AMS, 1988, xii + 337 pp, $32 (P). [ISBN: 0- 
8218-5081-4] Twenty-six papers from the AMS con- 
ference at Cornell University in 1987. Study of diffu- 
sion processes on manifolds gives results in geometry 
(e.g., on harmonic functions) and in probability (e.g., 
stochastic calculus of variations). TH 


Topology, P. Fized Point Theory and Its Appli- 
cations. Ed: R.F. Brown. Contemp. Math., V. 
72. AMS, 1988, x + 268 pp, $28 (P). [ISBN: 0-8218- 
5080-6] Proceedings of a conference held at the In- 
ternational Congress of Mathematicians at Berkeley 
in August 1986. LC 

Optimization, T(16-17: 1, 2), L*. Discrete Opti- 
mization. R. Gary Parker, Ronald L. Rardin. Com- 
put. Sci. & Sci. Comput. Academic Pr, 1988, 
xi + 472 pp, $69.95. [ISBN: 0-12-545075-3] After 
an introductory chapter on computational complex- 
ity, presents both matroid and linear programming- 
based strategies for polynomial-time solvable prob- 
lems. Also covers enumerative and polyhedral meth- 
ods as well as some heuristic methods. Prerequi- 
sites for the text (including linear algebra, linear pro- 
gramming, and graph theory) are reviewed in appen- 
dices. AO 


Dynamical Systems, P. Pseudo-orbits of Contact 
Forms. A. Bahri. Pitman Res. Notes in Math. 
Ser., V. 173. Longman Scientific & Technical (US 
Distr: Wiley), 1988, 296 pp, $66.95 (P). [ISBN: 0- 
582-01991-5] Motivated by the question of whether 
a contact vector field on an orientable manifold has 
a periodic orbit. This book investigates a related 
variational problem from the point of view of criti- 
cal points at infinity, 1.e., gradient lines which do not 
end up at critical points of the vector field. MR 


Control Theory, T(18), P, L. Lecture Notes in 


Control and Information Sciences-108: Multivariable 
Control: A Graph-theoretic Approach. K.J. Rein- 
schke. Springer-Verlag, 1988, 274 pp, $36.60 (P). 
[ISBN: 0-387-18899-1] Written for engineers in con- 
trol research and development, graduate students in 
control theory, and applied mathematicians. Seeks to 
overcome some of the difficulties of analyzing multi- 
variable control systems via state-space analysis by 
using a graph theoretic approach. No exercises, but 
many examples. SM 


Control Theory, T(18: 1), P. Lecture Notes in 
Control and Information Sciences-109: Modern Air- 
craft Flight Control. M. Vukobratovi¢, R. Stojié. 
Springer-Verlag, 1988, viii + 288 pp, $38.80 (P). 
[ISBN: 0-387-19119-4] Considers a class of aircraft 
whose members can be modeled as rigid bodies with 
six degrees of freedom. Assumes prior knowledge of 
control theory and systems. No exercises. SM 


Probability, T(16: 1), S, L. Elementary Appli- 
cations of Probability Theory. Henry C. Tuckwell. 
Chapman & Hall, 1988, xiii + 225 pp, $59.95 (P). 
[ISBN: 0-412-30490-2] A nice book. The applica- 
tions are mostly to the life sciences and engineering. 
Emphasizes reliability and simulation. Contains a 
particularly clear development of random walks and 
Markov chains. The writing is clear and inviting. 
The price is unfortunate. TAV 


Probability, P. Probabilities and Potential, C: Po- 
tential Theory for Discrete and Continuous Semi- 
groups. Claude Dellacherie, Paul-André Meyer. 
Transl: J. Norris. Math. Stud., V. 151. North- 
Holland (US Distr: Elsevier Science), 1988, xiv 
+ 416 pp, $92 (P). [ISBN: 0-444-70386-1] This 
third of a planned four-volume work develops po- 
tential theory in a semigroup setting: excessive func- 
tions, reductions, sweeping, maximum principle. In- 
cludes discussions of capacitory methods and re- 


solvant fields. TAV 


Probability, T(15-16: 1), L. An Introduction to 
Probabilistic Modeling. Pierre Brémaud. Undergrad. 
Texts in Math. Springer-Verlag, 1988, xvi + 207 
pp, $34. [ISBN: 0-387-96460-6] Topics covered in- 
clude: basic concepts and models in probability, dis- 
crete random variables, random variables admitting 
a probability density, Gaussian vectors, the Poisson 
process, and convergence. Emphasis is on modeling 
and computation. Includes exercises with detailed 
solutions. Assumes a knowledge of the Riemann in- 
tegral, sequences and series, and elementary matrix 
algebra. RH 

Probability, T(17-18: 2). Probability Theory: In- 
dependence, Interchangeability, Martingales, Second 
Editon. Yuan Shih Chow, Henry Teicher. Texts 
in Stat. Springer-Verlag, 1988, xviii + 467 pp, 
$42. (ISBN: 0-387-96695-1] Covers the measure- 
theoretic foundations of probability theory. Includes 
independence, interchangeability, and martingales. 
Special emphasis is placed on stopping times. No 
knowledge of measure theory or probability is as- 
sumed. Includes numerous exercises. RH 


Probability, T(15-18: 1), L. Probability: Methods 


TELEGRAPHIC REVIEWS 


[March 


and Measurement. Anthony O’Hagan. Chapman & 
Hall, 1988, xii + 291 pp, $30 (P); $65. [ISBN: 0- 
412-29540-7; 0-412-29530-X] An introductory text in 
probability which is presented from the personalist 
viewpoint. Emphasis is on how probabilities are de- 
rived in practice. Basic concepts and results are de- 
veloped in an approach based on probability mea- 
surement. Includes exercises with solutions. Only 
prerequisites are basic algebra and calculus. RH 


Probability, T(2), P, L. Advanced Probability The- 
ory. Janos Galambos. Prob.: Pure & Appl., V. 3. 
Marcel Dekker, 1988, vii + 405 pp, $99.75. [ISBN: 
0-8247-7873-1] Intended as a text for a graduate- 
level introductory course in probability theory or as 
a reference for modern probability theory. Assumes a 
knowledge of calculus and elementary complex anal- 
ysis but not elementary probability theory. Covers 
the mathematical theory and applications, and in- 
cludes almost all proofs. Topics include: expectation 
and integral, weak and strong convergence, trans- 
forms of distribution, infinite sequences of indepen- 
dent random variables, triangular arrays of indepen- 
dent random variables, independent and identically 
distributed random variables, conditional expecta- 
tion, martingales, and stochastic processes. RH 


Stochastic Processes, $(18). Lecture Notes in 
Mathematics-1322: Stochastic Analysis. Ed: M. 
Meétivier, S. Watanabe. Springer-Verlag, 1988, vii + 
197 pp, $20 (P). [ISBN: 0-387-19352-9] A collection 
of fourteen papers from a joint seminar on probabil- 
ity theory held June 16-19, 1987 at Ecole Normale 
Supérieure, Paris, sponsored by the France-Japan 
Cooperative Science Program. Ten papers in En- 
glish; four in French. Main theme: stochastic analy- 
sis and applications to large scale systems. Individ- 
ual topics: Malliavan calculus, infinite dimensional 
stochastic differential equations, stochastic partial 
differential equations, limit theorems for particle sys- 
tems, diffusions in random environment, hydrody- 
namical models, etc. JJ 


Stochastic Processes, T*(18: 3), S(18), P**, 
L. An Introduction to the Theory of Point Processes. 
D.J. Daley, D. Vere-Jones. Ser. in Stat. Springer- 
Verlag, 1988, xxi + 702 pp, $79. [ISBN: 0-387-96666- 
8] In this massive work (sixteen chapters, three ap- 
pendices), the authors attempt to collect and or- 
ganize the theory of point processes. The writing 
is fluid and the organization is compelling. Exam- 
ples and exercises enough for a useful text; a huge 
bibliography. The appendices on measure, metric 
spaces, and martingales are very useful for the non- 
specialist. TAV 


Stochastic Processes, S(18), P. Lecture Notes 
in Mathematics-1308: Two-Parameter Martingales 
and Their Quadratic Variation. Peter Imkeller. 
Springer-Verlag, 1988, iv + 177 pp, $17.30 (P). 
[ISBN: 0-387-19233-6] Two-parameter martingales 
are examples of stochastic processes with two distinct 
“time” directions. While this book presents one- and 
two-parameter processes, extensions to more general 
n-parameter systems should be easily obtained. SM 
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Stochastic Processes, P. Lecture Notes in Math- 
ematics-1325: Stochastic Mechanics and Stochastic 
Processes. Ed: A. Truman, I.M. Davies. Springer- 
Verlag, 1988, 220 pp, $20 (P). [ISBN: 0-387-50015- 
4] Eighteen papers, most from a 1986 conference at 
Swansea, Wales, United Kingdom. Central themes 
are large deviations and statistical mechanics, Nel- 
son’s stochastic mechanics and quantum diffusions, 
and simulations of Brownian motions and stochastic 


flows. TH 


Stochastic Processes, T?(17: 2), S(17-18), L*. 
Basic Stochastic Processes: The Mark Kac Lectures. 
Reza Iranpour, Paul Chacon. Macmillan, 1988, xiv 
+ 258 pp. (ISBN: 0-02-359820-4] A “short course” 
in stochastic processes based upon Kac’s lectures. A 
non-measure approach that tries (and succeeds) to 
bring most of the basic ideas together. A nice refer- 
ence book; some exercises, no bibliography. TAV 


Stochastic Processes, P*. Limit Theorems for 
Stochastic Processes. Jean Jacod, Albert N. Shir- 
yaev. Springer-Verlag, 1987, xvii + 601 pp, $98. 
[ISBN: 0-387-17882-1] The limit theorems in the ti- 
tle are those of weak convergence of measures in met- 
ric spaces. These are developed to provide a system- 
atic approach to convergence in probability law for 
processes that are semi-martingales. Contains useful 
indices and a huge bibliography. TAV 


Stochastic Processes, P. Stochastic Equations for 
Complez Systems. A.V. Skorohod. Math. & Its 
Applic. D Reidel (US Distr: Kluwer Academic), 
1987, xvii + 175 pp, $69. [ISBN: 90-277-2408-3] 
The “complex” in the title implies large (or infinite) 
dimensional and topologically complex state spaces. 
The main tool developed is infinite systems of linear 
stochastic equations. Highly technical. TAV 


Stochastic Processes, T(18: 1), P. Probability, 
Random Processes, and Ergodic Properties. Robert 
M. Gray. Springer-Verlag, 1987, xvi + 295 pp, 
$49.50. [ISBN: 0-387-96655-2] A terse, tightly writ- 
ten book to serve as a theoretical background for 
understanding the nature of (discrete) random pro- 
cesses. Special emphasis is on ergodicity and emer- 
gence of long-term time averages. Extensive bibliog- 
raphy. TAV 


Elementary Statistics, T, P, L*. Statistical Rea- 
soning tn Law and Public Policy, Volume 1: Statist:- 
cal Concepts and Issues of Fairness. Joseph L. Gast- 
wirth. Stat. Modeling & Decision Sci. Academic Pr, 
1988, xxii + 485 pp, $84.50. [ISBN: 0-12-277160- 
5] Introduction to basic statistical techniques (de- 
scriptive statistics, normal and binomial distribu- 
tions, comparing proportions) with case studies of 
how these techniques have been used in legal cases 
(e.g., equal employment, health risks, jury selec- 
tion). Aims more at developing informed common 
sense than expertise in carrying out statistical] anal- 
yses. LAS 


Elementary Statistics, T(13-15). Statistical 
Methods for the Social and Behavioral Sciences. 
Leonard A. Marascuilo, Ronald C. Serlin. WH Free- 
man, 1988, xxvi + 804 pp, $44.95. [ISBN: 0-7167- 
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Elementary Statistics, T(12-14), S, L, C. Data 
Analysis. IBM PC. North Carolina School of Science. 
NCTM, 1988, vi + 132 pp, $10 (P). [ISBN: 0-87353- 
258-9] Part of a senior course Introduction to Col- 
lege Mathematics developed at the North Carolina 
School of Science and Mathematics. Three chapters 
(single variable, bivariate curve fitting, linear regres- 
sion) introduce basic topics with extensive real data- 
rich examples. Software disk provides tools to create, 
save, and analyze data sets. Topics and approach 
match well the new NCTM recommendation for data 
analysis in the core of school mathematics. LAS 


Computational Statistics, P,. COMPSTAT: Pro- 
ceedings in Computational Statistics. Ed: D. Ed- 
wards, N.E. Raun.  Physica-Verlag (US Distr: 
Springer-Verlag), 1988, xiv + 451 pp, $68.40 (P). 
[ISBN: 0-387-91336-X] Sixty select papers from the 
1988 symposium in computational statistics held in 
Copenhagen. Topics include the application of ar- 
tificial intelligence to statistics, nonparametric esti- 
mation, graphical techniques, algorithms, projection 
pursuit, and other computationally-intensive statis- 
tical methods. TH 


Statistics, P*. Recent Developments in Clustering 
and Data Analysis. Ed: Edwin Diday, et al. Aca- 
demic Pr, 1988, xv + 452 pp, $49.50. [ISBN: 0-12- 
215485-1] Proceedings of the Japanese-French Sci- 
entific Seminar held in March 1987 in Tokyo. Thirty- 
five papers in the areas of clustering and multidimen- 
sional data analysis, discussing methods developed 
in France and Japan which are relatively unknown 
in English-speaking countries. RSK 


Statistics, S(15-17) L. Probability Theory and 
Mathematical Statistics. G. Klimov. Transl: Oleg 
Efimov. MIR (US Distr: Imported Pub), 1986, 334 
pp, $9.95. [ISBN: 0-8285-3214-1] 


Statistics, T(17-18: 1). Eztreme Value Theory 
in Engineering. Enrique Castillo. Stat. Modeling 
& Decis. Sci. Academic Pr, 1988, xv + 389 pp, 
$59.95. [ISBN: 0-12-163475-2] Makes available to 
practicing engineers and scientists many recent ad- 
vances in extreme value theory. Gives methods for 
applying newest theory through many examples with 
real engineering data sets. Good motivation of need 
for extreme value theory in engineering by examples 
(extreme wind speed analysis in structural engineer- 
ing). Topics addressed: order statistics, asymptotic 
distributions of maxima and minima, Weibull, Gum- 
bel and Frechet distributions, limit distributions, and 
multivariate and regression problems related to ex- 
tremes. JJ 

Statistics, T, P, L. Foundations of Statistics. D.G. 
Rees. Chapman & Hall, 1987, xv + 543 pp, $27.50 
(P). [ISBN: 0-412-28560-6] 

Statistics, P*. Order Restricted Statistical Infer- 
ence. Tim Robertson, F.T. Wright, R.L. Dykstra. 
Prob. & Math. Stat. Wiley, 1988, xix + 521 pp, 
$59.95. [ISBN: 0-471-91787-7] Up-to-date presen- 
tation inspired by the 1972 book Statistical Inference 
under Order Restrictions by Barlow, et al. (TR, Oc- 
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tober 1973), emphasizing procedures based on the 
likelihood principle. Comprehensive treatment of 
statistical inference under inequality constraints. Ex- 
tensive set of references. RSK 


Statistics, T(15-16) P, L. Linear Estimation and 
Design of Experiments. D.D. Joshi. Wiley, 1987, xv 
+ 288 pp, $24.95. [ISBN: 0-470-20740-X] 


Statistics, T(15-16), S, C. TIMESLAB: A Time 
Sertes Analysis Laboratory. IBM PC. H. Joseph 
Newton. Wadsworth, 1988, xv + 623 pp, (P). [ISBN: 
0-534-09198-9] A text with accompanying software 
(for IBM compatible color PC systems) on funda- 
mental theory, methods, and algorithms for time se- 
ries, combining time domain and frequency domain 
approaches. Three chapters treat univariate time se- 
ries; one analyzes bivariate series. Appendices pro- 
vide necessary mathematical and statistical topics 
(matrix theory, fast Fourier transform, regression); 
a user’s guide to the software package TIMESLAB; 
detailed descriptions of commands; text of macros, 
data sets, and examples. Software comes on two 
disks, not copy protected, with careful instructions 
for installation on two drive or hard disk systems 
(shared or private). Software can be used either in 
command mode or in program mode with macros, 
many of which are provided on disk. LAS 


Statistics, P, L. Robust Regression and Outlier De- 
tection. Peter J. Rousseeuw, Annick M. Leroy. Appl. 
Prob. & Stat. Wiley, 1987, xiv + 329 pp, $36.95. 
[ISBN: 0-471-85233-3] 

Statistics, S*(16-18), P*. Lecture Notes in 
Statistics-45: Statistical Information and Likelihood: 
A Collection of Critical Essays by Dr. D. Basu. Ed: 
J.K. Ghosh. Springer-Verlag, 1988, xviii + 365 pp, 
$39.70 (P). [ISBN: 0-387-96751-6] Intriguing collec- 
tion of nineteen articles by Basu on the foundations 
of statistical inference. Three include discussions 
by eminent statisticians with replies by Basu, and 
many contain author’s notes which add an interest- 
ing personal touch. A master of the counterexample, 
Basu concludes “that most of the statistical meth- 
ods that I learned from pioneers like Kar! Pearson, 
Ronald Fisher and Jerzy Neyman and survey prac- 
titioners like Morris Hanson, P.C. Mahalanobis and 
Frank Yates are logically untenable.” RSK 


Elementary Computer Science, S(13). Num- 
ber Problem Visual Masters with BASIC Program 
Solutions. Donald D. Spencer. Camelot, 1988, 96 
pp, $13.95 (P) [ISBN: 0-89218-156-7]; Number Prob- 
lem Visual Masters with PASCAL Program Solu- 
tions, Camelot, 1988, 96 pp, $13.95 (P). [ISBN: 0- 
89218-157-5] Collection of visual masters for trans- 
parencies or handouts involving problem solving with 
BASIC and PASCAL. Includes program solution to 
problems. Most problems involve elementary num- 
ber theoretic properties of integers. SB 


Elementary Computer Science, S(13). Math 
Problems Visual Masters with BASIC Program So- 
lutions. Donald D. Spencer. Camelot, 1988, 96 pp, 
$13.95 (P). (ISBN: 0-89218-154-0] A collection of 
forty-five problem masters and forty-five associated 
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BASIC program solution masters for overhead trans- 
parencies. Appropriate for use as examples in a very 
elementary BASIC programming course. RH 
Languages, S(15-18), L. The Turing Program- 
ming Language: Design and Definition. Richard 
C. Holt, et al. Prentice-Hall, 1988, viii + 325 pp, 
(P). [ISBN: 0-13-933136-0| Presents a detailed case 
study of the design of the Turing programming lan- 
guage. Contains the language’s formal definition, the 
Turing report, the language’s formal semantics, six 
appendices, bibliography, and index. RJA 

Theory of Computation, T(16-17: 1), S, L. Re- 
flezive Structures: An Introduction to Computability 
Theory. Luis E. Sanchis. Springer-Verlag, 1988, xii 
+ 233 pp, $39.95. [ISBN: 0-387-96728-1| An intro- 
ductory text in the general theory of computability 
which develops closure, reflexivity, enumeration, and 
hyperenumeration properties concretely in terms of 
natural numbers and function on them, avoiding ab- 
stract axiomatic domains. Reflexivity is capitalized 
upon to support an economical presentation. Nearly 
300 exercises at ends of sections. RB 


Artificial Intelligence, T(16-18: 1), S. Intro- 
duction to Expert Systems. Peter Jackson. Intern. 
Comput. Sci. Ser. Addison-Wesley, 1986, ix + 
246 pp, (P). [ISBN: 0-201-14223-6] A book on ar- 
tificial intelligence built around expert systems as 
the most important application of artificial intelli- 
gence. Three formalisms (production rules, frames, 
predicate logic) for organizing expert systems are 
presented. A number of well-known expert systems 
are discussed and related to one or more of the for- 
malisms. Subsequent topics are knowledge acquisi- 
tion, learning, explanation, and expert system tools. 
Some exercises; bibliography; index. RJA 


Artificial Intelligence, P. Lecture Notes in Com- 
puter Science-286: Uncertainty in Knowledge-Based 
Systems. Ed: B. Bouchon, R.R. Yager. Springer- 
Verlag, 1987, viii + 405 pp, $33.30 (P). (ISBN: 0- 
387-18579-8] 


Artificial Intelligence, T(16-18: 1), S, P. Struc- 
tured Induction in Expert Systems. Alen D. Shapiro. 
Addison-Wesley, 1987, xiii + 134 pp. (ISBN: 0-201- 
17813-3] Report on an experiment to see if machine 
learning can alleviate the domain knowledge acqui- 
sition bottleneck in the development of expert sys- 
tems. Chess endgames were used in the experiment. 
The central issue is the use of mechanized inductive 
learning to build expert systems from a collection of 
examples. References; appendices; index. RJA 
Artificial Intelligence, T(15-18: 1) S*. Algorith- 
mic Methods for Artificial Intelligence. Michael Grif- 
fiths, Carol Palissier. Chapman & Hall, 1987, 144 
pp, $19.95 (P); $34.50. [ISBN: 0-412-01541-2; 0-412- 
01541-5] Presents structures and algorithms com- 
monly used in artificial intelligence programming. 
Organization is succinct and often built around ex- 
amples. Includes an historical introduction, applica- 
tion to expert systems, and a chapter on LISP and 
PROLOG. Some exercises, references, index. RJA 


Computer Science, P. Lecture Notes in Computer 


1989] 


Science-298: Mathematical Foundations of Program- 
ming Language Semantics. Ed: M. Main, et al. 
Springer-Verlag, 1988, viii + 637 pp, $50.90 (P). 
[ISBN: 0-387-19020-1] Selection of papers from the 
third workshop on the mathematical foundations of 
programming language semantics, held at Tulane 
University in April, 1987. RJA 


Computer Science, P. Lecture Notes in Computer 
Science-301: Pattern Recognition. Springer-Verlag, 
1988, vii + 668 pp, $67.90 (P). [ISBN: 0-387-19036- 
8] 

Computer Science, P, L. Lecture Notes in Com- 
puter Sctence-310: 9th International Conference on 
Automated Deduction. Ed: E. Lusk, R. Overbeek. 
Springer-Verlag, 1988, x + 775 pp, $63.60 (P). 
[ISBN: 0-387-19343-X] Commemorates the twenty- 
fifth anniversary of the discovery of the resolution 
principle. Includes papers on theorem proving, logic 
programming, unification, deductive databases, term 
rewriting, ATP for non-standard logics, and program 
verification. RJA 


Computer Science, P. Lecture Notes in Computer 
Sctence-315: Logic Programming ’87. Ed: K. Fu- 
rukawa, H. Tanaka, T. Fujisaki. Springer-Verlag, 
1988, vi + 327 pp, $25.70 (P). [ISBN: 0-387-19426-6] 
Contains papers presented at the Sixth Logic Pro- 
gramming Conference. RJA 


Computer Science, T(15-17: 1), S. Computer 
Simulation and Computer Algebra: Lectures for Be- 
ginners. D. Stauffer, et al. Springer-Verlag, 1988, 
ix + 155 pp, $19.80 (P). [ISBN: 0-387-18909-2] A 
friendly, enthusiastic introduction to numerical and 
algebraic computational methods for mathematical 
physics. The first half of the book illustrates numer- 
ical techniques (Runge-Kutta methods, Monte Carlo 
simulations, etc.) implemented in FORTRAN, ap- 
plied to problems in classical physics and statistical 
mechanics. The last half is a fairly detailed introduc- 
tion to the computer algebra system REDUCE. An 
appendix covers elementary techniques and philoso- 
phy of FORTRAN programming. PZ 


Computer Science, P. Logic Programming: Pro- 
ceedings of the Fourth International Conference. Ed: 
Jean-Louis Lassez. Logic Programming. MIT Pr, 
1987, $47.50 set (P). [ISBN: 0-262-12125-5] Volume 
1, xiv + 555 pp; Volume 2, xiv + 500 pp. Pa- 
pers grouped under the headings: Warren Abstract 
Machine; Databases; Constraints; Parallelism; Im- 
plementation Issues; Language Issues; Applications; 
Program Analysis; Concurrent Languages; Invited 
Talks. RJA 


Computer Science, P. Lecture Notes in Com- 
puter Science-826: ICDT ’88. Ed: M. Gyssens, 
J. Paredaens, D. Van Gucht. Springer-Verlag, 
1988, vi + 409 pp, $31.40 (P). [ISBN: 0-387-50171- 
1] Proceedings of the second biennial European- 
sponsored International Conference on Database 
Theory, Bruges, Belgium, August 1988. Three in- 
vited talks, 23 selected papers on dynamic aspects of 
databases, logic and deductive databases, complex- 
ity and optimization, object-oriented databases, data 
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models and query languages, other topics. RB 


Computer Science, P. Lecture Notes in Computer 
Sctence-322: ECOOP ’88: European Conference on 
Object-Oriented Programming. Ed: S. Gjessing, K. 
Nygaard. Springer-Verlag, 1988, vi + 410 pp, $31.40 
(P). [ISBN: 0-387-50053-7] 

Applications, S*(16-17), P, L. Lecture Notes in 
Computer Science-325: Modern Cryptology: A Tuto- 
rial. Gilles Brassard. Springer-Verlag, 1988, vi + 107 
pp, $15.40 (P). [ISBN: 0-387-96842-3] Notes froma 
1987 IEEE tutorial giving a self-contained survey of 
recent advances in cryptology which is both elemen- 
tary yet up-to-date. Covers secret key systems, pub- 
lic key systems, applications (e.g., authentication, 
coin flipping by telephone, protection of privacy), 
and quantum cryptography in which information is 
encoded in the quantum states of photons. LAS 


Applications, T(13-16), S**. Mathematical Mod- 
elling. J.N. Kapur. Wiley, 1988, xi + 259 pp, 
$24.95. [ISBN: 0-470-20088-X] A potpourri of mod- 
eling applications suitable for presentation in fresh- 
man through senior level courses. Contents grouped 
according to techniques: ordinary differential equa- 
tions, systems, difference equations, partial differen- 
tial equations, graphs, integral-differential equations, 
calculus of variations, and maximum-entropy princi- 
ple. Could serve as a text for a modeling course, but 
because of wide range of topics, probably best suited 
for a reference. Exercises. MR 


Applications (Biological Science), P. Lecture 
Notes in Biomathematics-74: Computer Simulation 
in Cell Radiobiology. Andrej Yu. Yakovlev, Alek- 
sandr V. Zorin. Springer-Verlag, 1988, vi + 133 pp, 
$16.30 (P). [ISBN: 0-387-19457-6] Demonstrates pos- 
sible ways of using simulation for modeling cell kinet- 
ics, with emphasis on the effects of cell radiobiology. 
Includes concrete applications of the model. Should 
be of interest to biologists, biomathematicians, and 
computer scientists interested in simulation modeling 
as a tool for exploring biological processes. RH 


Applications (Communication Theory), T 
(18), P. Multiplicative Complezity, Convolution, 
and the DFT. Michael T. Heideman. Springer- 
Verlag, 1988, viii + 155 pp, $32. ([ISBN: 0- 
387-96810-5] Theory of multiplicative complexity, 
mainly as applied to digital signal processing com- 
putations. Studies systems of polynomial multipli- 
cations, polynomial products with constraints, and 
the discrete Fourier transform. Appendices, com- 
plexities of multidimensional cyclic convolutions, and 
one-dimensional DFT. Problems, LC 


Applications (Economics), P. Lecture Notes in 
Mathematics-1330: Mathematical Economics. Ed: 
A. Ambrosetti, F. Gori, R. Lucchetti. Springer- 
Verlag, 1988, vii + 137 pp, $13.10 (P). [ISBN: 0- 
387-50003-0] Texts of four survey courses presented 
at the CIME Session on “Mathematical Economics” 
held at Villa La Querceta in Montecatini Terme, 
Italy, from June 25 to July 3, 1986. The four texts 
are “Some Variational Methods Arising from Math- 
ematical Economics” by I. Ekeland, “Four Lectures 
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on the Differentiable Approach to General Equilib- 
rium Theory” by A. Mas-Colell, “Dynamic General 
Equilibrium Models” by J. Scheinkman, and “Topics 
in Non Cooperative Game Theory” by S. Zamir. RH 
Applications (Economics), T(17: 1), S, L. 
Foundations of the Theory of General Equilibrium. 
Yves Balasko. Econ. Theory, Econometrics, & 
Math. Econ. Academic Pr, 1987, xiii + 285 pp, 
$39.95. [ISBN: 0-12-076975-1] Differential topology 
of equilibria for pure exchange economics. Requires 
an undergraduate or early graduate level] mathemat- 
ics background and an introductory course in microe- 
conomics. Focus on geometry of equilibria; little on 
stability. GG 


Applications (Engineering), P. Studies in Non- 
linear Aeroelasticity. Ear] H. Dowell, Marat Ilgamov. 
Springer-Verlag, 1988, xvi + 455 pp, $68. [ISBN: 
0-387-96791-5| The traditional linear models don’t 
explain everything about stability and motion of flex- 
ible structures in a flowing fluid. A good book to read 
on a long airplane flight. BC 

Applications (Engineering), S(18), P. Analysis 
and Estimation of Stochastic Mechanical Systems. 
Ed: W. Schiehlen, W. Wedig. CISM Courses & Lect., 
No. 303. Springer-Verlag, 1988, 350 pp, $41.10 (P). 
[ISBN: 0-387-82058-2] A collection of eight lectures 
and tutorials presented during a course at the Inter- 
national Centre for Mechanical Sciences in Udine in 
summer 1987. Summarizes the latest developments 
in stochastic analysis,and estimation with theoret- 
ical applications to practical problems in mechan- 
ical systems. Topics; include random vibrations of 
systems, stochastic modeling of fatigue damage and 
crack growth, modeling of vehicle-road systems, and 
analysis of nonlinear systems. Of interest to engi- 
neers with advanced degrees in engineering mathe- 
matics. JJ 


Applications (Fluid Dynamics), P. Numerical 
Solution of the Shallow-Water Equations. F.W. 
Wubs. CWI Tract, V.49. Mathematisch Centrum, 
1988, iv + 115 pp, Dfl. 17.80 (P). [ISBN: 90-6196- 
349-4] Appropriately published in The Nether- 
lands, most of the book is a mixture of discrete nu- 
merical methods and, to lesser extent, of computer 
code used to model shallow-water flow. Includes 
short treatment of stabilization and smoothing. GG 


Applications (Fluid Dynamics), P, L. Stabdly 
Stratified Flow and Dense Gas Dispersion. Ed: J.S. 
Puttock. IMA Conf. Ser., V. 15. Clarendon Pr, 1988, 
xiv + 430 pp, $89. [ISBN: 0-19-853615-1] Proceed- 
ings of an April 1986 conference held in Chester, 
England, emphasizing the atmospheric dispersion of 
gases which are denser than air—a topic of vital im- 
portance in predicting the consequences of accidental 
release of many toxic or flammable gases. The third 
in a series of conferences on environmental mathe- 
matics sponsored by the Institute of Mathematics 
and its Applications. LAS 


Applications (Information Theory), T(18), P. 
Information Mechanics: Transformation of Informa- 
tion tn Management, Command, Control and Com- 
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munication. Brian Conolly, John G. Pierce. Math. 
& Its Applic. Halsted Pr, 1988, 174 pp, $44.95. 
[ISBN: 0-470-21136-9] Uses information theory to 
address concerns in military command, control, and 
communications. Other mathematical formalisms 
proposed for the modeling of C? include control the- 
ory, fuzzy set theory, and catastrophe theory. This 
work uses information theory to address questions 
like the identification of true and/or false targets, 
management of information channels, and the modi- 
fication of the classical Lancaster equations to incor- 
porate the effects of information. SM 

Applications (Physical Science), S(15-17), P, 
L. Lecture Notes in Earth Sciences-18: Numerical 
Geology. N.M.S. Rock. Springer-Verlag, 1988, xi + 
427 pp, $39.50 (P). [ISBN: 0-387-50070-7] A vast 
compendium of techniques, sources, and examples of 
the use of computers and statistics in geology. Not 
so much an introduction as a handbook, these notes 
provide key facts with references to diverse statis- 
tical, numerical, and graphing techniques. Includes 
a 2000-item “selective” bibliography and a 45 page 
glossary-index. LAS 


Applications (Physics), P. Conformal Field The- 
ory and Solvable Lattice Models. Ed: M. Jimbo, T. 
Miwa, A. Tsuchiya. Adv. Stud. in Pure Math., V. 
16. Academic Pr, 1988, 426 pp, $59.50. [ISBN: 0- 
12-385340-0] Nine papers in mathematical physics. 
Topics include conformal field theory, solvable lattice 
models, affine and Virasoro algebras, and KP equa- 
tions. MR 

Applications (Physics), S*(17-18), P, L. Quan- 
tum Probability. Stanley P. Gudder. Prob. & Math. 
Stat. Academic Pr, 1988, xii + 316 pp, $49.50. 
[ISBN: 0-12-305340-4] Well-written generalization 
of classical probability theory needed for several ap- 
proaches to quantum mechanics, in particular those 
of operational statistics and of the path-integral for- 
malism. Largely self-contained on the whole, even 
in introductory chapters on classical probability and 
classical quantum mechanics. GG 
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The study of population is one of many things 
that mathematics makes possible and one of 
hundreds of examples in Barnett & Ziegler's 
College Algebra with Trigonometry, Fourth 
Edition. Barnett & Ziegler show precalculus 
Students the power and breadth of models like 
P=Re". With an enormous range of ex- 
amples, Barnett & Ziegler convince students 
that abstractions have applications every- 
where. 
Barnett & Ziegler's Pre-Calculus Series 
College Algebra, Fourth Edition 
College Algebra with Trigonometry, 

Fourth Edition What Mathematics Can Do 


Precalculus: Functions and Graphs, et COLLEGE DIVISION McGraw-Hill Publishing Company 
Second Edition | Hi | 1221 Avenue of the Americas, New York, NY 10020 


You'll love seeing Paris... 


The City of Light has an array of sights 
and activities for every visitor. During a 
seven day trip, you can work your way 
from one quartier to another, from Point 
Zero on L’fle de la Cité to St. Jacques 
Tower where Pascal calculated the weight 
of air...from the site of the old Bastille and 
L’Arc de Triomphe to La Defense. And 
that’s not all... 
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You can see the many moods of Paris in 
other excursions as well. Form your own 
opinion of the striking train-station- 
turned-museum, Musée d’Orsay. Browse 
at the stalls of the bouquinistes along the 
Seine. Drop in at the Crazy 
Horse Saloon. Or simply 
watch the world pass by as 
you sit at one of the city’s 
many outdoor cafes. 


Announcing... 
the Addison-Wesley 
Math Tour. 


To qualify for a week-long 

trip for two to Paris (and an 
opportunity to evaluate one of the new 
Addison-Wesley precalculus series), just 

contact your local Addison-Wesley repre- 
sentative. In no time, you could be saying 
“Au revoir, U.S.A.” and “AlII6 Paris!” 


vv Addison-Wesley Publishing Company 


..And our new 
precalculus texts! 


Three new series let you map your own route. 


From Louis Leithold, 
Pepperdine University: 


Known for his conceptual emphasis and 
mathematical precision, Louis Leithold 
offers a graphing-oriented approach, step- 
by-step solutions, and an entire section on 
math models as they relate to functions. 
This series places special emphasis on 
topics needed for the study of calculus. 


College Algebra 

Trigonometry 

College Algebra and Trigonometry 

College Algebra and Trigonometry, 
Alternate Edition (This edition 
begins with trigonometric functions of 
real numbers.) 


Bert Waits, Ohio State 
University: 


i Frank Demana and 


This innovative series integrates the use 
of interactive computer software or 
graphing calculators within the textual 
‘material. The authors’ approach helps 
strengthen students’ problem-solving 
abilities and their understanding of 
graphs, functions, and analytic geometry. 
(The software is free upon adoption). 


College Algebra 
Trigonometry 
College Algebra and Trigonometry 


Judith Beecher, Indiana 
University/Purdue University 
at Indianapolis: 


ar Marvin Bittinger and 


The informal writing style and pedagogi- 
cal approach in these paperback work- 
texts add appeal and accessibility to chal- 
lenging material. Co-authored by a well- 
known educator, the series emphasizes 
basic skills mastery and develops numer- 
ous applications based on real-life 
situations to help students learn the most 
difficult concepts. 


College Algebra 

Trigonometry 

Algebra and Trigonometry 
(The unit circle approach is still avail- 
able in the Keedy/Bittinger series) 


Other new texts in ’89... 


Essential Algebra: A Calculator 
Approach, by Frank Demana and Joan 


Leitzel 


Linear Algebra, Second Edition, by Lee 
Johnson, Dean Riess, and Jimmy Arnold 
A Survey of Mathematics with Appli- 
cations, Third Edition, by Allen Angel 
and Stuart Porter 

Discrete and Combinatorial Mathe- 
matics, Second Edition, by Ralph 
Grimaldi 

Applied Numerical Analysis, Fourth 


Edition, by Curtis Gerald and Patrick 
Wheatley 


vv Addison-Wesley Publishing Company 
1 Jacob Way « Reading, MA 01867 « (617) 944-3700 
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Studies in Numerical Analysis 
MAA Studies in Mathematics #24 

Gene H. Golub, Editor 

415 pp. Hardbound. 

List: $46.50 MAA Member: $34.50 


This volume is a collection of papers describing the wide range of research ac- 
tivity in numerical analysis. The articles describe solutions to a variety of prob- 
lems using many different kinds of computational tools. Some of the compu- 
tations require nothing more than a hand held calculator: others require the 
most modern computer. While the papers do not cover all of the problems that 
arise in numerical analysis, they do offer an enticing and informative sample. 

Numerical analysis has a long tradition within mathematics and science, 
beginning with the work of the early astronomers who needed numerical pro- 
cedures to help them solve complex problems. The subject has grown and de- 
veloped many branches, but it has not become compartmentalized. Solving 
problems using numerical techniques often requires an understanding of sever- 
al of the branches. This fact is reflected in the papers in this collection. 

Computational devices have expanded tremendously over the years, and 
the papers in this volume present the different techniques needed for and made 
possible by several of these computational devices. 


Table of Contents 
The Perfidious Polynomial, James H. Wilkinson 
Newton’s Method, Jorge J. Moré and D. C. Sorensen 
Research Directions in Sparse Matrix Computations, Jain S. Duff 
Questions of Numerical Conditions Related to Polynomials, Walter Gautschi 


A Generalized Conjugate Gradient Method for the Numerical Solution of Elliptic 
Partial Differential Equations, Paul Concus, Gene H. Golub and Dianne 
P. O’Leary 


Solving Differential Equations on a Hand Held Programmable Calculator. 
J. Barkley Rosser 


Finite Difference Solution of Boundary Value Problems in Ordinary Differential 
Equations, V. Pereyra 


Multigrid Methods for Partial Differential Equations, Dennis C. Jespersen 
Fast Poisson Solvers, Paul N. Swarztrauber 


Poisson’s Equation in a Hypercube: Discrete Fourier Methods, Eigenfunction 
Expansions, Pade Approximation to Eigenvalues, Peter Henrici 
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Announcing the successor to muMATH™ 


Derive™ 


A Mathematical Assistant 
for PC-compatible computers | 
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m COMMAND: Author Build Calculus Declare Expand Factor Help Jump soLve Manage 
. Options Plot Quit Remove Simplify Transfer moVe Window approX 

m Enter option 

» User B: DERIVEAD .MTH Free : 79% Derive Algebra 


¢ Computer algebra, including calculus, vectors 
and matrices 

e 2-dimensional display of formulas 

e 2- and 3-dimensional function plotting 

¢ Exact and approximate arithmetic to thousands 
of digits 

e Easy menu-driven interface 

® Requires only 512 kilobytes of RAM memory and 
one floppy drive 

¢ Ideal for educators, students and professionals 

e $200 plus shipping: Call or write for information: 


‘,-| Joft Warehouse: 


3615 Harding Avenue, Suite 505 « Honolulu, HI 96816 
(808) 734-5801 after noon PST 
Handcrafted software for the mind. 


©1988 Soft Warehouse, cS 


The Formula For Success- 


Math Texts From Saunders! 


New for 1989 


College Algebra 
College Trigonometry 


Algebra and 


Trigonometry 
All by Stanley I..Grossman, 


University of Montana 


Unique support package. 18 hours of video- 
taped lectures keyed to the first eight chapters 
of Algebra and Trigonometry to be used ina 
math laboratory or classroom situation. (Free 
upon adoption) 


Mathpro Software: Both interactive and tuto- 
rial, this program tests the learned skills of the 
student in Algebra and Trigonometry. Fully in- 
tegrated with the Grossman Algebra and Trigo- 
nometry series, the software is referenced to 
the text section and example numbers. (Free 
upon adoption) 


Math Pack: A student note-taking device 
containing reproductions of the overhead 
transparency graphs. Allows students to take 
notes on key graphs without having to copy 
down the instructor’s drawing from the black- 
board. (Free with book purchase) 


Standard testing support, solutions manual, 
etc. also available. 


College Algebra 

ISBN 0-03-007089-9 480 pp. hardcover 
College Trigonometry 

ISBN 0-03-007103-8 384pp. hardcover 
Algebra and Trigonometry 

ISBN 0-03-007129-1 512 pp. hardcover 


Finite Mathematics 
with Applications 


Calculus 
with Applications 


Finite Mathematics 
with Calculus: 


An Applied Approach 


All by Raymond F Coughlin 
and David E. Zitarelli, 
both of Temple University 


Texts are accompanied by easy-to-use soft- 
ware which provides both graphical and 
computational support. Graphical support in- 
cludes function Brapning, histograms, scatter 
diagrams and other applications. Computa- 
tional support is provided for procedures 
such as linear programming, topics involving 
matrix operations, and iterative techniques 
such as numerical integration. (Free upon 
adoption) 

Finite Mathematics with Applications 

ISBN 0-03-011292-3. 432 pp. hardcover 
Calculus with Applications 

ISBN 0-03-011283-4 640 pp. hardcover 

Finite Mathematics with Calculus: 

An Applied Approach 

ISBN 0-03-011274-5 800 pp. hardcover 


Fundamentals 
of Mathematics 


Elementary Algebra 


Intermediate Algebra 


All by Denny Burzynski and Wade Ellis, 
both of West Valley College 


Used separately or in sequence, this new series of texts 
will take your students from fundamentals of mathema- 
tics to basic algebra to an intensive study of intermediate 
algebraic topics. Each text uses ‘‘Sample Sets” that show 
students how to work problems and “‘Practice Sets’’ to 
develop students’ problem-solving abilities. 


Fundamentals of Mathematics 
ISBN 0-03-063901-8 550 pp. paper 
Elementary Algebra 

ISBN 0-03-063906-9 608 pp. paper 
Intermediate Algebra 

ISBN 0-03-063903-4 640 pp. paper 


Introduction to Topology 


Frederick H. Croom, 
University of the South 


This introductory text to the fundamental principles of 
topology emphasizes the subject’s geometric nature 
and the application of topological ideas to geometry 
and analysis. 


ISBN 0-03-012813-7 400 pp. hardcover 


20/20 Statistics Software 
IBM Version, Apple Version 
(Il or Ile) 


George W. Bergeman, 
Northern Virginia Community College 


James P. Scott, Central Michigan University 


Provides important complementary support to most in- 
troductory statistics texts. Topics include: Descriptive 
statistics, Sampling and the Central Limit Theorem, z-test 
on the mean of one population, t-test on the means of 
two populations, linear regression and correlation, Chi- 
square goodness of fit and independence tests, one-way 
analysis of variance. Tutorial Workbook along with In- 
structor’s Manual and Software. 


20/20 Statistics Tutorial Workbook 

IBM ISBN 0-03-020523-9 163 pp. paper 
Apple ISBN 0-03-002867-X 208 pp. paper 
Instructor’s Manual with Disk 

IBM ISBN 0-03-02054-7.  31pp. paper 
Apple ISBN 0-03-002868-X 31 pp. paper 


REVISED AND AVAILABLE NOW! 


Technical 
Mathematics, 4/E 
Jacqueline Austin, Magarita Isern, 
and Jack Gill, 


all of Miami-Dade Community College 
ISBN 0-03-013233-9 512 pp. paper 


Calculus, 2/E 
Dennis D. Berkey, 


Boston University 
ISBN 0-03-008899-2 1,152 pp. hardcover 


Differential Equations: 
A First Course, 2/E 


Martin M. Guterman and 
Zbigniew H. Nitecki, 

both of Tufts University 

ISBN 0-03-009617-0 656pp. hardcover 


Statistics and Probability 
in Modern Life, 4/E 


Joseph Newmark, 
The College of Staten Island, CUNY 


ISBN 0-03-008367-2 680pp. hardcover 


How to Order: For examination copies, please contact your 
local Saunders College Publishing sales representative or 
write on your college letterhead to: Mathematics Marketin 

Manager, Dept. 544, Saunders College Publishing, Box 181, 
Lavallette, NJ 08735. Include your course title, enrollment, 


» and text currently in use. To expedite shipping, please in- 


, clude the ISBN (International Standard Book Number) for 
each item requested. 


SAUNDERS 
COLLEGE 
PUBLISHING 


The Curtis Center 
Independence Square West 
Philadelphia, PA 19106 


D34-9AMM-3 


WEST’S 
THE TOOLS For A SOLID 


At West, we want your students to not only learn, but to truly 
understand concepts of mathematics. That’s why our authors take great pains to 
write texts that are thorough, comprehensive, and accurate. A complete supplement 
package accompanies each text to give students additional study tools, 
and to assist you in teaching your course. 


So give your students the tools for a solid understanding of mathematics. 
Give them a text from West. 


COLLEGE ALGEBRA ~~ Cohen COLLEGE ALGEBRA 
College Algebra, 2e AND 
Barros-Neto w_o 
NEW for 1989! TRIGONOMETRY 
College Algebra a ara aa eae 
with Applications, 2e Steinlage Barros-Neto 
1988 College Algebra, Je College Algebra 
1988 and Trigonometry 


with Applications, 2e 
1988 


MATH LINE 


UNDERSTANDING OF MATH. 


Cohen TRIGONOMETRY STATISTICS 

College Algebra Vancil Kvanli 

and ‘Trigonometry, 2e ; , oe 

NEW for 1989! ‘Trigonometry Introduction to Statistics: 
1988 A Computer Integrated 

Steinlage a 5: yoaen 

College Algebra TRIGONOMETRY 

and Trigonometry, 2e | 

1988 


- giamsrics 


CHRIS VANCIL 


Alan H. Kvanli 


DISCRETE MATH 


Barnier and Chan 
Discrete Mathematics 
with Applications 
NEW for 1989! 


For more information on these and our complete line 
of mathematics texts, please write to us at: 


WEST PUBLISHING COMPANY 
COLLEGE DIVISION, 6F 
50 W. KELLOGG BLVD. 

P.O. Box 64526 
ST. PAUL, MN 55164 


Studies 
Com Dp uter Science 


Edited by Seymour Pollack 


408 pp. Hardbound List: $30.00 MAA Member: $22.50 


STUDIES IN COMPUTER SCIENCE continues the tradition of excel- 
lence of the respected series MAA Studies in Mathematics. Written by 
computer scientists for mathematicians, the book presents a readable 
and balanced discussion of the role of mathematics in computer sci- 
ence, and the contributions of computing to mathematics. 

Opening with an historical overview of the develooment of com- 
puter science, the narrative continues with three articles on the nature 
of computer programs and the programming process, a discussion of 
computational complexity, and a concluding group of articles on the 
impact of computer science on artifical intelligence, numerical analy- 
sis, statistics, and simulation. 

In the introduction the editor expresses his hope that the book will 
provide “‘an interesting look at an explosive field in the process of be- 
coming.’’ What an understatement! The process is well advanced; the 
impact of computer science on mathematics and its teaching is already 
immense. And this book is not just interesting, it is exciting and impor- 
tant as background reading for anyone interested in the interactions 
between mathematics and computer science. Teachers will find that it 
enriches their teaching and students will find it rewarding supplemen- 
tary reading. Order your copy today! 


Order From: 


THE MATHEMATICAL ASSOCIATION OF 


AMERICA 
1529 Eighteenth Street, N.W. 
Washington, D.C. 20036 


FROM THE MAA... 


A revised edition of a classic 


A Primer of 
Real Functions 


by Ralph P. Boas, Jr., 


Carus Mathematical Monograph, #413 
Third Edition 


xi + 232 pages. Hardbound. 
List: $49.00 MAA Member: $14.00 


“A gold mine of interesting, uncommon insight and examples. . . an orderly 
composition of 24 partially independent elegant snapshots from the theory of 
sets and real functions.” Lynn A. Steen, commenting on the second edition of 
“A Primer of Real Functions” in The American Mathematical Monthly, 
1974. 

The Third Edition includes the most significant revisions to date of this 
classic volume. Terminology has been modernized, proofs improved, and sec- 
tions have been completely rewritten. Much new material has been added. The 
Primer contains the basic material on functions, limits, and continuity that stu- 
dents ought to know before starting a course in real or complex analysis. It is a 
good place for a student (or anyone else) to see techniques of real analysis at 
work in uncomplicated but interesting situations. 

The author says, “My principal objective was to describe some fascinating 
phenomena, most of which are not deep or difficult but rarely or never appear 
in textbooks or in standard courses.” Boas has achieved that objective. The re- 
sult is a book that should be on every teacher’s book shelf, in every college li- 
brary, and a part of every serious mathematics student’s experience. 


Order From: 

The Mathematical Association of America 
1529 Eighteenth Street, N.W. 

Washington, D.C. 20036 


When we read what their college will cost...we 
bought the maximum life insurance available 
in the MAA Members’ Insurance Program...’’ 


‘...Oh, we expect to be there—proud as can Check your insurance portfolio. Will it meet 
be—when they enter college. But, just in case your family’s future needs? If not, call or write 
one of us isn’t.. .the insurance coverage willbe.” the Administrator. 

If a breadwinner is no longer around to provide UP TO $225.0G0 IN 


for family shelter and the children’s college TERM LIFE INSURANCE PROTECTION 


education. . .life insurance had better be. IS AVAILABLE TO MAA MEMBERS. 
Our group term life insurance can supplement Plus these other group insurance plans: 


your insurance portfolio so that your family has Excess Major Medical 
the protection it needs now—and for the future. In-Hospital Insurance 

As a member, you can fill your insurance High-Limit Accident Insurance 
needs at low group rates. You can get family Disability Income 
coverage, too. And if you change jobs, your 
group insurance automatically goes with you, so 
there’s no lapse in your insurance coverage. 


Contact Administrator, 
MAA Group Insurance Program 


Smith-Sternau Organization, Inc. 
The MAA Life Plan is underwritten by Connecticut General Life Insurance 1255 23rd Street, N.W. 
Company, a CIGNA Company, Hartford, Connecticut 06152 on form Washington, D.C. 20037 


number GM 3000. 
800 424-9883 Toll Free 


in Washington, B.C. area, 202 296-8630 


FROM THE NEW MATHEMATICAL LIBRARY 


Invitation to Number Theory, 


by Oystein Ore 
129 pp., 1967, Paper, ISBN-0-88385-620-4 
List: $9.90 MAA Member: $7.90 


This outstanding book gives the reader some of the history of number theory, 
touching on triangular and pentagonal numbers, magic squares and Pythagorean 
triples, and numeration systems. It covers the primes and prime factorization 
(including the fundamental theorem of arithmetic), congruences (modular arith- 
metic) and their applications (including methods of checking numerical calcula- 
tions), tests for primality, scheduling tournaments, and ways of determining the 
week day of a given date. 

Ore writes of his book, ‘“The purpose of this simple little guide will have been 
achieved if it should lead some of its readers to appreciate why the properties of 
numbers can be so fascinating. It would be better still if it would induce you to try 
to find some number relations of your own; new curiosities devised by young 
people turn up every year.’’ The enterprise of making such discoveries is very 
broad including the invention and study of the curious sequence, 1, 11, 21, 1211, 
111221, ... (to understand it read it aloud) by Cambridge Professor John 
Horton Conway to the discovery of new Mersenne primes by high school students 
Laura Nickel and Kurt Noll. Ore’s book is a good place for readers to learn of the 
fascination that numbers hold. 


Order from: 

The Mathematical Association of America 
1529 Eighteenth Street, NW 

Washington, DC 20036 
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Mathematical 
Gems lll 


by Ross Honsberger 

260 pp. Hardbound, 1985. 
ISBN-0-88385-31 3-2 

MAA Member: $21.00 


List: $28.00 


This book is packed with gems from elementary combinatorics, 
geometry, number theory, and probability. It will bring the enjoy- 
ment of good mathematics to the student as well as the teacher. 


Glance at the Table of Contents and order now! 


. Gleanings from Combinatorics 
. Gleanings from Geometry 
. Two Problems in Combinatorial 


Geometry 


. Sheep Fleecing with Walter 


Funkenbusch 


. Two Problems in Graph Theory 
. Two Applications of Generating 


Functions 


. Some Problems from the Olympiads 
. ASecond Look at the Fibonacci and 


Lucas Numbers 


. Some Problems in Combinatorics 


11. 
12. 


Gleanings from Number Theory 
Schur’s Theorem: An Application 
of Ramsey’s Theorem 


. Two Applications of Helly’s Theorem 
. An Introduction to Ramanujan’s 


Highly Composite Numbers 


. On Sets of Points in the Plane 
. Two Surprises from Algebra 

. A Problem of Paul Erdds 

. Cai Mao-Cheng’s Solution to 


Katona’s Problem on Families of 
Separating Subsets 


Solutions to Selected Exercises 


. Four Clever Schemes in Glossary 
Cryptography Index 
Order from: 


The Mathematical Association of America 
1529 Eighteenth Street, N.W. 
Washington, D.C. 20036 


Studies in Mathematical Economics 


Volume 25 in the MAA Studies in Mathematics 


Edited by Stanley Reiter 


420 pp. Hardbound 
ISBN-0-88385-027-X 


List: $42.00 
MAA Member: $31.00 


tanley Reiter, as editor, has brought togethera 

distinguished group of contributors in this 
volume, in order to give mathematicians and 
their students a clear understanding of the is- 
sues, methods, and results of mathematical eco- 
nomics. The range of material is wide: game the- 
ory; optimization; effective computation of equi- 
libria; analysis of conditions under which 
economies will move to the greatest possible effi- 
ciency under various forces, and the require- 
ments for the flow of information needed to 
achieve efficient markets. 

The material is interesting at all mathe- 
matical levels. For example, the initial article 
shows how even mathematically simple, concrete, 
two-person, nonzero sum games present us with 
the complexities and dilemmas of choices in real 
life. At the other extreme, the final article, by De- 
breu, begins by using the power of Kakutani’s 
fixed point theorem to prove the existence of eco- 
nomic equilibria. In between, the reader will find 
beautiful uses of calculus, topology, combina- 
torial topology, and other topics. 

The chapters of this volume can be read inde- 
pendently, although they are related. The book 
begins with Meyerson’s chapter on game theory 
and its theoretic foundations. The second chap- 
ter, by Simon, starts with the familiar criteria for 
maxima from calculus and goes on to develop 
more general tools of mathematical economics, 
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including the Kuhn‘Tucker and related condi- 
tions. The third contribution, by Mas-Collell, 
uses the tools of differential topology, including 
Sard’s theorem, to study the competitive equi- 
libria of whole families of economies using a dif- 
ferentiable point of view. Next Kuhn, building on 
the work of Scarf, shows how methods based on 
Sperner’s lemma can be used to compute equi- 
libria. 

The next two chapters by Reiter and Hurwicz 
explore the properties of systems that are not 
purely competitive. They bring analytical and to- 
pological tools to bear to determine what condi- 
tions on the exchange of information are needed 
to allow such markets to become optimally effi- 
cient. 

Radner addresses one consequence of what 
Herbert Simon calls “bounded rationality’ Man- 
agers neither know all the facts nor do they have 
unlimited ability to calculate. How should they al- 
locate their time? The tools used to answer this 
question are fittingly probabilistic. 

In the final chapter, Debreu gives four exam- 
ples of mathematical methods in economics. 
These four examples alone give a sense of the 
breadth and nature of the field. 

In this study, Reiter and his other contribu- 
tors show the reader the subtlety and complexity 
of the subject along with the precision and clarity 
that mathematics bring to it. 


ORDER FROM 

The Mathematical Association of America 
1529 Eighteenth Street, NW 

Washington, DC 20036 
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N 

MATHEMATIC 
EDUCATION 


CALCULUS FOR 
A NEW CENTURY: 
A PUMP NOT A FILTER 


L.A. Steen, Editor 
MAA Notes #8 
2/72 pp., Paperbound, 1987, 
ISBN-0-88385-058-3 

List: $12.50 

Catalog Number NTE-08 


guage of scienc 
This volume 


Proceedings of the Colloquium held in October 1987 in Wash- 
ington, D.C. to discuss calculus reform. The mathematical com- 
munity is challenged to make the introductory calculus course 
into a pump that feeds more students into science and engi- 
neering, not a filter that cuts down the flow. These proceed- 
ings, with contributions from over eighty authors, show the 
full sweep of concems and approaches of all the groups involved 
in calculus reform, including those currently teaching traditional 
and innovative courses, those whose students or employees 
need to use calculus as a tool, and the department chairs, deans, 
and others who must mobilize the resources needed for this 
reform. 


Quantity 


Please send the following books: 


Name: ee ; 
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ie 


PPp., Paperbo 
ISBN-0.88385,056.7 1987, 
List: $12.59 


Catalog Number NTE-06 
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NTE-06 $12.50 
NTE-08 $12.50 
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L_] Please bill me (postage and handling extra) ; 
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NOTICE TO AUTHORS 


See statement of editorial policy (volume 89, p. 3). Follow the format in current issues. Put your full mailing 
address in a line at the head of the paper, following the title and the author’s name. Send three copies of the 
manuscript, legibly typewritten on only one side of the paper, double-spaced with wide margins, and keep one as 
protection against loss. Prepare illustrations carefully, on separate sheets of paper in black ink, the original without 
lettering and two copies with lettering added. Rough copies of the illustrations should be included in the manuscript 
at the appropriate places. Supply the full five-symbol Mathematics Subject Classification number, as described in 
Mathematical Reviews, 1985 and later. (This is necessary for indexing purposes.) 

All manuscripts whose length is more than 7 manuscript pages should be sent to HERBERT S. WILF, 
Department of Mathematics, University of Pennsylvania, Philadelphia, PA 19104. Shorter articles about the 
teaching of mathematics should be sent to either MELVIN HENRIKSEN (linear algebra, algebra, differential 
equations), Department of Mathematics, Harvey Mudd College, Claremont, CA 91711, or STAN WAGON 
(calculus, analysis, number theory, discrete mathematics, statistics), Department of Mathematics, Smith College, 
Northampton, MA 01063. Other shorter articles should be submitted as follows: in algebra, discrete mathematics, 
or probability, to ANITA E. SOLOW, Department of Mathematics, Grinnell College, Grinnell, IA 50112; in 
geometry or topology to DENNIS DETURCK, Department of Mathematics, University of Pennsylvania, Philadel- 
phia, PA 19104; in analysis to DAVID J. HALLENBECK, Department of Mathematical Sciences, University of 
Delaware, Newark, DE 19716. Papers in other fields may be sent to any of the editors; however, do not send a 
paper to more than one editor. Proposed problems (three copies) and solutions (two copies), both elementary and 
advanced to PAUL T. BATEMAN, MONTHLY Problems, Department of Mathematics, University of Illinois, 
1409 West Green Street, Urbana, IL 61801; unsolved problems to RICHARD GUY, University of Calgary, 
Alberta, Canada T2N 1N4 


EDITOR 
HERBERT S. WILF 


ASSOCIATE EDITORS 
PAUL T. BATEMAN PAUL R. HALMOS LEE A. RUBEL 
DENNIS DETURCK LOUISE HAY ANITA E. SOLOW 
HAROLD G. DIAMOND MELVIN HENRIKSEN JOEL SPENCER 
JOHN D. DIXON JOAN P. HUTCHINSON LYNN A. STEEN 
J. H. EWING WILLIAM M. KANTOR KENNETH B. STOLARSKY 
RICHARD GUY JOSEPH KONHAUSER STAN WAGON 
DAVID J. HALLENBECK RICHARD LIBERA DOUGLAS B. WEST 


Reprint Permission: A. B. WILLCOX, Executive Director, Mathematical Association of America, 1529 Eighteenth 
Street, N.W., Washington, DC 20036. 

Advertising Correspondence: MS. ELAINE PEDREIRA, Advertising Manager, Mathematical Association of Amer- 
ica, 1529 Eighteenth Street, N.W., Washington, DC 20036. 

Subscription correspondence, changes of address, and inquiries about nondelivered or defective issues: Member- 
ship /Subscriptions Department, Mathematical Association af America, 1529 Eighteenth Street, N.W., Washington, 
DC 20036. 

Microfilm Editions: University Microfilms International, Serial Bid Coordinator, 300 North Zeeb Road, Ann 
Arbor, MI 48106. 


The AMERICAN MATHEMATICAL MONTHLY (ISSN 0002-9890) is published monthly except bimonthly June-July and 
August-September by the Mathematical Association of America at 1529 Eighteenth Street, N.W., Washington, DC 20036 
and Montpelier, VT. 

The annual subscription price of $26 for the AMERICAN MATHEMATICAL MONTHLY to an individual member of the 
Association is included as part of the annual dues. (Annual dues for regular members, exclusive of annual subscription 
prices for MAA journals, are $29. Student, unemployed and emeritus members receive a 50% discount; new members 
receive a.30% dues discount for the first two years of membership.) The nonmember/library subscription price 1s $90 per 
year. 
Copyright © by the Mathematical Association of America (Incorporated), 1989, including rights to this journal issue as 
a whole and, except where otherwise noted, rights to each individual contribution. General permission is granted to 
Institutional Members of the MAA for noncommercial reproduction in limited quantities of individual articles (in whole or 
in part) provided a complete reference is made to the source. 

Second class postage paid at Washington, DC, and additional mailing offices. 

Postmaster: Send address changes to the AMERICAN MATHEMATICAL MONTHLY, Membership /Subscriptions Depart- 
ment, Mathematical Assocation of America, 1529 Eighteenth Street, N.W., Washington, DC 20077-9564. 

PRINTED IN THE UNITED STATES OF AMERICA 
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A still undecided point in the theory of discontinuous groups is whether the order of a group may be 
not finite, while the order of every operation it contains is finite. A special form of this question may be 
stated as follows: Let A,, Ay,..., A,, be a set of independent operations, finite in number, and 
suppose that they satisfy the system of relations given by S" = 1, where n is a given finite integer, 
while S represents in turn any and every operation which can be generated from the m given 
operations A. Is the group thus defined one of finite order, and if so what is its order? 

Burnside (1902). 


1. In the modern terminology a group in which every element has finite order is 
said to be periodic (or torsion). There are two parts to the question raised by 
Burnside, and the first part has been interpreted as: Are finitely generated periodic 
groups finite? [The additive group of the infinite-dimensional vector space over the 
field of two elements is an infinite periodic group, so the assumption that the group 
be finitely generated is essential.] I shall refer to this question as the General 
Burnside Problem. To state the second part of the question, let m,n be natural 
numbers and G be a group which can be generated by m elements and in which 
g" = ] for all g © G. Then G is a homomorphic image of a universal group B(m, n) 
known as the free m-generator Burnside group of exponent n which can be generated 
by m elements x,,...,x,,, and in which every element has order dividing n, and 
every other relation in B(m, n) is a consequence of these power relations. In other 
words, B(m,n) admits a presentation of the form: 


B(m,n) = (x,,...,; X,,3 w" = 1 for all words w in the alphabet x,,..., x,,). 


The second part of Burnside’s question reads: Is B(m, n) finite and if so, what is its 
order? I shall refer to the first half of this question as the Burnside Problem and the 
second half as the Order Problem. Clearly B(m, 1) is the trivial group and B(1, n) is 
cyclic of order n. For a better understanding of the complexity of the Burnside 
Problem for m,n > 1, consider the Burnside group B(4, n) for some n > 1. I begin 
by listing an infinite sequence of words in B(4, n) as follows: 


Wy = X4X7X3Xq;5 
Wy = XyXqX3Xy4XyXqX3X;5 


Having defined w,, a word of length 2**', one can regard 


We = WiWpaWn3Wra 
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as a product of its four quarters of length 2*~! each, and define 
Weo1 ~ WeWeWeqwy3Wx2- 


It can be shown that w, has no subword of the form uu [Dean (1965)] [two-letter 

infinite sequences without subwords of the form uuu were constructed by Arshon 

(1937) and Morse and Hedlund (1944)]. Thus, even B(4,2) appears to be infinite. 

However, if B(4, ) were finite then all of the words w, would have reduced to a 

finite subset of B(4, n) as a consequence of the law w” = 1. It is this consequential 

aspect of the law w” = 1 which makes Burnside’s question a challenging problem. 
The finiteness of B(m, 2) is easy: 


XX j= XjX (x /xjX ,X; 


= Xj (xX ;)X jx jx; = X4;X{XjX; = XjX;, 
and, therefore, B(m, 2) reduces to a finite set {xf@x3@ .-- x2, a(i) © {0,1}} 
consisting of at most 2” elements. This solves the Burnside Problem for B(m, 2). To 
solve its Order Problem observe that the additive group of the m-dimensional space 
over the two element field Z, is a homomorphic image of B(m, 2) and has order 
precisely 2”. Hence B(m, 2) is an elementary abelian 2-group and |B(m, 2)| = 2”. 
Burnside offered solutions in some special cases of the problems and proved: 


(i) |B(2,3)|= 27; (ii) |B(m, 3) | < 00; (ii) |B(2, 4) | < 2”. 


[Towards the general problem, Burnside (1905) also proved that finitely generated 
periodic groups of matrices (over some field) are finite.] The Order Problem for 
B(m, 3) was resolved by Levi and van der Waerden (1933). They proved that every 
element of B(m, 3) can be uniquely reduced to the normal form 


PDP TT bee JP TD De xp med, 


where [x,, x,] (= x, ~’x7"x,x,) and [x,, x;, x,] (= [[x,, x,], x,]) are standard left- 


normed commutators and a(i), a(i, j), aC, j,k) € {0,1,2}. This yields 


[earlier Burnside had shown that |B(m, 3)| < 3/&, f(m) = 2” — 1]. I give a brief 
outline of how the above normal form can be achieved. It will be convenient to set 
G = B(m, 3) and use a, b,c, ... for its elements. First, prove that G satisfies the 
second Engel condition, namely, [a, b, b] = 1 for all a,b. Second, prove that a 
second Engel group satisfies the laws [a, b,c, d] = 1 and [a, b,c] =[b,c, a] = 
[c, a, b] for all a, b,c, d. Finally, construct a 3-generator group of exponent 3 in 
which [a, b, c] # 1 for some a, b, c. The above normal form is an easy consequence 
of these results and the collecting process: ab = ba|a, b]. See Magnus, Karrass and 
Solitar (1966) for details. 

The next important contribution towards the Burnside Problem came in 1940 
with the appearance of a paper by Sanov, who proved that B(m, 4) is finite. The 
proof consists in showing that if H is a finite group of exponent 4 and if G is 
generated by H together with an element x, and if, moreover, x? € H and g* = 1 


1989] ON GROUPS IN WHICH EVERY ELEMENT HAS FINITE ORDER 299 


for all g € G, then G is also finite. From this the finiteness of B(m, 4) follows by an 
easy induction on m > 1. For details see Magnus et al. The Order Problem for 
Bm, 4) has not yet been resolved [I will return to the current status of this problem 
in Section 3.] 

While the finiteness of B(2,5) remains unresolved, in 1958 Marshall Hall, Jr. 
proved that the Burnside groups B(m, 6) are finite of order given by the formula 


min aanlt) Ce 


where a = 1 + (m— y(t) (3) 403) and B = 1+ (m— 1)2™. [Hall’s work was 
encouraged by a fundamental paper of Philip Hall and Graham Higman (1956) in 
which, among other things, the above order was predicted in case B(m, 6) turned 
out to be finite.] 

In the meantime, some progress was being reported towards the solution of the 
so-called Restricted Burnside Problem for B(m,n) [which seems to have been 
initiated by Griin in (1940)]: Js there a bound on the orders of finite quotients of 
B(m,n)? [The term “restricted Burnside problem” was introduced by Magnus 
(1950).] The Hall and Higman paper [together with the Classification Theorem for 
finite simple groups] reduces the restricted problem for B(m,n) for all m to the 
restricted problem for B(m,q) for all m, where g ranges over all prime-power 
divisors of n. For n = p*, p prime, finite quotients of B(m, p*) are nilpotent and 
the Restricted Burnside Problem takes the form: Does the lower central series of 
B(m, p*) become stationary after finitely many steps? 

[For any group G, let y,(G), n > 1, denote the nth term of its lower central 
series defined as follows:y,(G) = G and for i21, y,,,(G) = [7,(G), G] = 
(La, b]lja € y,(G), b € G). The group G is said to be nilpotent of class c if y,.,(G) 
= 1 for some c > 0. If, in addition, y,(G) # 1 then we say that G is nilpotent of 
class precisely c. The property [y,(G), y,(@)] < ¥;.;(@), i, 7 > 1, allows us an access 
to the so-called Associated Lie Ring L(G) = X;,, ® y,(G)/¥;4,(G), with the Lie 
operation [,] defined for homogeneous elements by [ay;,,,(G), by,;4:(G)] = 
[a, b]y,,;41(G) and extended to arbitrary elements of L(G) by additivity. The 
anticommutativity of L(G), i.e., [x, y] = —[y, y], follows from the commutator 
identity [a,b] =[b, a]~'. To verify the Jacobi identity: [x, y, z] + [y, z,x]+ 
[z, x, y] = 0, one simply uses the group identity: [a, b, c@][c, a, b°][b, c, a?] = 1, 
where g” means h ‘gh. We define the lower central series of L(G) analogously: 
L(G) = L(G), L't(G) = [L(G), L(G)], i > 1; alternatively, L'*1(G) is the addi- 
tive subgroup generated by all left-normed Lie elements [a,y,(G), ..., 4; 17.(G)]. It 
is a simple matter to verify that y,(G) = y,4,(G) if and only if L’(G) = 0, Lie 
rings with this condition being called nilpotent. For details we refer to the book by 
Marshall Hall, Jr. (1959).] 

The Lie ring techniques developed by Magnus in the 1930’s turn out to be 
particularly suitable for the restricted problem for prime exponent. Preliminary 
work concerning the connection between the restricted problem for prime exponent 
and local nilpotency of certain Lie rings of prime characteristic was done by 
Magnus, Sanov and others in the early 1950’s [see also Lyndon (1954), (1955) for a 
power-series approach]. It turns out that the associated Lie ring L(B(m, p)) has 
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characteristic p and satisfies the (p — 1)th Engel condition [x, ,_,y] = 0 for all 
x, y. [See, for instance, Hall (1959).] [Here [x, >y] = x and [x, ,,,y] = [[x, ,y], y] 
for i > 0.] It follows that L(B(m, p)) is a homomorphic image of an m-generator 
Lie algebra ¥,(m, p — 1), over the field of p elements, which is free with respect to 
the ( p — 1)th Engel condition, so that the nilpotence of L(B(m, p) would follow if 
£,(m, p — 1) were to be nilpotent, and which, in turn, would yield an affirmative 
answer to the restricted problem for B(m, p). The nilpotency of ¥%;(m,4) was 
proved by Kostrikin (1955) for m = 2 and by Higman (1956) for all m. In 1959, 
Kostrikin proved the nilpotency of &,(m,p — 1) for all primes p and all m, and 
thereby the restricted Burnside problem was resolved in the affirmative for groups 
of prime exponent. 

Kostrikin’s initial proof was somewhat opaque and he published a supplementary 
paper in 1979 in which he provided further details of his important techniques. 
However, Adian (1984) pointed out that some more details were necessary. A fully 
detailed proof is now available in Kostrikin’s book (1986). An attempt to prove the 
finiteness of B(2,5) has been made by Hall and Sims (1982). They prove that 
B(2,5) has a normal subgroup of index 5!° which, they feel, should be an elemen- 
tary abelian group of order 5** [I add that the correct order of the largest finite 
quotient of B(2,5) is known to be 5*4; see Havas, Wall, and Wamsley (1974)]. It 
may be of interest to mention a most recent result of Adian and Repin (1986) that 
the nilpotency class of Y,(2, p — 1) is at least 207~ 0/1, 

In 1959 some eyebrows were raised when P. S. Novikov in Moscow made an 
announcement that B(m,n) is infinite for m>2 and n> 72. This, however, 
turned out to be premature. While the case of even n remains unfounded, the gap in 
the argument for the case of odd n took nearly nine years to patch. In their 
monumental 330-page, three-part paper, Novikov and Adian proved that B(m, n) 1s 
indeed infinite for m > 2, n > 4381 and n odd. This was in 1968, and, since then, 
the limit on n has been lowered to n > 665, n odd. Adian (1974) has expressed the 
possibility of lowering the limit to n > 101, and to n > 33 by some further 
alterations of their method. For n < 33, new techniques will be required and it 
appears that if B(2,5) is, in fact, infinite then this fact may remain unresolved for a 
long time to come. 

Britton (1973) has offered a shorter proof (280 pages) of the negative answer to 
the Burnside Problem. However, in his book, Adian (1975) has pointed out certain 
inconsistencies in Britton’s argument which have since been acknowledged [see 
Britton (1983)]. Adian’s book [see Adian (1979) for English translation] gives an 
improved version of the Novikov-Adian proof in a relatively compact form. 

Ol’shanskui (1979) developed new geometric techniques and proved the existence 
of infinite nonabelian, quasi-finite groups [1.e., infinite groups all of whose proper 
subgroups are finite], solving an old problem of O. J. Schmidt [see Kurosh (1956) 
Vol. 1, page 57]. Encouraged by the Novikov-Adian solution of the Burnside 
problem, Ol’shanskii (1982), used these techniques and offered a significantly 
shorter proof of infiniteness of B(m,n), n odd, with a very large estimate for n, 
e.g., n > 10!°. To explain the strategy behind his proof, let m > 2 and n > 2 be 
fixed and let F be an m-generator free group whose elements are totally ordered so 
that the words of shorter length precede those of larger length [see, for instance, 
Magnus et al., page 26]. We first construct an ascending chain (*) N, < N, < -:: 
of normal subgroups of F as follows. Let w, be the least nontrivial element of F 
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and let N, = (wy')’ be the normal closure of wy’ in F [i.e., NM, is the smallest 
normal subgroup of F containing wy']. Assume that we have already constructed 
N, = (wy,.--, we)” for some k > 1. Let w,,, be an element of F which is least 
with respect to the property that w,,, € N, and modulo N,, w,,, is of infinite 
order, and define N,,, = (wy,..-, wz,,)” to be the normal closure in F of N, and 
Wey, Put N =U,.,,N,. Then clearly F/N is periodic and the chain (*), when 
infinite, yields that F/N is infinite. [Note that if the chain (*) is finite then we can 
not make any conclusion about finiteness of F'/N ]. Developing further the language 
of diagrams emerging from the geometric interpretation of defining relations due to 
van Kampen and Lyndon [see Lyndon and Schupp (1977), Chapter 5], Ol’shanski 
(1982), proved that if n is chosen to be odd and sufficiently large, e.g. n > 102°, 
then it is indeed possible to construct an infinite chain (*) such that if w,,, 1s 
periodic modulo N, then it must be a conjugate, modulo N,, of a power of w, for 
some i € {1,...,k}. From this it is immediate that each element of F/N is of 
order dividing n and hence F/N = B(m, n) 1s infinite. 


2. The General Burnside Problem was resolved by Golod in 1964. Based on his 
important joint work with Shafarevich, Golod proved the existence of finitely 
generated infinite p-groups for all primes p. Further examples, other than those of 
Novikov and Adian and Ol’shanskii, based on ideas from different areas of 
mathematics were produced by Aleshin (1972) [using automata theory], 
Sushchanskii (1979) [using permutation groups], Grigorchuk (1980) [using some 
ideas from functional analysis] and Gupta and Sidki (1983) [using automorphisms 
of trees]. Grigorchuk’s example is a 3-generator, infinite 2-group and is particularly 
elegant [see Merzlyakov (1983) for a close relationship between Aleshin’s and 
Grigorchuk’s examples]. Here I give a construction, due to Gupta and Sidki, of a 
2-generator, infinite p-group using tree automorphisms. First construct a 3-group. 

Let T be a tree with root denoted “@” such that from @ and from the end of 
each branch precisely three new branches grow upwards [see FIGURE 1]. For any 
vertex u of T let T(u) denote subtree with root “u.” Then T = T( 2) is an infinite 
3-regular tree with the property that T(@) = T(u) for all u [note that T(u) = 
(T(ul1), T(u2), T(u3)), see FIGURE 2]. For each vertex u we define an automorphism 
t, (= [t,:T(u) — T(u))) of T(u) by mapping T(wl1) onto T(u2), T(u2) onto T(u3) 
and T(u3) onto T(u1) [without shaking the trees]. Clearly 7, has order 3. Using 
these automorphisms as a tool we next define an automorphism a, (= a,: T(u) > 


11 12 13@ e21 22 23@¢e31 32 33 
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FIGURE 1. 
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FIGURE 2. 


T(u)]) by its action on the subtrees T(ul), T(u2), and T(u3) as follows. We set 
a,, = (t,4, t25, 3) with each component representing the action on the correspond- 
ing subtree. [This definition is unambiguous. Thus for instance, with u= 2 we 
compute the image of v = ©3321 = 3321 under a =a, as a,(v) = a,(3321) = 
a 33(3321) = t3?,,(3321) = 3323.] Since a? = (1,1, a},), it follows by a simple induc- 
tion on the length of the subscript label u of a that a, has order 3. We set 
G, = (a,, t,,) to be the subgroup of the automorphism group of T(u) generated by 
a, and t, [note that G, and G, are isomorphic for each vertex u]. We proceed to 
show that each G, so constructed is an infinite 3-group. We set b, = t,a,t, and 
= t7 a, t?. Then we have 


a,= (ty, 02), a43), b, = ~~ (t 2 aia, ty), and Cy — (Gir, tuo» t23) 


[this can be verified directly]. Let H, = (a,, b,,c,). Then H,, is a proper normal 
subgroup of G,, of index 3. Since the action of H,, on T(u1) is G,, = G,, G, must be 
infinite. To prove that G,, is a 3-group, first observe that 


~ { wt, where Ww, = w, (a, by» c,) € A, and a(u) e {0,1,2}}. 


For each g, = w,t%” we define its formal length |g,| as \(w,) if a(u) = 0 mod (3) 
and as A(w,) + 1if a(u) # 0 mod GB), where A(w,) is the so-called formal syllable 
length of w, [eg., A(a,a,b,c,a,'c,c,) = 5, whereas the total length is 8; see 
Magnus et al. p. 79 for the concept of syllable length]. To prove that G,, is a 3-group 
it clearly suffices to prove by induction on the formal length \g,| = that g, has 
order dividing 3”. If |g,| = 1, then g, = a% or b* or c% or tt for some a, and it 
follows that g, has order 3. Let |g,| =n + l_n>1l, ‘and assume the result for 
elements of formal length up to n. If g, is of the form g, = w(a,, b,, c,,), then, as 
an element of H,, 2, = (8,4, 22» 23), where each g,, has length at most n or is of 
the form g,, = w,t@ with w,, € H,,, |w,,| << and a(i) € {1,2}. Thus, without 
loss of generality, we may assume that g, itself has the form g, = w,t? with 
w, € H,, |w,| =n and a € {1,2}. Then g; is an element of H, which can be 


expressed in the form g? = w,(t@w,t,%)(t2¢w,t7 °%) = (Wag, W,9> W,), where each w,, 
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is an element of H,,; with |w,,| <n. By the induction hypothesis it follows that g? 
has order dividing 3” and, consequently, g, has order dividing 3"*! as was to be 
proved. This completes our construction of 2-generator infinite 3-groups. 

To construct p-groups for other odd primes, first consider a p-regular tree T( 2), 
and define ¢,: T(u) — T(u), for each vertex u, by cyclically permuting the subtrees 
T(u1),...,T(up), and, finally, define a,: T(u) > T(u) by a, = (ty, t2,,..., 
tr ys Gy p): For p = 2, consider the 4-regular tree T( 2), define automorphisms 1, 
as before and define a, = (t,,,1, t33, 4,4). The remainder of the verifications are 
analogous to the case p = 3. We add that all these groups are known to have 
infinite exponent, i.e., the periodicity of these groups is unbounded. 


3. The order problem. We recall Burnside’s original question for the special case 
n = 4: Is B(m,4) finite and if so, what is its order? Sanov’s solution of the finiteness 
of B(m,4) does very little towards the order problem of B(m, 4). To see what is 
involved in this problem, we first note that, being a finite 2-group, B(m,4) is 
nilpotent of class precisely, say, c(m). We abbreviate by writing B(m) for B(m, 4). 
It follows that if w = w(x,,..., X,,) 18 an arbitrary element of B(m), then w can be 
uniquely expressed as the product w= w,...W my, Where w; © y,(B(m)) and 
w, € y;,,(B(m)) [this can be achieved by a collecting process using repeatedly the 
identity ab = bafa, bj]. If the order of the ith lower central factor 
y,(B(m))/y;.,(B(m)) is 27, i =1,..., c(m), then clearly |B(m)| = 
2a) + -- +a(c(m)) Tt is, therefore, natural to first ask a weaker version of the order 
problem, namely, the Nilpotency Class Problem: what is the exact value of c(m)? 

Tobin (1954) proved that c(2) = 5 [and |B(2)| = 27]. For the general case, the 
most significant contribution to the class problem is due to Wright (1961), who 
developed a very high-power commutator calculus for B(m) and proved that 
c(m) < 3m — 1. The problem acquired a renewed interest after Marshall Hall, Jr. 
[see Bruck (1963)] and Higman (1967) conjectured that the free Burnside group of 
exponent 4 and countable infinite rank is solvable {a group G 1s said to be solvable if 
there exists a natural number n such that 6,(G) = 1, where 6,(G) = G and, for 
i> 2,6,(G) = y>(6,_,(G))]. A connection with the above conjecture of Hall and 
Higman and the class problem of B(m) was first observed in Gupta and Gupta 
(1972). They proved that if, for some sufficiently large m, c(m) < [5m/2], then 
B(co) is indeed soluble. This was improved by Gupta and Quintana (1972) who 
proved that the same conclusion holds if, for some m > 3, c(m) < 3m — 3. For 
m > 3, Gupta and Newman (1974) improved Wright’s result by proving that 
c(m) < 3m — 2. These last two results made the solubility conjecture most tantaliz- 
ing. Bachmuth, Mochizuki and Weston (1973) provided evidence that B(oo) may 
not be solvable. This was finally confirmed by Razmyslov (1978), who developed 
some very sophisticated Lie ring techniques and constructed a nonsolvable group of 
exponent 4, thereby proving the nonsolvability of B(oo). Thus c(m) = 3m — 2 for 
m > 3. 

The satisfactory solution to the class problem of B(m) is only the first step 
towards its order problem. Finding the precise structure of the lower central 
quotients of B(m) necessitates the use of computers. This has been successfully 
done to prove that |B(3)| = 2° [Bayes, Kautsky, and Wamsley (1974)] and |B(4)| = 
2**2 (Alford, Havas and Newman (1975)]. For further progress on the order problem 
see Mann (1982). 
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For other applications of computers to questions like those of Burnside, the 
reader is referred to an interesting article by Havas and Newman (1980) (see also 
Newman (1984) for a computer-based proof of finiteness of B(m,6)). An attempt 
has been made by Grunewald, Havas, Mennicke, and Newman (1980) to study the 
finiteness of the Burnside group B(2, 8). This work occupies 160 pages of calcula- 
tions studying certain subgroups of B(2,8). Even the restricted Burnside problem 
for B(2,8) remains unresolved. For the current status of the restricted Burnside 
problem see the very informative survey article by Vaughan-Lee (1985). 


4. Some Open Problems. As has been mentioned, the methods of Novikov and 
Adian and those of Ol’Shanskii remain unsuitable for the Burnside problem for 
small exponents. Here I list some of the open problems which are of immediate 
interest. I begin by asking: 


Problem 1. Js B(2,5) finite? 
Apart from exponents 2 and 4, the Burnside problem for other 2-power expo- 
nents remains wide open. Here we record a weaker version for B(2, 8): 


Problem 2. Solve the restricted Burnside problem for B(2, 8). 
Kostrikin’s solution of the restricted Burnside problem is valid for groups of 
prime exponent and we are tempted to record the smallest case for B(m, p*): 


Problem 3. Solve the restricted Burnside problem for B(2,9). 

A finitely generated group is said to be finitely presented if it can be defined by 
finitely many relations (see Magnus et al., page 7). The infinite groups of Novikov 
and Adian, Ol’Shanskii, Grigorchuk, and Gupta and Sidki are all known to be 
infinitely presented. In fact the verification of the periodicity requires these groups 
to have infinitely many relations. It is, therefore, natural to reverse the situation and 
ask whether or not a periodic group becomes finite if its periodicity is the 
consequence of finitely many relations. In other words: Are finitely presented 
periodic groups finite? (see Lyndon (1984), Problem 10b). The following weaker 
version of this problem remains wide open even for exponent 5: 


Problem 4. Are finitely presented groups of prime exponent finite? 
Finally, analogous to the formulation of the restricted Burnside problem, we 
formulate: 


Problem 5. Js there a bound on the orders of finite quotients of finitely presented 
groups of prime-power exponent? 


5. Some Applications. This section has nothing to do with the Burnside Problem. 
I include it just to point out how the techniques developed to answer the Burnside’s 
questions have revealed and continue to reveal some of the very deep facts in group 
theory. 

In 1968 Adian proved that for all odd n > 4381, there is an algorithm to decide 
whether or not an arbitrary element of B(m, n) is the identity element. Using the 
recursive presentation of B(m, n) so developed, he further proved in 1971 that for 
each nontrivial element x € B(m,n), there exists an element z € B(m,n) such 
that x © (z), and whenever y commutes with x then y © ¢z). It follows immedi- 
ately from this that the abelian subgroups of B(m, n) are cyclic and that the centre 
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of B(m, n) is trivial for odd n > 4381. Further analysis yields: Every finite subgroup 
of B(m, n), m > 2, n odd, n > 4381, is cyclic [see Adian 1975]. 

The additive group of rationals is an example of a torsion-free group which has 
the property that every two nontrivial elements are powers of a single element. The 
existence of nonabelian torsion-free groups with the above property was a long- 
standing problem. In 1971 Adian developed a certain system M = M(q,,..., a,,) of 
elementary words and introduced, for each odd n > 4381, a group A(m,n) = 
(ay,.-+5 4, d|a,d = da; (i =1,..., m), a” = d for all a” © M). It turns out that 
the group A(m, n) is torsion-free and that B(m, n) is the factor group of A(m, n) 
by its cyclic centre (d), yielding the much stronger result: For each odd n > 4381, 
there exists a finitely generated torsion-free group with cyclic centre satisfying the 
identical relation [x", y] = 1 [see Adian (1975)]. Another interesting result proved 
by Adian in 1971 was the fact that, for large odd n, the group B(3, n) 1s embedded 
in B(2,n). This has since been improved to: For n odd, n > 4381, B(m,n) is 
embedded in B(2, n) for all m > 3 [Shirvanian (1976); see Adian (1975) for the case 
m = 3}. 

The geometric methods developed by Ol’shanskii are quite powerful and effec- 
tive. These have been successfully used to resolve many outstanding problems in 
group theory. Among the results proved using his techniques are: There exists an 
infinite simple group all of whose proper subgroups are infinite cyclic [OVshanskii 
(1979)]; For every prime p > 10”, there exists an infinite simple p-group all of whose 
proper subgroups are of order p [Ol’shanskiui (1982),]; There exists a nonabelian 
variety of groups all of whose finite groups are abelian [OV shanskui (1985)]; There exist 
finitely generated nonabelian divisible groups [Guba (1986)]; There exists a 2-genera- 
tor group G with an element a © G such that every element of G is conjugate to some 
power of a [Guba (1986)]. 

In Problem #5603, Amer. Math. Monthly, 75 (1986) 685-686, John Milnor 
asked if there exists a finitely generated group whose growth function (the one 
which measures the number of distinct elements of a given length) is neither 
polynomial nor exponential. The evidence was much against the existence and the 
question has since generated considerable interest in the literature. The infinite 
2-groups constructed by Grigorchuk turned out to have subexponential growth: 
There exists a finitely generated (periodic) group whose growth function is neither 
polynomial nor exponential [Grigorchuk (1983)]. [In a subsequent paper, Grigorchuk 
further proves that the tree groups constructed in Section 2 also have subexponen- 
tial growth.] 

It is an elementary fact that every finite p-group is embedded in an n-fold wreath 
tower (((C,wrC,) +++ )wrC,) of cyclic groups of order p [see, for instance, Hall 
(1959)]. The infinite p-groups constructed by Gupta and Sidki using the tree 
automorphisms have the additional property that they contain these n-fold wreath 
towers for all n. Further, for p odd, these groups have the property that the normal 
closure of any nontrivial element contains some term of the derived series. We thus 
have: For every prime p, there exists a 2-generator infinite p-group which embeds 
every finite p-group as a subgroup and in which, for p odd, every proper quotient is 
finite [Gupta and Sidki (1983)]. Finally, these tree constructions further yield: For 
every n > 2, there exists a finitely generated p-group G with a subgroup H of finite 
index such that H = G", the direct product of n copies of G [Gupta and Sidki (1984)]. 
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M. F. Newman (1980) has compiled a comprehensive bibliography of papers up 
to 1979 which are connected with the Burnside problem. A count reveals that it has 
over 225 items. There have been dozens more since then. One has to agree with 
Chandler and Magnus (1982) that, very much like “Fermat’s last theorem” in 
number theory, Burnside’s problem has acted as a catalyst for research in group 
theory. The fascination exerted by a problem with an extremely simple formulation 
which then turns out to be extremely difficult has something irresistible about it to 
the mind of the mathematician. 
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1. Introduction. A floor is ruled with parallel lines spaced unit distance apart. 
You are given a piece of wire of length / which you are free to bend but not stretch. 
Can you bend the wire so that if dropped on the floor the bent piece of wire is 
certain to cross at least one of the lines, no matter how it falls? In this article we 
find the least / such that this can be done, and show how the wire should be bent. 

More formally, let a: [0,1] ~ R? be a continuous rectifiable arc, of length /(a). 
For 0 < @ < 72, define the width of a between parallels at angle @ by 


w (a) = distance between supporting parallel lines at an angle @ to the x-axis. 
And define the width of a by 


w(a) = ant Wy(a). 


Our problem is to identify an arc of minimal length among all arcs of width at 
least 1. A circular arc of diameter 1 has length 7 = 3.14... . Three sides of the unit 
square reduces the length to 3. Two sides of an equilateral triangle of altitude 1 
further reduces the length to 4/ /3 = 2.309401... . The minimal length turns out 


only slightly less, namely 2.27829..., and is achieved by bending the wire into a 
shape which we call the caliper, shown in FIGURE 2. 


*Research supported in part by NSF grant DMS-8502930. 
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wo) 


Fic. 1. The width between parallels at angle 6. 


Fic. 2. The caliper. 


In Section 2 we identify the caliper of length 2.27829... as the shortest convex 
arc of width 1. In Sections 3 and 4 we show that the caliper is in fact shortest among 
all arcs, convex and nonconvex. For the most part, our arguments are geometric, in 
the spirit of Kazarinoff [3], Yaglom and Boltyanskii [5], and Niven [4]. 

Our problem is a deterministic variation of Buffon’s famous needle problem: in 
case you do not bend the wire at all, but leave it as a straight needle of length /, 
what is the chance that the needle crosses at least one line if dropped at random on 
the floor? As observed by Bertrand in the last century, and argued in detail by 
Barbier [1], under natural assumptions of randomness the expected number of 
crossings of the grid by a needle bent into a planar curve is a constant c times the 
length /, regardless of the shape of the curve. A closed convex curve of constant 
width 1 must cross the lines exactly twice, no matter how it falls. Since a circle of 
diameter 1 has constant width 1 and length 7, it follows that 

(i) the constant is c = 2/7, 

(ii) every closed convex curve of constant width 1 has the same length 7, and 

(iui) for / < 1 the probability that a randomly dropped straight needle crosses the 
lines is (2/7 )l. 

For other questions about randomly dropped curves, and further references, see 
DeTemple and Robertson [2]. 

The problem solved in this article is a special case of a stochastic geometry 
problem which we do not know how to solve for all /. Given a wire of length /, how 
should it be bent to maximize the probability that it crosses at least one line when 
tossed at random on the ruled floor? Here we just find the least length Z such that 
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this maximum probability is one. For 0 < / < 1 the best strategy is easily shown to 
be leaving the wire straight, with crossing probability (2/7)/. But for 1 < / < L we 
do not know how to bend the wire to maximize the crossing probability. Some 
remarks on this and other problems in the same vein are mentioned in the final 
section. 

Notation. Since rotation, translation, and reflection of an arc in the plane affect 
neither its length nor its width, we will often use these operations to reduce 
calculations to arcs with some convenient orientation. A generic arc a will often be 
denoted instead A B to indicate that it starts at A and ends at B. To indicate the 
arc is convex we write A B instead of A B. For points A and B in the plane we use 
the following notation: 


AB for the straight line through A and B, 
AB for the segment of this line between A and B, 
| AB| for the length of this line segment. 


Constructions of arcs may be indicated by notation such as this: if A B is some arc 
under consideration, then A BA is the closed arc obtained by following A B from 
A to B, then returning to A along a line segment. In such constructions the precise 
parameterization of the arc will be irrelevant, though the order in which points are 
visited may be important. 


2. The Shortest Convex Arc of Width One. Suppose now that the arc A B is 
convex, meaning that the closed arc A BA is the boundary of a convex subset of the 
plane: 


Fic. 3. Some convex arcs. 


A convex arc A B must lie on one side of the line AB. Without loss of generality, 
we take AB to be horizontal, and suppose A B lies above AB. We propose to find 
the shortest such arc of width one. In case A B extends to the left of A or to the 
right of B, a shorter arc with greater width is obtained by dropping a perpendicular 
to AB: 


Fic. 4. Reduction to arcs over an interval. 


312 ANI ADHIKARI AND JIM PITMAN [April 


So we may assume that d = |AB| > 1, and confine our search to arcs A B lying in 
the strip above AB, such as the leftmost arc in FIGURE 3. In this case the width 
condition can be reformulated more simply as follows, with reference to the 
horizontal segment A’B’ at unit height above AB, and open discs Disc(A) and 
Disc(B) centered at A and B, with radii 1, as shown in the next figure: 


2 


Disc (B) 


Fic. 5. Am arc of width greater than 1. 


Lemma 1. For a convex arc A B above AB with |AB| > 1, width (A B) > 1lifand 
only if the following three conditions all hold: 

(1) A B intersects A'B’ at some point F. 

(11) A F does not intersect Disc(B). 

(iil) F °B does not intersect Disc(A). 


Proof of Sufficiency. Suppose the three conditions hold. Width at least 1 in the 
horizontal and vertical directions is clear. For the width between down-sloping 
parallels, consider two parallels distance 1 apart, one through A, the other above it 
tangent to Disc(A). The upper parallel must hit the arc between F and B by (i) and 
(iii). Similarly, width at least 1 between up-sloping parallels is implied by (i) and (ii). 


Proof of Necessity. If (i) fails, the vertical width is less than 1. The only remaining 
case is if (1) holds but either (ii) or (111) fails. If say (11) fails, there exist points C and 
D on A B as in the following diagram such that C and D lie on Circle(B) 
bounding Disc(B), and apart from these points arc C D lies inside the open 
Disc(B). 

By convexity of A B, the arc lies inside the shaded region in the diagram, with 
boundary defined in terms of CD and Disc(B). The upper supporting line of AB 
parallel to CD must, therefore, intersect Disc(B), giving a width less than1. O 


According to the lemma, for fixed A and B at distance d > 1, the shortest 
convex arc A B of width 1 lying above AB is the shortest path from A to B via 
some F on A’B’, not entering Disc(B) on the way from A to F, and not entering 
Disc(A) on the way from F to B. 
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Fic. 6. An arc satisfying (1) but not (11). 


In case d > 2/3, this shortest path is obvious. For F the midpoint of A’B’ the 
straight lines AF and FB do not meet the discs, so AFB is the shortest, with length 
V4 + d?. For d = 2/73, the length is 2.309401... . 


FiG. 7. Two sides of an equilateral triangle: d = 2/73. 


If d < 2/Yy3, the constraint of the discs is felt. For any F on A’B’, it is easy to 
see that the shortest way to get from A to F without entering Disc(B) is to go along 


Af B 


Fic. 8. The shortest path from A to B via F satisfying (i), (ii), (iii). 
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AF, if this can be done without entering Disc(B); else to go from A to Circle(B) 
along a tangent, stay on the circle awhile, and leave for F along another tangent. 
And the shortest way to return from F to B without entering Disc(A) can be 
described similarly, with Circle( A) replacing Circle(B). 

To find the shortest convex arc from A to B satisfying (i)—(ii), reflect the arc in 
A’B’ after it first touches A’B’ at F. The problem reduces to finding the shortest arc 
from A to B*, never entering Disc( B) or Disc( A*), as in FIG. 9. 


A* B* A* 


. . B A’. 


A B A 


Fic. 9. Paths from A to B* avoiding the discs. 


It is easy to see that the minimal arc must be straight as it passes through F. This 
can only happen if F is the midpoint of A’B’, so that the minimal arc is symmetric. 

By symmetry, the length of this shortest arc is 2/(d) where /(d) is the length of 
the arc between A and F, d=|AB\|, and 1<d<2/y3. By the elementary 
geometry of FIGURE 10, 


I(d) = Vd? —1 + |a/2 — arctanVd? — 1 — 2arctan(d/2)| + d/2. 


length (AC) = yd? -1 

length (DF) = D/2 

length (C D) =a 
=7/2—o- 26 


Fic. 10. Calculation of /(d). 
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To find the d which minimizes this length, differentiate / with respect to d: 


d d 1 1 1D 
‘(d = Fo oe | t+ 
(4) d--1 dz-1 1+(d’*-1) 1+ d*/4 / 
d*-—1 1/d7-4 
dd 2 al 


Set this equal to 0 to see that the minimum is achieved when z = d? satisfies 
4(z —1)(44+.z)° — 2z(z -— 4) = 0. 


Solving the cubic yields the minimizing d* = 1.04359... and /(d*) = 2.27829... . 
The shortest convex arc of width 1 so obtained is shown in the center of the next 
figure. We call this arc the caliper. 

Also shown are the arcs considered above for other values of d near d*. For 
d > d* the argument above shows these are the shortest convex arcs of width 1 with 
endpoints distance d apart. But for d < d* we are unable to draw this conclusion 
due to the initial step of dropping perpendiculars to reduce to the case of arcs over 
the interval between the ends. All we can say is that these arcs are shortest among 
arcs of width 1 that stay in the strip over the interval. 


d=1 d = 1.025 d= d* = 1.04... d= 1.065 d=2/y¥3=1.15... 


Fic. 11. The caliper for various values of d. 


3. Results for Nonconvex Arcs. The aim of this section and the next is to show 
that the caliper defined in Section 2 is in fact a shortest arc of width 1 among all 
arcs, not just among convex ones as shown already. This seems to be a lot harder 
than you might expect. Intuitively, it is hard to believe that you could do any better 
by allowing the arc to cross through its convex hull. But a difficulty can be seen 
from the existence of arcs such as those shown below for which there is no shorter 
arc with the same convex hull. 


Fic. 12. Arcs of minimal length with given convex hull. 
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It must somehow be argued that such arcs are still far from the shortest for the 
given width. A first step in this direction is provided by the following inequality: 


PROPOSITION 1. Let I be the length of an arc, d the distance between its ends, and 
w its width. Then 1 > V4w* + d?. 


Proof. By definition of w, in every direction there are two parallel lines distance 
w apart, each touched by the arc. Consider two such parallels, taken parallel also to 
the lines between the endpoints in case d > 0, as in the left panel below. Reflecting 
a portion of the arc as in the right panel produces an arc of the same length / 
joining points at a distance of ¥4w* + d* by Pythagoras. O 


——————_ i ——> 


Fic. 13. Construction for the proof of Proposition 1. 


Remarks. For width w = 1 all we get immediately is / > 2, using d > 0. But this 
is very crude. For d > 2/3 the above bound is attained by two line segments, as 
remarked already in Section 2. For 0 < d < 2/¥3 it is not hard to show that the 
bound cannot be attained. In the case of a closed convex curve, when d = OQ, the 
least possible length is 7, attained by any curve of constant width 1. This result is 
given for closed curves in Exercise 7-18 of Yaglom and Boltyanskii [5]. A quick 
proof in this case can be given by consideration of the expected number of crossings 
in the Buffon setting described in the introduction. This result can be extended to 
nonconvex closed curves by an easy variation of arguments in this section. But we 
do not know the best inequality for 0 < d < 2/73. 

To get a handle on possibly nonconvex arcs, we work with the class C,, of all 
arcs starting at a fixed point A of length at most 3, consisting of at most M line 
segments, where M is a fixed integer. It is easy to show that length and width are 
continuous functions for a topology which makes this class of arcs compact. This 
class therefore contains a shortest arc of width at least 1. Pick such a minimal arc 
and call it a*. We propose to study the properties of a*, as a preliminary to getting 
lower bounds on its length which do not involve M, the bound on the number of 
segments. Clearly, any such lower bound is also a lower bound on the length of any 
arc whatsoever with width one. 


LEMMA 2. The sequence of endpoints of segments of a minimal arc a® is a 
permutation of the set of corners of the convex hull of a*. 
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Proof. Let H be the set of corners of the convex hull of a*. The proof is in two 
steps. 

(1) Each element of H is visited exactly once by a*. 

(ai) Each endpoint of a segment of a* is an element of H. 


Proof of (1). Clearly every corner of the convex hull is an endpoint of some line 
segment of a*, so visited at least once by a*. Suppose some element h € H is 
visited more than once by a*. Then an arc with one less segment formed by cutting 
the corner h/ at one of its appearances is shorter than a*, belongs to C,,, and has the 
same convex hull as a*. Since two arcs with the same convex hull have the same 
width, this contradicts the minimality of a*. 


Proof of (ii). Each segment endpoint is in H because if a* had a segment 
endpoint not in H, a shorter arc with fewer segments and the same convex hull 
could be made by cutting the corner just as in (1). O 


LEMMA 3. A minimal arc a* has no self-intersections. 


Proof. Lemma 2 implies that if a* does cross itself, it must do so strictly inside 
its convex hull. Suppose there is such a crossing. Then there are points D, E, F, G 
along the arc, visited in that order, such that segment DE of the arc intersects 
segment FG. Thus 


A B=A DE FG B, 
where A D or G B might be trivial. Now DE and FG are the diagonals of a 


quadrilateral, of which DF and EG are two opposite sides. So by adding two 
applications of the triangle inequality 


|DF| + |EG| < |DE| + |FG|. 
Consider the new arc 
A DF EG B, 
where F E is E F reversed. The convex hull of the new arc is the same as that of 


a*, but by the above inequality the new arc is shorter, contradicting the minimality 
of a*. O 


Fic. 14. Construction for the proof of Lemma 3. 
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According to the above, a minimal arc a* must visit each corner of its convex 
hull exactly once without ever intersecting itself, by a succession of line segments 
between corners of the convex hull. For want of a better term let us call such an arc 
standard. The initial segment of a standard arc must be an edge of its convex hull, to 
avoid self-intersection. The simplest standard arcs are convex arcs forming all but 
one side of a convex polygon. We say such an arc has one gap. Then there are arcs 
of standard form with two or more gaps: 


Fic. 15. Standard arcs with 1, 2 and 3 gaps. 


In general, an arc of standard form must comprise all segments of its convex hull 
except for a finite number of these segments, which we call gaps. 


LEMMA 4. A minimal arc a* of width at least 1 has endpoints at , distance. 
d(a*) > 1. 


Proof. Let a* have endpoints A at the origin and B on the positive x-axis in x, y 
coordinates. Let CAD be the corner of the convex hull of a* at_A, EBF the corner 
at B. Because of the standard form of a*, one of the segments AC and AD must be 
a segment of a*, while the other must be a gap on the convex hull; similarly for BE 
and BF. We will show that angles CAD and EBF are both at most right angles. 


z=0 z = d(a*) 
Fic. 16. Construction for proof of Lemma 4. 
Once this is proved, it is clear that a* must lie within the strip bounded by the 


lines x = 0 and x = d(a*). Since the width of a* in the horizontal direction is at 
least 1, d(a*) must be at least 1. 
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Suppose angle CAD is obtuse. Assume to be definite that AC is the first segment 
of a*, so AD is a gap. Let A’ be the foot of the perpendicular dropped from C to AD. 
Let C B denote the portion of a* starting at C and ending at B. Consider the new 
arc a** = A’C B. This arc a** is clearly shorter than a*. But its convex hull 
contains that of a*, so its width is at least 1. This contradicts the minimality of a*. 


Fic. 17. Construction in case angle CAD is obtuse. 


Thus angle CAD is at most a right angle. A similar argument shows angle DBE 
is at most a right angle, completing the proof of the Lemma. O 


Now by Proposition 1, no matter what the bound on the number of segments, for 
a minimal arc a* of width at least 1, 


I(a*) > (4 + d?(a*) > V5 = 2.236... 


Approximating any arc by arcs with a finite number of straight segments, it follows 
that every arc of width at least 1 has length at least ¥5. But more work is required 
to get up to the length 2.278... of the caliper of Section 2. This is the subject of the 
next section. 


4. Convexity of minimal arcs. It will be shown in this section that for any 
positive integer M, a minimal arc a* of width at least 1 with at most M segments 
must be convex. It follows that the caliper defined in Section 2 is in fact a shortest 
arc among all arcs with width at least 1. According to the previous section a* is 
standard. That is to say, it must visit each corner of its convex hull exactly once, 
without ever intersecting itself, by a succession of line segments between corners of 
the convex hull. In general, a standard arc must pass along each edge of its convex 


= ae 
Ld] 
c- 7S wm wees 


Fic. 18. A standard arc with 5 gaps. 
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hull except for a finite number of edges which we call gaps. Assuming that the arc 
starts clockwise from A, it must wind clockwise around the hull until it meets a gap. 
This might be the end, in which case the arc is convex with just one gap. Otherwise, 
if the arc has n gaps it must cross back and forth across the interior of the hull by 
say n-—1 straight segments, winding successively anticlockwise and clockwise 
around the hull between these crossings. 

Associated with each gap of a standard arc is a convex portion of the arc which 
connects the ends of the gap. Call this portion of arc the arch across the gap. A 
standard arc thus consists of a succession of arches across gaps, with adjacent arches 
overlapping by a segment crossing the hull. Define the altitude of an arch to be the 
width of the arch between parallels to its gap. A key step in our argument is 
provided by the following lemma. 


Fic. 19. The arches of the arc in Fic. 18 and their altitudes a,. 


LEMMA 5. Jf a standard arc has width w, at least one of its arches has altitude at 
least w. 


Proof. For a convex arc with one gap this is trivial. Consider then an arc with 
two arches of altitudes a, and a,: 


Fic. 20. An arc with 2 arches. 


The first arch is taken to be above the first gap, which is assumed horizontal. If 
a, > w there is nothing to prove. So suppose a, < w. Then to achieve width w 
between horizontals the end of the second gap at B must lie above the horizontal at 
level a,. The second gap must therefore have positive slope. By convexity, the 
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parallel to this gap supporting the arc from below must touch the arc at a point P 
on the second arch. Consequently, this arch has altitude a, > w. 

This argument extends to a standard arc with n arches as follows. Keep track of 
the order in which the arches are traversed. Suppose that the supporting parallel 
opposite a gap touches the arc at a point of the arch over that gap, or on some later 
arch. Then if that point of contact is over the arch, the altitude of the arch must be 
at least w. And in case that point of contact is not on the arch over the gap, but 
later, the supporting parallel opposite the next gap touches the arc on or after the 
next gap. This is shown by the same argument as above in case n = 2. This serves as 
an inductive step which forces some arch to have altitude at least w, because there 
are only a finite number n of arches. O 


LEMMA 6. A minimal arc a* with at most M segments is convex. 


Proof. For convenience, rotate and reflect a* so that the gap corresponding to 
the tallest arch is horizontal. By Lemma 5, this arch has altitude at least 1. Let C, 
and C, denote the left and right endpoints of the gap. 

Suppose C, is not an endpoint of the arc. Then there is a last point of the arc on 
the convex hull before C,, call it L,, which is the end of another gap, say L,L,. It is 
clear that L,L, cannot be parallel to C,C, since if it were the length of a* would be 
at least 3. Thus L,L, must meet C,C, at some point F£, say, to the right of C,, as in 
the figure below. This point EF must also be to the right of a perpendicular dropped 
vertically from L,, since otherwise this perpendicular would offer a shorter path 
with bigger convex hull. 


>1 


FIG. 21. Case (i). 


Case (i). |L,L,| <|L,C,|. In this case we could replace the portion L, B of a* 
by the path L,L, RS, as in Fic. 21 where R is the rightmost point of a*, and S is 
the foot of a perpendicular dropped from R to C,C,. But since |RS| < |C,L,| this 
gives a Shorter arc with the same convex hull. 


Case (iu). |L,L,| > |L,C,|. Now L, must lie on or outside the circle with center 
L, and radius |L,C,|, as in Fic. 22. Let L,L, intersect the circle at D, and let the 
tangent to the circle at D intersect C,C, at F. 
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FIG. 22. Case (11). 


By the geometry of the diagram 
| DF | <|FL,| <|C,L,| < I(C, Ly) <|DE|. 


The last inequality is due to the minimality of a*, since otherwise we could replace 
the portion L, L, of a* by the two straight line segments LD and DE to get a 
shorter arc with a bigger convex hull. Hence | DF|<|DE|. That is, 


angle C, EL, = angle FED < 45°. 


Let T denote a point on the arch from C, to C, farthest away from the gap, so 


the perpendicular distance between T and C,C, is the altitude of the arch. Reflect T 
about C,C,, and do the same with L,. Let L be the reflection of L,, and 7” the 
reflection of T. 

Then 


I(T C,) + UC, L,) =|TC,| +|GL,| 
=|TC,| +|GL4 
> distance of T from T'E. 
This distance is least when angle C,EL, is 45°, that is, angle TET’ = 90°. And in 


Fic. 23. The reflection argument. 
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this case the distance is at least 2 . So 
I(a*) > 1(C, TC, B) > 1+ v2 > 24. 


But by Lemma 1, /(a*) must be less than 2.309... . This contradicts the minimality 
of a*, so C, must be an end of the arc. 

Equally, C, must be the other end of the arc. That is to say, a* is a convex arc 
with a single arch. O 


5. Exercises and Open Problems. 


Uniqueness of the shortest arc of width one. A weakness of the indirect argument 
of the last section is that it does not seem to settle the uniqueness question. While 
the arguments of section 3 show that the caliper is unique among convex arcs, and 
some variation of the argument of the last section should ensure uniqueness among 
arcs that cross their convex hull only a finite number of times, what about arcs that 
cross an infinite number of times? It is hard to imagine such an arc of width one of 
the same length as the caliper, but we do not have a proof that no such arc exists. 


Maximizing the probability of crossing. Consider again the problem, posed in the 
introduction, of maximizing the probability that a dropped piece of wire of length / 
will cross parallel lines distance 1 apart. In case the arc is not planar there may be 
some ambiguity about what constitutes a crossing. But however this ambiguity is 
resolved, it is obviously best to keep the wire bent in a planar arc. If the arc has 
width wy, between parallels at angle @ to the x-axis, then by conditioning on the 
angle @ at which the arc falls relative to the parallels, the chance of crossing is 


P(cross) = (1/m) fmin( 9,1) d0. 


The problem is to maximize this integral over all arcs of length /. Call the maximal 
value of P(cross) so obtained P*(/). The existence of an arc of length / attaining 
this bound can be shown by the usual kind of compactness argument. For / < 1, the 
optimal arc is straight. And for / > 2.27829..., the length of the caliper, P*(/) is 1. 
But for / between 1 and the length of the caliper, we do not know how to find an 
optimal arc, whether it is unique, or what is the value of P*(/). 


Upper bounds on P*(l). Because the expected number of crossings is (2/7)/, no 
matter what the arc, Markov’s inequality gives 


P*(1) < (2/7) 
The graph of the right-hand side as a function of / is the straight line through the 
origin in FIGURE 25. For / < 1 this Markov bound is attained. And for / greater 
than the length of the caliper, P*(/) is 1. But we do not know any better upper 
bounds on P*(/) than 1 and the Markov bound. 


Lower bounds on P*(l). 

1. Leaving the arc straight. Lower bounds on P*(/) are of course easier to 
obtain, by computation of P(cross) for particular arcs of length /. For a straight arc 
of length / > 1 the crossing probability is well known and easily calculated: 


Prrraign() = (2/7)(1(1 — sin B) + B), where B = arccos(1//). 


The graph of P,,,cignt(/) is the lowest curve in FIGURE 25. 


324 ANI ADHIKARI AND JIM PITMAN [April 


2. Bending the arc in the middle. The next easiest case is an arc of two straight 
segments bent in the middle. Let d be the distance between the ends, h = //2, the 
length of each segment, as in FIGURE 24. 


YN. 


Fic. 24. A straight arc bent in the middle. 


In case d <1 and h <1, when the triangle defined by the arc must cross the 
lines either zero or two times, the crossing probability is simply 
(2/7 )( perimeter of triangle) /2 = (1 + d)/1, 


since the expected number of crossings is (2/7 )( perimeter of triangle). So for fixed 
1 </ < 2 it is best to make d > 1. According to our calculations, which we invite 
the reader to check as an exercise, for / between 0 and 2/ 3 it is best to leave the 
arc straight. For ] > 2/ V3, the arc should be bent in the middle so that the distance 
d between its ends equals 2/73. Let P*,4-(/) denote the maximum crossing 
probability for an arc of length / bent in the middle. Then 


Pwadie(l) = Prrraignt(!) forO </< 2/v3, 
l 1 
=— +3 for 2/V3 <1 <2, 
7 


l 1 4 
——4 377 —[vn? — 1 - arccos 1/h| for 2 <1<4/y3, 
7 7 


1 for] > 4/73. 


The function P*,,,.(/) is the middle curve in FIGURE 25. By the formula above, 
P * idie(2-27829...) = .99794... . So P*(/) is very close to P,* ,4,-(/) for / near the 
length of the caliper. 


3. Bending the arc into two straight segments. We conjecture that P*.44,,(/) is in 
fact the maximum crossing probability over all arcs of length / bent, not necessarily 
in the middle, into two straight segments. We can calculate the crossing probability 
of any arc bent into two straight pieces. But the formula for the probability is 
forbidding, and we have not gone through the calculus necessary to verify our 
conjecture. To see what the formula is like, consider the triangle of FIG. 26. 

The crossing probability is the integral 


[rmin( 9,1) a0. 
0 
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Fic, 25. Crossing probabilities for various arcs. 


FIG. 26. Triangle defined by into two straight segments. 


divided by z. As can be seen from the diagram, this integral breaks into three parts, 
each representing the contribution from an interval of angles 6 for which the width 
is attained by a particular side of the triangle. The length of this interval is the angle 
opposite the side. Here is the contribution from the interval of angles 6 from 0 to B 
in FIGURE 26 for which side b attains the width, call it Int( 8). The contributions of 
angles a and y are similar, with cyclic changes in sides and angles. 


Int(B) = ['min(b sin(@ + a),1) dé. 


=b(cosy+cosa) ifb<1. 


For b > 1, the integral is more complicated, but reduces after some calculation, as 
follows. Let 


® = (7/2 — a) + arccos1/b, 
® = (7/2 - a) — arccos1/b. 
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For a function f of 0, let [ f(@)]” denote f(y) — f(x). Then, 


Int(B) = [—bcos(a + 8)]o~ + 2arccos(1/b) + [—bcos(a + a))5. 
if0<@_<90,< 8 


= 6,+[-bcos(a + 6)]5. if® <0<6,<£ 
=[-beos(a + 0)]>° +(B-®_) if0<O_<B<6, 
= B if® <0<B<®,. 


Add this expression and two similar expressions for Int(a) and Jnt(y), and divide 
by 7 to get the crossing probability for an arc composed of two straight segments. 
The reader is invited to check this analysis, and verify our conjecture that bending 
in the middle always maximizes this crossing probability for given length. 

Let Pjaaie(l, d@) denote the chance that an arc of length / bent in the middle into 
two segments, with endpoints distance d apart, crosses at least once. It is interesting 
to note that in the case / < 2, d > 1, it is possible to bend the arc at points other 
than the center and still have chance P,,.44,.(/, d) of crossing. Suppose the arc is 
bent so that the distance between the two endpoints is still d, but the two arms have 
different lengths. Then provided both arms have length less than one, the chance 
that the arc crosses at least once is P_,44;-(1, d). To see this, consider the triangular 
closed arc. This crosses either zero, two, or four times. Since the distance between 
the ends is fixed, the perimeter of the triangle is the same no matter where the arc is 
bent. So the expected number of crossings is the same, no matter where the arc is 
bent. And if both arms have length less than 1, then four crossings are made if and 
only if the base of the triangle crosses twice. So the probability of crossing four 
times is the same no matter where the arc is bent, provided both arms have length 
less than 1. This implies the chance of at least two crossings remains the same. Thus 
if our conjecture above is correct, then in the case / < 2 there are infinitely many 
ways to bend the arc in two to maximize the probability of crossing. 


4. Bending into 3 or more segments. This will, of course, lead to better lower 
bounds on P*(/). But after our calculations above for two segments we do not see 
how to organize the computations sensibly, let alone evaluate P*(/) as a limit. All 
we know for sure is that this maximal probability as a function of / lies somewhere 
in between the top two curves in FIGURE 25. Once again, the reader is invited to 
help. 


A variation of the problem. A nice conjecture about a variation of the problem 
was suggested to us by David Goldschmidt. Suppose you are allowed to cut the wire 
and glue the pieces back together to form a connected union of arcs, call it a gadget. 
How now can you improve the crossing probability, and what is the shortest length 
from which you can make a gadget of width 1? The conjecture for the shortest 
gadget of width 1 is three straight arms connecting the corners of an equilateral 
triangle of altitude 1 to its center. Since this gadget is so much simpler to define 
than the caliper, perhaps there is a simple proof. 


The problem in higher dimensions. What is the shortest arc of width one in d 
dimensions? This problem seems very much harder in three or more dimensions. 
The three-dimensional problem can be presented as follows. Suppose there is a one 
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inch gap between the parallel plane sides of your stove and your kitchen cupboard. 
What is the shortest length of a piece of wire that can be bent in such a way that it 
cannot fall into the crack? Presumably the solution is shaped something like three 
connected sides of a regular tetrahedron of altitude one inch, but we have no idea of 
what the exact shape must be. 
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The Use of Full Covers in Real Analysis 


MICHAEL W. BOTSKO, St Vincent College, Latrobe, PA 


MICHAEL W. BoTsKO: I received my B.A. and M.A. from Duquesne Univer- 
sity and my Ph.D. from the University of Pittsburgh under the supervision of 
George Laush. My main interest is the teaching of mathematics, but I also 
enjoy studying in the area of real functions. 


1. Introduction. It is the purpose of this article to show how the concept of a full 
cover can be used to simplify and unify the proofs of some harder theorems in 
elementary analysis. Let us begin with the definition of a full cover which was given 
in [6]. 


DEFINITION. Let [a, b] be a given closed, bounded interval and let X be a subset of 
[a, b]. A collection @ of closed subintervals of |a, b] is a full cover of X if to each x in 
X there corresponds a number 5(x) > 0 such that every closed subinterval of |a, b] 
that contains x and has length less than 5(x) belongs to @. 


Since a collection @ of closed intervals is a Vitali cover of a set X if at each point 
x in X there are in @ intervals containing x of arbitrarily small length, it is clear 
that a full cover of X is also a Vitali cover but not conversely. For Vitali covers we 
have the well known and rather hard to prove Vitali Covering Theorem. For full 
covers, however, the following much easier result is available to us; see [6, p. 79]. 


THOMSON’S LEMMA.* If @ is a full cover of [a,b], then @ contains a partition of 
[a, b], i.e., there is a partition of [a, b| all of whose closed subintervals belong to @. 


Proof. (The proof is given in [1] and [6] and is repeated here for convenience.) 
Suppose @ contains no partition of [a, b]. Then by repeated bisection of [a, b], 
there must be a sequence { J} of closed subintervals of [a, b] such that J, 3 J,,,, 
for each n, |J,| — 0, and @ contains no partition of any J,. (|J,,| denotes the length 
of J,.) By the Nested Interval Theorem there exists an x in the intersection of the 
sequence { J,}. Consider 5(x) as is given by the above definition. Since |J,| — 0 
there exists a positive integer N so large that |J,| < 6(x). Therefore, J,, belongs to 
@ whence @ trivially contains a partition of J,,, a contradiction. 


The idea of extracting partitions from full covers goes back at least as far as 1900, 
since this technique was used by Goursat in [3] to prove the Cauchy Integral 
Theorem. More recently (see [6]), Brian S. Thomson used the method to prove 
certain monotonicity theorems involving ordinary derivatives. For an application of 
Thomson’s Lemma to some easier proofs in elementary analysis, see [1]. 


*It has recently come to my attention that this type of result was published by Pierre Cousin in Acta 
Math., vol. 19 (1895) 22. 
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Let us close this section with two easy remarks that will facilitate some of the 
proofs in this article. 


Remark 1. Let E and F be subsets of [a, b]. If € is a full cover of E and ¥ isa 
full cover of F, then &U ¥ is a full cover of E U F. 


The proof is immediate. 


Remark 2. Let X bea subset of [a, b] and let Y be a collection of open sets that 
covers X. If @ is the collection of closed subintervals of [a, b] each of which is 
contained in some set in Y, then @ is a full cover of X. 


Proof. Let x belong to X which implies that x is in O for some O in Y. Thus 
there exists 6(x) > 0 such that (x — 6(x), x + 6(x)) C O. Now let I be any closed 
subinterval of [a, b] that contains x and has length less than 6(x). Since J C 
(x — 6(x), x + 6(x)) C O, it follows that J belongs to @ and that @ is a full cover 
of X. 


2. A related method. Recently Professor Leonard Gillman informed the author 
that an idea related to the lemma was used by L. R. Ford in [2] and again by P. 
Shanahan in [5] to prove some theorems in elementary analysis. In order to discuss 
the method given by Ford and Shanahan we need two definitions. 

Let @ be a collection of subsets of [a,b]. We say that @ is local if each 
x € [a, b] has a neighborhood, with respect to the relative topology on | a, b|, which 
is a member of @. We say that @ is additive if whenever C, and C, are members of 
@ such that C, N C, # @, then C, UG, € @. 

We now state the main theorem used by Shanahan in [5] and give a proof of this 
theorem using Thomson’s Lemma. 


THEOREM 1. Jf @ is a local, additive collection of closed subintervals of |a, b], 
then € contains [a, b]. 


Proof. Let 
Q={1I:I1C J forsome/ in@}. 


(In this and all other proofs, J represents a closed subinterval of [a, b].) Clearly G 
is a full cover of [a,b] and by Thomson’s Lemma there exists P = 
{Xo, X}, X5,---,X,} a partition of [a, b] such that each I, = [x,_,, x,] belongs to 
Q. Now to each I, there corresponds a J, in @ such that I, ¢ J,. Since [a, b] is the 
union of J,, J5,..., J, and @ is additive, we clearly have that [a, b] belongs to @. 


In a letter to the author, Professor Gillman restated the above theorem in the 
following way. 


THEOREM 1 (2nd version). If @ is a local collection of closed subintervals of | a, b], 
then © contains a finite subcover of |a, b]. 


Because of this Professor Gillman made the observation that Theorem 1 actually 
paraphrases the Heine-Borel Theorem. 

When we consider the second version of Theorem 1, we see the advantage in 
using Thomson’s Lemma for proving certain theorems in analysis. The advantage of 
course is that Thomson’s Lemma gives a finite subcover consisting of abutting 
closed intervals. Because of this the lemma is more appropriate than Theorem 1 for 
the proofs that we will be considering in this article. 
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3. Proving theorems using full covers. Let us now begin our applications of the 
lemma by presenting one of the monotonicity theorems given by Thomson in [6]. 


THEOREM 2. If Df(x) > 0 everywhere on an interval | A, B], then f is nondecreas- 
ing on that interval. (Df(x) is the lower derivative of f at x.) 


Proof. Let a and b belong to [A, B] with a < b and show that f(a) < f(b). Let 
e > 0 be given and let 


@= {I: f(1) > -aI}}. 


(In the spirit of [6], f(7) denotes f(d) — f(c) where I = [c, d].) To show that @ is 
a full cover of [a, b] let x belong to [a, b] and note that Df(x) > —e. Thus there 
exists 6(x) > 0 for which (f(y) — f(x))/(y — x) > —e for all y in [A, B] such 
that 0 <|y — x| < 6(x). Now let J be any closed subinterval of [a, b] such that 
x © I and |J| < 6(x). We can easily show that f(7) > —e|Z| and hence J belongs 
to @. Thus @ is a full cover of [a, b] and by Thomson’s Lemma there exists a 
partition P = {X9, X1, X7,...,X,} of [a, b] such that each J, = [x,_ , x,] belongs 
to @. Therefore 


f(b) ~ fa) = L(t) > ~# Vit = ~ eb). 


Since e is arbitrary we have that f(b) — f(a) > 0 which completes the proof. 


By adding additional intervals to his full cover, Thomson also proves more 
general monotonicity theorems in regard to the ordinary derivative. 

Since Thomson’s lemma yields a partition of [a, b] whose closed subintervals 
belong to our full cover, it is ideal for proving Riemann integrability. To illustrate 
the method we first show that a continuous function is Riemann integrable and 
then, by slightly modifying our proof, establish a much more general result. 


THEOREM 3. If f is a continuous real valued function on |a, b], then f is Riemann 
integrable on |a, b}. 


Proof. Let ¢ > 0 be given and let 
@ = {1: f is bounded on J and sup,f — inf,;f < e/(b — a)}. 


To show that @ is a full cover of [a, b], let x be any point in [a, b]. Since f is 
continuous at x, for «/(4(b — a)) > 0 there exists 8(x) > 0 for which 
f(y) — f(x)| < €/(4(6 — a)) for all y in [a, b] such that |y — x| < 6(x). Now let 
I be any closed subinterval of [a,b] with x € J and |J| < 6(x). Clearly f is 
bounded on J and 


sup,f — inf,f < e/(2(b — a)) < e/(b— a), 


which says that J is in @. Thus @ is a full cover of [a, b] and by Thomson’s Lemma 
we have P = { Xo, X1, X2,.--, X,} a partition of [a, b] such that J, = [x,_1, x,] is 
in @ for each k. Since f is bounded on each J,, it clearly follows that f is bounded 
on [a, b]. Let us now form the difference between the upper and lower sums of f 
over the partition P. 


Sp(f) — Sp(f) = » (M, — m,)|I;l. 


k=1 
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(M, = sup{ f(x): x © I,} and m, = inf{ f(x): x € I,}.) 
<(e/(b-a)) Ll = «. 
k=1 


Thus S>p( f) — Sp(f) < € and the proof is complete. 
We now prove the more general theorem using only a slight modification of the 
proof of the previous result. 


THEOREM 4. If f is bounded on [a, b| and continuous almost everywhere, then f is 
Riemann integrable on [a, b]. 


Proof. There exists M > 0 such that |f(x)| < M for all x in [a, b]. Let E = 
{x: f is continuous at x} and let e > 0 be given. Since [a, b] \ E is of measure 
zero, for e/4M > 0 there exists {J,} a sequence of open intervals such that 
[a,b]\ EC US, and L|J,| < ¢/4M. Now let 


Q= {1: sup,f — inf,;f < e/(2(b — a))}. 
In addition let 
&€= {I: IC J, for some n}. 


Reasoning as in the previous proof, we have that J is a full cover of E. By Remark 
2, & is a full cover of [a, b]\ E. Thus by Remark 1, @= BU @ is a full cover of 
[a,b] and there is a partition P = (Xo, x,, X5,...,x,} of [a, b] such that each 
I, = [X,_1, X,] is in @. Once again we consider the difference between the upper 
and lower sums of f over the partition P. 


Sp(f) — Sp(f) = Ue (M,- m,)I + LM, — m,) il: 
(F) () 
(The first summation is taken over subintervals from QY and the second over 
subintervals from @.) 


< (e/(2(b — a))) » [Z| + 2M I, I 


(9) (@) 
< (e/(2(b — a)))(b-— a) + 2M, 
<¢/2+2M(e/4M) =e. 


Therefore, f is Riemann integrable on [a, b]. 

Thus Theorem 4 which is usually thought of as much more difficult than 
Theorem 3, is proved with very little additional work by using the method of full 
covers. 

We now want to give an elementary proof that an absolutely continuous function 
whose derivative vanishes a.e. is constant. Once again we illustrate the idea by 
proving a much easier result and then, by slightly modifying our proof, establish the 
theorem. 


THEOREM 5. If f’(x) = 0 for all x on |a, b], then f is constant on [a, b]. 


Proof. Let e >0 be given and let @= {J: |f(J)| < eZ|}. (Recall that f(Z) 
denotes f(d) — f(c) where J = [c, d].) To show that @ is a full cover of [a, b] let x 
be any point in [a, b]. Since f’(x) = 0 there exists 6(x) > O such that |( f(y) — 
f(x))/(y — x)| < € for all y in [a, b] for which 0 < |y — x| < 6(x). Now if J is 


332 MICHAEL W. BOTSKO [April 


any closed subinterval of [a, b] such that x € J and || < (x), it is easy to see that 
|f(1)| < elZ| so that J belongs to @. Therefore, @ is a full cover of [a, b] and by 
Thomson’s Lemma there exists a partition P = {X9, X,, X,..., X,} of [a, b] such 
that each J, = [x,_,, x,] belongs to @. Therefore, 


(2) ~fai< Lh) <eL hl = eb ~ a). 


Since e is arbitrary we have that f(b) = f(a) and it follows that f(x) = f(a) for all 
x in [a, b]. 


Let us now prove the much more general result which is often established by 
using the Vitali Covering Theorem; see [4, pp. 90—91]. 


THEOREM 6. If f is absolutely continuous on [a,b] and if f(x) =0 almost 
everywhere, then f is constant on [a, b]. 


Proof. Let E = {x: x € [a,b] and f’(x) = 0} and let e > 0 be given. Since f is 
absolutely continuous on [a, b], there exists 6 > 0 such that 17_,|/(b,) — f(a,)| < € 
for every finite collection {[a,, b,]} of nonoverlapping subintervals of [a, b] with 
L7-1(b, — a,) < 8. Since [a, b] \ £ is of measure zero there exists { J,} a sequence 
of open intervals such that [a, b]\ E Cc UJ, and X|J,| < 6. Now let 


D={I:|f(1)| < e7|} and €= {J: IC J, for some n}. 
9 is a full cover of E by the previous proof and @ is a full cover of [a, b]\, E by 
Remark 2. Hence @= DV @ is a full cover of [a, b] by Remark 1. Thus by the 
lemma there is a partition P = {Xo, X,, X5,...,X,} of [a, b] such that each I, = 
[x,_1, X,] belongs to @. Clearly 


f(b) -fla)l< LISI + LAF): 


(2) (f) 


(The first summation is taken over subintervals from @Y and the second over 
subintervals from @.) 


<e) || +e 
(2) 


(This is true because }°|J,| < ))|J,| < 6.) 
(@) 
<e(b-—a+tl). 
Therefore, | f(b) — f(a)| < e«(b — a+ 1) and since e is arbitrary, f(b) = f(a). 


From this it clearly follows that f(x) = f(a) for all x in [a, b] and the proof is 
complete. 


Next we give a proof of the following mean value theorem which requires a 
somewhat different sort of full cover. 


THEOREM 7. If f is continuous and g is nondecreasing on [a, b] and if |f"(x)| < 
g’(x) except for a countable subset of {a, b], then |f(b) — f(a)| < g(b) — g(a). 

Proof. Let E = {x: x €[a, b] and |f’(x)| < g’(x)}. Then [a, b]\\ E is count- 
able and can be expressed as { y,, y>, y3,... }. Let e > 0 be given and let 


D={I:|fU)| < g(Z) + alli}. 
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In addition for each positive integer n let 
é, = { I: I contains y, and |f(J)| < e/2"*1}. 


It is not very difficult to show that @= DU (U@,) is a full cover of [a, b]. Thus 
there exists P = {X9, X,,X,...,X,,} a partition of [a,b] such that each J, = 
[x,1, X,] belongs to @. Now 


f(b) -flal< LIAO + L LPL 


(2) n (é,) 


(The notation for the sums is similar to that used in the proofs of Theorems 4 
and 6.) 


< X (s(t) + ef1,|) + 20 2(e/2”*") 
(D n 


(This is true because there can be at most two closed subintervals of the partition in 
any €.) 


< 9(b) — g(a) +e(b-—a) +e=2(b)-g(a)+e(b-—a+tl). 
Thus, | f(b) — f(a)| < g(6) — g(a) and the proof is complete. 


There are other interesting results along the lines of Theorem 7 that can be 
proved by Thomson’s Lemma. In closing let us state one such theorem. 


THEOREM 8. If f is absolutely continuous on [a, b| and g is nondecreasing and if 
|f'(x)| < g(x) a.e. on [a, b], then |f(b) — f(4)| < g(b) — g(a). 


(Since the proof is quite easy, we will only give the appropriate full cover and 
leave the rest to the reader.) Let e > 0 be given and let E = {x: |f’(x)| < g’(x)}. 
Let 6 > 0 be the positive number corresponding to ¢ in the definition of absolute 
continuity of f; see the proof of Theorem 6. Since [a, b] \ E has measure zero there 
exists { J,} a sequence of open intervals such that [a, b]\ E © UJ, and L|J,| < 6. 
Let 


9 = (1: |f(1) |< g() + ali} 
and let 
€={I: IC J, for some n}. 


Then ¢= 9V@ is a full cover of [a, b] which can easily be used to prove the 
theorem. 

In Theorems 5, 6, 7, and 8 we have assumed that f is a real valued function. It is 
clear, however, that all four theorems remain valid with essentially the same proofs 
for f a function from [a, b] into a Banach space. 


REFERENCES 


1. M. W. Botsko, A unified treatment of various theorems in elementary analysis, this MONTHLY, 94 
(1987) 450-452. 

2. L.R. Ford, Interval-additive propositions, this MONTHLY, 64 (1957) 106-108. 

3. E. Goursat, Sur la definition générale des fonctions analytique, d’aprés Cauchy, Trans. Amer. Math. 
Soc., 1 (1900) 14-16. 

4. H.L. Royden, Real Analysis, Macmillan, New York, 1963. 

5. P. Shanahan, A unified proof of several basic theorems of real analysis, this MONTHLY, 79 (1972) 
895-898. 

6. B.S. Thomson, On full covering properties, Real Analysis Exchange, 6 (1980-81) 77-93. 


UNSOLVED PROBLEMS 


EDITED BY RICHARD GUY 


In this department the MONTHY presents easily stated unsolved problems dealing with notions 
ordinarily encountered in undergraduate mathematics. Each problem should be accompanied by 
relevant references (if any are known to the author) and by a brief description of known partial results. 
Manuscripts should be sent to Richard Guy, Department of Mathematics and Statistics, The 
University of Calgary, Calgary, Alberta, Canada T2N 1N4. 


What Are the Laws of Greed? 


JIM PROPP 
University of California, Berkeley, CA 94720 


Given a fixed prime p, suppose we partition the natural numbers 0,1, 2,... into 
disjoint sets Sp, S,, S,,..., none of which may contain an arithmetic progression of 
length p, and suppose moreover that we effect this partition following the “greedy 
algorithm.” That is, we successively assign each natural number n to the set S, with 
k as small as possible, subject to the constraint that this assignment must create no 
arithmetic progression of length p in S,. What formula governs the partition 
determined by this algorithm? 

To see what sort of formula one might hope for, consider the case p = 3 (the 
only case solved to date aside from the trivial case p = 2). Carrying out the greedy 
algorithm, we find that 


0ES 

1e€ Sj 

2€ES, (since 0,1 € Sj) 

3€S, 

4eES8, 

SES, (since 1,3 (and 3,4) € S,) 
6eS, (since 0,3 € S,) 

TES, (since 1,4 © S, and 5,6 € S;) 
8 ES, (since 0,4 € S, and 2,5 € S,) 


and so on. Gerver, Propp, and Simpson [1] define the sequence (a,)> = 
(0,0,1,0,0,1,1,2,2,...) by the rule that a, = k exactly if n © S,, and they prove 
the recurrence relation 


fork >0,0<r<2, (1) 


1 
A3k4r — 504, +r) 
where “[-]” is the greatest integer function. 
The sequence (a,,) can be viewed as an irregular “waltz” 
(0,0,1;0,0,1;1,2,2;...) 


played on a semi-infinite piano keyboard. The musical merits of this endless waltz 
are doubtful, but it is easy to memorize: only certain three-note patterns can occur 
within a measure, and the performer can memorize the sequence of these patterns 
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for 0 < k, r < p — 1, where p is any prime. Going on past n = p’, we see that 
things aren’t quite as simple as the p = 3 case might lead us to think. It is almost, 
but not quite, true that equation (2) holds for 0 <k < p*-1,0<r<p-l; 
extensive computer data suggest that the only exceptions occur at values of 
n=pk+r of the form (p?— p?+p—1)+m(p-—), with 2<m<p-1. 
And even the exceptions have a lawfulness to them: if we define c,, = 
Ap} —p?+p—1)+m(p—1)> then we find that c,,(p) depends only on p modulo m, thus 
linking together the behavior of the sequences a,(p) for all the different possible 
(prime) values of p. Moreover, we find that c,, c3,..., Cy] consists of 1’s and 2’s in 
precise alternation if and only if p is one of the odd Fermat primes 3, 5,17, 257,... . 

There is a formula involving the prime factorization of n — 1 that appears to 
accurately describe the behavior of a,(p) for values of n up to p® — 1, but certainly 
one wants much more. Since S,(p) is understood for all primes p and S,(2) and 
S,(3) are understood for all k > 0, it is galling that even as “simple” a case as S,(5) 
has not yet yielded up the secret of its governing rule. Perhaps readers with a bent 
for computer calculation and large-scale data analysis will be able to settle this 
single concrete case; that might prove the opening wedge for the analysis of the 
general case S,(p). 
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NOTES 
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Fair Dice* 


PERSI DIACONIS 
Department of Mathematics, Harvard University, Cambridge, MA 02138 


JOSEPH B. KELLER 
Departments of Mathematics and Mechanical Engineering, Stanford University, Stanford, CA 94305 


1. Introduction. Dice are usually cubes of a homogeneous material. Symmetry 
suggests that a homogeneous cube has the same chance of landing on each of its six 
faces after a vigorous roll, so it is said to be fair. Similarly the four other regular 
solids—the tetrahedron, octahedron, dodecahedron and icosahedron—are fair. Are 
there any other fair polyhedra? 

To answer this question we must first define what we mean by fair. We shall say 
that a convex polyhedron 1s fair by symmetry if and only if it is symmetric with 
respect to all its faces. This means that any face can be transformed into any other 
face by a rotation, a reflection, or a combined rotation and reflection, which takes 
the polyhedron into itself. The collection of all these transformations of a given 
polyhedron is called its symmetry group. The fact that some transformation in the 
group takes any given face into any other given face is expressed by saying that the 
group acts transitively on the faces. Thus we can say that a convex polyhedron is 
fair by symmetry if and only if its symmetry group acts transitively on its faces. 

In the next section we shall determine all such polyhedra. Then in the final 
section we shall show that there are other polyhedra which are fair, but not fair by 
symmetry. 


2. Polar reciprocals. All the symmetry transformations of a convex polyhedron 
leave invariant its center of gravity, which is a point inside the polyhedron. We form 
the dual or polar reciprocal polyhedron of the original polyhedron with respect to 
its center. This is done by passing a plane through each vertex of the original 
polyhedron, perpendicular to the line from the center to the vertex. These planes 
form the faces of the polar reciprocal polyhedron, and each of its vertices is called a 
pole of one face of the original polyhedron. 

Because the symmetry group acts transitively on the faces of the original 
polyhedron, it also acts transitively on their poles, which are the vertices of the polar 
reciprocal polyhedron. Therefore the polar reciprocal polyhedron is symmetric with 
respect to its vertices.” 

The symmetry groups of all polyhedra symmetric with respect to their vertices 
have been determined [1]. Furthermore for each such group there is one polyhedron 


*This research was supported by the Office of Naval Research, the Air Force Office of Scientific 
Research, the Army Research Office, and the National Science Foundation. 
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which has regular polygons for faces. These particular polyhedra are the well-known 
semiregular solids. They comprise thirteen individuals, the Archimedean solids, and 
the two infinite classes of prisms and anti-prisms, which were recognized as 
semiregular by Kepler. The regular or Platonic solids are also semiregular. 

Now we use the fact that the polar reciprocal of the polar reciprocal of a 
polyhedron is similar to the original polyhedron. Therefore we have obtained the 
following result: The polyhedra which are fair by symmetry are duals of the 
polyhedra symmetric with respect to their vertices. Each symmetry group of a fair 
polyhedron is represented by a regular solid or the dual of a semiregular solid. Thus 
in addition to the five regular solids there are thirteen individual polyhedra and two 
infinite classes among the fair polyhedra. 

Lists of the regular and semiregular solids are given on pages 272 and 277 of 
reference 1, together with some of their properties. From the list on page 272 we see 
that every semiregular solid has an even number of vertices, so its polar reciprocal 
has an even number of faces. Therefore every polyhedron fair by symmetry has an 
even number of faces. Drawings of the semiregular solids are shown on page 280, 
and they are determined on pages 269-277 and again on pages 279-286. Drawings 
of the polar reciprocals of the semiregular solids are shown on pages 34 and 35 of 
Pearce [2], and photographs of models of them are shown on page 54 of Holden [3]. 

Each of the semiregular solids belongs to a class of polyhedra with the same 
symmetry group, all of which are symmetric with respect to their vertices. The dual 
of any one of them 1s fair by symmetry, but in general it will be less symmetric than 
the dual of the semiregular solid. For example, suppose that each equilateral 
triangular face of a semiregular antiprism is replaced by a given isoceles triangle 
which is not equilateral. The resulting solid is symmetric with respect to its vertices 
and has the same symmetry group as the semiregular antiprism. Its dual is a fair die 
with quadrilateral faces which are not symmetric about either of their diagonals. On 
the other hand, suppose that the square faces of a semiregular prism are replaced by 
nonsquare rectangles. The new polyhedron is symmetric with respect to its vertices 
and has the same symmetry group as the semiregular prism. Its dual is again a 
dipyramid which is fair by symmetry. It differs from the dual of the semiregular 
prism only in the ratio of the lengths of the sides of a face. 

Griinbaum and Shephard [4] give a complete classification of the convex polyhe- 
dra with symmetries acting transitively on their faces, which they call “isohedra.” 
They are classified by combinatorial isomorphism type and by symmetry group. 
There are some isohedra for which the positive rotations alone (i.e. those which 
preserve orientation, so they do not include reflections) do not act transitively on 
the faces. Earlier Griinbaum [5] showed that every isohedron has an even number of 
faces. 


3. Other fair polyhedra. There are other fair polyhedra which are not symmetric. 
To show this we consider, for example, the dual of the n-prism, which is a di- 
pyramid with 27 identical triangular faces. We cut off its two tips with two planes 
parallel to the base and equidistant from it. When the cuts are near the tips, the 
solid has a very small probability of landing on either of the two tiny new faces. 
However when the cuts are near the base, it has a very high probability of landing 
on one of them. Therefore by continuity there must be cuts for which the two new 
faces and the 2n old faces have equal probabilities. The locations of those cuts, 
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which depend upon the mechanical properties of the die and the table, could be 
found by experiment or by a difficult mechanical analysis along the lines of our 
previous study of coin tossing [6]. Similar constructions can be carried out starting 
with other dice which are fair by symmetry, or which are obtained by this 
construction. We say these dice are fair by continuity. 

As an example, let us consider an infinite prism with a regular n-gon as its cross 
section. Let us cut it with two planes a distance L apart perpendicular to its 
generators, to produce a polyhedron with n + 2 faces. For L large this solid has 
very low probability of landing on either of its two ends, whereas for very small L it 
has a high probability of landing on one of them. Therefore by continuity there is 
some value of ZL for which it has the same probability of landing on any one of its 
n + 2 faces. When n is odd this yields a fair die with an odd number of faces. 

The problem of characterizing all fair dice, not just those which are fair by 
symmetry or by continuity, is still unsolved. 


It is a pleasure to thank Hans Samelson, Halsey Royden, Edward Gilbert, and Branko Griinbaum for 
interesting discussions of this topic. 


REFERENCES 


1. Fundamentals of Mathematics, Volume II, Geometry, H. Behnke, F. Bachman, K. Fladt, and H. 
Kunle, editors; translated by S. H. Gould, MIT Press, Cambridge, 1974. 

2. Peter Pearce, Structure in Nature is a Strategy for Design, MIT Press, Cambridge, 1978. 

3. Alan Holden, Shapes, Space and Symmetry, Columbia University Press, New York, 1971. 

4. Branko Griinbaum and G. C. Shephard, Spherical tilings with transitivity properties, in The 
Geometric Vein: The Coxeter Festschrift, C. Davis, B. Griinbaum and F. Shenk editors, Springer- 
Verlag, New York, 1982. 

5. Branko Griinbaum, On polyhedra in E? having all faces congruent, Bull. Research Council Israel, 8F 
(1960) 215-218. 

6. Joseph B. Keller, The probability of heads, Amer. Math. Monthly, 93 (1986 ) 191-197. 


A Remark on Euclid’s Proof of the Infinitude of Primes 


JOHN B, COSGRAVE 
Mathematics Department, Carysfort College, Blackrock, Co. Dublin, Ireland 


IN MEMORY OF NIKHIL BANERJEE 


Every student of elementary number theory knows Euclid’s proof that there are 
infinitely many prime numbers: for if p,,..., p, are the first m primes and N is 
their product, then every prime dividing (N + 1) 1s larger than p,. If, however, we 
let N,” be the product of the first n primes with the prime p, (1 <i <n) 
excluded, it does not follow that every prime divisor of (N,“” + 1) is larger than p,, 
as the prime p, is now a possible divisor, for example: 

(a) NO +1=2-5-7-11+41 =3- 257, is divisible by the primes 3 and 257, 

N{O+1=2-3-5-11-13+1=7- 613, divisible by the primes 7 and 
613. 
(b) N+ 1=3-5+1 = 2%, is divisible only by the prime 2, 
NY + 1=3 +41 = 2?, also divisible only by the prime 2, 
NO +1=24+1=3. 
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I used to mention these to my students to emphasize the success of Euclid’s 
argument, particularly those in (b), to show that (N,” + 1) need not be divisible by 
any prime larger than p,. Experimentation easily leads to the discovery of more 
examples of type (a), but, as I will show in this note, there are no more of type (b). 

If (N,” + 1) is not divisible by a prime larger than p,, then it must be a power 
of the excluded prime p,, and so equal p;”, for some integer m > 1. 


THEOREM. N”) + 1 = p’™ is impossible for n > 4, m an integer, m > 1. 


REMARK. N°) +1=3-5-7-11+4+1 = 34, so (N{” +1) can be a proper 
power, even when n > 4. 


We require some lemmas. 
LEMMA 1. p,, < P, °°: P,-1 + 1 forn 2 3. 


Proof. This is well known. One has p,,, <(N +1) for n21 (from 
Euclid)—which is to say that p, < (p, -:- p,—-; + 1) for n > 2. But if one consid- 
ers (N — 1), with n > 2, it is divisible by a prime which must be larger than p,, and 
the inequality p,,, <(N— 1) <(N +1) follows. Thus p,,, <(p, -:: p, + I) 
for n > 2, and so p, < (Pp, -** P,-1 + I) for n > 3. 


LEMMA 2. If p is prime and x? = 1(p), then x? = 1(p’). 


Proof. Since x? = 1(p), then x # 0(p), and so x?~' = 1(p) by Fermat’s little 
theorem. Thus x? — x?-! =1—1=0(p), and so x?" (x — 1) = O(p), and x = 
1(p). But x? —1=(x—1)(x? 14+ xP 274+ +--+) +x +1), and (x? 14+ --- +1) 
= (1+ --- +1) = 0(p), and (x — 1) = 0(p), and so (x? — 1) = 0(p’). 


LEMMA 3. If p and q are primes and x? = 1(q), then x = 1(q) or gq = 1(p). 


Proof. Let r = ord,x, then r|p and sor =1orr=p. lf r=1, then x = 1(q); 
and if r = p then, since x?7~' = 1(q) by Fermat’s theorem (as x # 0(q)), rlq — 1, 
and so q = 1(p). 


LEMMA 4. If p and q are primes with p* = 1(q), s = p* (k an integer, k > 1) and 
q < p, then p = 1(q). 


Proof. lf k = 1 then p? = 1(q), and by Lemma 3 we have p = 1(q) or gq = 1( Pp), 
and so p = 1(q) as g = 1(p) is ruled out when g < p. Since p**' = p- p*,a simple 
induction argument completes the proof. 


LEMMA 5. The Theorem is true for i = 1 and i = 2. 


Proof. Let i = 1 and suppose N{” + 1 = 2” for some integers m and n with 
n > 4. Then 2” = 1(3) and 2” = 1(7); thus 2|m since ord,2 = 2, also 3|m since 
ord,2 = 3, and so 6|m. Thus 2” = 2°” = 64” = 1(9), as 64 = 1(9). But then 
37/2” — 1, whereas N,{” is square-free. So the Theorem is true for i = 1. 

Now let i = 2, and suppose N{”) + 1 = 3” for some integers m and n with 
n > 4. Then 3” = 1(5), and so 4|m since ord ,3 = 4. Thus 3” = 34” = 81” = 1(16), 
as 81 = 1(16). But then 24/3” — 1, whereas N{” is square-free, and so the Theorem 
is true for i = 2. 
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Proof of Theorem. Suppose that N“” + 1 = p™ for some integers m, n and i 
with n > 4 and 1 <i <n; by Lemma 5 we may suppose that 3 < i < n. Clearly 
m > 1, and m = 1 is impossible: for if m = 1 and i < n then p, < p, < N” and 
ue + 1 =p, is false; and if m=1 and i=n, then N{” +1 =p, gives p, = 
Pi °** P,-1 + 1, which is false for n > 3 by Lemma 1. Thus m > 1 and so m is 
divisible by some prime p; our aim now is to determine the value of this prime 
p—it turns out that it must equal p,, and it is that which enables us to make 
progress. 

There are three possibilities: (a) p = p,;; (b) p=p, 1 <j <n, j #1; (c) p> p,. 

If (b) holds then p” = x? = 1(p,), and SO. xP =1(p); but then by Lemma 2 
x? = 1(p’), and so ( p™ — 1) is divisible by p”, whereas N,\”) is square-free. Thus 
(b) cannot hold. 

Suppose (c) holds. Now N,”? = pi” —1= x? -1=0(p,),1 <j <n, j # i, and 
so by Lemma 3 we have x = 1( p,) or p; = 1(p). But p, = 1(p) doesn’t hold when 
Pp > P,, and so we have that x = 1(p,) for every j with 1 <j <n and j # i. Hence 
x = 1(N,), and so (x — 1) > NS”. But N™ = x? —-1>x-1> N™, is impos- 
sible, and so (c) cannot hold. 

Thus (a) holds and so the only prime divisor of m is p,, and so m = p* for some 
integer k > 1. Hence, applying Lemma 4 to p/” = 1(p,), with 7 restricted to the 
range l<j< ( — 1), we obtain p, = 1(p,), and thus p, = 1(p, --- p;_,). But 
then p, > (Pp, -:: P;-1) + 1, which, by Lemma 1, is impossible for i > 3. Thus the 
Theorem is proved. 


COROLLARY. Py, <(P2* P3 °** Py) — 2 forn > 3 


Proof. Equality holds when n= 3. Now suppose that n> 4, then each 
(Ni? + 1), 1 <i<n, must be divisible by some prime gq, with g, > p,, and it is 
easy to see that the primes q),..-, 4, are distinct: for suppose q; = 4, = q for some 
i and j with 1 <i, j <n and i #/j, then g|(N” + 1) and q\(N, + 1), and so 
q\(N{&? — Ni). But NO? — NX? = (py t+ Py) + (Dp = Pi \/P; B)s and so 
q\(P; — Pi): which j is impossible, since 1 < |p, - ml < P,. 

Thus q,,.--,9, are n distinct primes, each larger than p,, and so we have: 
Pan S MAX] gj Gi S MAX <i<n(N™ + 1)= (P2° P3°** Py) + 1, for n > 4, and 
it follows that p,, < (pp; °°: p,) — 2, since the integers (p,-p3;--: p,) +1 
(being even and larger than 2) and (P>*P3 °** P,) are composite. 


Note. The Theorem is trivial if p, = 1(4) (but not for p, = 3(4)) as N{” + 1 = p™ 
is clearly impossible, since 4|( p” — 1) but N,” is square-free. 
Finally, the proof given here has been modified to obtain: 


THEOREM. N‘”) — 1 = p” is impossible for n > 4. (Note: N@ —1=2-5-1= 
32), 


COROLLARY. P3,_; <(P>° P3 °°: P,) — 2 forn = 4. (Yes, that is (3n — 1), and 
not 3n). 


Proofs. Available upon request. 


An Alternate Proof of the Continuity of the Roots of a Polynomial 


FELIPE CUCKER AND ANTONIO GONZALEZ CORBALAN 
Depto. de Matematicas, Facultad de Ciencias, Universidad de Santander, Spain 


Introduction. Let P(X) = X" + a,X""' + --- +a, be a monic complex poly- 


nomial. The Fundamental Theorem of Algebra states that there are §&,,...,&, 
belonging to C such that P(X) = I], 2; <,(X — &;). 
Of course, if we vary the coefficients a,,...,a,, the root system &,...,&, will 


also vary. The continuity of this variation is a well known theorem that can be 
stated more precisely in the following way. 


THEOREM 1. Let P(X) = X" + a,X""\ +--+ +a, be a monic complex polyno- 
mial, and let §,,...,&, be its roots. Given e © R, e > 0, there isa BER, 6 > 0, 
such that for every monic polynomial Q(X) = X" + b,X""' +--+ +b, if |b; — a,| 
<6 for 1 <j<vn, then there are §,,...,§, belonging to C such that Q(X) = 
Th cign(X — §,) and \f, — &| <e forl <j<n. 


Proofs of this theorem can be found in many places, for instance [1], [2], or [3]. 
The usual proofs make use of Rouché’s theorem. Our goal is to give an alternate 
proof which does not. We begin by stating some facts about symmetric functions 
and projective spaces. 


An equivalent statement. We can consider P(X) as a point in C”, namely the 
point (a,,..., a,,) of its coefficients. However, we cannot do the same thing with the 
root system &,...,&, because it is unordered; permutation of the §,’s gives us 
the same root system. In order to resolve that we introduce the following equiva- 
lence relation in C”: (€),..., €,) = (&,.--, §,,) if and only if there is a permutation 
o in the symmetric group S,, such that ¢, = &,,,, for 1 <j <n. This is clearly an 
equivalence relation in C”, and we will denote by Cy, the quotient given by this 
relation. 

Now, we have a map 7: C” > Cy, sending the polynomial P(X) into its root 
system. This is a bijective map because two monic polynomials coincide if and only 
if they have the same root system, and every n-tuple in C” determines a monic 
polynomial having it as root system. Moreover, the inverse map is well known and is 
given by 


0: Com > C” 
[£15---58,] > (only. +s Sn)o-- +s Gn(bs- Sn), 
where 0,,..., 6, are the elementary symmetric functions in n variables. 
We can now restate Theorem 1. We endow Cy, with the quotient topology: a 
subset UC C¢,, is open if and only if its pre-image U in C” is open. Then 


Theorem 1 becomes: 
THEOREM 1’. o is a homeomorphism. 


We note that o is continuous because it is induced by a polynomial, and the 
continuity of o ! (=7) is just the continuity of the roots as functions of the 
coefficients. 
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Extension to projective space. The idea of our proof is to prove a corresponding 
result for an extension of o to a bijection o* defined on a compact space containing 
Ciym: LO do that, we consider projective spaces over C. This idea is hidden in the 
following informal remark at the end of the proof of Theorem 1 in [2]: “Let us 
suppose that the coefficient of the highest power of X is not unity; we can now 


write the equation as 
aX" +a,X" +--+ +a, =0. 


If in this equation we make a, tend to 0, one of these roots becomes greater than 
every possible limit while the others have as limits the roots of the equation of 
degree n — 1 


a,X""+a,X" 7+ --- +a, =0. 


Moreover if a, is zero or a, and a, are both zero, two or three roots become 
infinite.” 

The n-dimensional projective space over C is the set P”(C) of equivalence classes 
of points (x,,...,x,) in C”** — {(0,...,0)} under the relation: (xo,..., x,) = 
(Yo.--+» Y,) if and only if there is a nonzero A ©C such that y,=Ax, for 
0 <j <n. As every equivalence class has a point in the unit sphere S”, we can see 
P”"(C) as a quotient of S”. With the quotient topology, P”(C) is then a compact 
space because S$” is and a quotient of a compact space is compact. 


The point in P”(C) whose equivalence class contains (Xo,..., X,,) will be denoted 
by (Xo,---, X,)- Now we consider the injection 
Cc” > P"(C) 
(X1,-.-,X,) > (1, X1,---,X,)5 


which is a homeomorphism from C” onto its image in P”(C), the set of points with 
nonzero first coordinate. 

The correspondence between monic polynomials of degree n and points in C” 
can now be extended. Two polynomials P(X) = ayX" + a,X" ++ --- +a, and 
Q(X) = bX" + bX"! + .--- +b, are said to belong to the same homotesy class 
when there is a A € C, A ¥ O, such that b, = Na jforO<j<n. This is equivalent 
to saying that P(X) and Q(X) have the same degree and the same root system. We 
associate the point (dy,..., a,,) to the homotesy class of the polynomial ayX” + 
a,X""+.---+a,. A point (ay,..., a,) in P”(C) then belongs to C” if and only 
if the elements of the corresponding homotesy class are polynomials of degree n. 

In preparation for the definition of o*, we define extensions of the elementary 
symmetric functions, 


0," ((C?))” > C, 
by 


6;'((21, X1)5 +005 (Zane Xn)) = 21 01 2p / 25-2) Xn/Zn)- 


It is easy to check that 


o;'((2,, X1)y.0+5(Zy, X,)) = (-1)') x4, To Xp Ze tt Ze 
where {k,,..., k;} runs over all possible choices of i elements in {1,...,”}, and 


{k.41,---,k,} are the remaining elements. Then 0,’ is a homogeneous polynomial 


i 
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in the variables z,,...,Z,, X,,--.,X, of total degree n satisfying 
6,°((A121, yxy) -2s Anza NiXn)) = Ap 0+ N07 ((2Z15 1)s-- +5 (Zn Xn))- 
This last remark allows us to define 
o: (P1(C))" > P*(C) 
by 
0" ((24, X15 0005 (Zyy Xpy) = (Zz 0 Zyy eens Of (K 21, X50 005 (Zyy Xp))y eee) 


As the o;’ are symmetric, o” induces a function defined on (P'(C))%,,,, the 
quotient of (P‘(C))” by the action of S,, which we denote 


o*: (P1(C)) in > P”(C). 


The proof that o* is a homeomorphism. We begin by explaining the meaning 
of o*. 


LemMMA. Let (1, &,),...,¢1, &,), (0,1),..., (0,1) be n points in P\(C), the first r 
of which belong to C Cc P\(C). If 
o*([(1, &),--.,¢1, &),(0,1),..-,¢0,1)]) = (ao «+ @,), 


then ay = ++: =4,_,-, =9, a,_, #0, and the polynomiala,_,X" +--+: +a 
+ a, has (&,,..., &,) as root system. 


xX 


n—1l 


Proof. It is easy to check that 


o/((1, X,),-..,(1, X,), (0,1),..., (0,1)) 
0, fl<i<n-r-1; 
— /1, fisen—r; 
Gi (n-ry(X---, X,), ifn -r+1l<i<n; 


where o, = z, °°: Z,. 
The result follows immediately. 


COROLLARY. The map o* is bijective, and its restriction to C”,, gives us the 


sym 
ra 4 e nr n 
bijection 6: Chm > C". 


THEOREM 2. o*: (P\(C)) rin — P”(C) is a homeomorphism for the quotient topol- 
ogy in (PMC) ay 


Proof. Since P1(C) is a compact space, the same is true for (P‘(C))" by 
Tychonoff’s theorem, and then (P*(C)) om is also a compact space. Now, o* is 
continuous because it is induced by a polynomial, and a continuous bijective 
function from a compact space onto a Hausdorff space is a homeomorphism. 

Theorem 1’ follows from this last theorem and the corollary, and with it Theorem 
1 also follows. But we can deduce from Theorem 2 a stronger version of Theorem 1 
giving precise meaning to Weber’s remarks quoted above. It suffices to note that 
P'(C) =C€ vU {<0,1)}, and that a basis of neighborhoods of this last point is given 
by a family of sets of the form {{z, x) € P\(C)|z = 0 or |x/z| > K} with K € 
R, K > 0. Using this fact we get, by translating Theorem 2 into “epsilon-delta” 
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language, the following: 


THEOREM 3. Let P(X) = a)X" + a,X" 1+ +++ +a, be a nonzero complex poly- 
nomial of degree k <n. Let &,,..., €, be its roots in C, with multiplicities m,,...,m, 
respectively, and let U,,..., U, be disjoint disks centered at &,,..., &, with radii e and 
contained in the open disk centered at 0 with radius 1/e. Then there is a 8 ER, 
5 > 0, such that, if |b; — a,| <6 for every 0 <j <n, then the polynomial Q(X) = 
by X" + b,X"-1 + +--+ +b, has m, roots (counted with multiplicity) in each U, and 
deg(Q(X)) — k roots with absolute value greater than 1/e. 


Some final remarks. The different proofs of Theorem 1 also give different 
additional information. For instance, the proof in [1] contains numerical bounds 
leading to practical calculation, and the proof in [3] is done for arbitrary alge- 
braically closed fields. We think the interest of our proof is that it shows the 
advantage of working in complex projective spaces, which leads to a proof using 
only basic facts from general topology. It may also be the shortest proof available. 
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Taylor’s Theorem Using the Generalized Riemann Integral 


H. B. THOMPSON 
Department of Mathematics, University of Queensland, St. Lucia, Queensland, Australia 4067 


1. Introduction. It is well known and often emphasized in texts (see [16]) that the 
Lagrange and Cauchy remainders are valid under the mere assumption of the 
existence of the (n + 1)st derivative, whereas the integral form of the remainder 
requires some additional hypotheses, for example, integrability of the (n + 1)st 
derivative (see [17, p. 281]). This additional hypothesis is necessary if integrals such 
as the Riemann or the Lebesgue integrals are used. In this note we show that when 
the generalized Riemann integral is used, no additional hypotheses are needed. 
Indeed, in this case the integral remainder is valid if the (m + 1)st derivative exists 
except possibly at a countable number of points, and the nth derivative is continu- 
ous on the closed interval. Moreover, the Lagrange and Cauchy forms of the 
remainder can be deduced from the integral form in the special case where 
the (n + 1)st derivative exists everywhere except possibly at the end points of the 
interval. 

The generalized Riemann integral is variously known as the Kurzweil, the 
Riemann complete, and the gauge integral. It is also equivalent to the Perron 
integral, the descriptive D*-integral of Luzin, and the restricted total integral (also 
called the 7*-integral) of Denjoy. Newton introduced integration as antidifferentia- 
tion. Between 1912 and 1915, Denjoy [3], Luzin [10], and Perron [15], realizing that 
the Lebesgue and Newton integrals did not properly contain one another, gave new 
definitions of the integral to encompass both the Newton and Lebesgue integrals. 
The equivalence of the Denjoy and Luzin integrals is not difficult to prove while the 
equivalence of these to the Perron integral is due to Hake [4], Looman [9], and 
Aleksandrov [1]. Kurzweil [7] introduced his integral for application to ordinary 
differential equations, and showed that it is equivalent to the Perron integral. 
Henstock [5] independently introduced this integral and developed its properties 
(see, e.g., [6]). 

In the case n = 0, the integral remainder form of Taylor’s theorem is just the 
fundamental theorem of calculus. Thus it is not surprising that using the generalized 
Riemann integral this form of Taylor’s theorem should hold under-such weak 
differentiability assumptions. 

It is a pleasure to acknowledge the very useful comments made by R. Vyborny 
and the referee. 


2. Preliminaries. For a detailed discussion of the generalized Riemann integral 
see [6, 8, 12, 13,14]. Our proof is a minor variation on the usual proof for the 
integral remainder in the case where all derivatives are continuous; so, we need the 
appropriate form of the fundamental theorem of calculus and its associated theorem 
on integration by parts. A nice presentation of this by Swartz and Thomson [18] can 
be found in this MONTHLY (see also [14]). For the sake of clarity we will give a brief 
outline of the definitions and basic properties of the generalized integral. 
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By a tagged partition T of [a, b] we mean a set {Xo, X1,...,X,3 4, b,--->t,} 
satisfying 


A=X), <4 <x, <t,<xX,< +: <x,=) 


for some n > 0. A positive function 6: [a, b] — R™ is called a gauge on [a, b]. Let 
6 be a gauge on [a, b]; then the partition T is said to be 6-fine if 


[x;-1,%,] © (t, — 8(t;),t, + 6(t;)) 
for i= 1,2,...,n. 
Using bisection and the nested interval theorem it is easy to prove that for every 
gauge 6 on [a, b] there exists a 6-fine partition of [a, b]. 


DEFINITION. Let f:[a, b] ~ R. Then J is said to be the generalized Riemann 
integral of f on [a, b] (denoted by {?f(t) dt) if, given « > 0, there exists a gauge 6 
on [a, b] such that 


itnles —X,1) —I] <e, 
i=0 


whenever the partition T is 6-fine. We call f integrable on [a, b] if its generalized 
Riemann integral exists. 

We are ready to state the fundamental theorem and its associated theorem on 
integration by parts. 


DEFINITION. (See [14].) Let f:[a, b] — R be given. A function F: [a, b] > Risa 
primitive of f on [a, b] provided F is continuous on [a, b] and F’(x) = f(x) for all 
x in [a, b], except possibly at a finite or countably infinite set of values of x. 


THE FUNDAMENTAL THEOREM. ({18, Thm. 5]) Jf f has a primitive F on [a, b], then 
f is integrable and 


fr) dt = F(b) — F(a). (1) 


Remark. To guarantee the validity of (1) and of the integral form of Taylor’s 
theorem in the case of the Riemann or Lebesgue integrals, additional assumptions 
such as the integrability of f are required. In particular, there is a function F 
having a bounded derivative everywhere on [a, b] but such that f= F’ is not 
Riemann integrable on [a, b]. Also, the function F defined by F(x) = x? sin1/x?’, 
for x # 0, F(O) = 0 is differentiable everywhere but f = F’ is not Lebesgue inte- 
grable on [a, b] if a # b and 0 € [a, b]. 

As an immediate consequence of the fundamental theorem, one obtains the 
following. 


INTEGRATION BY PARTS. (See [14, p. 50].) If g and h have primitives G and H, 
respectively, on [a, b], then gH is integrable if and only if Gh is integrable. Moreover 


[sa dt = G(b)H(b) — G(a)H(a) - fone) dt. (2) 


Remark. The integrability of gH and hence of Gh is necessary for (2) to hold as 
can be seen by setting 


F(x) =x*sinx7*, G(x)=x?cosx7* for x#0 and F(0) =0=G(0). 
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See [11, Ex. 13]. In our case g will be continuous on [a, b] so gH will be integrable 
on [a, b]. 

Some other advantages of using this definition of the integral, especially for 
teaching, are as follows (see [20]): 


(a) The definition is based on Riemann sums so it is easy to grasp intuitively. 

(b) Most of the elementary theory is as easy as it is for the Riemann integral. 
Also the monotone and dominated convergence theorems can be proved 
fairly early in the development of the theory (see [6]). 

(c) Improper integrals are automatically included. In particular, if f is general- 
ized Riemann integrable on [a, c] for every c with a < c < b, then {?f(t) dt 
exists and is equal to lim,_,,///f(t) dt iff this limit exists (see [14]). 

(d) There is a simple direct proof of the integral formulas for arc length in R*“ 
assuming only the differentiability of the parameterization (see [20]). 

(e) For functions of one variable a Lebesgue integrable function is generalized 
Riemann integrable with the same value for its integral. For nonnegative 
functions the generalized Riemann and Lebesgue integrals coincide. 


3. The Main Result. 


TAYLOR’S THEOREM. Let f, f,..., f%™ be continuous on [a, b] and suppose that 
f"*» exists on [a, b], except possibly at a countable number of points; then, 


f(b) = f(a) + f(a)(b- a) + +++ +f (a)(b — a)"/nt + R,,4(b), (3) 


where 


Ry, @(b) = fo fO*P(t)(b = t)"/n! de. (4) 
(That R,, ,(d) is well defined under the hypotheses is part of the conclusion.) 


Proof. We use induction. For n = 0 the result is the fundamental theorem. 
Assume that (3) holds for n = k, where the remainder given by (4) exists; it suffices 
to show that the remainder R,,, ,() exists and 

Ry, a(b) =f P(a)(b = ay" /(k + I)! + Rasa, ald); 
that 1s, 


[f(b = Det at =f (a)(b — a)/(k + 0) 
. (5) 
+ [FO (b = 1) /(k + Ila, 
where both sides exist. But this follows from (2) with H(t) =f“**(t) and 
G(t) =(b-t)*#*1/(k + VI. 


Remark. The above proof relies only on the fundamental theorem so that the 
extensions to the complex and to the vector-valued cases are immediate. 


4. Other forms of the remainder. We briefly indicate how the other forms of the 
remainder follow from the integral form. See [19] for more details. The following 
notation and results will be helpful. 
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We say that f:(a, b) > R has the intermediate value property on (a, b) if given 
u, v in(a, b) and y such that f(u) < y < f(v) there exists s, strictly between u and 
v, such that y = f(s). By Darboux’s Theorem (see [17, p. 186]), derivatives have the 
intermediate value property. 

The following mean value theorems can, with a little care, be proved along the 
lines used for their Riemann integral analogues (see, e.g. [19, p. 4]). 


THE FIRST MEAN VALUE THEOREM. Let f be generalized Riemann integrable on 
[a, b] and have the intermediate value property on (a, b). Then 


[1 (0) at = f(s)(b - a) 
for somes, a<s <b. 


THE GENERALIZED MEAN VALUE THEOREM. Let f have the intermediate value 
property and assume that g does not change sign on (a, b). If g and fg are generalized 
Riemann integrable on [a, b], then 


['P(e) a2) at = f(s) f'g(t) at, 
for somes, a<s <b. 


Bonnet’s second mean value theorem and the generalized second mean value 
theorem also hold for the generalized Riemann integral. 


TAYLOR’S THEOREM (Cauchy and Lagrange Remainders). Let f, f,..., f( be 
continuous on [a, b] and suppose that f‘"*» exists on (a, b). Then 


f(b) = f(a) + f(a)(b — a) +--+ +f™(a)(b — a)"/n! + R, (8), (6) 


where 


Ry a(b) =f *?(s)(b — a)" /(n + VI, (7) 
for some s, a < s < b (Cauchy remainder), and 
R,, g(b) =f"? (u)(b — u)"(b — a)/n! (8) 


some u, a <u < b (Lagrange remainder ). 


Proof. From (4) and (6), R,, ,(b) = fef"*(t)(b — t)"/n! dt. Let 


(1) =S(1) + (b= HFM (1) + (b= PF MUNA + +(B— OF ()/n}}. 


Thus g(t) = f(*(1)(b — t)”/n! has the intermediate value property on (a, b), by 
Darboux’s theorem, so (8) holds by the first mean value theorem. 

Now /f‘"*(¢) has the intermediate value property on (a,b) and g(t) = 
(b — t)"/n! does not change sign on (a, b), so 


PFO Pb = 1)" /ntde = fO"P(w) ["(b = 0)" Pn dt 
= f"'D(u)(b _ a)" /(n + 1)! 


for some u, a < u < 5, by the generalized first mean value theorem. Thus (7) holds. 
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Young’s remainder (see [2, p. 80]) and various other remainders can also be 
derived from the integral remainder. 
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The Effect of Prior Calculus Experience on “Introductory” 
College Calculus 


MARTHA B. BURTON 
Mathematics Center, University of New Hampshire, Durham, NH 03824 


Introduction. This report concerns the performance of students in the introduc- 
tory calculus course at the University of New Hampshire (UNH), especially with 
respect to their experience of calculus in high school. Although the failure rate in 
this course does not approach the 35% national failure rate in calculus [1], it is high 
enough to cause local concern. 

One of the peculiar characteristics of a first-year university calculus course is the 
extent of its reliance on specific mathematics skills that students are presumed to 
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have mastered in high school. College-level courses in some fields have no exact 
counterparts in the high school curriculum and, hence, afford the student something 
of the luxury of a fresh start. Other courses might chiefly require a certain level of 
student maturity and a general fund of knowledge. But calculus courses, and for 
that matter first-year courses in some of the physical sciences, are unforgiving: they 
depend heavily and directly upon the student’s actual skills from high school 
mathematics courses. This circumstance has naturally led to heightened concern 
about mathematics in the student transition from high school to college. 

In recent years the advice given by the UNH Mathematics Department to high 
school mathematics departments has largely coincided with that of the CUPM panel 
on calculus articulation [2]. In particular, it has been urged that calculus taught in 
high schools should be a year course based on the Advanced Placement syllabus, 
and that where this is not feasible a sound preparation in algebra and trigonometry 
is preferable to a superficial treatment of the calculus. 

With these concerns in mind, and as a result of many conversations with 
students, a single informational question about the high school calculus experience 
of our students was appended to the final examination of the first-semester calculus 
course in the fall of 1987. 

The results of this simple survey appear to offer a warning footnote to the advice 
of the CUPM panel about calculus in high schools. It is certainly rational for high 
schools without the resources for a serious AP calculus course to refrain from 
substituting a year-long but watered-down calculus course for it. Nevertheless, from 
the individual student’s perspective, a year of high school calculus of even this lesser 
quality seems to have afforded the student a noticeable advantage in the standard 
first-year course at UNH. 

Conversely and worse, the lack of the year of high school calculus can seriously 
handicap the first-year university student, who must compete with a significant 
proportion of classmates for whom the subject is not new. Indeed, the competitive 
disadvantage of the student without high school calculus serves to illustrate another 
point made by the CUPM panel: that the number of high school students taking 
calculus has been increasing and that many students now enter college with a high 
school calculus background, not necessarily of the form recommended by the 
CUPM panel. In the present survey, less than a quarter of the students with high 
school calculus experience described it as an Advanced Placement course. 

Students who have taken calculus in high school do not, of course, always find 
themselves in the first-semester calculus course at UNH. Some begin instead with 
the second semester of calculus, or in an Honors calculus course, or with differential 
equations. Nevertheless there is now a sizeable population of students with high 
school calculus experience in the standard first-semester calculus course—a course 
which does not presuppose calculus, but is intended for students with a good 
precalculus background. 


Survey results. The 741 students who took the final examination for the first- 
semester calculus course in December 1987 were asked to describe their high school 
calculus experience as: (1) no previous calculus experience; (2) a brief introduction 
to calculus topics; (3) a full year of high school calculus; or (4) a full year of 
Advanced Placement high school calculus. The course letter-grade results seemed to 


352 MARTHA B. BURTON [April 


show two, not four, distinct categories; 


A B C D F 
Minimal (or no) 
previous calculus (370) 9 53 99 94 115 
Full year of 
high school 
calculus (313) 47 119 95 33 19 


In this “introductory” course, there are now almost as many students who have 
had a previous year of calculus in high school as there are beginning students. 
Further, it appears that the students with the preparatory year of high school 
calculus, while doing well as a group, are not overqualified for the course: their 
letter-grades accumulate in the Bs and Cs, not in the As. The letter-grade perfor- 
mance of the students with minimal prior calculus experience, taken as a group, is 
very disappointing. 


Other factors: the calculus pretest. Another factor known to predict success in 
the first-semester calculus course is an MAA test in algebra and trigonometry, used 
as a Calculus Pretest during the first week of the course. Passing the calculus pretest 
at the beginning of the term means that the student is excused from mandatory 
remediation, during the calculus course, in individually-prescribed topics in algebra 
and trigonometry. Not surprisingly, students who pass the pretest are much more 
likely to do well in the calculus course than those who don’t. And the hazard that 
apparently attaches to the lack of prior calculus experience weighs less heavily upon 
students who are able to pass the calculus pretest: 


A B C D F 
Minimal (or no) 


previous 
calculus: need remediation 0 9 37 31 80 
passed pretest 8 43 57 57 30 
Full year of 
high school 
calculus: need remediation 3 20 35 18 12 
passed pretest 42 96 59 13 6 


The group at risk would seem to be students who had no prior calculus 
experience and who could not pass the calculus pretest. That group reached a 50% 
failure rate, and accounted for almost two-thirds of the failing grades in the survey 
group. 

The second line of the table is disquieting, for it represents students who, with 
minimal or no prior calculus experience, still passed the algebra-trigonometry 
calculus pretest. These are the students who come closest to reflecting the stated 
prerequisites for the course: a sound precalculus high school background, including 
trigonometry. Still, their letter-grade results are disappointing. 


Other factors: SAT scores. The average quantitative SAT score for the group 
with minimal or no high school calculus was 575 with a standard deviation of 67; 
for the group with one year of high school calculus the same scores showed an 
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average of 615 with a standard deviation of 64. The overlap in the groups is more 
striking than the difference in their average scores. It would be hard to justify any 
elitist distinction between a “calculus group” and a “noncalculus group” in high 
school on the basis of the resulting quantitative SAT scores. Quite to the contrary, it 
might well be expected that whatever enrichment in the high school mathematics 
curriculum a “calculus group” enjoyed would enhance its members’ SAT scores. 

It is possible to look at the results of students with similar SAT scores. Within 
these groups, the letter-grade differences between students with minimal or no high 
school calculus and those with a year of high school calculus once again emerge. 


Recommendations. Whatever the recommendations made to high schools about 
course offerings, the reality is that many students take calculus in high school. We 
have to address the consequences of this fact. For most of these students, their high 
school calculus is not sufficient to exempt them from a standard first-year university 
course, so that they find themselves beginning their college careers by repeating 
calculus. Their numbers can reach a critical fraction of the population of the 
introductory college calculus class. When this occurs, not only are the repeating 
students unchallenged, but students with a standard preparation in high school 
mathematics can be disadvantaged as the temper of the course adapts itself to an 
emerging dominant population. The standard introductory course in calculus can 
then become unprofitable for the one group, and unwholesome for the other. 

Calculus, of course, need not be the only entry point to mathematics for the 
first-year student. Discrete mathematics and elementary statistics and linear algebra 
can all be suitable courses for the freshman or sophomore student—and genuinely 
introductory in the sense of leading the student to further study in mathematics. 
Other worthwhile options for the beginner, such as finite mathematics or the history 
of mathematics, are often seen as terminal courses. At least one introductory, 
nonterminal mathematics course should be available to beginning students as an 
alternative to the calculus. 

It is not enough simply to provide alternatives to calculus for first-year students. 
Students with a sound precalculus preparation in high school should be able to take 
calculus in college without beginning at a competitive disadvantage. It is not clear at 
all that these students are unable to learn calculus in the university. What is clear is 
that they do not compete well, in the same class and at the same speed, with 
students who began the subject a year ahead of them. 

This probably means that we shall have to provide separate beginning calculus 
courses for students who enter college from the different “calculus tracks” in the 
high schools. The course for the students with calculus experience could then be 
adapted so that (as the CUPM panel recommends) it is clearly different from a high 
school calculus course. 

The course for students with a standard precalculus high school preparation 
should be expected to take a semester longer than its counterpart for students with 
high school calculus experience. The extra time is important: in any event, it is 
already being spent by many students simply in repeating their college calculus 
courses. The two sequences should, at their conclusions, bring students to the same 
level. We have to live with the effects of a calculus tracking system in the high 
schools: we should see that the tracks converge somewhere, and the sooner the 
better. 
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Simple Inequalities And Old Limits 


CHUNG-LIE WANG 
Department of Mathematics and Statistics, University of Regina, Regina, Saskatchewan, Canada S4S 0A2 


Let us begin with a couple of definitions. As a common practice in elementary 
calculus courses (see, for example [3, p. 399]), the definition of the logarithmic 
function In y is 


y 
Iny= i] t~' dt, y> 0, (1) 
1 
The number e is then defined to be the number for which Ine = 1. The exponential 
function e* is defined to be the inverse function of In y. 
This paper presents a proof of the limits 


lim E,(x) = e* (2) 
and 
lim L,(y) =Iny, y>0, (3) 
where 


x n 


in a simple and unified manner. 
Recently, two interesting articles concerning the limit 


e= lim E,(1) (4) 


appeared in this MONTHLY [1, 2]. More precisely, C. W. Barnes [1] and T. N. T. 
Goodman [2] proved the limit (4) by using the following inequalities 


1 —1 

e(1 + "| < E,(1) <e, (5) 

n 

which were established through the mean value theorem for integrals with integra- 

tion by parts and the maximality of the function ¢ In(ne/t), t > 0, respectively. 
We can prove the more general limit (2) by extending (5) to the following: 


x —x 
e*(1 + -| < E,(x) <e*, anyreal x. (6) 
n 
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It may be interesting to point out that inequalities similar to (6), for example, 


x x/2 
e*(1 + | < E(x) < e%, x > 0, 
n 


were adopted for a similar purpose by Mitrinovic [5, p. 267]. 

In order to prove (6), we could simply duplicate Barnes’s approach by replacing 
(n+1)71, n7! with n(n + x)~1, nx7', respectively, as the integral limits. Or in 
Goodman’s approach we could introduce a modified function ¢ In(ne/xt), xt > 0. 
However, the approach to be used here is simpler and different. Before spelling out 
the details, we note that the sequence { L,} was first studied by G. Hurwitz [4]; 
later, G. H. Hardy [3, pp. 143-145, 410-411] gave a rather involved proof of (3) for 
y > 1. The case 0 < y < 1 was left as an exercise for the reader. 

We now proceed with the proof of the limits (2) and (3) by establishing (6) and 
the inequalities 


Iny<L,(y)<y”"Iny, y>9, (7) 
together with the simple limit 
lim y!/" = 1, y>d. (8) 


n— oo 


To make the paper self-contained we first note that (8) follows from 
1/n 
7] 


In the case y < 1 we use y"! > 1 to complete the argument. 
Integrating t~* < t7! <1(t > 1) from 1 to z in conjunction with (1) we obtain 
at once 


l1—-z'<Inz<z-1 (9) 


for z > 1. Since (9) is invariant upon replacing z with z~1, (9) is true for all z > 0. 
Finally, setting z = 1 + (x/n) in (9), a simple manipulation yields 


x x 
e~< E,(x)(1 + - | and E(x) <e* 
n 


so that (6) follows, while setting z = y!/” in (9), a straightforward transposition 
yields (7). 

It may be interesting and worthwhile to point out that the monotonicity of E,,(x) 
and L,(x) in n for any real x are not used in the proofs. 


Acknowledgement. The author wishes to thank the referee for suggesting the use of A. Hurwitz as a 
reference. 
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ELEMENTARY PROBLEMS 
E 3319. Proposed by Paul Erdés, Hungarian Academy of Science, and Janos 
Suranyi, Edtvds Lorand University, Budapest. 


Suppose S is a set of 2m + 1 irrational real numbers. Prove that S has a subset T 
of cardinality n + 1 such that no nonempty subset of T has a rational sum. 


E 3320. Proposed by M. S. Klamkin, University of Alberta, Edmonton. 


Determine positive constants a and b such that the inequality 
yz+zx+xy> a( yz? + 2°x? + x*y*) + bxyz 


holds for all nonnegative x, y,z with x +y+z= 1 and is the best possible 
inequality of this form (in the sense that the inequality need not hold if a or 5 is 
increased). 


E 3321. Proposed by Robert Spira, Ashland, OR. 


A Steiner tree for a finite set S of points in Euclidean n-space is a collection T of 
straight-line segments such that any two points of S can be joined by a unique path 
in 7; its length is the sum of the segment lengths. It is known that the minimum 
length of a Steiner tree for the corners of a square of side-length one is 1 + 3. 
Show that for any positive integer n there exists a Steiner tree of length 1 + 
(2"-! — 1)V3 for the set of vertices of an n-cube of side-length one. 
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FE 3322. Proposed by Alexandru Lupas, Sibiu, Romania. 


Suppose g is an even real-valued function on [—a, a], suppose g is nondecreas- 
ing on [0, a], and suppose / is a convex real-valued function on [—a, a]. Prove that 


2a f g(t)h(t) dt > f g(t) def h(t) dt. 


E 3323. Proposed by Thane Plambeck, Stanford University, CA. 


A change-making machine gives change in chips of three integer denominations, 
1 cent, a cents, and £ cents, where 1 < a < B. The machine uses the following 
greedy algorithm: In making M cents change it dispenses chips of value 8 as long as 
possible, then chips of value a as long as possible, then chips of value 1 to complete 
the total of M. We say that a pair a < B is frugal if, for every M, the machine’s 
algorithm dispenses the minimum number of chips among all ways of making 
change for M cents with denominations 1, a, B. (For example, (2,5) is frugal but 
(4, 9) is not, because the (4,9) machine dispenses four chips in change for 12 cents 
instead of the minimum of three.) 

For fixed n > 2, suppose the values a < B are two distinct integers chosen at 
random from {2,3,...,”} with all pairs equally likely. Obtain an asymptotic 
formula (when n is large) for the probability that (a, 8) 1s frugal. 


E 3324. Proposed by Mark D. Meyerson and R. Bruce Richter, U.S. Naval 
Academy, Annapolis, MD. 


Suppose that a and b are two closed arcs (homeomorphs of [0, 1]) in the plane, 
each of which contains the origin O but not as an endpoint. Prove or disprove: (a) 
there are arbitrarily small neighborhoods N of O such that N AM a is connected; (b) 
there are arbitrarily small neighborhoods N of O such that both NM a and NO 6b 
are connected. 


SOLUTIONS OF ELEMENTARY PROBLEMS 


Some Inequalities for Polynomials 


E 2986* [1983, 133]. Proposed by Abdul Aziz, University of Kashmir, India. 


If P(z) is a polynomial of degree n with complex coefficients having all its zeros 
in |z| > K, where K > 1, prove or disprove the following two assertions: 


(i) |P(K’z) — P(z)|< (K" — 1) Max| P(z)|, for jz) = 1. 
(it) | P(K%)| -|P(2)| < (K" ~ 1)|z"Max|P(z) |, for |z| > 1. 


Solution of (i) by Paul Ilacqua, Santa Clara, CA. Assertion (i) is not true in 
general. To see this take 


P(z) =(2+K)*(z-K), 
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where p is a positive integer greater than 1 and K is a real number greater than 1 
such that 


(K*+1)(p—1)>2K(p+1). (1) 


To determine the maximum of |P(z)| for z on the unit circle it suffices to find the 
maximum of the following trigonometric polynomial: 


f(@) =|P(e%)| = {(K + cos 6)* + (sin@)?}" {(K - cos 0)” + (sin )* 
= {K?4+1+42Kcos0}'{K?+1—-2Kcos6}. 


Now 
f'(@) = -2K siné{ K*+1+ 2K cos0}?* 
x {(K? + 1)(p — 1) — 2K(p + 1)cos 6}. 


On the one hand, K? + 1+ 2Kcos@ >K*+1-—2K =(K-— 1)? > 0 for all real 
6 and on the other hand, condition (1) guarantees that (K?+1)(p —1)- 
2K(p + 1)cos @ is positive if @ is not a multiple of 27. Hence f’(@) > 0 in (—7,0) 
and f’(@) < 0 in (0, 7), so that the maximum of /(@) occurs when @ = 0. Thus the 
right-hand side of the proposed inequality (1) becomes 


(K?*" — 1) Max|P(z)| = (K?"" — 1)|PQ)| = (KP = IK + 1)"(K — 1). 


However, when z = 1 the left-hand side of the proposed inequality (1) becomes 
P(K?) — P(1) = (K2+ K)*(K?— K) + (K+1)?(K-1) 
= (K?*!41)(K + 1)"(K - 1). 


Thus assertion (i) fails for the above choice of P when (1) holds, i.e., when K > 
(vp + 1)/(yp — 1). 


Editorial Comment on (ii). In a letter to the editors, Professor W. H. J. Fuchs of 
Cornell University has made the following remarks. 

It seems likely that (ii) is true, but we do not have a proof. Lending support to (11) 
is the fact that (11) is correct for |z| = 1 and, further, that we get a correct assertion 
if we divide both sides of (ii) by |z|” and let |z| > oo. 

When |z| = 1 the inequality (ii) becomes 


reo 


J 


-3} < (x= 1) max) (I1=1)  Q) 


where A,, A,,..., A, are the zeros of P. But if p = Z/A ,, then 
Kz — A, 


z—A, 


1— K’p 
1—p 


<A, 


since |p| < 1/K and 


K2- (1 K’p)(1 ~ K’e) _ (K*- 1) — Kp) 


(1 — p)(1—5) (l—p)-p) ~ 
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Thus the left-hand side of (2) does not exceed |P(z)| (K” — 1) and so (2) is 
established. 
If we divide both sides of (ii) by |z|” and let |z| > 00, we get 


max |P(z)| > (K"+ 1)IGh (3) 


where 
P(z)=Cot+ Cz +--+ +C,2". 


n 


But (3) follows from the known result 
max|P(z)| > Col + IGl (4) 


which can be proved as follows. Suppose C,/C, = e?7'“|C,/C,|. Then 


1 n 1 n n 
_ > P(e2%Ut/n) — _ y C,e2miak/n yy e2tiik/n 
nM j=1 N k=0 j=l 


e°7C + Cy 
= e7™"(1C,| + IC) CAC, |: 


Thus (4) is established and hence (3). 
A proof of (11) when 1 < |z| < oo is earnestly solicited. 
The above partial solutions were the only ones received. 


Noncrossing Trees 


E 3170 [1986, 650]. Proposed by The Howard University Group, Washington, D.C. 


Construct a graph as follows: Put n + 1 labeled vertices around a circle and let 
the edges be the straight line segments connecting any two vertices. A tree is 
noncrossing if no two edges intersect except at the vertices. Enumerate the number 
of noncrossing spanning trees for this graph. For n = 1, 2,3, the numbers are 1, 3, 
12, respectively. 


Solution I (composite) by O. P. Lossers, Eindhoven University of Technology, 
Eindhoven, The Netherlands, and R. S. Pinkham, Stevens Institute of Technology, 
Hoboken, N.J. The answer is (, ) /n. Let a, denote the required number of trees, 


and define a, = 1. We show that 


j+tkt+l=n-1 

Label the n + 1 vertices »,..., », in order. Given a noncrossing spanning tree, let 
j +1 be the smallest label of a vertex connected to v9. In addition to the edge 
VoY;,1, the tree consists of a noncrossing tree on {,..., ¥;41}, 4 noncrossing tree 
on {P415---,% 4441} for some k with O <k <n—j — 1, and a noncrossing tree 
On {Vig n420-++s %as Yo}. Since the noncrossing trees on these vertex sets can be 
chosen arbitrarily, we have 

1 


» Apa, —j—-k-1 —~ » a j;4,a). 
=0 


n- n 


1 
a,= y a, 
j=0 
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In general, of course, the number of ballot sequences such that candidate A always 
has at least kK — 1 times as many votes as candidate B is (*" + ‘) /(kn + 1), if the 
final tally is ((k — 1)n, n). 

Like the Catalan numbers, these have various interpretations, and there exist 
bijections between them. In particular, another collection of size a, that can be used 
to get bijections between the noncrossing trees and the “2-to-1” ballot sequences is 
the partitions of 3n points on a circle into non-overlapping triangles. The Catalan 
numbers count the partitions of 2n points into noncrossing chords. 


Also solved by the proposers. Partially solved by J. T. Ward and the University of South Alabama 
Problem Group. 


Integers Have Small Multiplicative Order Modulo Some Large Primes 


E 3216 [1987, 549]. Proposed by Jon Froemke and Jerrold W. Grossman, Oakland 
University, Rochester, Michigan. 


Fix an integer a> 1. For any prime p not dividing a, let m(p) be the 
multiplicative order of a modulo p, i.e., the smallest positive integer m( p) such that 
a™(?) — 1 is divisible by p. Prove that the ratio (p — 1)/m(p) is an unbounded 
function of p. 


Solution by O. P. Lossers, Eindhoven University of Technology, Eindhoven, The 
Netherlands. Suppose there is an integer d such that (p — 1)/m(p) <d for all 
primes p. By Dirichlet’s theorem on primes in arithmetic progressions, we may 
choose a prime r such that r > a — 1 and r= 1mod(d + 1)!. Now there exists a 
prime p such that p divides a” — 1 but not a — 1; in fact, any prime dividing 
1+a+a*+---+a"* has this property. Since r is prime and m(p) # 1, we 
must have m( p) = r. By assumption this means (p — 1)/r < d, so we conclude 
p = kr+1 for some integer k with 1 < k < d. However, our choice of r implies 
p=kr+1=(k+ 1\(mod(d + 1)!), contradicting the fact that p is prime. 


Editorial comment. The problem can also be solved quickly via the Tschebotareff 
density theorem (Math. Ann. 95(1926), 191-228). There are other short solutions 
that are not completely elementary. 


Also solved by I. M. Isaacs, R. P. Lewis, L. E. Mattics, S. V. Ullom, and the proposers. See also the 
proposers’ paper in this Monthly 95 (1988) 289-307. 


A Property of a Few Small Primes 


E 3233 [1987, 877]. Proposed by Mihai Cipu, INCREST, Bucharest, and Marian 
Deaconescu, University of Timisoara, Romania. 


Find all primes p having the property that for each prime q < p the least 
positive residue of p modulo q, 1.e., p — | p/q]q, is square free. 


Solution by Lenny Jones, Shippensburg University, PA. Let S be the set of all 
primes with the desired property. We will show that S = {2,3,5,7,13}. It is easily 
checked that these primes are in S. So consider p € S with p > 7. Then p — 4 can 
have no prime factor g larger than 4, otherwise p — | p/q|q = 4. Since p — 4 is 
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odd, p — 4 = 3° with a > 2. Similarly p — 8 can have no prime factors larger than 
8, and so p — 8 = 3°— 4 = 5°7°. Reduction of the last equation mod 24 implies 
that a is even and 5 is odd. If c ¥ 0, then p — 9 = 5°7° — 1 = 24 (since p — 9 has 
no prime factor exceeding 8 and is not divisible by 3,5, 7); reduction mod 7 implies 
that this is impossible. Hence c = 0 and 3° — 4 = 5° which, since 37/7 — 2 and 
37/2 + 2 are relatively prime, gives 3°/* — 2 = 1 and 3°/* + 2 = 5°. Thus a = 2, 
b = 1, and p = 13. 


Editorial comments D. Estes and K. S. McCurley provided a short solution based 
on the following result of K. Molsen (Zur Verallgemeinerung des Bertrandschen 
Postulates, Deutsche Math., 6 (1941) 248-256): for n > 118, each residue class 
modulo 12 and relatively prime to 12 contains a prime in the interval (n, 4/3]. 
Several readers pointed out that {2,3,5,7,13} is the set of primes p having the 
property that, for each prime g < p, the least positive residue of p modulo g is 
neither 4 nor 9. A few others noted that {1,3,5,7,13} is the set of odd positive 
integers with this same property. G. Myerson went even further by identifying the 
entire set of positive integers p that satisfy the property in the statement of the 
problem. The answer is (1, 2, 3, 4,5, 6, 7, 8, 10, 12, 13, 16, 36,58}. Myerson relies on 
the paper by L. Alex, Diophantine equations related to finite groups, Comm. 
Algebra 4 (1976) 77-100, in which are given all solutions to x + y=z with 
xyz = 2'3%5°7"; however, it is possible to give a proof of Myerson’s assertion 
without assuming a knowledge of Alex’s paper. 


Also solved by D. Callan, D. Estes and K. S. McCurley, S. M. Gagola, C. V. Heuer, H. M. Marston, 
L. E. Mattics, G. Myerson, S. Philipp, H. Schmidt, D. B. Tyler, and the proposer. Two incorrect solutions 
were received. 


Too Many Marriages 


E 3234 [1987, 877]. Proposed by Charles R. Johnson, Gail Wolkowicz, and Henry 
Wolkowicz, University of Delaware, Newark. 


The jury panel for a criminal trial contains 156 members and is chosen from the 
3000 registered voters in the small county where the crime occurred. The 3000 voters 
include 500 married couples, while the jury panel contains M married couples. The 
defense lawyer argues for a change of venue on the ground that the jury panel was 
not randomly chosen from the set of registered voters, asserting that the probability 
of M or more married couples on the jury panel is less than 1 in 20,000. How large 
must M be for his argument to be correct? 


Solution I by Patrick A. Staley, Southwestern College, Chula Vista, CA. M must 
be eight or more. The probability of eight or more couples is less than 1 in 21327, 
and the probability of seven or more couples is more than 1 in 2986. These numbers 
were obtained by the following computation. 

Given that panel members are selected at random (without replacement), let 
P(i, j, k) be the probability of a panel consisting of i married couples, j married 
but unmatched persons and k single persons after 2i + j + k picks. Set P(i, j, k) 
= 0 if any argument is negative, and set P(0,0,0) = 1. Then P(i, j,k) can be 
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computed using the recurrence 
(3001 —- 2i-j-—k)PG, j,k) =(j+1PCG-1,7+1,k) 
+ (1002 — 27 — 21) P(i, 7-1, k) 
+ (2001 — k)P(i, j,k -— 1) 


The resulting probability of M or more couples is then 


78 156-2: 
» Le PG, 7,156 — 2i- J). 
i=M j=0 


Solution IT by Curtis Cooper, Central Missouri State University. M must be eight 
or more. Assuming random selection, the probability that the jury panel has exactly 
i married couples and exactly j people who are married but whose spouse is not 


chosen is 
(50°) 500 —i\,;( 2000 
P(i, j) = i J 156 — 2i-j 
J (3000) : 
156 
As above, we compute L/§ yL'25 “P(i, j) and compare with 1/20000. 


Editorial comment. Lajos Takacs remarked that by the principle of inclusion- 
exclusion, the probability p of M or more married couples satisfies 


: | El 
p= roomy] 0 
2j 


which can be readily calculated for M = 7,8. (cf. Tucker, Applied Combinatorics, 
New York, Wiley, 1984, p. 313). 


Also solved by D. Callan, J. Delany, P. Griffin, and the proposers. One incorrect solution was 
received. 


A Sensible Allocation of Funds? 


E 3235 [1987, 877]. Proposed by Rick Luttmann, Sonoma State University, 
Rohnert Park, CA. 


In the primary of June 1986, the voters of the state of California were asked to 
vote on a bond issue that contained the following language: “The total funds 
available shall be allocated to counties... . Each county’s allocation shall be in the 
same ratio as the county’s population is to the state’s total population, except that 
each county shall be entitled to a minimum allocation of $100,000.” 

While this language was apparently not written by mathematicians, it presumably 
means the following: 

(a) Each allocation shall be at least $100,000. 

(b) Those counties that receive more than $100,000 shall have equal per capita 
allocations. 
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(c) The per capita allocation of counties that receive only $100,000 shall be not 
less than the common per capita allocation of those counties in (b). 

Let T be the total of funds available, m the minimum allocation, and c the 
number of counties. Let p,, p5,..., p. denote the counties’ populations, arranged in 
descending order. Find a formula for each county’s allocation. 


Solution by Robert A. Agnew, Chicago. Let x; be the allocation of the ith county, 
n the number of counties receiving more than the minimum, and a their common 
per capita allocation. Then x; = m fori > n (if n <c), and x; = ap, >m fori<n 
(by (b) and (c)). Since Xx, = T, we obtain 
T-(c—n)m 
ia Pi | 


Furthermore, 


T-—(c-—k)m m 
ia Pi ~ Pr 


n= max{ k-<e es . 


If cm > T, then there is no solution. 

Note that for any constant 5, the solution to the proposed problem also solves 
the simple weighted least-squares problem of minimizing L¢_, p,(x,/p; — 5)? sub- 
ject to Uf_,x,; = T and x; > m for all i. This can be established via the Kuhn-Tucker 
conditions. 

Also solved by S. F. Barger, J. R. Buchanan, D. Callan, J. Gaisser, A. Gorfin, C. Groenewoud, E. 


Hertz, P. Montuschi (Italy), W. H. Oh (Korea), A. Riese, V. Schindler (East Germany), M. Shimshoni 
(Israel), A. Shuchat, and the proposer. 


A Bernoulli Recurrence 


E 3237 [1987, 995]. Proposed by Johan G. F. Belinfante, Georgia Institute of 
Technology, Atlanta. 


Let B, denote the kth Bernoulli number, as defined by the formal power series 
expansion 


x* 


co 
x _ LB. 
e~—-1 ,2, k! 


Prove the following generalization of a formula of Namias [Amer. Math. Monthly, 
93 (1986) 28-29]: 


valid for any positive integer m and any positive integer n greater than 1. 


Solution by Ira Gessel, Brandeis University, Waltham, MA. Let B(x) =x/(e*-l= 
LB,x*/k!. Then 
B(nx) "=} x e™m™~—] 


y ex = en ae = B(x). 
e 1 
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Equating coefficients of x”/m! after expressing the left side as a product of two 
generating functions “we the formula 


n-1 
— yy ath B, i" * = Br 
” k=0 j=0 

where 0° = 1. Subtracting the term k = m and normalizing yields the desired 
formula. 


Also solved by E. Y. Deeba and D. M. Rodriguez, O. P. Lossers (The Netherlands), S. Philipp, O. G. 
Ruehr, the University of South Alabama Problem Group, and the proposer. 


An Entirely Real Function 


E 3242 [1987, 996]. Proposed by J. B. Miles and L. A. Rubel, University of 
Illinois, Urbana. 


It can be proved, using Picard’s theorem or Nevalinna theory, that if f(z) is an 
entire function that is real precisely when z is real, then f(z) = az + b, where a 
and b are real numbers and a # 0. Find a more elementary proof. 


Solution I by Stan Philipp, Pennsylvania State University, Altoona. Let f(z) = 
La,z”" = u(z) + iv(z), with u and v real. Note that the a, are real, since f is real 
for real z. Since v(z) # 0 for Im(z) # 0, v must have constant sign in the upper 
half plane. Therefore, using the inequality |sinn@| < nsin@ for n= 1,2,... and 
0 <@ <7 and the formula 


7 ; 0° 7 7 
i v(re'®)sin m6d0= > a,r” | sin n@ sin m@d@ = ~a,r™ form>1, 
0 n=1 0 2 


we find 


m|a,| 


pm-i 


la,,| =f |v(re) |m sin 6 dé = 


for any positive r and m2>1. Letting r — oo shows a,,=0 for m= 2. Thus 
f(z) = ay + a,z. Since f is not real off the real axis, a, # 0. 


Solution II by O. P. Lossers, Eindhoven Institute of Technology, Eindhoven, The 
Netherlands. We may assume without loss of generality that Im f > 0 on the upper 
half plane and then, since f(Z) = f(z), that Im f < 0 on the lower half plane. 

Also, f’ has no zeros on the real axis. Otherwise, if f’(x) = 0 for some x € R, 
we would have 


f(z) = f(x) + fOC% ane eare )) 


for some k > 2, where f‘*)(x) € R and h is an entire function with h(x) = 0. This 
implies that in any neighborhood of x there is some z with Im z > 0, such that 
f(x)(z — x)*/k! is on the negative imaginary axis, and z is close enough to x so 
that Re(1 + h(z)) > 0. Hence Im f(z) is negative, contradicting our assumption. 
We conclude that f is strictly increasing on the real axis. Now consider the 
function g(z) = (f(z) — f(0))/z. This function is entire and satisfies g(x) > 0 for 
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x © R and Jjarg(g(z))| < a for all z, since sgn(Im f(z)) = sgn(Im z). Therefore, the 
function G(z) = 1/(1 + g(z)) is a bounded entire function and hence constant. 
Hence g is constant, which proves the assertion. 


Editorial Comment. Dale H. King mentions related results of E. P. Wigner, 
“Simplified Derivation of Properties of Elementary Transcendentals,” Amer. Math. 
Monthly, 59(1952) 669-683. H. P. Boas remarks that the result of the problem is an 
immediate corollary of the following proposition: A positive harmonic function v in 
the upper half-plane that is zero on the real axis must have the form v = ay. This 
proposition occurs both as Theorem 8.34 in Robert B. Burckel, An Introduction to 
Classical Complex Analysis I (Academic Press, 1979) and Theorem 1 in H. P. Boas 
and R. P. Boas, “Short Proofs of Three Theorems on Harmonic Functions,” Proc. 
Amer. Math. Soc., 102(1988) 906-908. The result of the problem goes back at least 
to Tschebotareff, Math. Ann. 99 (1928) 675-677. 


Solved also by N. K. Artemiadis (Greece), M. R. Aub (Jamaica), H. P. Boas, F. W. Carroll, R. B. 
Israel (Canada), D. H. King, K.-W. Lau (Hong Kong), E. Levine, L. E. Mattics, P. Tracy, and the 
proposers. 


ADVANCED PROBLEMS 


6598. Proposed by Walter Rudin, University of Wisconsin, Madison. 


Let K be a closed circular disc in the plane R*. Suppose that f is a continuous 
map from K into R* which is one-to-one on the interior of K. For each point q in 
f(K), let N(q) denote the cardinality of the set of all points p in K for which 


f(p) = 4. 


Prove that N(q) > 3 for at most countably many points q. 


6599. Proposed by Nick MacKinnon, Winchester College, Winchester, England. 


Let m(n) denote the sum of the prime factors of n, repetitions counting. For 
example m(12) = 2 + 2 + 3 = 7. What is the asymptotic behavior of 


N 


L m(n) 


n=1 


for large N? 


6600. Proposed by P. J. de Doelder, Technical University, Eindhoven, The 
Netherlands. 


If m is a positive integer, prove that 


i du = 2(—1)"(2m)!A(2m + 1) 
m—-1 (1\i n/2 2j+1 
+2(-1)"**(2m)! » Ee 


B(2m — 2j) 
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and 
0/2 we mttyn yy eat (= 1)! (0 /2)” _ 
f mn du = 2(—1)"" (2m Did ar B(Qm — 2j), 
where 
ora) 1 00 (—1)* 
Ma) = a (2k +1)" B(s) = Py (2k +1). 


SOLUTIONS OF ADVANCED PROBLEMS 


6531 [1986, 821]. Proposed by R. H. Jeurissen, Katholieke Universiteit, Nij- 
megen, The Netherlands. 


Let G be the (bipartite) graph of which the points are the elements of the 
symmetric group S,, with o and 7+ adjacent if and only if there is an 1,0 <i <n, 
with o = 7T(i,i + 1), Le., the sequence o(1), o(2),...,0(n) can be transferred into 
T(1), 7(2),..., T(”) by interchanging two consecutive elements. Determine the auto- 
morphism group of G (cf. problem 6486 [1986, 62; 1986, 574)). 


Solution by the proposer. Clearly for all rT € S,, the transformations L, given by 


L,: 6 > 70 


are automorphisms. Thus Aut G contains a transitive subgroup isomorphic to S,, 
and hence G is regular. If n > 2 another automorphism is the involutory conjuga- 
tion C by (1,2)(2,n — 1)::: ([4n| ; [2] + 1). We shall prove that Aut G consists 
of the L, and (if n > 1) the L,°oC, so if n = 1,2 we have AutG = S_, while if 
n> 2, then AutG = C,: S,, a semidirect product (L,°C = C°L,,). The cases 
n = 1,2 are trivial, so we suppose n > 2. 

Let T, = {(,i + 1)|i = 1,2,...,2 — 1} be the set of neighbours of (1). (Since T, 
generates S_, the graph G is connected.) The neighbours other than 1 of (i, i + 1) 
are the (i,i+ 1)(j, 7+ 1) with i+1<j<nor0<j<i-1, (i,i+1,i+ 2) if 
i<n-—1l,and(i—1,i+1,i)if1 <i. Let Q, be the set of neighbours of elements 
of 7, of the first kind, R, the set of the neighbours of the other two types. The 
points of Q, each have 2 neighbours in T,, those of R, each 1; (12) and (n — 1, n) 
each have 1 neighbour in R,, the other elements each have 2. It follows that any 
automorphism @ fixing (1), fixes T,, Q,, and R,, and fixes (12) and (n — 1, n) or 
interchanges them. Let ¢’ = 9 if @ fixes (12), 6’ = Co®@ otherwise. Then 9’ fixes 
(1) and (12), hence also (23), this being the only element of J, sharing no 
neighbour in Q, with (1 2). Similarly we see that ¢’ fixes (34),...,(n — 1,n). We 
now have: if w~ is an automorphism, and y((1)) =o, then either L,-1°y or 
CoL,-1°wy fixes (1) and every element of 7,, and it suffices to prove that an 
automorphism with this property is the identity. 

So suppose ¢ is an automorphism distinct from the identity that fixes (1) and all 
(i,i + 1). Let (0) #0, where o is chosen such that its distance k from (1) is 
minimal. Then k > 1, and o is of the form r(j, j + 1) with r at distance k — 1 
from (1) and ¢(7T) = 7. Let P = L,-19g°L,: then Y((1)) = (1). Thus either ¢ fixes 
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(j,i + 1) for all i or Y((i,i + 1)) = C((i,i + 1)). In the first case, however, we 
would have $(r(i, i + 1)) = r(i, i + 1) for all i, in particular ¢6(0) = 0. So we have 
@(7(i,i + 1)) = rC(i,i + 1) = t(n — i,n + 1 — i) for all i; therefore a neighbour 
t(i,i+ 1) of + is invariant iff i = }n. Since indeed + must have an invariant 
neighbour (at distance k — 2 from (1)), we find that n is even, that p = r(4n, $n + 1) 
is the only neighbour of 7 at distance k — 2 from (1), and that all other neighbours 
are at distance k from (1) and are not invariant. In particular +’ = 7(12) and 
7’ =7(n—1,n) are interchanged. For the moment let n > 6. Then p(12) = 
T(5n, 5n + 1)(1 2) = 7(1 2)(4n, 4n + 1) is a neighbour of both p and 7’, so it is 
at distance k — 1 from (1) and invariant. So it should be a neighbour of 7” = 
o(7”) too, ie., there is a j with (n — 1,n)(j, j + 1) = (12)(Gn, $n + 1). This is 
impossible. So n = 4. Now 7’ and +” have 7+ and also 7(12)(34) as common 
neighbours, so their third neighbours € = 7(1 2)(23) and y = 7(3 4)(23) are inter- 
changed. The element §(12)(23) = p(12), however, is at distance < k — 1 from 
(1), so it is invariant, and at distance 2 from &. So it is at distance 2 from y. This 
implies that there are i and j with (23)(12)7,i1+ IU, 7+ DG44Y23), or 
(j,i + 1)(j, 7 + 1) = (124). This is impossible. 


Editorial Comment. Professor John H. Walter of the University of Illinois has 
made the following remarks. 

The question stated in this problem is a well-known and often used result about 
reflection groups used in the theory of Chevalley groups. An outline of its connec- 
tion to this theory may be of interest. These groups are finite Euclidean reflection 
groups of R” and have a presentation G = (7,, i = 1,2,..., n\(7,7;)" = 1, mj; = 2). 
The possibilities for the integers m,, are given by the Dynkin diagram A(G). It is 
well known that the symmetric group S,,, is associated with diagrams of type A,,. 
The graph considered in this problem is the Cayley graph I'(G). It describes the 
adjacency structure of the fundamental regions of G acting on R”, and Aut(I'(G))/G 
is the group of symmetries of A(G). When A(G) has type 4,, this symmetry group 
has order 2. 

Besides the standard treatments of the theory of Euclidean reflection groups, 
reference is also made to the more comprehensive treatment of this subject from the 
point of view of thin chamber systems by Jacques Tits in Buildings of Spherical Type 
and Finite BN-pairs, Lecture Notes in Mathematics, v. 386, Springer, 1974. 


Also solved by O. P. Lossers (The Netherlands). 


An Identity of Christoffel 


6547 [1987, 469]. Proposed by P. L. Butzer and the late E. L. Stark, Rheinisch- 
Westfalische Technischen Hochschule, Aachen, West Germany. 


In discussing the nondifferentiability of the famous “Riemann function” 
Yn * cos(n*x), Christoffel in a letter to E. Prym of June 18, 1865 states that 


dt. 


°° cos(n7x) T (So q/* 2% o sint— cost 
oe J 


=-—_— —_ + ——_—_. 
n=1 n° 6 2 2? n=1 non? /x tr/? 


Show that, except for the coefficient of the term in x’, this formula is correct. 
The text of Christoffel’s letter is given in the article by the proposers, “‘Riemann’s 
example’ of a continuous nondifferentiable function in the light of two letters (1865) 
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of Christoffel to Prym,” Professor Guy Hirsch Birthday Volume, Bull. Soc. Math. 
Belg., 38A (1986) 45-73. 


Solution by Harold G. Diamond, University of Illinois at Urbana-Champaign. The 
formula of the problem is correct except for a superfluous factor + in the second 
term on the right-hand side; that term should be simply —(2x/2)'”*. This modified 
assertion is a consequence of the famous theta inversion formula, that 

fo 6) 1 fo 6) 


y em: — __ y etm /z 
nae VZ ma eo 


for Re(z) > 0. If we divide by 2 and then integrate the left-hand side from e to 


e + iy, where e > 0, we obtain 


—n’n(etiy) _ ,—n’me 


e e 


L(y) =i/2+ 


n=1 (—n*r) 
Note that 
CO ein ary 


lim, L,(y) = 9/2 + = - y 


n=l an? 


The corresponding integral of the nee mane side is 


Rls) = [| =tt - mde 


aos Efe 


For fixed y > 0 the last series, briefly U°°_,a,(«, y), converges uniformly for e > 0. 
Indeed 


eM a/(erit)s gy 
E ve + it it 


\3/2 2 . 
y= + it)’ d(exp,; — + it);), 
an(e,y) = a f (e+ it)? d(exp{—n?a/(e + it)}) 
so that integration by parts and the estimate 


jJexp{ —n’a/(e + it)}| <1 
imply that a,(e, y) = O(n~*) for fixed y. The change of variable t = n?a/u shows 


that 
[ —n°ru \ na 
= —— du. 
a,(e¥) if, eu + in’a “ares i. 
Hence, 
Jim Ry) = viv + Vr >» nf tity 322 dy 


n 2a /y 


Upon equating the real parts of these two limits we obtain 
T 00 costo) y 


= aan = (72) + \(772) py nf. (eos ~ sin w) 57 ye 


the result follows upon replacing y by x/z. 


No other solutions were received. 
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Geometries and Groups. By V. V. Nikulin and I. R. Shafarevich. Translated from the 
Russian by M. Reid. Springer-Verlag Universitext, 1987. viii + 251 pp. 


HEINRICH W. GUGGENHEIMER 
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From its beginnings, geometry was the meeting ground of topology and algebra. 
At least, that was the attitude of Euclid. For example, Euclid [H, T] is very careful in 
Definition 3 to assert that a segment contains its endpoints (and not as Heath [H] 
puts it, “if a line has extremities, those extremities are points’’). This means that all 
segments (a.k.a. “lines”), just as all other geometric figures appearing in Euclid, are 
compact. Straight lines in the modern sense, as unbounded point sets, never appear 
in Euclid. (They do appear in Proclus and Pappus, but these later authors were quite 
oblivious to the topological insights contained in Euclid.) As a consequence, 
whenever Euclid needs a point C not on the segment AB which defines the abstract 
underlying line, he first has to produce (i.e., prolong) the segment, i.e., embed it in a 
larger segment. The unlimited possibility of such prolongation is asserted in Postu- 
late 1. The restriction of geometric figures to compact sets justifies Axiom 8 in the 
Axioms of Measurement: the whole is greater than its part. This means that if A, B 
are compact and A is strictly contained in B, then m(A) < m(B) for the measure 
m which is invariant under the group of Euclidean motions (Axiom 7). We find the 
same insistence on compact sets in the Parallel Postulate 5: And, if a segment 
intersecting two segments makes interior angles on one side that sum to less than two 
right angles then the two segments can be produced to intersect on the side that contains 
the angles that add to less than two right angles. This postulate contains three 
statements: Pasch’s Axiom on half planes, the Euclidean Axiom on the existence of 
a unique parallel, and the statement that the point of intersection of intersecting 
lines can be found in a compact subset of the plane [G]. In his careful attention to 
topological matters, Euclid had no successor and no adequate modern commenta- 
tor. 

The algebra in Euclid comes in two forms. First as geometrical algebra in Books 
II, V, X and then in the study of the groups of motions and similitudes. The latter 
naturally was not recognized as algebra until the middle of the nineteenth century. 

The story of Euclidean geometry and the discovery of non-Euclidean geometry 
by Lobachevskii (1829) and Bolyai (1832) has been told many times, so we can 
continue our story after 1832. Both Lobachevskii and Bolyai worked within the 
framework of synthetic geometry as taught in the schools. A few years earlier, 
Poncelet [P] had developed projective geometry and naively introduced projective 
coordinates over the complex numbers. (The use of the complexification of real 
algebraic curves in projective geometry was justified in 1847 by von Staudt [vS].) 
Poncelet had noted that in projective coordinates, given by x = x,/X 9, y = X2/X9; 
every circle in the plane passes through the two circular points (0,1, +i) and had 
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made some applications of this notion. In 1853, Laguerre [La] noted that any 
theorem about angles can be transformed into a projective theorem if the angle is 
defined as (i/2) times the logarithm of the cross ratio of the two legs of the angle 
and the two isotropic lines (of slope +i) through the vertex. This result was the 
starting point for A. Cayley (1859) who replaced the degenerate conic x? + x? = 0 
of Euclidean geometry by a nondegenerate conic which then is used as basis of 
projective definitions both of length and angle [Ca]. Depending on the sign of the 
discriminant of the quadratic form he obtains elliptic or hyperbolic (Lobachevskii- 
Bolyai) geometry. Elliptic geometry is also called Riemannian geometry because 
Riemann had in his Habilitationsvortrag (lecture delivered at G6ttingen University 
to obtain the right to be an (unpaid) lecturer at that institution) sketched this 
geometry based on the topology on manifolds and Riemannian geometry, both 
introduced in a few paragraphs [R]. Riemann also indicated that a manifold with 
constant curvature is a homogeneous space (in modern terminology), 1.e., 1t admits a 
manifold of isometries in itself and he pointed out that the sphere is a local model 
of elliptic geometry. Based on Riemann’s ideas, Beltrami [B] in 1868 found surfaces 
in three-space whose inner geometry provides a model for local hyperbolic geome- 
try. 

Much of modern algebra and geometry goes back to C. Jordan’s immersion in the 
thought of E. Galois and his group theoretical treatment of groups in geometry [J1] 
(1868) and algebra [J2] (1870). The study of groups in geometry was immediately 
taken up by S. Lie (who was in France in 1871) and his friend F. Klein. Lie from 
1871 on developed the theory of groups whose underlying space is a manifold and 
whose multiplication is analytic in local coordinates, known as Lie groups. Klein in 
1872 gave a definition of geometry as the study of invariants of homogeneous spaces 
[K1] but concentrated on the study of discrete groups, in particular subgroups of the 
Mobius group that are important in complex analysis. At the same time, W. K. 
Clifford in England started to study the groups of motions of non-Euclidean 
geometry and in 1873 [C1] discovered a quadric surface whose geometry in elliptic 
three-space is locally Euclidean but whose topology in the large is not that of the 
euclidean plane. The Clifford surface as a whole admits only a two-parameter group 
of motions whereas the neighborhood of any point admits a three-dimensional 
group germ. 

In the two decades following, S. Lie developed his theory of continuous groups. 
In modern language these are Lie group germs and the corresponding Lie algebras. 
Lie tried to classify his groups and pointed out the importance of simple groups in 
this endeavor. However, he took as his principle of classification the dimension of 
group space or of the space on which the group may act as a transitive group of 
transformations and this is not the right way to go. The right way of classification 
was found by W. Killing, a high school teacher in Braunsberg, who, with remarkable 
vision in a series of papers from 1887 to 1889 [Kil], built the modern theory of Lie 
algebras and Lie groups and gave the complete and almost correct classification 
(with defective proofs); the details were later put in order by E. Cartan. (In the 
preface of Vol. 3 of Lie’s Transformationsgruppen, Killing is considered to have 
“deficient knowledge in the theory of groups.”’) 

In 1875, Klein had started to look for all discrete subgroups of the Mobius group 
and their geometries. One of the first discoveries he made was that there are groups 
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that leave a circle invariant and others without such a circle [K2]. Groups of the first 
kind were encountered also by Fuchs [F], who in 1880 studied the question of 
finding those analytic linear equations y” + p(x)y’ + q(x)y =0 with rational 
P, 4, for which x is a (univalent) function of the quotient y,/y, of two fundamental 
solutions. Poincaré, on reading Fuchs’s paper, got interested in the general question 
of automorphic functions, 1.e., analytic functions invariant under a discrete sub- 
group of the Mobius group. After the publication of his first note on the subject 
[Pcl], Klein pointed out to him the existence of the second kind of group. Poincaré 
proceeded to call the first kind Fuchsian, the second kind Kleinean, and these 
names have stuck to this day. In his investigations he found the Poincaré model H 
of hyperbolic geometry and a classification principle for all Fuchsian groups G such 
that the geometry obtained by identifying points of H that are images of one 
another under G, is locally hyperbolic [Pc2]. He noted that the geometry so 
obtained is uniform (one neighborhood looking like any other, or the underlying 
space being a manifold) only if G has no fixed point in its action on H. In 1890, 
when Klein turned from original research to the writing of expository books, he 
noted that Poincaré had given the basic tools for the solution of the problem that 
followed from Clifford’s discovery: To find all geometries that are locally isomor- 
phic to a given geometry defined on a simply connected manifold. He solved the 
two- and three-dimensional Euclidean and elliptic cases. (The general elliptic case 
was put in order only in the Ph.D. thesis of H. Hopf [Ho]). Killing [Ki2] 1immedi- 
ately treated the problem from the point of view of Riemannian geometry and Lie 
groups in arbitrary dimensions and gave a complete solution in the low-dimensional 
Euclidean and elliptic cases and a reasonably satisfactory one for the still-open 
hyperbolic case in dimensions two and three. He also coined the name “Clifford- 
Klein space problem.” (Killing had written a few earlier books on “n-dimensional 
non-Euclidean space forms” (Braunsberg 1883, Leipzig 1885) but there “space 
form” means “Lie group of transformations.”) A related problem, the determina- 
tion of all (Euclidean) crystal classes, had been treated incompletely by Jordan [J1] 
and completely by Fédorov [Fe] in 1890 and independently by Schénfliess [S] in 
1891. 

The modern formulation of the notion of geometry and of the Clifford-Klein 
space problem has its base in the early work of E. Cartan [C]. Let G be a Lie group 
and H aclosed subgroup. Then the (left) coset space G/H 1s a homogeneous space, 
i.e., a topological space on which G acts as a transitive group of transformations and 
the inner isomorphs of H are the isotropy groups, 1.e., the groups of transformations 
that leave a certain point fixed since gHg~! transforms gH into itself. To get a nice 
quotient space, one has to insist on some additional properties such as “H should 
not contain a normal subgroup of G of dimension > 1.” The Clifford-Klein 
problem can then be formulated as the search for all K such that a simply 
connected G/H is the universal covering space of (G/H)/K. In this way, algebra 
and topology have finally merged in the notion of Lie group to define geometry. 

The book of Nikulin and Shafarevich gives a very careful, complete, and leisurely 
introduction to the results of Klein and Poincaré on the Clifford-Klein space 
problem in two and three dimensions and of Jordan-(Fédorov-Schonfliess) in the 
plane, with attention to some aspects not covered in this historical essay, such as the 
problem of moduli of the flat torus which opens up vistas of algebraic geometry. 
The book is well written and edited (I found only 3 typos). It would serve admirably 
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for a one-semester geometry course in a liberal arts college since its prerequisite is 
only a moderate amount of high school geometry. All topology and algebra is 
developed in the text. Even complex numbers are developed from first geometric 
principles. For maximum effect, the teacher should obviously know somewhat more 
than is presented in the text, and here the most important source [M] should be 
added on top of the list of recommended advanced readings. (The book on 
Riemannian geometry on the list is obviously by Elie Cartan and not by Henri 
Cartan as listed.) If you have a full year to spend on an elementary course that can 
whet someone’s appetite for research, take Magnus. 


REFERENCES 


[B] E. Beltrami, Saggio di interpretatzione della geometria non-euclidea, Giorn. di Mat. (Battaglini), 6 
(1868) 285-315, French translation by Hoiiel, Ann. Ec. Norm., 6 (1868) 251-288. 

[C] E. Cartan, Sur la structure des groupes de transformations finis et continus, Ph.D. Thesis, Paris 
1984, Oeuvres, vol. [/1, 137-287. 

[Ca] A. Cayley, A sixth memoir on quantics, Lond. Trans., 149 (1859) 61-90; Collected Math. Papers 
vol. 2, 561-592. 

[Cl] W.K. Clifford, Preliminary sketch of biquaternions, Proc. London Math. Soc., 4 (1873) 381-395; 
Math. papers 181—200. 

[Fe] E. V. Fédorov, Symmetry of Regular Systems of Figures (in Russian), St. Petersburg, 1890. 

[F] L. Fuchs, Sur une classe de fonctions de plusieurs variables tirées de l’inversion des intégrales de 
solutions des équations différentielles linéaires dont les coefficients sont des fonctions rationelles. 
Extrait d’une lettre adressée 4 M. Hermite. C. R. Paris 90 (1880) 678-680, 735-736; Werke II, 
213-218. 

[G] H. W. Guggenheimer, The axioms of betweenness in Euclid, Dialectica, 31 (1977) 187-192. MR 
81h:03029. 

(H] T. L. Heath, The Thirteen Books of Euclid’s Elements, reprint, Dover, N.Y., 1956. 

[Ho] H. Hopf, Zum Clifford-Kleinschen Raumproblem, Math. Ann., 95 (1925) 313-339. 

[J1] C. Jordan, Mémoire sur les groupes de mouvements, Ann. di mat., (2)2 (1868/69) 167-215, 
322-345. 

(J2] , Traité des substitutions et des équations algébriques, Paris, 1870. 

[Kil] W. Killing, Die Zusammensetzung der stetigen endlichen Transformationsgruppen, erster Theil, 
Math. Ann., 31 (1887) 252-290; zweiter Theil, 33 (1888) 1-48; dritter Theil, 34 (1888) 57-122; 
vierter Theil, 36 (1889) 161-189. 

[Ki2] , Einfithrung in die Grundlagen der Geometrie, vol. 1, Paderborn, 1893, vol. 2, Paderborn, 
1898. 

[K1] F. Klein, Vergleichende Betrachtungen iiber neue geometrische Forschungen, Program, Erlangen, 
1872 (transl. M. W. Haskell, Bull. N.Y. Math. Soc., 2 (1893)). 

[K2] , Uber bind’re Formen mit linearen Transformationen in sich, Math. Ann., 9 (1875) 
183-208. 

[K3] , Zur nichteuklidischen Geometrie, Math. Ann., 37 (1890) 544-572. 

[La] E. Laguerre, Sur la théorie des foyers, Nouv. Ann. Math., 12 (1853) 57-66, Oeuvres 2, 6-15. 

[M]  W. Magnus, Non Euclidean Tesselations and Their Groups, Academic Press, N.Y., 1974. 

[Pcl] H. Poincaré, Sur les fonctions uniformes qui se reproduisent par des substitutions linéaires, Math. 
Ann. 19 (1881) 553. 

[Pc2] , Théorie des fonctions fuchsiennes, Acta Math., 1 (1882) 1-62. 

[P] J. V. Poncelet, Traité des propriétés projectives des figures, Paris, 1822. 

[R] B. Riemann, Uber die Hypothesen, die der Geometrie zugrunde liegen, Abh. Ges. Géttingen, 13 
(1868) 1-20; Werke, 272-287. 

[S] A. Schénfliess, Krystallsysteme und Krystallstruktur, Leipzig, 1891. 

(T] C. Thaer, Euklid, Die Elemente, Buch I-XIII; Ostwald’s Klassiker, 235, 236, 240, 241, 243 
(1933-1937), reprint Wiss. Buchgesell., Darmstadt 1962. 

[vS] K.G. C. von Staudt, Geometrie der Lage, Niirnberg, 1847. 


374 ALAN G. KONHEIM [April 
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The books by Patterson and Koblitz are the latest entries in a growing literature 
on cryptography. The widening use of information processing in consumer transac- 
tions and the issue of privacy has motivated the inclusion of cryptography in 
undergraduate curricula. Cryptography (or cryptology) is related to various areas of 
computer science, including complexity theory, operating systems and data base 
theory and depends upon several branches of mathematics including number theory 
and algebra. 

These two books are directed to different audiences and assume different levels 
of mathematical maturity. 


Mathematical Cryptology for Computer Scientists and Mathematicians. Notwith- 
standing its title, this book is addressed to the computer scientist. Its forte is the 
first comprehensive exposition of developments within the past six years in the area 
of public key cryptosystems. 

The first chapter of seventeen pages is devoted to all of cryptography before 
1970! The Caesar, Vigenére, Playfair, and columnar transpositions are introduced. 
No discussion is given of the Hagelin machine (and its children), the Japanese 
‘rainbow’ family, the Hebern rotor system, or additive stream cipher systems which 
generate a sequence k = (ky, k,,...) with k, © Z, = {0,1} which is exclusive-ORed 
to plaintext x to obtain ciphertext y = x @ k. 

In describing the computational complexity of cryptographic systems, the author 
states on page 6 that “until recent years, computational infeasibility meant being 
too difficult to compute with pen and pencil.” This is certainly an exaggeration. The 
cryptanalysis of the Enigma system during World War II led to the ‘invention’ of 
the digital computer and cryptography has been a constant stimulation in the 
development of faster and more efficient processing systems. 

Chapter 2 describes the Data Encryption Standard (DES). There is no discussion 
of the modes of operation of DES—chaining and stream generation. A summary of 
published attacks on DES is given in chapter 10 in addition to the criticism of DES. 
As contrasted with the knapsack cryptosystem for which an attack is known to 
succeed, no cryptanalysis of DES has been published which recovers (even part of ) 
the key and/or plaintext from DES-enciphered ciphertext. 

Chapter 3 introduces public key cryptosystems which have altered the direction 
of research in cryptography. The chapter begins with a discussion of key manage- 
ment, the raison d’étre of public key cryptography. Chapters 4 and 5 discuss the 
knapsack and RSA algorithms. The strongest feature of Patterson’s book is the 
lovely exposition of Shamir’s attack on the knapsack system given in Chapter 6 
together with the excellent discussion of the L*-algorithm. 

Chapter 7 describes additional public key systems. Only a cursory discussion is 
included of the public key system proposed by El Gamal in 1985 which forms the 
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basis of the commercial offering by CYLINK Incorporated which uses this public 
key cryptosystem for key exchange. 

Chapter 8, entitled ‘Other Security Problems,’ deals with authentication and 
digital signatures, in my view the most important applications of cryptography in 
information processing systems. While public key cryptosystems ‘solve’ the problem 
of key distribution, their use often introduces new issues. When a table of ‘public 
key values’ is stored in a multiuser system, provision must be made to protect the 
table against unauthorized alteration. Failure to do so opens the system to various 
attacks. There is no discussion of these problems. Lacking is the same formalism 
introduced by the author in Chapter 1 where a cryptosystem is defined as a 4-tuple 
(K, M,C,T). What does authentication require? What is required of a system 
enabling users to ‘sign’ messages? 

A nice feature of this book is the inclusion of Pascal programs for a variety of 
cryptosystems. 

Patterson’s book is easy to read and provides the best introduction to modern 
public key cryptosystems. Unfortunately, due to the paucity of examples, the book 
is probably not suitable as a textbook. 


A Course in Number Theory and Cryptography. Neal Koblitz’s book is directed 
to, and will only be appreciated by, a mathematically mature audience. It presents a 
detailed review of factorization and techniques for the solution of the logarithm 
problem, two problems which arise in public key cryptography. 

The first two chapters offer preliminaries on number theory and finite fields. 

Chapter 3 describes some elementary cryptographic systems. The idea of a public 
key system is introduced in the next chapter, included are the RSA exponentiation 
algorithm and the knapsack cryptosystem. 

The strength of cryptosystems which employ exponentiation for key exchange 
and encipherment depend on the supposed complexity of the logarithm problem: 


Given: y = q* (modulo p) with p a prime and q primitive relative to p. 


Find: x. 


The current state of the logarithm problem up to, but not including, the 1984 
paper by Coppersmith and Odlyzko is presented. 

There is little discussion of Shamir’s attack on the knapsack problem or the 
equally interesting work of Brickell. 

Chapter 5 is devoted to primality and factorization. Several public key cryptosys- 
tems require the ‘selection of large’ primes. A ‘large’ integer n is to be tested for 
primality. The chapter describes the Solovay-Strassen and Rabin-Miller tests. 

Although it has not been proved that the strength of the RSA encipherment 
algorithm is equivalent to the complexity of factorization, the evidence to date 
suggests this tentative conclusion is not unreasonable. The remainder of the chapter 
is devoted to an exposition of factorization methods. 

Modern cryptography has provided the motivation for research into factoriza- 
tion. Some of the most exciting new work lies within algebraic geometry. The final 
chapter describes the recent work on elliptic cryptosystems. 

Koblitz’s book is well written and a welcome addition to the literature on 


cryptography. 
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Invitation to Complex Analysis. By Ralph Philip Boas. The Random House/ 
Birkhéuser Mathematics Series. Random House, New York, 1987. xii + 347 pp. 
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Then, said Stephen, you pass from point to point, led by its formal lines; 
you apprehend it as balanced part against part within its limits; you feel the 
rhythm of its structure. In other words the synthesis of immediate perception 
is followed by the analysis of apprehension. 


James Joyce, A Portrait of the Artist asa Young Man 


What is it that we call complex analysis? According to The American Heritage 
Dictionary, analysis is the separation of an intellectual or substantial whole into 
constituents for individual study. This definition pleases the mind, for the Greek 
word avadve.v means to unloose, release, or dissolve. 

For mathematical contexts, the same dictionary gives two special meanings of 
analysis: “Methodology principally involving algebra and calculus as opposed to 
synthetic geometry, group theory, and number theory,” and “the method of proof in 
which a known truth is sought as a consequence of reasoning from the thing to be 
proved.” Neither of the two descriptions will ever attain canonical status. 

Boas avoids the folly of an impossible definition by making a modest declaration. 
In his preliminary statement to students he writes: “Complex analysis was originally 
developed for its applications; however, the subject now has an independent and 
active life of its own, with many elegant and even surprising results.” The declara- 
tion does not characterize complex analysis; but complex analysts know that no 
reasonable description of their territory could ever have remained satisfactory for 
more than a quarter century. 

An understanding of the term complex analysis requires at least peripheral 
participation. To those who by virtue of necessity or volition refrain from participa- 
tion we might simply say that complex analysis began as the art of using complex- 
valued functions in the analysis of various physical problems and that today it is 
primarily the study, by analysis and synthesis, and with geometric, topological, 
algebraic, number-theoretic, or other cultural orientations, of complex-valued func- 
tions in spaces of one or more complex variables. 

Even the consensus that a course in complex analysis should begin with the 
introduction of complex numbers allows serious differences of opinion about the 
first lesson. Whether teachers take a historical, heuristic, axiomatic, or constructive 
approach and whether they think primarily in terms of algebraic or geometric 
models depends on their taste. Taste in turn depends on personal predilections and 
experience, on passion for elegance, generality, or detail, and on degrees of reso- 
nance with the educational system’s temporary philosophies. If students are fortu- 
nate, their teacher will also adjust the message to their background and maturity. 

Once we know what we mean by complex numbers and by functions, neighbor- 
hoods, limits, and derivatives, we can come to grips with the concept of analytic 
(holomorphic) functions. At about this stage, we meet the Cauchy-Riemann equa- 
tions, an illuminating example of analysis in the sense of the dictionary’s primary 
definition: separation of significant aspects for the sake of detailed examination. 
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The ability to recognize instinctively what is significant sets apart the mathemati- 
cians from shufflers of formulas, just as it distinguishes creative musicians, sculp- 
tors, and writers from hacks. 

Giants among our predecessors constructed a sturdy foundation for the complex 
function theory developed under the stimulus of ingenious maneuvers associated 
with practical applications. In other words, they provided a platform of concepts, 
definitions, and theorems that stands without swaying and twisting in the winds of 
shifting contexts. Naturally, there followed a period of primarily analytical investi- 
gations, and these investigations produced a large volume of elegant and astonishing 
information. Examples: The calculus of residues, the theorem on conformal map- 
pings of simply connected domains, and Carathéodory’s theory of prime ends. 

The rise of topology influenced us to study not only the elements of various 
classes of functions, but also local and global structural properties of function 
spaces. At the same time, it became clear that the search for theorems of the form 
“A implies B” could not forever satisfy all our aesthetic needs. The Polish school of 
mathematics led the search for theorems of the form “A does not imply B.” Surely, 
the construction of counterexamples has often depended on synthesis (putting 
together) rather than analysis. Despite its flaws, we can bless even the first half of 
the twentieth century. 

To illustrate the distinction between the methods of analysis and synthesis, let us 
first sketch the way in which we encourage students to organize their thoughts about 
the global behavior of the function that carries each point x + iy in the complex 
plane to the corresponding point e*(cos y + isin y). We focus the students’ atten- 
tion on the horizontal strips of width 27 in the domain, study the map of each strip, 
fasten the maps of adjoining strips to each other along slits from 0 to the point at 
infinity, and offer the Riemann surface thus obtained both as a geometric toy and as 
a mnemonic device. By way of contrast to this basically analytical process, we recall 
the late Gerald MacLane’s and his friends’ fabrications of outrageous analytic 
functions in terms of Riemann surfaces. The goal was not the analysis of an object 
that had long been dear to the mathematical culture. Rather, working with a stack 
of copies of the unit disk or the complex plane, a pair of scissors, and a pot of glue, 
the artist created an ingenious monstrosity. Because his beast was simply connected 
and had at least two boundary points, it was the Riemann surface of some analytic 
function in the unit disk, and, voila, everybody could see that analytic functions 
with certain unexpected properties exist. 

Let us now turn to the book. Boas obviously believes in exercises, and he has 
confidence in the soundness of his pedagogical opinions. For example, he objects to 
the use of mathematical symbols where words can deliver a clearer message: on 
page 3, he introduces the stereographic projection in a simple paragraph supported 
by a drawing but devoid of formulas, and already on page 14 we meet Landau’s 
o- and O-notation, one of the most effective devices for the elimination of computa- 
tional pedantry. Section 7H (pages 64-68) involves substantial manipulations; but 
in return the student becomes acquainted with the Gamma and Beta functions. Boas 
is a master at conveying central truth without telling everything he knows. 

Although the book’s title does not promise a sit-down dinner, that’s what we get. 
An important aspect of the occasion is that no curriculum committee has caterer’s 
rights. The MONTHLY’s editorial rules forbid recitations from the menu; but I can 
report that the host has chosen and prepared the food in his own inimitable way. 
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The meal’s nutritional balance is above reproach, and each dish presents itself 
attractively. The herbs come from Boas’s private garden, and the beverages have 
aged in his cellar. 


Principles of Computer Science. By M. Sandra Carberry, A. Toni Cohen, and Hatem 
M. Khalil. Computer Science Press, 1986, xvi + 636 pp. 


STANLEY E. SELTZER 
Department of Mathematics and Computer Science, Ithaca College, Ithaca, New York 14850 


“What is computer science?” While this question can prompt sharp debate 
among those who are generally considered to be computer scientists, it is at the 
heart of any discussion of a computer science curriculum. Thus, any book with a 
title such as “Principles of Computer Science” has the potential to provoke interest. 
The authors of this text seem to have opinions as evidenced by their subtitle, 
“Concepts, Algorithms, Data Structures, and Applications” although, after raising 
the question on thé first page of the text, they delicately evade this issue with the 
statement, “Fortunately, the fact that we cannot define computer science doesn’t 
keep us from learning about or studying all facets of the discipline.” 

There is also the related question, “What is appropriate content for an introduc- 
tory computer science course?” Here, too, there are a variety of responses. Such a 
course, dubbed “CS1,” has been included in every computer science curriculum 
since Curriculum ’68 [2]. It is probably fair to say that the trend is from a 
“computer programming” course to a “computer science” course, the former 
concentrating most heavily on writing computer programs and the latter offering 
what is often called a “disciplined approach to program development,” that is, one 
that explicitly emphasizes problem solving and/or programming methodology. It 
should also be noted that there are individuals who advocate a nonprogramming 
introductory course. 

The evolution from a course oriented heavily toward programming to a broader 
approach is quite evident in textbooks. Many recent texts begin with several 
chapters dealing with such topics as perspective on computers, the program develop- 
ment process, and problems and problem solutions. Titles, too, seem to have 
changed: a programming language (most commonly Pascal) was frequently the 
focus of the title (for example, Oh! Pascal! [1]) while newer titles, even those which 
stress programming, such as Introduction to Computers and Programming: Pascal {5]| 
and Programming by Design: A First Course in Structured Programming |{4], de- 
emphasize or do not mention a specific language. The book under review may be a 
first, its title referring explicitly to neither programming nor to a programming 
language. However, before returning to these issues, it is useful to examine the book. 

Part I, “Foundations,” begins with a short “what is computer science’ chapter 
but is actually a relatively detailed introduction to algorithms. There is a chapter 
devoted to complexity and another on verification. Certainly the inclusion of these 
topics is not revolutionary, nor is this particular treatment, but placement of this 
material so early in a text is unusual. 

“Systems and Languages” is the title of Part II. Some of the material here is 
fairly standard: computer representation of data and system software (assemblers, 
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compilers, and operating systems), for example. In addition, Backus-Naur Form and 
parsing are introduced, and there is a chapter on computer architecture, featuring a 
hypothetical machine, discussion of numeric and symbolic coding, and several pages 
(labelled “optional’’) on addressing modes. 

The “traditional” programming material is in Part III entitled “Programming 
with Pascal.” These six chapters comprise a bit over one third of the text. Here the 
presentation is quite conventional. Although the book begins with a strong emphasis 
on algorithms, the presentation is rather closely tied to Pascal, and much of the 
exposition is of the form Problem-Solution, where Solution consists solely of a 
Pascal program. 

The title of Part IV is “Applications.” Its first chapter is a standard CS1 
treatment of sorting and searching. Files are introduced in the “Information 
Systems” chapter, but discussion here goes beyond Pascal to mention direct access 
and indexed sequential files and database management systems. Further applica- 
tions are scientific (including Gaussian elimination, Monte Carlo methods, and 
some discussion of errors of computation), artificial intelligence (with sections on 
expert systems and natural language processing), and software engineering. The 
“Perspectives” section addresses two topics, impact of computers on society and 
future directions, which are more commonly associated with a computer literacy 
course than with CS1. 

What kind of CS1 course does the present text suggest? In terms of content, the 
book is quite ambitious. Clearly intended for a single-semester course, it contains 
more than enough material. This raises the usual dilemma for the instructor—what 
to include and what to omit. Since the distinctive aspect of this text is its approach, 
presumably one would not give short shrift to the foundations. This choice would 
seem to impart a somewhat theoretical flavor, with complexity and verification of 
algorithms preceding actual programming. 

The mathematical level of the presentation is uneven. In the treatment of analysis 
of algorithms, “big-oh” notation is introduced; several examples are worked out; 
and an ordered list of standard functions is given. Unfortunately, no general results 
are stated (like the order of a polynomial is the order of the leading term) and a few 
pages later there is a table (not a graph) illustrating constant, log N, N, N* and 2% 
functions. The treatment of converting from one base to another does not mention 
modular arithmetic, referring simply to the remainder; but the section on linear 
congruential random number generators does. 

In short, the approach to CS1 in Principles of Computer Science is different from 
many current texts. It does attempt to address diverse aspects of computer science, 
rather than merely to present a “disciplined” approach to programming. 

Returning to the question posed at the beginning of this essay, we note Peter 
Denning’s article [3] entitled “What is Computer Science?’ Addressing himself to a 
broad range of scientists, Denning, editor in chief of the Association for Computing 
Machinery’s flagship publication, Communications of the ACM, lists eleven areas 
which have “made the transition from poorly understood sets of techniques to 
well-understood sets of core principles” of computer science. These are, in chrono- 
logical order: theory, numerical computation, architecture, programming languages 
and methodology, algorithms and data structures, operating systems, networks, 
human interface, database systems, concurrent computation, and artificial intelli- 
gence. Except for human interface, all are dealt with to some extent by Carberry, 
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Cohen, and Khalil. Thus, their text attempts to take CS] a step beyond many of its 
predecessors. If one may characterize the previous approach as asserting that 
programming is more than coding, Principles of Computer Science insists that 
computer science is more than programming. 
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Writing Mathematics Well. By Leonard Gillman. The Mathematical Association of 
America, Washington, D.C., 1988. ix + 49 pp. 


PETER D. Lax 
NYU-Courant Institute of Mathematical Sciences 


Gillman’s little pamphlet should be required reading for every candidate for a 
Ph.D. in mathematics. It is full of practical advice, easy to follow, ignored at one’s 
peril. Although some of the admonitions are matters of common sense, Gillman 
escapes sounding like Polonius by virtue of a breezy style and a light touch. Many 
passages bring to mind The Elements of Style by William Strunk, Jr., and E. B. 
White. 

All aspects of writing a mathematical paper are commented on. Section 2 gives a 
sound description of the principles and practices of organizing a paper. A brief 
paragraph on paragraphing would be a welcome addition here. Sections 4 and 5 on 
Mathematical English and symbols are excellent, with a nice example of what to 
avoid and how. Section 6 is a crisp dissertation on English usage, with a little Latin 
and less Greek thrown in. The author shows us how to form the plural of words like 
“criterion,” but not of “lemma” (lemmata). 

I would have welcomed a stirring call to restore Q.E.D. to its rightful place at 
the end of proofs; it is crisp, sanctified by long tradition, and has a nice doomsday 
cadence. 

Section 8 on the mechanics of preparing a manuscript and seeing it through to 
print, excellent for now, is likely to become obsolete because of changes in 
technology. For instance, faxing may be an efficient way of returning corrected 
galleys. 

Section 3, on presenting results, has the most mathematical substance, and here I 
have some substantial comments: 

In subsection 3.8 Gillman observes that proofs by contradiction can be classified 
as essential, questionable, and spurious; questionable means that the indirection 
merely amounts to replacing a proposition by its contrapositive. He cites the 
classical proof of the irrationality of ¥2 as a true-blue, essentially indirect proof. I 
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disagree, for the following reason: 

The nub of the statement is that there is no rational number whose square is 2. 
This is the same as saying that the square of any rational number is something other 
than 2. To see this write r in reduced form as p/q. Then 


is also in reduced form. The reduced form of 2 is 2/1; since p is never 2, neither is 
r?. O.E.D. 

For me, a prototype indirect proof is the one used by Friedrichs [2] to show that 
the range of a positive differential operator P includes all of L’. As a first step he 
shows that the range of P is dense in L’; for, if not, there would exist a nonzero f 
in L* that is orthogonal to the range of P. Such an f would belong to the nullspace 
of P*, the adjoint of P. By a separate argument he shows that the nullspace of P* 
contains no nonzero functions. 

Polya has cautioned his students about indirect proofs, not because he was 
squeamish about invoking “tertium non datur,” but because he found it distasteful 
to dwell in a world containing a contradiction. 

All the examples cited by Gillman come from pure, abstract mathematics. His 
implied paradigm for a mathematical paper is basically Landau’s Definition, Satz, 
Beweis, although fleshed out and provided with a human face. The presentation of 
results in applied mathematics calls for different strategies, not addressed in this 
pamphlet. These are illustrated in such outstanding expositions of applied mathe- 
matics as Mark Kac’s masterly Carus Monograph [3], recently reprinted, or Barry 
Cipra’s excellent introduction to the Ising Model [1]. 

The pamphlet under review is twice blessed: the reader learns from what the 
author says, and how he says it. 
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P, G. O. M.* 


Who can take prime numbers and find their density 
Using only techniques he calls elementary? 
P.G.O.M. can show it’s one over log n. 

P.G.O.M. can, he just mumbles log log n 

To make it all come true! 


Who can take each edge with fixed probability 
Put them all together and prove connectivity? 
P.G.O.M. can do it asymptotically, 

P.G.O.M. can, he just mumbles log log n 

To make it all come true! 


Who'll tell you that his age 

Is more than you would gauge? 

By billions you would slight the figure. 
Although it can’t be found with rigor, 
We're glad to say its growing bigger. 


Couples in his lingo are known as boss and slave. 

Put the two together, that’s how epsilons are made, 

In Uncle Paul’s slang, oh in Uncle Paul’s slang. 

Raise your glasses in a toast, drink the poison you like most 
And he’ll respond with O.J. 


Who often gets to look 

Into God’s perfect book? 

Proofs chosen by The Great Librarian 
Are elegant and slick, not hairy, an’ 
They often sound a bit Hungarian! 


Who can take a sequence, partition it at will, 
Find arithmetic progressions remaining in it still? 
P.G.O.M. can, by citing Van der Waerden, 
P.G.O.M. can, he just mumbles log log n 

To make it all come true! 


Who else can help you take 

An Erdés number great, 
Collaborate with skill and power, 
Reduce it to one in an hour, 

And have time left to take a shower? 


Whose mind is always open to problems old and new, 

And who makes his conjectures worth a thousand bucks or two? 
Uncle Paul can, and he seldom has to pay. 

Just try to solve a few, you'll find out they’re hard to do, 

It always happens that way. 


And yet, P.G.O.M. can, he just mumbles log log n 
To make it all come true. 


*Poor Grand Old Man, to the tune of “The Candy Man.” 
Lyrics by Allen J. Schwenk, Western Michigan University, Kalamazoo. 
Presented to Paul Erdés in celebration of his 75th birthday at the Sixth International 
Conference on the Theory and Applications of Graphs, in Kalamazoo, 2 June 1988. 
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General, S*, L**. Innumeracy: Mathematical II- 
literacy and Its Consequences. John Allen Paulos. 
Hill & Wang, 1988, 135 pp, $16.95. [ISBN: 0-8090- 
7447-8] An outspoken, often angry exposé of pub- 
lic obliviousness to quantitative meanings, from na- 
tional debt to risks of terrorism, from AIDS testing 
to the ubiquity of coincidences. Paulos links innu- 
meracy with the alarming spread of pseudoscience, 
which he claims is fueled by attributions of cause and 
effect to incidents that are purely coincidental. LAS 


Foundations, P, L. Surfaces. Avrum Stroll. U of 
Minnesota Pr, 1988, xi + 227 pp, $39.50; $15.95 (P). 
[ISBN: 0-8166-1693-0; 0-8166-1694-9] Not about 
the geometry of surfaces but about their philoso- 
phy: what they are (abstractions or reality), how 
they relate (to perception, to faces, to boundaries), 
and what they mean. A work in the foundations of 
empirical (not axiomatic) geometry with possible im- 
plications for perception and visualization studies in 
artificial intelligence. LAS 


Foundations, P*, L*. The Universal Turing Ma- 
chine: A Half-Century Survey. Ed: Rolf Herken. 
Oxford U Pr, 1988, xiv + 661 pp, $115. [ISBN: 0-19- 
853741-7] A commemorative volume written a half- 
century after Turing’s 1937 “Entscheidungsproblem” 
paper. Five expositions of the context of Turing’s 
work are followed by 23 diverse examples of cur- 
rent research—from biology to physics, from logic to 
number theory—that follows directly from Turing’s 
ideas. LAS 


Combinatorics, P. Algebraic, Eztremal and Metric 
Combinatorics, 1986. Ed: M-M. Deza, P. Frankl, 
I.G. Rosenberg. London Math. Soc. Lect. Note 
Ser., V. 131. Cambridge U Pr, 1988, ix + 245 pp, 
$34.50 (P). [ISBN: 0-521-35923-6] An apparently— 
but not actually—disparate collection of papers pre- 
sented at the 1986 Montreal Conference on Algebraic 
Combinatorics and Extremal Problems. Most inter- 
esting is the intertwining of apparently distant parts 
of combinatorial theory. SS 


Number Theory, P, L. Mathematische Werke, 
Band I and II, Second Edition. Gotthold Eisenstein. 
Chelsea, 1989, $120 set [0-8284-1280-X]. Band I, xxiii 
+ 502 pp; Band II, xiii + 437 pp. Contains, in ad- 
dition to what is in the First Edition (TR, March 
1976), an essay by André Weil on Eisenstein’s life 
and work and another short autobiography. JD-B 


Number Theory, P. New Advances in Transcen- 
dence Theory. Ed: Alan Baker. Cambridge U Pr, 
1988, xii + 434 pp, $79.50. (ISBN: 0-521-33545- 
0] Proceedings of the July 1986 symposium held at 
the University of Durham. Topics range from lin- 
ear forms in logarithms to Diophantine equations to 
transcendence theory of classical functions, written 
by experts in the field. A sequel to the ten-year-old 
Transcendence Theory: Advances and Applications. 
GG 


Number Theory, S(15-16). Ezploring Number 
Theory with Microcomputers. Donald D. Spencer. 
Camelot, 1989, 288 pp, $19.95 (P). [ISBN: 0- 
89218-113-3] The author attempts to “introduce 
the reader to computer programming using number 
theory examples.” Included are 85 BASIC programs 
on various topics in elementary number theory. SG 


Linear Algebra, T(15-16), S, L. Ezercices 
d’Algébre, Linéaire et Bilinéaire. J.-B. Hiriart- 
Urruty, Y. Plusquellec. CEPADUES-Editions, 1988, 
307 pp, (P). [ISBN: 2-85428-187-X] An interesting 
collection of problems, many with hints and all with 
at least sketches of solutions. Assumes knowledge 
of elementary linear algebra and considerable math- 
ematical maturity. JD-B 


Group Theory, T(15-16: 1), S, L. Groups and 
Symmetry. M.A. Armstrong. Undergrad. Texts 
in Math. Springer-Verlag, 1988, xi + 186 pp, $34. 
[ISBN: 0-387-96675-7] Introduction to group the- 
ory, with emphasis on examples, especially of sym- 
metry groups. Covers standard topics such as La- 
granges’ theorem, the Sylow theorems, and the clas- 
sification of finitely generated Abelian groups as well 
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as matrix groups, lattice groups, wallpaper patterns, 
and a proof of the Nelson-Schreier theorem using 
trees. A fun approach to groups. LC 


Algebra, T(18), S, P. Buildings. Kenneth S. 
Brown. Springer-Verlag, 1989, xiii + 215 pp, $39. 
[ISBN: 0-387-96876-8] An interesting and engaging 
introduction to Tits’s theory of buildings and its ap- 
plication to group theory. Loaded with insightful 
motivating remarks, historical comments, and refer- 
ences to the literature. SG 


Partial Differential Equations, S(18), P. Lec- 
ture Notes in Mathematics-1341: Elliptic Bound- 
ary Value Problems on Corner Domains. Monique 
Dauge. Springer-Verlag, 1988, viii + 259 pp, $24.30 
(P). [ISBN: 0-387-50169-X] Develops and applies 
theory of boundary value problems—especially the 
Dirichlet problem—on domains with various kinds of 
singularities: corners, edges, cracks, holes, etc. The 
general setting is Sobolev spaces; one of four appen- 
dices collects pertinent Sobolev theory. PZ 


Partial Differential Equations, T(18: 1, 2), S, 
P. Methods Based on the Wiener-Hopf Technique for 
the Solution of Partial Differential Equations. B. No- 
ble. Chelsea, 1988, x + 246 pp, $19.95. [ISBN: 0- 
8284-0332-5] A textually unaltered reprint of the 
1958 original version. In the Wiener-Hopf technique, 
as modified by D.S. Jones, the complex Fourier trans- 
form is applied to a given partial differential equation 
to yield a complex variable equation. The latter is 
solved by analytic continuation; complex Fourier in- 
version is applied to the result. Expository level ap- 
propriate for graduate students; with many worked 
examples. PZ 


Numerical Analysis, P. Finite Elements: Theory 
and Application. Ed: D.L. Dwoyer, M.Y. Hussaini, 
R.G. Voigt. ICASE/NASA LaRC Series. Springer- 
Verlag, 1988, x + 302 pp, $48.50. [ISBN: 0-387- 
96610-2] Proceedings of a workshop held July 28- 
30, 1986 in Hampton, Virginia. LC 

Numerical Analysis, $(16-17), P, L**. Hand- 
book for Matriz Computations. Thomas F. Coleman, 
Charles Van Loan. Frontiers in Appl. Math. SIAM, 
1988, vii + 264 pp, $24 (P). [ISBN: 0-89871-227-0] 
Designed to be used as a reference by those needing 
to do scientific computations using matrices. After 
a brief introduction to Fortran 77, it covers BLAS 
(a standard collection of Basic Linear Algebra Sub- 
programs), LINPACK (a widely-used collection of 
Fortran codes for many linear equations and least 
squares calculations), and MATLAB (an interactive 
system for matrix computation). AO 

Numerical Analysis, T(16-18: 1, 2), S, P, L. 
Numerical Methods for Initial Value Problems in Or- 
dinary Differential Equations. Simeon Ola Fatunla. 
Comput. Sci. & Sci. Comput. Academic Pr, 1987, 
xi + 295 pp, $44.50. [ISBN: 0-12-249930-1] “This 
text will be essentially dedicated to the theory, devel- 
opment, and implementation of both currently exist- 
ing and new algorithms based on the discrete variable 
approach.” The first half is suitable for advanced 
undergraduates, while the latter half is intended for 
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graduates and researchers. Includes recent results in 
the numerical treatment of singular and discontinu- 
ous initial value problems and ordinary differential 
equation solvers, and suggests possible research ar- 
eas. LC 


Numerical Analysis, P. Difference Methods for 
Initial-Boundary- Value Problems and Flow Around 
Bodies. Zhu You-lan, et al. Springer-Verlag, 1988, 
viii + 600 pp, $120. [ISBN: 0-387-10887-4] The 
1980 Science Press Beijing volume. Concerns itself 
with revision of numerical methods for discontinuous 
solutions of quasi-linear hyperbolic systems of partial 
differential equations. JAS 


Functional Analysis, P. Lecture Notes in Mathe- 
matics-13932: Functional Analysis. Ed: E. Odell, H. 
Rosenthal. Springer-Verlag, 1988, 202 pp, $20 (P). 
[ISBN: 0-387-50018-9] Proceedings of a seminar in 
functional analysis held at the University of Texas at 
Austin, 1986-87. LC 


Functional Analysis, T(16-17: 1, 2), L. An In- 
troduction to Hilbert Space. Nicholas Young. Cam- 
bridge U Pr, 1988, x + 239 pp, $59.50; $21.95 (P). 
[ISBN: 0-521-33071-8; 0-521-33717-8] An introduc- 
tory textbook in Hilbert space theory for honors un- 
dergraduates and graduate students, with an eye to- 
wards applications, particularly to solution of partial 
differential equations in mathematical physics, and 
to approximation of functions in complex analysis. 
Presumes introductory real analysis, linear algebra, 
metric spaces. Over two-hundred problems, about 
fifty with answers. RB 


Functional Analysis, T(18: 1, 2), S, P. Amen- 
ability. Alan L.T. Paterson. Math. Surveys & 
Mono., No. 29. AMS, 1988, xvii + 452 pp, $90. 
[ISBN: 0-8218-1529-6] A group or asemi-group G is 
called amenable if there exists a left-invariant mean 
mon G. While the notion of amenability is used 
mainly to analyze locally-compact groups, it also has 
applications in statistics, differential geometry, and 
operator algebra. The author writes: “The ubiquity 
of amenability ideas and the depth of the mathemat- 
ics with which the subject is involved seems evidence 
to the author that here we have a topic of fundamen- 
tal importance in modern mathematics, one that de- 
serves to be more widely known than it is at present.” 
A knowledge of abstract harmonic analysis and of 
functional analysis are necessary to read this book. 
Problems follow each chapter. LW 


Analysis, P. The Finite Calculus Associated with 
Bessel Functions. Frank M. Cholewinski. Contemp. 
Math., V. 75. AMS, 1988, xi + 122 pp, $19 (P). 
[ISBN: 0-8218-5083-0] Develops generalized umbral 
calculus associated with the Euler operator. LC 


Analysis, P, L. Multivariate Splines. Charles K. 
Chui. CBMS-NSF Reg. Conf. Ser. in Appl. Math., 
V. 54. SIAM, 1988, vi + 189 pp, $19 (P). [ISBN: 
0-89871-226-2] Based on lectures presented at the 
Regional Conference on “Theory and Applications 
of Multivariate Splines” held at Howard University, 
August 10-14, 1987. An elementary introduction 
that parallels the more familiar theory of univariate 
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splines. Both theoretical results and computational 
methods are presented. AO 


Analysis, S(18), P. Linear Spaces and Differenta- 
tion Theory. Alfred Frolicher, Andreas Krieg]. 
Wiley, 1988, xvi + 246 pp, $67.95. [ISBN: 0- 
471-91786-9] Desiring a differentiation theory in 
infinite-dimensional and non-normable linear spaces, 
the authors study a class of linear spaces which in- 
cludes Frechet spaces. This class of “convenient” 
vector spaces allows the standard categorical con- 
structions, yet it also has the internal properties 
needed for analysis. Beginning with an introduction 
to some category theory, the book proceeds to de- 
velop calculus in convenient vector spaces, then to 
study closedness properties and various topologies on 
these spaces. LW 


Analysis, P. Educational Computing in Mathemat- 
ics: ECM/87. Ed: T.F. Banchoff, et al. North- 
Holland (US Distr: Elsevier Science), 1988, ix + 284 
pp, $79. [ISBN: 0-444-70456-6] Twenty-four papers 
from the June 1987 International Congress on Edu- 
cational Computing in Mathematics held at Rome. 
Although all refer to education, half the papers pri- 
marily concern computing as an experimental tool 
in mathematics research. The other half stress ped- 
agogical, theoretical, and practical issues. Brief soft- 
ware reports are collected in a final section. A useful 
reference and source of examples, especially for com- 
puting at the advanced undergraduate level. PZ 


Analysis, P. Nonlinear Problems in Abstract Cones. 
Dajun Guo, V. Lakshmikantham. Notes and Reports 
in Math. in Sci. & Eng., V. 5. Academic Pr, 1988, 
viii + 275 pp, $34.95. [ISBN: 0-12-293475-X] Dis- 
cusses solutions to nonlinear integral and differential 
equations in abstract cones (closed convex subset of 
a real Banach space). Begins with basic properties 
of cones, then addresses positive fixed points of some 
nonlinear operators. LC 


Algebraic Geometry, P. Introduction to Arakelov 
Theory. Serge Lang. Springer-Verlag, 1988, x 
+ 187 pp, $49.95. [ISBN: 0-387-96793-1] Trans- 
poses results of arithmetical algebraic geometry to 
number fields by including Archimidean places as 
points. Proves adjunction formula, Hodge Index 
Theorm, Faltings Riemann-Roch Theorem for curves 
over rings of integers of number fields. Appendix in- 
cludes conjectures and recent work. SB 


Algebraic Geometry, P. The Curves Seminar at 
Queen’s, Volume V. Ed: Anthony V. Geramita. Pa- 
pers in Pure & Appl. Math., No. 80. Queen’s U, 
1988, 102 pp, (P). A collection of five expository pa- 
pers by Ramanan, Robbiano, Yuzvinsky, Geramita 
and Migliore, and Geramita and Valabrega. SG 
Differential Geometry, P. Lecture Notes in 
Mathematics-1314: Kahler-Einstein Metrics and In- 
tegral Invariants. Akito Futaki. Springer-Verlag, 
1988, iv + 140 pp, $13.90 (P). [ISBN: 0-387-19250-6] 
A study of the existence of Kahler-Einstein metrics 
on compact complex manifolds of positive first Chern 
class. JAS 


Geometry, P. Lecture Notes in Mathematics-1346: 
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Topology and Geometry—Rohlin Seminar. Ed: O. 
Ya. Viro. Springer-Verlag, 1988, xi + 581 pp, $52.60 
(P). [ISBN: 0-387-50237-8] A range of papers, most 
presented in the V.A. Rohlin Seminar from 1984- 
1986, collected in honor of V.A. Rohlin. JAS 


Geometry, T(16-18: 1), S, P. Automorphisms 
of Surfaces after Nielsen and Thurston. Andrew 
J. Casson, Steven A. Bleiler. London Math. Soc. 
Student Texts, V. 9. Cambridge U Pr, 1988, 105 
pp, $34.50; $12.95 (P). [ISBN: 0-521-34203-1; 0-521- 
34985-0] Lecture notes on a course given by the 
first author. An elementary, but very (too?) con- 
cise presentation of some lovely geometry. Assumes 
introductory topology and linear algebra and a sig- 
nificant amount of mathematical maturity and so- 
phistication. Especially good for concrete geometric 
ideas. JAS 


Algebraic Topology, P. Lecture Notes in Mathe- 
matics-1323: Boundedly Controlled Topology. Dou- 
glas R. Anderson, Hans J. Munkholm. Springer- 
Verlag, 1988, xii + 309 pp, $28.60 (P). [ISBN: 0-387- 
19397-9] An exposition of the algebraic topology of 
categories of boundedly controlled topological spaces 
with special emphasis on cobordism. JAS 


Operations Research, T(16-18: 1), L. The The- 
ory of Games. Wang Jianhua. Oxford Math. Mono. 
Clarendon Pr, 1988, viii + 162 pp, $53. [ISBN: 0- 
19-853560-0] A concise treatment of game theory, 
ranging from fundamental concepts and properties to 
some recent results. Topics include: matrix games, 
continuous games, n-person non-cooperative games, 
and n-person cooperative games. RH 


Operations Research, P. Search Theory: Some 
Recent Developments. Ed: David V. Chudnovsky, 
Gregory V. Chudnovsky. Lect. Notes in Pure & 
Appl. Math., V. 112. Marcel Dekker, 1989, xi + 155 
pp, $89.75 (P). [ISBN: 0-8247-8000-0] Search the- 
ory is an important part of operations research which 
focuses on problems of optimization, game theory, 
differential games, and statistics. This text summa- 
rizes the latest developments in search theory. In- 
cludes classical, differential equations, optimal con- 
trol, game-theoretic, and statistical and ergodic the- 
ory approaches. RH 


Optimization, P. Lecture Notes in Control and In- 
formation Sciences-113: System Modelling and Op- 
timization. Ed: M. Iri, K. Yajima. Springer-Verlag, 
1988, x + 787 pp, $120 (P). [ISBN: 0-387-19238-7] 
Seventy-three contributed papers plus four papers 
from the plenary sessions from the Thirteenth IFIP 
Conference on System Modelling and Optimization, 
Tokyo, Japan, August 31-September 4, 1987. LC 
Optimization, T(17-18), P, L. Fractional Pro- 
gramming. B.D. Craven. Sigma Ser. in Appl. 
Math., V. 4. Heldermann Verlag, 1988, iii + 145 
pp, $29 (P). [ISBN: 3-88538-404-3] Covers the the- 
ory and applications of fractional programming— 
optimization problems where the objective func- 
tion is a quotient. Discusses linear and nonlinear 
cases, duality and sensitivity, and presents some al- 
gorithms. Text type is dot matrix. LC 
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Optimization, P. New Computer Methods for 
Global Optimization. H. Ratschek, J. Rokne. Math. 
& Its Applic. Halsted Pr, 1988, iii + 229 pp, $49.95. 
[ISBN: 0-470-21208-X] Presents methods based on 
interval arithmetic for computing global solutions to 
optimization problems. Particular attention is given 
to combining standard algorithms for nonlinear opti- 
mization with the techniques introduced in this book. 
Both constrained and unconstrained problems are 
considered. AO 


Dynamical Systems, S**(17). Dynamical Sys- 
tems I: Ordinary Differential Equations and Smooth 
Dynamical Systems. Ed: D.V. Anosov, V.I. Arnold. 
Ency. of Math. Sci., V. 1. Springer-Verlag, 1988, ix 
+ 233 pp, $59. [ISBN: 0-387-17000-6] Two books in 
one. The first, by Arnold and II’yashenko, is on the 
local theory of ordinary differential equations with 
much attention focused on the analysis of singulari- 
ties. Does not include bifurcation theory. The sec- 
ond, by Anosov, e¢ al, is on smooth (as opposed to 
topological or measurable) dynamical systems. Top- 
ics covered include topological dynamics and flows on 
surfaces. Together, these provide an accessible intro- 
duction to dynamical systems. The style is simple, 
the authors use many examples motivating defini- 
tions and theorems. No exercises. MR 


Dynamical Systems, T*(15-16: 1), S, P, L*. 
Fractals Everywhere. Michael Barnsley. Academic 
Pr, 1988, xii + 394 pp, $39.95. [ISBN: 0-12-079062- 
9] The first textbook of fractal geometry, based on 
a course at Georgia Tech. Introduces lots of good 
mathematics (metric spaces, affine transformations, 
contraction mappings, measures) in the context of 
fractal models of natural images. Central focus is on 
compression and reconstruction of images that are 
too complex to be encoded efficiently point-by-point, 
but that can be approximated by algorithmic trans- 
formations that describe iterative relations among 
self-similar parts. Prerequisite: calculus and linear 
algebra. LAS 


Dynamical Systems, P. Lecture Notes in Mathe- 
matics-1342: Dynamical Systems. Ed: J.C. Alexan- 
der. Springer-Verlag, 1988, viii + 725 pp, $61.70 
(P). [ISBN: 0-387-50174-6] Proceedings of the spe- 
cial year in dynamical systems held at the Univer- 
sity of Maryland during 1986-87, which consisted in 
part of three separate conferences: Ergodic Theory 
and Topological Dynamics; Symbolic Dynamics and 
Coding Theory; and Smooth Dynamics, Dynamics, 
and Applied Dynamics. Among the 38 research pa- 
pers presented here is an earlier but notable joint pa- 
per by J. Milnor and W. Thurston on iterated maps 
of the interval, which circulated widely in preprint 
form. CE 


Control Theory, P, L*. Report of the Panel on Fu- 
ture Directions in Control Theory: A Mathematical 
Perspective. Wendell H. Fleming. SIAM, 1988, 98 
pp, (P). [ISBN: 0-89871-234-3] Survey of modern 
control theory—modeling, history, applications— 
with analysis of research opportunities, educational 
needs, and professional issues. Eleven vignettes pro- 
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vide specific illustrations: stochastic, adaptive, op- 
timal, and robust control; nonlinear and linear sys- 
tems; robotics; variational problems; and more. Re- 
port of a special panel formed to assess the status 
and needs of this particular field. Provides a good 
overview, especially for non-experts. LAS 


Stochastic Processes, P. Multidimensional Brow- 
nian Excursions and Potential Theory. K. Burdzy. 
Pitman Res. Notes in Math. Ser., V. 164. Long- 
man Scientific & Technical (US Distr: Wiley), 1987, 
172 pp, $44.95 (P). [ISBN: 0-470-20892-9] A Brow- 
nian excursion is that part of a trajectory of Brown- 
ian motion which lies in a given set. The book pre- 
sumes substantial background and attempts to pull 
together state-of-the-art results. TAV 


Stochastic Processes, P. Stochastic Processes in 
Physics and Engineering. Ed: Sergio Albeverio, et 
al. Math. & Its Applic. D Reidel (US Distr: Kluwer 
Academic), 1988, xi + 415 pp, $89. [ISBN: 90-277- 
2659-0] Proceedings of a 1986 meeting at Bielefeld. 
Twenty papers photocopied and collected with a use- 
ful index. TAV 


Computational Statistics, P, L. Principles of 
Random Variate Generation. John Dagpunar. 
Clarendon Pr, 1988, xvii + 228 pp, $69. [ISBN: 
0-19-852202-9] Methods and algorithms for gen- 
erating random variates. Begins with the uni- 
form distribution and general methods for generating 
non-uniform from uniform variates. Discusses gen- 
eral and distribution-specific methods for common 
distributions (continuous, discrete, and multivari- 
ate), with algorithms and recommendations based 
on speed and programming effort. Good resource 
for simulation writers. TH 


Statistics, P. Properties of Estimators for the 
Gamma Distribution. K.O. Bowman, L.R. Shenton. 
Stat: Textbooks & Mono., V. 89. Marcel Dekker, 
1988, xvi + 268 pp, $65. [ISBN: 0-8247-7556-2] 


Statistics, T(18: 2). Principles of Multivariate 
Analysis: A User’s Perspective. W.J. Krzanowski. 
Oxford Stat. Sci. Ser., V. 3. Clarendon Pr, 1988, 
xxi + 563 pp, $135. [ISBN: 0-19-852211-8] Com- 
prehensive introduction to the principles of practical 
multivariate analysis. Designed for the user of multi- 
variate methods who has a strong background in ma- 
trix algebra and statistics. Covers graphical repre- 
sentations of multivariate data matrices, multivariate 
distribution theory, estimation and hypothesis test- 
ing for mean vectors and variance matrices, principal 
components analysis, factor analysis, discrimination, 
cluster analysis, grouped data, ungrouped data, and 
latent variables. JJ 


Statistics, T, S(18). Statistical Process Control 
and Beyond. Richard R. Clements. Robert E Krie- 
ger, 1988, xvii + 296 pp, $27.50. [ISBN: 0-89874- 
992-1] Good introduction to the field of Statistical 
Process Control (SPC). Discusses standard control 
charts, attribute control charts, the role of exper- 
imental design in SPC, participatory management 
and customer-supplier relationships. Excellent em- 
phasis on not just using SPC methods, but using the 


1989] 


knowledge gained from SPC to improve the business. 
Continuous improvement and management involve- 
ment as keys to successful use of SPC. JJ 


Statistics, T, P, L. Randomized Response: Theory 
and Techniques. Arijit Chaudhuri, Rahul Mukerjee. 
Stat.: Textbooks & Mono., V. 85. Marcel Dekker, 
1988, xvi + 162 pp, $69.75. [ISBN: 0-8247-7785-9] 


Programming. Advanced 80386 Programming 
Techniques. James L. Turley. Osborne McGraw-Hill, 
1988, xv + 509 pp, $22.95 (P). [ISBN: 0-07-881342-5] 
A delightfully different programming book. Provides 
a very readable exegesis of the new features of the 
80386. The assumption is that you understand the 
older iAPX central processing units and want to un- 
derstand the value of the new features. Not so much 
a processor manual as an apologia. JAS 


Programming, T(13: 1). True BASIC by Prob- 
lem Solving. Brian D. Hahn. VCH Publishers (Suite 
909, 220 E. 23rd St., NY 10010), 1988, xiv + 337 
pp, $45. (ISBN: 3-527-26863-4] For the computing 
beginner. No mathematical prerequisites. An au- 
thentic introduction through problems: it introduces 
the true BASIC constructions as problems under con- 
sideration require. Many exercises, most with solu- 
tions provided. Problems from science, engineering, 
business, mathematics, statistics. Includes graphics, 
simulation, numerical methods. DFA 


Programming, S, L. Advanced QuickC. Werner 
Feibel. Osborne McGraw-Hill, 1988, xv + 711 pp, 
$21.95 (P). [ISBN: 0-07-881352-2] A presentation 
using ANSI C plus a few PC-DOS specific extensions 
of standard second-level algorithms. Written for the 
current elementary user of C, the book avoids both 
“hello world” and Lampel-Zix compression. Within 
that broad range the coverage of topics (with coding 
examples) is correspondingly large: trees, lists, and 
the like; simulation; graph theory; statistics and ran- 
dom numbers; and a few QuickC specific topics. JAS 


Artificial Intelligence, $(16-18) P, L. Search in 
Artificial Intelligence. Ed: Laveen Kanal, Vipin Ku- 
mar. Symbolic Computat. Springer-Verlag, 1988, x 
+ 482 pp, $48. [ISBN: 0-387-96750-8] Chapters by 
individual authors focus on developments in search 
algorithms and techniques of the last decade. Spe- 
cial emphasis on search methods in engineering and 


operations research as well as artificial intelligence. 
Index. RJA 


Artificial Intelligence. Learning Issues for Intelli- 
gent Tutoring Systems. Ed: Heinz Mandl, Alan Les- 
gold. Springer-Verlag, 1988, xix + 307 pp, $20 (P). 
[ISBN: 0-387-96616-1] Individual chapter authors. 
Three chapter groupings: (1) aspects of learning and 
instruction relevant to design of intelligent tutoring 
systems; (2) learning systems design; (3) conditions 
facilitating learning. Index. RJA 

Computer Science, P. Advances in Computers, V. 
27. Ed: Marshall C. Yovits. Academic Pr, 1988, 
xiii + 480 pp, $69. [ISBN: 0-12-012127-1] A col- 
lection of eight essentially expository essays covering 
such topics as military information processing, com- 
puter vision, computers in the health sciences, and 
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computer science and information technology in the 
People’s Republic of China. JAS 


Computer Science, P. Lecture Notes in Computer 
Sctence-828: VDM ’88: VDM—The Way Ahead. Ed: 
R. Bloomfield, L. Marshall, R. Jones. Springer- 
Verlag, 1988, ix + 499 pp, $37.70 (P). [ISBN: 0-387- 
50214-9] Proceedings of the Second Vienna Devel- 
opment Method (software engineering) Symposium 
held in Dublin, Ireland, September 11-16, 1988. JAS 


Computer Science, T, P. Design of Computer 
Data Files, Second Edition. Owen Hanson. Com- 
puter Science Pr, 1988, xii + 419 pp, $34.95. 
[ISBN: 0-7167-8197-2] This edition, which still em- 
phasizes practical concepts rather than advanced al- 
gorithm analysis or hardware and theoretical de- 
tails, has added material on balanced trees, content- 
addressable file storage devices, and order-preserving 
hashing. (First Edition, TR, June-July 1983.) JAS 


Computer Science, S(13-14). Abstract Data 
Types: Their Specification, Representation, and Use. 
Pete Thomas, Hugh Robinson, Judy Emms. Appl. 
Math. & Comput. Sci. Ser. Clarendon Pr, 1988, xii 
+ 256 pp, $59.95; $26.95 (P). [ISBN: 0-19-859663-4; 
0-19-859668-5] An elementary introduction to ab- 
stract data types and their use in software engineer- 
ing. Two specification methods are presented: ax- 
iomatic and constructive. Examples are presented in 
Pascal, Modula-2, and Ada. Designed as a self-study 
text—-solutions to nearly all of the exercises are given 
in an appendix. AO 


Computer Science, T(17-18: 2), S, P. Search 
Problems. Rudolf Ahlswede, Ingo Wegener. Transl: 
Jean E. Wotschke. Disc. Math. & Optimiz. Wiley, 
1987, xi + 284 pp, $61.95. [ISBN: 0-471-90825-8] 
The basic ideas, methods, and results of the field. 
Though introductory, much attention is given to a 
variety of recent applications. This volume is a trans- 
lation of the 1979 Teubner Stuttgart paperback edi- 
tion (TR, February 1980), but with some revisions 
and extensions. SS 


Computer Science, P. Lecture Notes in Computer 
Science-317: Automata, Languages and Program- 
ming. Ed: Timo Lepisto, Arto Salomaa. Springer- 
Verlag, 1988, xi + 741 pp, $65.50 (P). (ISBN: 0- 
387-19488-6] Proceedings of the Fifteenth Interna- 
tional Colloquium held at Tampere, Finland, July 
11-15, 1988. This was a broad-based conference cov- 
ering theoretical computer science with such topics 
as “Zeta functions of recognizable languages,” and 
“Constructive Hopf’s theorem: Or how to untangle 
closed planar curves.” JAS 


Applications, P*, L. Mathematics in Industrial 
Problems. Avner Friedman. Inst. for Math. & 
Its Applic., V. 16. Springer-Verlag, 1988, x 174 
pp, $19.80. [ISBN: 0-387-96860-1] Industry offers 
a range of problems that mathematicians, both pure 
and applied, could profit from working on. A sem- 
inar at the IMA garnered a batch, from image re- 
construction in oil refinery to digital syncronization. 
Surprisingly inexpensive—well worth the price. BC 
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Applications, P. ICIAM ’87: Proceedings of the 
First International Conference on Industrial and Ap- 
plied Mathematics. Ed: James McKenna, Roger 
Temam. SIAM, 1988, xx + 376 pp, $56.50. [ISBN: 
0-89871-224-6] Proceedings of the conference held 
in Paris from June 29 through July 3, 1987. Con- 
tains the texts of the sixteen invited presentations as 
well as abstracts of the various minisymposia and a 
listing of the contributed papers. AO 


Applications (Biological Science), P. Lecture 
Notes in Biomathematics-75: Cell Kinetic Modelling 
and the Chemotherapy of Cancer. Helmut Knolle. 
Springer-Verlag, 1988, viii + 157 pp, $18.90 (P). 
[ISBN: 0-387-50153-3] Aimed at two audiences, 
medical researchers and mathematicians, these notes 
are intended as a “guide to mathematical cell kinet- 
ics for oncologists, and also to enable mathematicians 
to acquire the background needed to discuss and col- 
laborate with medical and biological researchers.” In 
three brief chapters and a (mainly mathematical) ap- 
pendix. PZ 

Applications (Biological Science), T(18: 1), 
L. The Theory of Evolution and Dynamical Sys- 
tems: Mathematical Aspects of Selection. Josef Hof- 
bauer, Karl Sigmund. London Math. Soc. Student 
Texts,V. 7. Cambridge U Pr, 1988, viii + 341 pp, 
$65; $19.95 (P). [ISBN: 0-521-35288-6; 0-521-35838- 
8] Based on lectures given by the authors at the 
University of Vienna, this English translation of the 
1984 German edition provides an introduction to the 
qualitative theory of ordinary differential equations, 
and its application to several branches of evolution- 
ary biology: population genetics, mathematical ecol- 
ogy, prebiotic evolution of macromolecules, and game 
theoretic modeling of animal behavior. The reader 
is led from fundamentals to recent mathematical de- 
velopments in these fields. CE 


Applications (Communication Theory), T(16- 
18: 2), S, L. Codes and Cryptography. Dominic 
Welsh. Clarendon Pr, 1988, xi + 257 pp, $59.25; 
$32.50 (P). [ISBN: 0-19-853288-1; 0-19-853287-3] 
Requiring only basic courses in abstract algebra and 
probability, this is an introduction to the mathemat- 
ics of communication theory. Covers coding, struc- 
ture of natural languages, computational complex- 
ity, and much more. Exercises are really for begin- 
ners. SS 


Applications (Economics), P, L. A General The- 
ory of Equtlibrium Selection in Games. John C. 
Harsanyi, Reinhard Selten. MIT Pr, 1988, xv + 
378 pp, $32. (ISBN: 0-262-08173-3] Exposition of 
a new theory of bargaining that leads to a unique 
Nash equilibrium point, instead of to the multiplicity 
of non-comparable equilibria emerging from classical 
game theory. Following five chapters of theory are 
four containing applications to bargaining and mul- 
tilateral trade. Robert Aumann’s Foreword boldly 
claims that “the publication of this book constitutes 
a major event in game theory.” LAS 


Applications (Information Theory), T(17-18: 
2), S. Convolutional Codes: An Algebraic Approach. 
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Ph. Piret. MIT Pr, 1988, xiv + 339 pp, $40. 
[ISBN: 0-262-16110-9] An algebraic point of view 
is adopted to study convolutional codes in order to 


show its efficiency in constructing and analyzing such 
codes. SS 


Applications (Physical Science), P. Trends in 
Applications of Mathematics to Mechanics. Ed: J.F. 
Besseling, W. Eckhaus. Springer-Verlag, 1988, ix + 
361 pp, $50.20. [ISBN: 0-387-50075-8] Thirty-three 
papers on perturbation methods, instability, bifurca- 
tions and transition to chaos, multibody dynamics 
and control, and mechanics of non-classical materi- 
als. BC 

Applications (Physics), T(13: 1, 2). Flat and 
Curved Space-Times. George F.R. Ellis, Ruth M. 
Williams. Clarendon Pr, 1988, x + 351 pp, $35 (P); 
$75. [ISBN: 0-19-851169-8; 0-19-851164-7] Amaz- 
ing. General relativity explained without assuming 
the integral or the derivative or any physics back- 
ground. Requiring only high school mathematics, 
the reader is gently led through special and general 
relativity from an algebraic and geometric perspec- 
tive. Of course, a few details are omitted or rele- 
gated to appendices. All-in-all, this appears to be 
a reasonable introduction to Einstein’s space-time 
accessible to any undergraduate. Many exercises 
but no solutions included; available upon request. 
Several computer programs are provided illustrating 
concepts. MR 

Applications (Physics), T(16-17: 1). Classical 
Equilibrium Statistical Mechanics. Colin J. Thomp- 
son. Clarendon Pr, 1988, ix + 213 pp, $42.50. 
[ISBN: 0-19-851984-2] A mathematical treatment 
that “does not lose sight of the physics.” Sev- 
eral problems with solutions at end of each chap- 
ter. Prerequisites: advanced calculus, probability, 
linear algebra, and classical mechanics. Chapters 
are: thermodynamics, Gibbs distribution, model sys- 
tems, phase transitions, fluctuations and correla- 
tions, exactly solved models, and scaling theory and 
the renormalization group. SP 


Reviewers 


RJA: Richard J. Allen, St. Olaf; DFA: David F. Apple- 
yard, Carleton; SB: Steve Benson, St. Olaf; RB: Richard 
Brown, Carleton; JNC: Judith N. Cederberg, St. Olaf; LC: 
Laura Chihara, St. Olaf; BC: Barry Cipra, St. Olaf; CEC: 
Clifton E. Corzatt, St. Olaf; CE: Christopher Ennis, Car- 
leton; SG: Steven Galovich, Carleton; GG: George Gilbert, 
St. Olaf; BH: Bruce Hanson, St. Olaf; RH: Rhonda Hatcher, 
St. Olaf; TH: Timothy Hesterberg, St. Olaf; JJ: Jason Jones, 
St. Olaf; RSK: Richard S. Kleber, St. Olaf; JK: Joseph Kon- 
hauser, Macalester; LCL: Loren C. Larson, St. Olaf; SM: Steve 
McKelvey, St. Olaf; RM: Richard Molnar, Macalester; RWN: 
Richard W. Nau, Carleton; GN: Gail Nelson, Carleton; AO: 
Arnold Ostebee, St. Olaf; SP: Samuel Patterson, Carleton; 
MR: Matthew Richey, St. Olaf; AWR: A. Wayne Roberts, 
Macalester; JS: John Schue, Macalester; SS: Seymour Schus- 
ter, Carleton; JAS: J. Arthur Seebach, Jr., St. Olaf; KS: 
Kay Smith, St. Olaf; LAS: Lynn Arthur Steen, St. Olaf; 
MS: Myriam Steinback, Macalester; MU: Milton Ulmer, Car- 
leton; TAV: Theodore A. Vessey, St. Olaf; MW: Martha Wal- 
lace, St. Olaf; LW: Lynne Walling, St. Olaf; PZ: Paul Zorn, 
St. Olaf. 


Barnett & Ziegler's Pre-Calculus: 
Functions and Graphs, Second Edition 
shows students the wide-ranging utility 
of models like P=P e”. Hundreds of 
examples and applications in engineering, 
photography, archaeology, nutrition, 
operations, music, sociology, and busi- 
ness among other areas, make a powerful 
case for the relevance of mathematical 
abstractions. There really isn't any better 
way to interest students in learning 
concepts or developing computational 
skills. 


Barnett & Ziegler's Pre-Calculus Series 

College Algebra, Fourth Edition 

College Algebra with Trigonometry, 
Fourth Edition 
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Derive™ 
A Mathematical Assistant 


COMMAND: Author Build Calculus Declare Expand Factor Help Jump soLve Manage 
Options Plot Quit Remove Simplify Transfer moVe Window approX 
Enter option 


User D: EXAMPLE .MTH Free :97% Derive Algebra 


2000 years of mathematical knowledge ona disk 


Derive, the successor to muMath, is a powerful computer algebra system for 
your PC compatible computer that provides the following capabilities: 


# Exact and approximate arithmetic to thousands of digits 

= Equations, complex numbers, trigonometry, calculus, vectors, and matrices 
# 2D and 3D function plotting with zooming capability 

# MDA, CGA, EGA, VGA, and Hercules graphics and text support 

# Attractive 2D mathematical display of formulas 

= Easy to use menu-driven interface with on-line help 

= Ideal for students, teachers, engineers and scientists 


System requirements: IBM PC or compatible computer, MS-DOS version 2.1 

or later 512K memory, and a 514 inch (360K) or a 3! inch (760K) diskette drive. Or 
NEC PC-9801 or compatible computer, MS-DOS version 2.1 or later, 512K memory, 
and a 514 inch (640K) diskette drive. 


Derive and muMATH are trademarks of Soft Warehouse, Inc. Hercules is a trademark of Hercules Computer Technology, Inc. 
IBM is a registered trademark of International Business Machines Corp. MS-DOS is a registered trademark of Microsoft Corp. 
NEC is a registered trademark of Nippon Electric Company. 


Soft Warchouse: 


3615 Harding Avenue, Suite 505 ¢ Honolulu, Hi 96816 
a (808) 734-5801 after noon PST 
©1988 Soft Warehouse, Inc. Handcrafted software for the mind. 
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Mathematics 

Before and After 1650 
Available in Paperback 


Great Moments in Great Moments in 
Mathematics Before 1650 Mathematics After 1650 
by Howard Eves, 270 pp., by Howard, Eves, 270 pp., 
Paper, 1982, Paper, 1982 
ISBN-0-88385-310-8 ISBN-O- a8 505- 307-8 

List: $16.50 List: $16.50 

MAA Member: $12.50 MAA Member: $12.50 


Both of these outstanding MAA bestsellers are written in a clear informal 
style which will appeal to anyone interested in mathematics. Howard 
Eves presents us with fascinating descriptions of important develop- 
ments and outstanding achievements from antiquity to 1650, and then 
from 1650 to modern times. Each chapter is a condensation of one Of a 
series of 60 chronologically ordered lectures prepared and delivered 
many times by an outstanding teacher and expositor. 

The material in these volumes require no substantial preparation in 
mathematics. The main prerequisite is an interest in great mathematical 
insights and their place in the historical development of the subject. Every 
reader will be challenged by the intellectual adventure and the many 
interesting exercises which form an integral part of the development. 


Read what reviewers say about Great Moments.... 


“Howard Eves made a valuable contribution to the Dolciani Mathematical Expo- 
sition series ... The twenty lectures included are a delight to read. They place 
each ‘great moment’ in its historical context and lay special emphasis on human 
aspects of each achievement. No algebra or geometry teacher should be 
without this book.” 

Tom Walsh, In The Mathematics Teacher 


. the book has the worthy aim of interesting students in mathematics by 
pointing out its long international history and the remarkable range of its 
achievements. It could succeed in conveying the thrill of discovery to many who 
would otherwise find the subject boring." 

Jeremy Gray, In Mathematical Reviews 


“Eves is never less than tantalizing and usually inspiring.” 
C.W. Klimister, Times High Education Supplement 


SPECIAL PACKAGE PRICE FOR BOTH VOLUMES 
List: $28.00 MAA Member: $22.00 
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THE GENERALIZED 
RIEMANN INTEGRAL 


Robert M. McLeod 
275 + xiii pages. Hardbound. 
List: $23.50 MAA Member: $21.00 


Until recently the most powerful and beautiful tools of integration theory have been 
accessible only to the privileged few whose studies extended through the Lebesgue 
integral. Now a new integral, a generalization of the familiar Riemann integral, has been 
discovered which has all the power and range of the Lebesgue integral but which can 
be readily understood by anyone who has studied calculus through the sophomore level. 

The Generalized Riemann Integral is the first book-length presentation of this 
exciting new development in integration theory. Because of the clarity and organiza- 
tion of the exposition and the inclusion of exercises designed to actively engage the 
reader in the material, it is eminently suitable for use as a textbook at the advanced 
undergraduate or beginning graduate level. Furthermore, because it presents within 
a single volume results which were previously scattered throughout many research 
publications, it will undoubtedly also be of considerable interest to specialists in inte- 
gration theory. 


List of Contents: Definition of the Generalized Riemann Integral « Basic Properties of the Inte- 
gral ¢ Absolute Integrability and Convergence Theorems ¢ Integration of Subsets of Intervals 
Measurable Functions ¢ Multiple and Iterated Integrals © Integrals of Stieltjes Type ¢ Compari- 
son of Mtegrals « Appendix: Solutions of In-Text Exercises 
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AA STUDIES IN 
MATHEMATICS 


Studies in Combinatorics 


Gian-Carlo Rota, editor 

Volume #17, MAA Studies in Mathematics 

272 pp., 1978, Hardbound, ISBN-0-88385-177-2 
List: $26.50 MAA Member: $18.50 


“This is a gem of a book. In layout and size it brings back memories 
of the classic Combinatorial Mathematics by H./. Ryser. The index is 
very good and the editor is to be warmly congratulated on bringing out 
a book of enormous value and uniformly high standard. It is the sort 
of book which could be used with great profit as the basis of a weekly 
working seminar on combinatorics. | recommend it unreservedly.” 


D.J.A. Welsh in Bulletin of the Institute of Mathematics and its Applications 


This excellent book in the MAA Studies in Mathematics series contains seven papers 
by prominent researchers in combinatorics. Although written by different authors, the 
papers have the unity of chapters in a monograph. Together they present a fairly com- 
prehensive exposition of some recent developments in combinatorics. Much of the material 
has application outside mathematics to computer science, operations research and net- 
work and circuit theory. Begun at the time of Euler, combinatorics has become one of 
the most active fields in mathematics. A significant feature of Studies in Combinatorics 
is its accessibility to any mathematician qualified to teach at the college level, as well 
as to a great many students. This volume is also accessible to a wide scientific public 
outside mathematics. 


Table of Contents 
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A Motivated Proof of the Rogers-Ramanujan Identities 


GEORGE E. ANDREWS,! Pennsylvania State University, University Park, PA 16802 
R. J. BAXTER, Australian National University, Canberra, Australia 


GEORGE ANDREWS received his Ph.D. at the University of Pennsylvania 
in 1964. He was the late Professor Hans Rademacher’s last student and is 
currently Evan Pugh Professor of Mathematics at the Pennsylvania State 
University. 

He has spent leaves of absence at MIT, University of Wisconsin, Univer- 
sity of New South Wales, the Australian National University and the 
University of Strasbourg. He has published extensively on the theory of 
partitions and related areas of mathematics. His most recent book is q-Series, 
a monograph derived from his Regional Conference Lectures at Arizona 
State University in 1985. 


RODNEY BAXTER was an undergraduate at Cambridge, England, and went 
to Australia to do a Ph.D. in 1961. Afterwards he worked briefly for an oil 
company. He taught in the Math Department at M.I.T. from 1968 to 1970, 
and since then has been at the Australian National University. His speciality 
is exact solutions in statistical mechanics: he received the 1987 Heineman 
Prize for Mathematical Physics from the American Physical Society. 


1. Introduction. The Rogers-Ramanujan identities are most simply stated as 
assertions about partitions [1, p. 109]. 

The First Rogers-Ramanujan Identity. The partitions of n with difference between 
parts at least 2 are equinumerous with the partitions of n into parts of the forms 
5m + 1 and 5m + 4. 

The Second Rogers-Ramanujan Identity. The partitions of n into parts > 1 with 
difference between parts at least 2 are equinumerous with the partitions of n into 
parts of the forms 5m + 2 and 5m + 3. 

As an example of the first identity, when m = 9 there are five partitions with 
difference at least 2 between parts: 9,8 + 1,7 + 2,6 + 3,5 + 3 + 1, and there are 
five partitions whose parts are of the forms 5m + 1 and 5m + 4:9,64+1+1+41, 
44+44+1,441414141+4+1,1414+14141+4+1+4+1+4141. As an 
example of the second identity, when n = 12 there are six partitions into parts > 1 
with difference at least 2 between parts: 12,10 + 2,94+ 3,8+4,7+5,64+ 4+ 2, 
and there are six partitions whose parts are of the forms 5m + 2 and 5m + 3: 12, 
84+24+2,74+34+2,34+34+343,34+3424242,2+124+24+24+242. 

The surprising history of these theorems was given by G. H. Hardy [8, p. 91], and 
their place in recent work was described in [2]. They were first proved as analytic 
identities in 1894 by L. J. Rogers [11]; however his work was soon forgotten. In 1913 
Ramanujan, having discovered them empirically, sent them to Hardy as conjectures. 
In 1916, MacMahon [9, Ch. III] discussed them at length as conjectures and 
presented them in the form given above. After the publication of MacMahon’s 
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book, Ramanujan ran across Rogers’ 1894 paper. Subsequent correspondence 
between them resulted in [10]. I. Schur [11] independently discovered these identities 
in 1917. 


It is an easy matter to show that 
G rl 

i(q) ~~ m= (1 _ graya _ qom*4) 
lt+qtq?+q?t2q* + 2q¢° + 3q° + 3q'+ 4q' + 5q?+--- (1.1) 


is the generating function for partitions of nm into parts of the forms 5m + 1 and 
5m + 4[14; Ch. 1], and 


°° 1 


=ltigtigqitag+q +2q°+2q' + 3q'+3q?+--- (1.2) 


G,(q) = 


is the generating function for partitions of nm into parts of the forms 5m + 2 and 
5m + 3. At the 1987 A.M.S. Institute on Theta Functions, Leon Ehrenpreis asked if 
one could prove that 


0 1 0° 1 
Gi(q) — G,(4q) = Oat ale) ~ It G- ya - 4") 
=qlt+g@tgqt@gt+q+q'+2q8+2q?+---) 
= qG;(q) (1.3) 


has nonnegative coefficients without resorting to the Rogers-Ramanujan identities. 
In answering this question we are led naturally to the Rogers-Ramanujan identities 
themselves. Indeed the journey we take is the way in which one of us (RJB) 
independently discovered and proved the Rogers-Ramanujan identities for applica- 
tion in statistical mechanics [3], [4], [5]. 


2. Empirical Derivation and Ehrenpreis’s Problem. To be specific, we are given 
G,(q) and G,(q) as the above infinite products. We observe with Ehrenpreis that 
G3(q) defined in (1.3) has nonnegative coefficients. Furthermore we observe that 


G(q)-G(qgv=Plt+qtgG@tgtq+Ptqgtr2rzqet+-:--) 
= q’G,(q), (2.1) 


and again G,(q) has nonnegative coefficients. Intrigued we try the same thing again, 
and now we find 


G(q) -Gj(qgh=PIt+gP+qgt+tq+gtgtg+---) =¢G;(q), 
(2.2) 


and G.(q) has nonnegative coefficients as well. Indeed it appears that we might be 
interested in the infinite family of functions G,(q) given by 


G,(q) = Sth ee! i> 3. (2.3) 
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Empirically we find that each G,(q) has no negative powers of q, and the following 
table provides the first few coefficients of G,(q) with] <i < 8 


n Gi(q) Go(q) G(q) Gag) = G5q) Gag) = Gq) GG) 
0 1 1 1 1 1 1 1 1 
1 1 0 0 0 0 0 0 0 
2 1 1 0 0 0 0 0 0 
3 1 1 1 0 0 0 0 0 
4 2 1 1 1 0 0 0 0 
5 2 1 1 1 1 0 0 0 
6 3 2 1 1 1 1 0 0 
7 3 2 1 1 1 1 1 0 
8 4 3 2 1 1 1 1 1 
9 5 3 2 1 1 1 1 1 
10 6 4 3 2 1 1 1 1 
11 7 4 3 2 1 1 1 1 
12 9 6 4 3 2 1 1 1 
13 10 6 4 3 2 1 1 1 
14 12 8 5 4 3 2 1 1 
15 14 9 6 4 3 2 1 1 
16 17 11 7 5 4 3 2 1 
17 19 12 8 5 4 3 2 1 
18 23 15 10 7 5 4 3 1 
19 26 16 11 7 5 4 3 2 
20 31 20 13 9 6 5 4 2 


The above table (and a much more extensive one) clearly suggests that the top row 
consists entirely of ones and if the top row is deleted the remaining array is an 
infinite lower triangular matrix. More explicitly, we may propose the 


Empirical Hypothesis. 
G(q)=1+ 28,9". (2.4) 


It is now only a short distance from (2.4) to a positive answer to Ehrenpreis’s 
question. Namely we wish to show that all the coefficients of G,(q) are nonnegative. 
To do this we write G,(q) as a linear combination of G,(q) and G,,,(q) for each 
i > 3. We can easily determine this combination by repeatedly applying (2.3) 
rewritten as 


G_(V)=Gilg)tq' Gq), 123. (2.5) 
Thus 
G3(q) = G4(q) + @°Gs(q) (by (2.5) with i = 5) 
= (G;(q) + 94Gs(q)) + q°Gs(q) (by (2.5) with i = 6) 
= (1+ q?)G5(q) + 9*G(q) 
=(1+ q+ q*)G(q) + (1+ 4?)G,(¢q) (by (2.5) with i = 7). 
Proceeding in this manner we see that 


G3(q) = A,(q)G,(q) + B,(q)G,,4(¢), (2.6) 
where (by (2.5)) 


A,,1(q) = 4,(q) + B,(q) (2.7) 
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and 


B,,1(4) = q'A,(4) (2.8) 
with A,(¢q) = 1, B,(q¢) = 0. 
Eliminating B,(q) from (2.7) and (2.8) we find A,(q) = 1, A,(q) = 1, and for 
i> 4, 
A,.4(q) = 4,(q) + q''A,_-1(4)- (2.9) 
This recurrence and the initial conditions easily establish that for |g| < 1, A;(q) 


converges aS i > oo to a power Series with nonnegative coefficients. Therefore if 
(2.4) is true, then by (2.6) 


G3(q) = lim (4,(9)G,(q) + 4° '4;-1(9) G14) 
[ lim 4,(q)){ lim G,(q)) + Of tim 4;-4(4))( lim G..1(4)) (> 39) 


= A,(q)-1+0-A,(q)-1 (by (2.4)) 
= A,,(q). 


Hence by the remarks following (2.9) we see that G;(q) = A,,(q) does indeed have 
nonnegative coefficients assuming (2.4) is true. 


3. Proof of the Empirical Hypothesis. The answer to Ehrenpreis’s question given 
in Section 2 relies on the unproved observation (2.4). Now we would like to discover 
representations of the G,(q) which would allow us to prove (2.4). Our starting point 
is the famous Triple Product Identity of Jacobi: 


y (- 1)*q NA = || {(1 _ grt) _ zq?"**)(1 _ zal gent t)}, (3. 1) 
A= —00 n=0 

There are simple proofs of this identity given in [1, p. 21], [2, p. 115]. Consequently 

with g replaced by g°/” and z by q'”’, we obtain 


1+ Lt 1)*q A(SA— D/2(q + q*) 


G,(q) 


[a - q") 
l-g@—gt qo t+ gi- gt q4t q+ q” 
= 1° @) 
[}Q-4") 
and with g replaced by g°/* and z replaced by q?/*, we obtain 


y (- 1)*q MEAF3)/2.(] _ g?*1) 
A= 


G,(q) a 
1 — q” 
Li ) 
—l-q-qttq t+ qh -qh- q+ qt q%--- 63) 


a — q") 
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Let us use (3.2) and (3.3) to find G,(q): By (2.5) 


qG3(q) = Gi(q) — G3(q) 
={(1-@-Gt+gtqi-q-q*+q¥tqe----) 


o8) 
“(La qa git gt qhag— q+ q%+q®—-)}/TT (1 ~a4") 
(q-@-@Gtq—-q+qQtqu—-q@ 
+ g'8 — gl — g4 4 27 — g34 + G3 + g® — g® ...) 


q((1 — q)(1 — 97) — g8(1 — q?)(1 — 9°) 
+q'"(1 — q?)(1 — 9°) — g?(1- 9*)(1- 4°) -:-) 


i i a a (3.4) 
[Ta — q") 
Thus we see that 
3 (1 _ gy _ g?*2)( —1)%q+5(3) 
G;(q) = -= (3.5) 


Tha — q") 
Since (3.5) is so nice, let us use (3.3) and (3.4) to find G,(q). By (2.5) 
q°G,(q) = G,(q) - G3(q) 
_ {((l-q-qtt+q?tq3— g8— q+ q+ q%- 11.) 
—~(l-q-q@t+q-—qo+qi+q -— q+ qi’ — gq - gq? 4+ q* 
ght git qh — gq? te )}/ [a - 4") 
=@(l-q-q@tiqtqg—q—-qgtg tq! —- qh - q+ q' 
tq — g%4 — q+ Git g? — gq — G+ 8% + q% Vy (1 — q") 
n=1 
=@((1-q)(1- 97). - 4?) - (1. - 4?) - 9) - 9°) 
+q7(1—4?)(1—q*)(1- 4’) -q® --- Tha —q"). (3.6) 


Therefore, we see that 


1 018 


(1 _ gry _ qh?) (1 _ g?+*3)( —1)¥g8+5(3) 
G,(q) = “8 = (3.7) 
[]@-4") 
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From (3.3), (3.5) and (3.7) we may conjecture that 
G,(q) 


y (1 _ ge) _ gh*?) — (1 _ ght-2)(-1)- 5 (1 _ g?h+-1) 


[a — 4") 


(3.8) 


Furthermore it is not complicated to prove (3.8) in general if we carefully examine 
the intermediate steps in the derivation of (3.6) to see how the various terms fit 
together. Namely, assuming (3.8) for i and i + 1, we see that 


TL = @"(6.(a) = Gaasla)) 
=(1-g)(1- 92) (l- gt) + EQ-g@)0-@?) 
1. (1 = gt!-2)(=1)%q 2+5(*) 


, Y= ght) (= gh 


A=0 


1 7 q?\t-1) 


(—1) gis DATs @) 


_ y (1 _ ght)... (1 ~ ghti- 1)(- 1)*q 2+ DA+5 (2 Jarl 
A=0 


| 

| 
h4s 
— 


_ g*?)\(1 _ g**3) 


.(1- ghti-1)(=1) gs CS — grt) 


> 
I 
cc) 


+ 
Ms 


(1 — g*2)(1 — 3) --- (1 gti\(- 1)*q r+ 1 A+1)+5 ("4 ') 


> 
I 
cc) 


_ ( _ ghte1)( =) greats (3) 4204 


+ 
IMs 
=> 

| 
ee) 

>’ 

+ 


> 
I 
cc) 


M42) (J ghti-2)( 1) %q2 DA 5 (3) #22 


lI 
iQ 
IMs 
=> 

| 
ee) 


A=0 
(—qgi**(1 _ gq? titi) + git? +3Q(q _ qh*) 4 (1 _ qg*1)) 


= gq! y (1 - gh*?) . (1 _ ghti-l) 
1) Xg2itDr+s2)((1 _ g1\(1 _ ge \(1 _ g?h++1)) 


x (- 
= q! 3 1-@)(14+ 9). (= gh*#)(—1)\g2i+ 9945 (2) 


(1 = g?*Y)[ = 4'G,,4(q) II (1 —q")). (3.9) 
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Thus we see that the right-hand side of (3.8) is indeed equal to G,(q) for i = 2, 3, 
and 4 (by (3.3), (3.5) and (3.7)) and (3.9) shows that the right-hand side fulfills the 
second-order recurrence (2.5). Hence (3.8) is valid for all i > 2. 

The Empirical Hypothesis is an immediate consequence of (3.8). Namely, by 
(3.8), we see that 


G(q)=-% 


TN 


1 
y (1 _ g**?) tee (1 _ ght-2)(=1) 25 C)(1 _ g?+-l) 
A=1 
+ 


_ gq’ ti") 


la — q") 


=144'y,(4), (3.10) 


where y,(q) is analytic in g around g = 0. Le. the Empirical Hypothesis (2.4) is 
valid. 


4, The Rogers-Ramanujan Identities. If, instead of considering G;(q), we con- 
sider G,(q), we obtain exactly the same conclusions the only variation being that 
the A,(q) satisfy A,(q) =1, A3(q) =1+q and for i> 3, (2.9) is still valid. 
Iterating (2.9), we find 


A,(q)=1+q+q’ 
A(q)=l+q+q?+qtqg 
Aj(q)=lt+qt@t@te@ttt+aqtt+qttt)+q*?. 


These examples suggest that A;,,(q) is the generating function for partitions with 
difference between parts at least 2 and largest part < i. Indeed this is easily proved 
by mathematical induction applied to (2.9) since the A,(q) yields the desired 
partitions with largest part <i-—1 and the q'~'A,_,(q) yields the remaining 
desired partitions having largest part equal to i — 1. 

Just as in Section 2, we see that 


G1(q) = A,(q). (4.1) 
Now (4.1) is merely the restatement of the first Rogers-Ramanujan identity in terms 
of generating functions; namely G,(q) 1s the generating function for partitions of n 
with parts of the forms 5m + 1 and 5m + 4 while A,,(q) is the generating function 
for partitions with parts differing by at least 2. 
The derivation of the second Rogers-Ramanujan identity follows in exactly the 
same manner from the Empirical Hypothesis. In particular we find that 


G,(q) = a,(¢)G,(q) + B,(4)G,4,(4), (4.2) 
where 
ai41(4) = 4,(¢) + Bq) (4.3) 
and 
B.4(9) = 4'a,(q) (4.4) 


with a,(q¢) = 1 and £,(q) = q’. 
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Proceeding as before we find that the Empirical Hypothesis implies that 


G,(q) = 4,,(4) (4.5) 


and a,,(q) is the generating function for partitions with parts > 1 and difference at 
least 2 between parts. 


5. Conclusion and Comments. It should be pointed out that the work in Section 
3 is essentially the way in which one of us (RJB) independently discovered the 
Rogers-Ramanujan identities in connection with the original solution of the Hard 
Hexagon Model [3], [5, ch. 14] (cf. [2, Chs. 1 and 8]). The Hard Hexagon Model 
leads directly to (2.5) together with the series expansion 


n?+(i-1)n 


6.(q)= 5 ~— 4 
iso (1 - q)(1 — q?) ++: (1 - 9") 
An application of Euler’s algorithm [2, Ch. 10, Th. 10.3] for the determination of the 
a. in 


i 


(5.1) 


1+ )) bq" = I (1—q") " (5.2) 
n=] n= 
led to the Rogers-Ramanujan identities as conjectures. The remaining empirical 
work and derivation in Section 3 followed. Finally (5.1) and (3.8) are identified by 
observing that each is an analytic function f(z) in z = g'~! satisfying the boundary 
condition f(0) = 1 (.e., G(qg) = 1) and 


f(z) = f(zq) + zaf(2q’). (5.3) 
Even though we have only treated the sequence z = g' ' this is adequate since it is 
an infinite sequence converging to 0 for |g| < 1. 
This approach yields the Rogers-Ramanujan identities in their more familiar 
analytic form [1, p. 104]: 


n= 


~_yi FO 
G,(q) =k (1 - q)Q - q’) (1 - q”) U (1 - gyda - he 
(5.4) 
and 


2 
00 no+n 
q 


Gx(q) = Y ——_—+,, = T] 


fy I -@g)- 49): -9") neo (A - 977) = G88) 


(5.5) 


We should point out also that the crucial recurrence for (3.8) derived in (3.9) is 
essentially equivalent to the proofs given by Rogers and Ramanujan in [10]. The 
relationship between our treatment and that found in [10] parallels the relationship 
between I. J. Good’s formula [7] for the infinite product [1,.,(1 — q”) and 
Sylvester’s identity [1, p. 140, Th. 9.2] (cf. [6]). - 

It may be objected that we have presented a somewhat stilted motivation. Indeed 
if (4.1) were not in the back of our minds, we would never have thought to construct 
Table 1. This may well be; however, in this age of the computer, the construction of 
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tables of successive differences is standard procedure when studying sequences with 
little given information. Furthermore, we emphasize that Table 1 is purely inherent 
in (1.1) and (1.2) and may well suggest a reasonable approach to the study of other 
pairs of infinite products where one may suspect that interesting facts in additive 
number theory are somewhere around. 
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To the memory of Emil Grosswald 


1. Introduction. This article 1s concerned with one of the oldest unsolved prob- 
lems in mathematics: 


FERMAT’S LAST THEOREM. If n > 3 and x, y, z are integers satisfying the equation 
x" + y" = 2", then xyz = 0. 


The history of the search for a proof of this theorem is filled with many partial 
successes and many complete failures. In this article, I report on my own attempt 
and failure because I feel that the method is of considerable interest in spite of its 
lack of success. 

The central idea revolves around the question of how well one can approximate a 
given real number, a, with rational numbers. The goodness of the approximation 
can be used to determine whether or not a is a rational. This method has been used 
recently for a number of interesting problems in number theory, and with great 
success (see [1] for a survey of the work of Apery, Alan Baker, the Chudnovskys and 
Beukers). 

In applying this idea to Fermat’s Last Theorem, we reduce the problem to the 
study of the rationality of nth roots of certain rational numbers. A tried and true 
method of approximation, Newton’s method, leads to a sequence of rational 
approximants that we try to show converge too quickly to be giving a rational 
number. It is at this final stage that the approach fails. 

In section 2 we reformulate Fermat’s Last Theorem suitably. In section 3 criteria 
are presented for recognizing when a real number is irrational; one criterion treats 
the rate of approximation by rational numbers, and the other concerns the contin- 
ued fraction representation of the number. In section 4 Newton’s Method is 
introduced and the Main Idea stated, followed by an example where the Main Idea 
is shown to work by playing the Newton approximation off against the continued 
fractions approximation. In section 5 we review the facts about the convergence of 
Newton’s Method as it applies to the problem at hand. This leads to an inequality 
that is crucial to the success or failure of the Main Idea. In section 6 the explicit 
form of the Newton approximants is considered along with the growth of their 
denominators. Another inequality results that, together with the previous inequality, 
leads us to the main theorem of the paper, and the extent to which the Main Idea 
can be made to work. 


2. A restatement of the problem. Since Fermat’s Last theorem is one of the most 
famous unsolved problems in mathematics, there is much written about it. For the 


410 
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story of its appearance and development see the excellent books of Edwards [3] and 
Ribenboim [7]. According to Edwards [3], the first known reference to this conjec- 
ture is in a letter of Fermat to Mersenne of June, 1638, that is, 350 years ago. 
Fermat did leave indications of a proper proof in the case of n = 4, Euler gave a 
complete proof for the case n = 3 in 1753, and Dirichlet and Legendre gave a proof 
for the case n = 5 in 1825. 

In order to motivate the approach in this paper, we need a restatement of the 
problem that will be amenable to methods outside of elementary number theory. To 
begin, notice that a solution to the Diophantine equation, x" + y” = z” with x, y, z 
integers, by dividing both sides of the equation we get a point on the curve 
X" + Y”" = 1 in the plane with the property that X and Y are rationals. Call such a 
point a rational point and let C, be the curve in R° defined by 


C,= {(X,Y) © Rx" + y"=1}. 
From the definition of this curve, Fermat’s Last Theorem can now be restated: 


For all n > 3, the only rational points on the curve C, are among the points 
(0, +1) or (+1,0). 


C2 ,41 


Fic. 1 


Restricting to the solutions that consist of positive integers, we need to consider 
only rational points with the X-coordinate lying between 0 and 1. This leads to the 
following: 


PROPOSITION 1. Fermat’s Last Theorem holds if and only if, for all n > 3 and all 


rationals p/q with 0 < p/q <1, 1 — (p/@q)” is an irrational number. 


In this formulation Fermat’s Last Theorem is about the irrationality of the nth 
roots of particular rational expressions. This leads to an approach to proving the 
conjecture to be investigated below. 


3. Recognizing irrationals. If r is a real number, how can one determine whether 
it 1s irrational or not? This problem is the subject of an entire branch of number 
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theory— Diophantine approximation. A fundamental insight in this area is that 
rationals cannot approximate rational numbers very well. 


PROPOSITION 2. Suppose a = m/n, a rational number, in lowest terms. If « > 0, 
then there are only finitely many rationals, p/q, such that 


P 1 
a qd < gite 
Proof. Consider 
m Z mg pn| 1 
n qi nla 
For p/q # m/n we have |mgq — pn| > 1 and so 
m P 1 1 
——-—|> > ——-., 
noo4@a\ |ntlal 4 ini tal 


Only finitely many q satisfy 2|n| > |q|*, and for each such gq, there are only finitely 
many p with 


|mq — pn| ! 
——— < —-. 
|| | 
This proves the proposition. 


COROLLARY 3. If a@ is a real number, and there exists an ¢ > 0 and a sequence of 
distinct rationals, { p,/q,,}, converging to a and satisfying 


1 


then a is irrational. 


There is a procedure that finds a good sequence to approximate any real number. 
Recall the greatest integer function [x] = the largest integer < x. 
Given a real number a, consider the following iterative procedure: 


1 
a=a,+—, where a, = [al and, if a, # a, then0 < — <1; 

Q5 a) 
1 
a,=a,+ —, where a, = [a,| and, if a, # a,, then0 < — <1. 

Q a3 

When a is rational, this procedure stops when a,_, = a,,_,. Otherwise, we con- 
tinue, and we have 


, where a, = [a,]| andso0 < <1. 


On+1 A+) 
When the number a is irrational, this procedure never ends, and it produces a series 
of positive integers that can be turned into rational approximations to the number 
a, through the continued fraction expansion of the number. When we substitute the 
a, back into the procedure above we get the following expression, which defines the 
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compact notation for continued fractions: 


a = a, + ——_——— = [ a1, 4), 43, a4,...]. 


We define the convergents of a continued fraction representation as the rational 
numbers 


Pr 
— =|a,,4),...,a,]. 
For example, we calculate 
15 1 1 1 
— 2+ = 2 + 
4 4 1 
3 3 
A more interesting example is given by x = [1, 2, 2,2,...]. Notice that 
1 1 1 1 1 1 
=] + ——— =] + —W__—_ =] + ——.. 
* [2,2,2,...] 1+ [1,2,2,2,...] 1+x 


This leads to the equation (x — 1)(x + 1) = 1, or x = y2. 
The convergents of a continued fraction enjoy some marvelous properties. We 


mention a few in the following proposition. For proofs, the reader can consult [5] or 
[6]. 


PROPOSITION 4. (1) The convergents of a continued fraction satisfy the following 
recursion: 


and 
Pu ~ 4nPn-1 + Pn—2> Qn = 4nQn—-1 F In—2» for n z 3. 
(2) Furthermore, D,Gn—1 — Pn—1Gn = (—1)" for n> 1, from which it follows that 


Pn _ Pn-1 _ (—1)" 


Gn Gn —1 qn — 19 n 


Notice that Pon/ Qn > Pon-1/ Q2n-1 and Pon+1/42n41 < Pon/ Qn since Gin > 0 
for all m. It can be shown that the odd convergents form an increasing sequence, 


the even convergents a decreasing sequence, and for an infinite continued fraction, 
the values converge to an unique limit. The speed of the convergence is the most 
interesting feature of this construction. 


THEOREM 5. If a = [@j, ay, a3,...], and p,/q,, = |a), 4y,..., a,,], then 


Pn 1 
——_ <|qg- | < | 
2 4nIn +1 Gn Gndn+1 
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In the case that the sequence of g, is increasing, then it is the case that we have 
produced a collection of infinitely many distinct rationals, p/q, satisfying 
Pp 1 
a—- — 9» 


q 


that is, any infinite continued fraction represents an irrational number. 


< 


4. Newton’s Method. Having established some properties of real numbers that 
allow us to recognize irrational numbers, let’s return to Fermat’s Last Theorem. The 


a 
next step is to determine the properties of /1 — ( p”/q"). A natural way to obtain 
Rr 
an approximation to /1 — (p”/q") is via Newton’s method. Define the function 


f(x) =x" = 1 ral 
q 


FIG. 2 


Then we obtain a sequence converging to V1 — (p"/q") by the recursion 
Xo = 1, 


It is clear that the real numbers x, are rational for all i, and as the graph in figure 2 
shows, the function f(x) is convex up over the region of interest and so 


lim x,= /1— (p"/q"). 


I> © 
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Main Idea. If, for » > 3 and for any 0 < p/g <1, the sequence of rationals 
produced by Newton’s Method, x, = 7,/s,, satisfies 


for some fixed e = e( p/q) > 0 and infinitely many values of i, then Fermat’s Last 
Theorem holds for n. 

Before developing the details of the Main Idea, let’s consider an example that 
demonstrates how the Main Idea might work. 


EXAMPLE. Let a = V2. Newton’s method considers the function f(x) = x” — 2 
and so we get the recursion 


Xo = 1, 


x; 
=xXx,- =~ + 
2 


l l 


The sequence, {x,}, consists entirely of rationals, and clearly converges to y2. 
There is another sequence of rationals converging to ¥2 given by the convergents of 
the continued fraction expansion of V2 , 


Pig J1, 2,2,...52]. 
q, — 
i 
The following observation gives an example of the Main Idea at work. 


PROPOSITION 6. For all k > 0, x, = pok_1/Qok-1. 


Proof. Introduce the function F,(x) = [1, 2,2,...,2, 1 + x]. It follows immedi- 
a 
k-1 
ately that F.(1) = p,/q,, and furthermore, observe that 
Pr 1 Pri + 24e-1 
— =]+ pp =S .. 
dk p14 2 Qx-1 + Pr-1 
Wk -1 


Now we can show that 


For k = 1, 
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By induction, we can consider 


1 1 
F = 14+ ——— =14+ ——__,_ 
41(X) 1+ F,(x) a Py 1X + 2dn-1 
dp—1X + PR} 


(Pia + 24-1) + 2 Deer + Ie-1) Pex + 2% 
(Paar + U1) * + (Pea + 24-1) qx + Py 


Finally, notice that x) = 1 =po/q). To prove the proposition, we proceed 
inductively; assume that x, = py«_/q>*_1, then we have 


Pp A+] _ 
ee 8 1. 2,2,...52| 
Peet yet 
= [1,2....:2,2..52]) = [12.2.1 + [1.2.....2]| 
gk 4 2k ak] Qk 4 
Prk-y 
Pok-1 + 2q5k_1 
_ ban _ —] 
= Fy _ =! 
42k —1 Qok_4 ee + Pok_y 


Dye_y + 243-1 Pak _ Be 
2 Dok —192k-1 2Gok_-1 P2rk~-1 


Xp 1 
= FT = XK 41. 
2 Xy k+1 


This proposition shows that Newton’s method provides a subsequence of the 
continued fraction convergents of /2. Since Poat/Ine1 = (Pn + 29n)/AGy + Py) it 
follows that (p,,q,) = 1 for all n and that g,,, > q,. Thus we have proved the 
following. 


COROLLARY 7. The sequence of rational numbers x; = 1,/s;, obtained by Newton’s 
method, converging to ¥2. from x, = 1, satisfies \¥2 —4r,/s,| <1/s2, for alln > 1. 


The phenomenon explored in the example above is not particular to ¥2. The 
relationship between quadratic irrationals, Newton’s Method and continued fraction 
convergents has been studied thoroughly (see, for example, [4], and the references 
there). 

This example leads us on with the Main Idea, optimistically. For the general case, 
however, we need much closer scrutiny of the convergence of Newton’s method. 


5. Convergence of Newton’s method. What follows is a review of the classical 
ideas that determine the speed of the convergence of Newton’s Method, based on 
the discussion in [10]. Our focus is on the function f(x) = x” — (1 — p"/q"). 
Newton’s Method is an iterative procedure and it is expressible in terms of a process 
in which a single function is iterated and converges to a fixed point. That function is 
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given by 


away from the zeros of f’(x), and the terms in the sequence produced by Newton’s 
method are given by x;,, = G(x,). In our case, the convergence of the sequence is 
given by 
lim GoGo---°G(x)=a=)/l-—. 
i> oo 
1 
To study the convergence of Newton’s Method we expand G(x) into a Taylor 
polynomial around the value a; 
(x — a)” 


G(x) = G(a) + (x — a)G’(a@) + 3 (8), 


for some &, with a < € < x. Now G(a) = a, and furthermore, we have 
/ 2 4} ad 
ota) <1 LO =H@sH"@) _ M@S"@) _ 
a 
: (f'(@)) (f’(a)) 
This simplifies the Taylor polynomial considerably. Likewise, when we compute the 
second derivative of G at a we get 


(f'(a)) F(a) f(a) + (f(a) Fla)f (a) = 2F(a)f'(a)(F"(a))” 


aa) ~ (f'(a))* 


f(a) 

f(a) 
In our case, f(x) = nx"~' and f(x) = n(n — 1)x"~7, so we have that G’(a) = 
(n — 1)/a. Since n > 2 in the case of interest for Fermat’s Last Theorem and 
0 < a < 1, we conclude that G’’(a) > 2. 

Since x,,, = G(x,), all of the above can be applied to the Taylor polynomial and 

SO we get 

(x; - a)” , 
Xj41 = A+ — ze (é), 
for some a < € < x,. Taking i large enough, we have that G’(€) > 2 and so we 
conclude the following 


PROPOSITION 8. For i large enough, the approximants produced by Newton’s 
Method satisfy 


2 
Xi41 — a> (4; - a)”. 


The convergence of the sequence is seen here to be quadratic on the nose, 
however, the coefficient is not adding speed to the convergence but actually is 
stealing from it. The relation of this proposition to the actual terms in the sequence 
is exploited to prove the main theorem in the next section. 
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6. Denominators and the Main Theorem. Let us now consider the explicit 
formula for Newton’s Method, in order to determine if we get the kind of 
approximation that is desired. The following proposition describes the behavior of 
the denominators produced in the process. 


PROPOSITION 9. If x, = 17,/S;, X 9 = 1, are the rationals converging to 


yl - (p/q)" via Newton’s Method, then, for i large, 


Proof. We work a little more generally than we need to, in order to simplify the 
notation. Suppose k// 1s a rational that lies between 0 and 1, and is greater than 


v1 — ( p/q)", like all of the approximants that Newton’s Method will produce. We 
may suppose further that / > gq” > n, which is the case when i is large for the 
Newton approximants x,, since the function f(x) is convex and nonlinear over the 
interval (0,1) and so Newton’s Method determines infinitely many distinct rationals 
enroute to the limit of the process; in particular, this condition holds for i large if 
k/l= x;,. 

Recall that G(x) = x — f(x)/f’(x) with 


f(a \\ ve" Ga" P") 
f(x =x h val a 


n 


Let K/L = G(k/!) with K/L in lowest terms. Explicitly we find that 


k n 


l l k n—1 l ng"k”" 1] 
nq 7| 
ng"k" 1] ng"k" . 


Suppose the numerator and denominator have greatest common denominator M, 
then we have 


(n —1)q"k" + (q" — pl" 
M 9 


ng"k"—] 
— wo 


Suppose that P is a prime that divides M. Then P divides ng"k"~ ‘I and so either 
P\n, P\q, P\k, or P\l. These possibilities are not unrelated. Observe that 

i) If P\k, then P|q” — p”, since P does not divide / 

11) If P|qg, then since P does not divide p, P does not divide g” — p” and so P 
divides /. 

ii) If P|/, then either P|qg, or P|n — 1, since P does not divide k. 
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From the observations given above, we may write M = [, J, ],, where I, = (M, n), 
I,, = (M, k"~') and I, is (M, qg"/). We conclude that 


n—-1]1 0 a ni pn\yn 
ge . a Mark" + Ca" =P") 


L> 
M 
_ (r= Dag"k"  @ — Pe) 
LLL LLL, 
_ (na aa"k" (gat) eh 
11,1, L 1, 1, 


Since I,J, divides ng"/, we can conclude from / > qg" > n that /"/I,I,>1"~3, and 
the proposition is proved. 
We are now in a position to consider the Main Idea in some detail. Suppose that 


a= ' (1 — p"/q"), and that x, = r,/s, denotes the approximants due to Newton’s 
Method. Suppose that for some i large enough and for some e > 0 we have the 


desired condition 


r, 1 
a 5, < site 
This can be written 
I 1 1 


for some 7 > e. 
Moving further on in the sequence, we may consider |a — 7,,,/S,,,|- From 
Proposition 8 we conclude the following string of inequalities: 


2 4 4K-1 
Tit K Vi+K-1 r+K-2 Vind 
a— a — ——]| >la —- — | > ::: >la- 
Si4K Si4K—1 Si4+K-2 Sr41 
K 
r, 2 1 
>la-—| =——,;. 
1+7)2* 
If we also have the desired condition, 
Via K 1 
a — 
l+e? 
Si-kK Si+K 


then we can apply Proposition 9 to obtain another string of inequalities 


reg Le 1 . . 1 

a — —— eee TTT 
Ss. sits n—-3 \ite (1+ e)(n—3)* 
it K Ii+tK si R-1) Ss; 


Putting the inequalities together we obtain 


1 c Vit K 
pene a —— 
gl +n)2* 

i 


1 


st +e)(n—3)* * 


Si4K 


Now, if 2 > 5, then there is some K, so that for all K > K, it follows that 
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(1 + e)(n — 3)* > (1 + )2%, and so our desired inequality leads to a contradiction. 
Thus we have proven 


THEOREM 10. Ifn > 5 and for some i and for some ¢ > 0, we have that \|a — r,/s,| 
<1/s)*®, then there is some Ky so that, for all K > Ko, 


Vit K 1 
a — 
lt+e’ 
SiaK Si4kK 


From the theorem, we see that Newton’s Method can produce only finitely many 
rationals that satisfy our desired condition for any given e > 0. Thus the theorem 
condemns the Main Idea to the fate of most naive ideas—a place amid the failed 
attempts. It remains conceivable, however, that another numerical method could be 
applied in the same fashion and produce a proof of Fermat’s Last Theorem 
following the outline given here. In fact, several results on the irrationality of classes 
of interesting numbers have been obtained in a similar fashion using Padé methods 
of approximation (see the work of Apery, A. Baker, the Chudnovskys and Beukers, 
as surveyed in [1]). The work of Dyson [2] and Roth [9] reveals how subtle 
approximations of the kind sought here must be. For a review of recent progress on 
Fermat’s Last Theorem, see [8]. 
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thanks. I also thank Jeff Lagarias for an annotated bibliography of papers on the use of approximation 
methods in number theory, and the referee for ideas toward a better introduction. 
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The Editor’s Corner: Summability Theory: 
a Neglected Tool of Analysis 


LEE A. RUBEL 
Department of Mathematics, University of Illinois, Urbana, TL 61801 


These days, the student of analysis usually learns at most three things about 
“summability theory” (= “divergent series’). The first is that the Fourier series of 
an L' function is Cesaro summable to the function almost everywhere. The second 
(in a course in functional analysis) is the Silverman-Toeplitz criterion that character- 
izes “regular” methods of summability. The third, for the advanced student (in a 
course in Banach algebras), is Wiener’s Tauberian theorem, but usually so dressed 
up that its applications to divergent series are lost in the shuffle. It is too bad that so 
little is taught about summability theory, since it remains a valuable tool in the 
armamentarium of the practicing analyst. In this note, I will point out three honest 
applications in the hope of rekindling some interest in the subject. Of course, the 
classic work in the field is Hardy’s book [3]. As an afterthought, I will mention the 
paper [2] which applies summability theory to mathematical logic! 

First of all, let us consider Borel summability. We say that s, > s (s, converges 
to s in the sense of Borel) if 

an) 
lim e! } —?t"=s. 
[> + © n=O n} 
We stress that, throughout this note, we consider complex-valued sequences (s,,). 
Two important facts are easy to prove, and are left to the reader as exercises. 

(1) The Borel method is completely regular. That is, if s,s (including 
s= +0), thens, 45. 

(2) If s,(z) = (2"** — 1)/(z — 1) is the nth partial sum of the geometric series 
L*_9z”, then s,(z) 4,1/(1 — z) in the half-plane Re z < 1. 

It is not hard to show, using Cauchy’s theorems, that if f(z) = L°_,a,z” is 
analytic in a neighborhood of the origin, and if s,(z) 1s the mth partial sum of the 
series then s,(z) — f(z) in the Borel star of the region of analyticity of f(z). This 
means, essentially, that through every singularity of f(z) one draws the perpendicu- 
lar to the ray joining that singularity to the origin, and considers the open 
half-plane, bounded by this perpendicular, that contains the origin. The Borel star is 
the intersection of all these half-planes, and is consequently a convex open set that 
contains the origin. In particular, the Taylor series of f 1s Borel summable to f in 
some neighborhood of every regular point of f on the circle of convergence of the 
series. 

We are now in a position to give a conceptual proof of Pringsheim’s theorem (see 
[4, §7.21]), which says that if f(z) = L°°9a,z” has positive Taylor coefficients, 
then the real positive point on the circle of convergence must be a singularity of 
f(z). For suppose it were not. Then by the above, the Taylor series would be Borel 
summable to f(z) in a neighborhood of that point. But since the series diverges to 
+ oo on the real axis beyond this point, and since Borel summability is completely 
regular, we have the impossible conclusion that f is infinite beyond this point. 

The next result we can use Borel summability for is the Hadamard gap theorem 
(see [4, §7.43]), which says that if f(z) = U%_, a,z*, and a, =0 for k #n,, 
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/=1,2,..., where n,,,/n,> @ for all J, for some number 6 > 1 (like Lz?'), then 
every point of the circle of convergence of f is a singular point of f—i.e., the circle 
of convergence is a “natural boundary.” 

More generally, we can prove Ostrowski’s theorem on overconvergence (see [4, 
§7.41]), following a method of Zygmund (see [5}). We say that a power series La, 2” 
has a gap (n,,n/) if a, =0 for n, <n < nj. Ostrowski’s theorem says that if 
A > 0 and La,z” has an infinity of gaps satisfying ni/n, > 1+ A and if its sum 
f(z) has an analytic continuation to a neighborhood of a point z, on the circle of 
convergence, then the partial sums s, (z) converge uniformly to f(z) in a neighbor- 
hood of z,. For, under the hypotheses, La,z* is uniformly Borel summable to f(z) 
in a neighborhood of z). We may suppose z,) = 1, so that ay + a, +a, + --- +4, 
= O((1 + 6)”) for every positive 6. Thus, we can apply the following “high-indices 
theorem” for Borel summability, whose proof 1s given in [5]. 


THEOREM. Suppose that X > 0. Then there is a number 5 = (A) > 0 such that, if 
(i) ba, has an infinity of gaps (n,,n/,) for which nji./n, >1+% 


(iii) La, is Borel summable to S, 
then 


(iv) s,, converges to s where s, is the n,th partial sum of Lay. 


Notice that Hadamard’s theorem follows from Ostrowski’s, since in the Hadamard 
case, the sequence s,,(z) is the full sequence of partial sums of La,,z”, so that if 
f(z) has a point of regularity on the circle of convergence, then its power series 
would converge at a point outside the circle of convergence, which is manifestly 
impossible. 

For the final result, we follow the approach of R. C. Buck in [1], and introduce 
the more powerful method of Mittag-Leffler summability. We say that ML L°_,a, 
= s (“La, is Mittag-Leffler summable to s’”’) to mean that 


io @) 
n 


lim —_—_ 
a->O+ n=0 (an)! 


= 8, 


where (an)! means I'(an + 1), whereI is the Euler gamma function. We say that an 
entire function f(z) is of exponential type if |f(z)| < Ae®'! for some finite 
numbers A and B and all z. We say that f(z) € K(c) if f(z) is of exponential type 
and if, further, 


|f (iy) | < ae*” 


for some finite constant a and all real y, which says that f(z) grows no faster than 
sincz on the imaginary axis. For polynomials f(z), we all know the Newton 
expansion 


>) (") A"f (0), 


where A” is the nth difference with spacing 1. This formula recovers f from its 
values at the nonnegative integers. Simple examples show, however, that the series 
needn’t even converge for entire functions f(z). But Buck proves (we do not give 
the details here) that if c < 7 and if f(z) © K(c), then the Newton expansion for f 
is Mittag-Leffler summable to f(z) for all z. 
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As a corollary, Buck gets a new proof of the celebrated theorem of Carlson 
(known to information-theorists as “the sampling theorem,” and rediscovered 
periodically) that if f(z) © K(c), c<a, and f(n) =0 for n= 0,1,2,..., then 
f(z) = 0. Notice that 7 is the right constant here, since sin wz vanishes at the 
integers without vanishing identically. Notice also that Carlson’s theorem only says 
that it is possible to recover a suitable f from its values only at the integers, but it 
does not say how to do the recovering. Buck’s theorem does say how, and it involves 
Mittag-Leffler summability in a compelling way. 

These methods enabled Buck to prove many new theorems about entire func- 
tions. There are hundreds of other applications of summability methods to classical 
and modern analysis, but I will have to stop here, and hope that I have made my 
point. 
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LETTERS TO THE EDITOR 


Editor: 


Most treatments of partial fractions, [1] being a recent example, assume the 
irreducibility of the factors of the denominator. This would require that, working 
over the real field, x* + 2x — 1 be replaced by (x + 1 + ¥2)(x + 1 — y2), hardly 
something to be desired. That this condition is unnecessary follows from the Lemma 
(using the notation of [1]): 

If p, w and f are elements of R[x] and w and f have no common factor then there 
exist unique elements s and t of R[x], with either s = or degree(s) < degree( /), 
such that 


p= sw + tf. (1) 

The basic step of the partial fraction decomposition follows on dividing (1) by 
fw. 

Proof of Lemma. Since w and f have no common factor we can use the 
Euclidean Algorithm to construct polynomials g and A such that gw + Af = 1. 
Then p = pgw + phf. We can use the division transformation to construct s such 
that pg = kf + s, with either s =O or degree(s) < degree( f/f). Hence p = sw + 
(ph + kw)f, and (1) follows on setting t = ph + kw. For uniqueness, if p = sw + 
tf = s'w + t’s then (s — s’)w = (t’ — t)f. Since f and w have no common factor f 
must divide s — s’. But each of s and s’ is either zero or of degree less than that of 
f, so s — s’ = Q, and hence also t’ — t = 0. 

This is really the same proof as in [1] but with no use of quotient fields. 

If f is of degree 1 or 2 one can replace the Euclidean Algorithm with simple 
manipulation of the coefficients. This method was presented in [2] in the hope of 
inducing students to program it. I still have an old Fortran program that does this 
and also integrates the resulting partial fractions. 
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UNSOLVED PROBLEMS 


EDITED BY RICHARD GUY 
In this department the MONTHLY presents easily stated unsolved problems dealing with notions 
ordinarily encountered in undergraduate mathematics. Each problem should be accompanied by 
relevant references (if any are known to the author) and by a brief description of known partial results. 


Manuscripts should be sent to Richard Guy, Department of Mathematics and Statistics, The 
University of Calgary, Calgary, Alberta, Canada T2N IN4. 


Conway’s RATS and Other Reversals 


RICHARD K. Guy 


Most of us met, at an early age, the “reverse subtract, reverse add” algorithm: 


742 551 372 980 
247 155 273 089 
495 396 099 891 
594 693 990 198 
1089 1089 1089 1089 


and it still makes an attractive beginning algebra exercise. Many of us have also 
heard of the Kaprekar process [3], which iterates “sort, reverse, subtract,” arriving 
at certain cycles or “Kaprekar constants”: 


321 981 972 963 954 

123 189 279 369 459 

198 792 693 594 495 
7731 6543 8730 8532 7641 
1377 3456 0378 2358 1467 
6354 3087 8352 6174 6174 


These are not the same as “Kaprekar numbers,” whose squares yield the original 
number on adding the first and last “halves” of their digits: 142857" = 20408122449 
and 20408 + 122449 = 142857. 

Such digital oddities do not usually have much real mathematics in them, 
although it is sometimes of interest to ask what happens in bases other than 10. See 
[1], and the references there; also [2, 4,5, 6]. 

Here are three problems that have come to light recently, each of which can 
consume unlimited amounts of computer time, perhaps without revealing anything 
significant. 


Shyam Sunder Gupta, P50, Badhwar Park, Colaba, Bombay-400005, India notes 
that 


65 —- 56=3*, 65+ 56=11? 
621770 — 77126 = 738°, 621770 + 77126 = 836° 
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and asks if there are other numbers, perhaps infinitely many, such that both the sum 
and the difference of the number and its reversal are perfect squares. 


Mario Borelli and Cecil B. Mast, Department of Mathematics, University of Notre 
Dame, Indiana 46556 say that an integer n > 0 1s palindromic if there is a base b, 
2 <b <n/2, such that the representation of n in base 5, is a palindrome, i.e., reads 
the same left to right as right to left. 

For example 


11,5 = 1011, = 102, = 23, = 21, is not palindromic, while 
13,5 = 111, is palindromic. 


Of course, all numbers b* + 1, k > 2, are palindromic: this includes the Mesenne 
and Fermat numbers. 
It’s not hard to prove that 


Every nonpalindromic integer > 7 is prime. 


But the converse is false, as the example 13,, shows. 
The first few nonpalindromic integers are 


(4,6), 11,19, 53, 79, 103, 137, 139, 149, 163, 167, 
179, 223, 263, 283, 293, 311, 317, 347 


Question 1; Can palindromic or nonpalindromic primes be otherwise characterized? 
Question 2: What is the cardinality, or the density, of the set of palindromic 
primes? Of the set of nonpalindromic primes? 


John Conway, Department of Mathematics, Princeton University, Princeton, NJ 
08544 has recently offered money for a proof or disproof of his RATS conjecture, 
but Pll put nothing in print, to avoid a repetition of the somewhat embarrassing 
publicity he recently received in the presses on both sides of the Atlantic. 

RATS is (the iteration of) the algorithm “reverse, add, then sort.” In implement- 
ing this, zeros are suppressed. For example 


1 2 4 8 16 T/ 145 668 1345 6677 13444 
1 2 4 8 61 77 S4l 866 5431 7166 44431 
2 4 8 16 = =—77 154 —s_- 686 1534 =: 6776 14443 57875 


55778 133345 666677 1333444 5567777 =: 12333445 66666677 
87755 543331 776666 4443331 7777655 54433321 71666666 


143533 676676 1443343 5776775 13345432 66766766 144333343 


133333444 556667777 1233334444 5566667777 12333334444 
444333331 717766655 4444333321 7171666655 44443333321 


577666775 1334434432 5677667765 13344334432 56776667765 


and a divergent pattern of period 2, 5°6”74, 123"* 144 (n = 3,4,5,...) has emerged, 
where we’ve used superscripts to denote repetitions of digits. 

Conway’s RATS conjecture is that no matter what (base 10) number you Start 
with, you either eventually join this divergent pattern, or enter a cycle. 
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Curt McMullen, also at Princeton, has made extensive RATS calculations. 
Conway’s conjecture is true for all numbers less than a hundred million. These 
numbers either join the standard divergent sequence, or enter one of the first four 
members of the infinite family of 2-cycles, (17"7", 2”87”), or the first member of the 
infinite family of 3-cycles, (1°"3”, 2°"42", 4°"64"), or are tributary to one of the six 
following cycles: 


Example 3 29 69 3999 6999 27888 
Cycle length 8 18 2 2 14 2 
Least member 11 1223 78 11127 11144445 11667 


McMullen has pursued many larger numbers, and discovered many other cycles, 
a few of which turn out to be members of more infinite families. Table 1 gives the 
cycle length and least member of nineteen other cycles and five other infinite 
families of cycles, in addition to the six and two already mentioned. 


TABLE 1. Nineteen more cycles and five more infinite families. 


Least members 
1°2367 
1°4°5°6, 1°277, 1868 7 172!567, yan + 671ln +15 
12 96 38420 + 200 sin +265 
142°5?, 19246147 
yam + 32 9800 + 56 


123 92 127 


171274, 123885262 p325n+ 158516" +8 


1°28 

12213 9379396 1°°2°374, 14 gil46n + 323219n + 12 
173 9383244 

1°°, 12493856 

12448546 


What about other bases? It may be that base 10 is peculiar. McMullen found no 
examples of divergence in bases 2 to 9 or in bases 11 to 18. Of course, any number 
in base 2, after sorting, 1s 2” —1 for some n, and adding the reversal gives 
2(2” — 1), which sorts back to 2” — 1: every number in base 2 is immediately 
tributary to a 1-cycle. 

In base 3, a sorted number is of shape 122°. If a > b, this goes to 17°, then 27°, 
1727-1) 14275-3) 18272-7 with the number of ones doubling until it exceeds the 
number of twos. If a <b, 122° goes to 17“2°~¢ and again the number of ones 
doubles until it exceeds the number of twos. The only occasion on which a string 
can lengthen is when it consists entirely of twos. It is not hard to show that every 
number is tributary to a k-cycle: 


k-1_ k-1_ k-1_ k-1_ k-2.9k-2 _ 
12 2 92 a 1222 3 1422 es te 92 1 


for some k > 3. 
It seems likely that a proof can be given for base 4 that all numbers eventually 
cycle. Can this be done for any other bases? In Base 19, McMullen found the 
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divergent sequence 

1233445126 "740 929246 B8Cn+5 738 123344512674 1740 _— 
where A = 10,... and nm > 19. He also found that the sequence starting with 1 
diverges in bases 37 and 50, but not in other bases, 20 to 49. 
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EDITED BY DAVID J. HALLENBECK, DENNIS DETURCK, AND ANITA E. SOLOW 


The Problem of the Calissons 


Guy DAVID 
Ecole Polytechnique, Centre de Mathématiques, 91128, Palaiseau Cedex, France 


CARLOS TOMEI 
Departamento de Matematica, PUC / RJ, R. Marqués de Sao Vicente, 225, Rio de Janeiro, Brasil 


A calisson is a French sweet that looks like two equilateral triangles meeting 
along an edge. Calissons could come in a box shaped like a regular hexagon, and 
their packing would suggest an interesting combinatorial problem. Suppose a box 
with side of length n is filled with sweets of sides of length 1. The long diagonal of 
each calisson in the box is parallel to one of three different lines, as in the picture. 


Fic. 1 


We will refer to these three possibilities by saying that a calisson admits three 
distinct orientations. Our main result is the following: in any packing, the number 
of calissons with a given orientation is one third of the total number of calissons in 
the box. 

C. Frederico Palmeira, of PUC-Rio, Brazil, heard of the problem from Jean 
Martinet (Université de Strasbourg), and showed it to one of the authors. We 
believe that the result is known and proven, but we were unable to find any 
references. 

The idea of the proof is to reduce the problem to a very intuitive fact in three 
dimensions. We do not give complete details of a formal proof for two reasons. 
First, we do not want to spoil the simplicity of the basic intuitive idea. Furthermore, 
the result is an example of a proof by picture that does not translate immediately 
into precise mathematics. However, once some clues are given, we think it would be 
a nice exercise for an undergraduate class to fill in the details, by converting obvious 
geometric facts into precise mathematical statements. 

We now sketch the proof. Draw an arbitrary filling of a box by calissons, such as 
the one below (in this case, n is 5). 
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kK ERO 
REO 
KOLO 


Fic. 2 


If you rotate the picture counterclockwise a little bit, it is almost impossible not 
to ‘see’ a collection of cubes over a (square) floor, between two (square) walls. 


Fic. 3 


If you were to look at this array of cubes from above, you would see exactly those 
faces with a certain orientation, and, of course, these faces will cover the floor. If 
you now look at a side wall, the same thing will happen—you will see all the faces 
with another fixed orientation covering the wall. So, the number of faces with a 
given orientation is the same for all three orientations, QED (informally)! 

Let us give some idea of how a precise proof might go. First, it is not obvious 
that a filling of the hexagon corresponds to some arrangement of cubes within the 
walls and the floor. To prove this, we give a recipe for ‘lifting’ an arbitrary filling: 
we will assign coordinates to the vertices of the calissons as if they were points 
inside an n X n Xn cube in three-dimensional space. Give coordinates (n, n, 0) to 
vertex A in Figure 3. Now, join an arbitrary vertex V to A by a path along the sides 
of the calissons. Starting from A, coordinatize the vertices along the path according 
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to the following rules. Suppose you reach vertex U by moving along a side of a 
calisson from vertex W with coordinates (a, b, c). Then: 

a) if the side WU is parallel to AF in figure 3, give U coordinates (a, b — 1, c) if 
U is higher than W in figure 3 and coordinates (a, b + 1, c) otherwise; 

b) if WU is parallel to BC, give U coordinates (a, b, c + 1) if U is higher than 
W and coordinates (a, b, c — 1) otherwise; 

c)if WU is parallel to AB, give U coordinates (a — 1, b, c)if U is higher than W 
and coordinates (a + 1, b, c) otherwise. 

We leave to the reader the task of proving that the coordinatization above is well 
defined. 

To prove the remaining statements in the informal proof, we give a convenient 
definition. Let s be a side of a calisson along an edge of the box. An s-chain is a 
sequence of distinct calissons defined inductively as follows. The first calisson in the 
chain is the one having s as a side. The (k + 1)st calisson meets the kth one at a 
side parallel to s. The edge s can be parallel to three different directions, d,, d, and 
d,. We say that an s-chain is of type d, if s is parallel to d,. The following facts are 
rather easy to prove, using the coordinatization defined above. 

1. An s-chain goes from one side of the box to the other side parallel to s. 

2. The long diagonal of a calisson in an s-chain is never perpendicular to s. 

3. Chains of different types have a calisson in common; chains of the same type 
never meet. 

4. All calissons that lie in two chains of different type have the same orientation. 

There are n chains of each type. So, fixing two types, there are at least n* distinct 
calissons with a fixed orientation, from the facts above. As the total number of 
calissons is 3n7 (simply by dividing the area of the box by the area of one calisson), 
the number of calissons with a fixed orientation has to be n”, and the main result is 
proved. 

As a final exercise, we invite the reader to show that the configuration of 
calissons drawn below cannot be completed to fill a box (hint: notice that n is 5, 
and one already has six cubes stacked one on top of the other). 


Fic. 4 


The authors would like to thank the referees for suggesting many improvements in the presentation of 
the article. 
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Arakelian’s Approximation Theorem 


JEAN-PIERRE ROSAY and WALTER RUDIN 
Department of Mathematics, University of Wisconsin, Madison, WI 53706 


Arakelian’s theorem [1], [3] concerns uniform approximation by entire functions 
on possibly unbounded closed subsets FE of the complex plane C. Our attention was 
drawn to this theorem because it has recently been used [2; p. 164], [5; p. 761] to 
construct interesting holomorphic maps from C” to C”. The aim of our note is to 
show that Arakelian’s theorem follows very easily from the much better known 
theorem of Mergelyan [6; Chap. 20] which deals with uniform approximation on 
compact sets. 

Moreover—and this is perhaps our main point—in most applications the func- 
tion that is to be approximated on EF is actually holomorphic in a neighborhood of 
FE (..€., in an open set that contains FE), and in that case the proof given below relies 
only on the classical approximation theorem of Runge [7], [6; p. 270]. (Incidentally, 
we recommend Runge’s beautiful original paper; it is very readable.) For functions 
that are holomorphic in a neighborhood of E, Arakelian’s theorem thus turns out to 
be really elementary. 

If E is a closed subset of C, we shall use the phrase “hole of E” to denote any 
bounded component of the complement of E. Using this terminology, Runge’s theorem 
States: 


If K is a compact subset of ©, without holes, and f is holomorphic in a neighborhood 
of K, then f can be approximated, uniformly on K, by holomorphic polynomials. 


Mergelyan’s theorem derives the same conclusion from a weaker assumption 
about f, namely: f should be continuous on K and holomorphic in the interior 
of K. 

To motivate the definition that follows, note that if EF is a closed set without 
holes and D is a closed disc in C, then the intersection EM D obviously has no 
holes either, but the union E U D may very well have some, even infinitely many. 


Definition. A closed set E C C, without holes, is an Arakelian set if, for every 
closed disc D C C, the union of all holes of E U D is a bounded set. 


Note. In [1] and [3], Arakelian’s theorem is stated for closed sets without holes 
whose complement is “locally connected at infinity.” The preceding definition 
describes the same class of sets. We chose it because we think that it is more easily 
understood, and because it explicitly states the property of F that is crucial in our 
proof. 


THEOREM. If E is an Arakelian set, f is a complex-valued continuous function on E 
that is holomorphic in the interior of E, and ¢ > 0, then there is an entire function h 
that satisfies 

la(z) - f(z)| <e 


for everyz € E. 


The research for this paper was partially supported by NSF grant DMS-8400201 and by the William 
F, Vilas Trust Estate. 
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Proof. Since FE is an Arakelian set, there are closed discs D, (i = 1,2,3,...), 
centered at the origin, whose union is C, so that the interior of D,,, contains the 
compact set D, U H,, where H, is the union of the holes of E U D.. 

Put E, = E, and E,=EUD,U Gd, for i > 1. Note that no E, has holes. 

We first deal with the “Runge case” in which f is holomorphic in a neighbor- 
hood of F. Put hy = f, fix i > 1, and assume (as induction hypothesis) that we have 
a function h,_, that is holomorphic in a neighborhood of F,_,. There is an open 
disc A that contains D,U H, and whose closure A lies in the interior of D,,,. 
Choose a continuously differentiable function Y on C so thatO <P <1, ~=1in 
A, J = 0 outside D.,,. 

Since F,_, has no holes, the same is true of F,_, 1 D,,,. Runge’s theorem 
therefore furnishes a polynomial P so that 


lh, 1 -— P| <2" 'e on E_,OD,,, (1) 
and 
dm(w) 


IZ — w 


=f. Kl — P)(w)(ay)(w) | < 27 e (2) 
for all z € C. Here 0 , = 0~/dz, and m denotes two-dimensional Lebesgue mea- 
sure. Note that (2) can be achieved because the integrand vanishes outside D,,.. 

Now let V be a neighborhood of F,_, in which h,_, is holomorphic, and which 
is so close to E,_, that (2) holds with V in place of E,_,. Define 


dm 
rz) = =f (hy. ~ Py(w)(3y Jw) S ae 


(z €C) (3) 


and 
h,=WP+(-w)h,_,+rimAvuy. (4) 


(This is well defined because 1 — y = 0 in A.) 
The fact that (h;_, — P)dw is continuously differentiable in V shows that 


dr = (h,_, — P) dv 
in V; see, for example [4; p. 104]. Since oh, = 0 in V, we see that 
dh, = (P—h,_,)dv + Or =OinV. (5) 


In A, dW = 0. The integral (3) extends therefore only over V\A, so that r is 
holomorphic in A. The same is true of h,, because h; = P + rin A. 

We conclude: h, is holomorphic in the neighborhood A U V of E, (which is our 
induction hypothesis, with 7 in place of i — 1) and 


|h; — hia) =|(P — h,)v + r| <2-‘eon E,_, (6) 


by (1); note that » = 0 outside D,,, and that |r| < 27’ 'e. 

The sets E,_, contain the discs D,_,, and these expand to cover C. Hence (6) 
shows that h = lim h, satisfies the conclusion of the theorem. 

In the ‘“‘Mergelyan case” we get P from Mergelyan’s Theorem, define r(z) as 
above, but with E,_, in place of V in (3), and we conclude that h, (defined by (4) 
on AU E__,) is continuous on E,, holomorphic in the interior of E,, and satisfies 
(6) on E,_,. 
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This concludes the proof. 


Remark. On sets without interior, a considerably stronger version of the theorem 
can be derived from it without any extra effort: 

If E is an Arakelian set with empty interior, f and w are continuous functions on E, 
fis complex-valued, w is positive (and w(z) — 0 as z > © along E, to make things 
interesting ), then there is an entire function h that satisfies 


A(z) — f(z) | < o(2) 
for everyz © E. 


To prove this, apply the theorem twice: There are entire functions g and hy so 
that 


Re g < log w and |hy — f- exp(—g)| <1 
on £. Put h = hy - exp(g). 
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The Norm of a Linear Functional 


I. J. MADDox 
Department of Pure Mathematics, Queen’s University, Belfast BT7 INN, Northern Ireland 


Bounded linear functionals of the type 


f(x) = [osle)x(i) ae (1) 


frequently occur in elementary functional analysis and its applications, and one 
needs to have an expression for || f||, the norm of f. For example, if x = x(t) is a 
continuous function of period 27 and X 1s the Banach space of all such functions, 
with ||x|| = max{|x(t)|: -—7<t<}, then the Fourier coefficients of x are, by 
definition, 


1 pa 1 pa 
a, = -[ x(t)cos kt dt, b, = — fo x(t)sin kt dt, (2) 


1989] NOTES 435 


for k = 0,1,2,.... Now if s,(x) denotes the nth partial sum of the Fourier series 
ao 


5 t >) (a, cos kw + b, sin kw) 


in the case when w = Q, we see from (2) that 


Od = sof 


which is of the form ” with x a continuous function on [~7, 7] and with 


(1) = |- 1 _ sin(7 +1/2)t 


Qn sin(t/2) 
It follows from (3) and “ that 


salad] < so(1+ Ya] f" [xo lde< + 20) 


which implies that s, 1s a bounded (and obviously linear) functional on X. Since, by 
definition, ||s,|| = sup{|s,(x)|: ||x|| < 1}, 1t follows that ||s,|| < 1+ 2n. 

In order to deduce the very interesting result that there is a continuous function 
of period 27 whose Fourier series diverges at 0 it is enough to show that ||s,,|| > oo 
as n — od. Details may be found in Gal [1], where it is shown that 


Isull = ff [gCe) [ee (5) 


1+2 y cos ke |x(0) dt, (3) 


1+ 2 3 cos kt 
k=1 


(4) 


with g given by (4). 

Because of the especially simple form of g in (5) the determination of ||s,|| 1s not 
difficult, but in the more general case (1), where x may be any continuous function 
on [a, b] and g any given continuous function the usual proofs which determine 
|| f || are quite technical and reasonably lengthy. See, for example, Kantorovich and 
Akilov [2], p. 104. 

In this note we show how to determine || /f|| in (1) by a short elementary method 
which holds also for any Riemann integrable functions. 

Now let us denote Py R[a, b] the real linear space of Riemann integrable 
functions x = x(t), a<t< _ b, with a and 5 finite real numbers. Define the norm 
of x to be ||x|| = sup{|x(z)|: a < t < b}. Since every continuous x is in R[a, b] we 
have that C[a, b] is a linear subspace of R[a, b] and so the theorem below also 
applies to any continuous functions. 


THEOREM 1. Let g be a fixed element of R|a, b]. Then f given by (1) above defines 
a bounded linear functional on R[a, b| and 


b 
If = sup{| f(x) |: Ux <1} = fla) Lae. (6) 
Proof. First, for any x € R[a, b] with ||x|| < 1 we have 


x) < fl s)|-lx(O| de < ttf'1g lat 
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which implies || || < {?|g(1)| dt. The problem is to prove the reverse inequality. To 
do this, take any natural number n. Then, writing for simplicity, {|g| = [°|2¢(t)| dt, 
etc., we have 


1+ njg| 
fisi= f\8\- oe 
-f Ig + fe: ng - | Ig +f 
1+ nig| 8 1+njg| 1+ nig| 
dt ng 
< f—+Ifil|-——_]. 
n 1+njg| 


using the facts that |g(t)|/(1 + n|g(t)|)) < 1/n and that | f(x)| < || I] ||x|| for all 
x € R[a, b]. Also, since ||ng/(1 + n|g\)|| < 1, we see that 


Pis()\a <(b- a)/n+ fll (7) 


and our result follows by letting n — oo in (7). 

An extension of Theorem 1 is obtained by considering the space R,[a, 00) of 
Riemann integrable bounded functions x on [a, 00) with ||x|| = sup{|x(7)|: a <1 
< o}, and a fixed g © R[a, y] for each y > a which is such that 


tim f'|g(s)| d= fg(2)| dt < oo. (8) 


ng 
1+ al 


In this case, 


f(x) = f “g(t)x(t) dt 


defines a bounded linear functional f on R,[a, co) such that 


Isl = flee) | ae (9) 


That ||f|| < {°|g(t)| dt is trivial. To prove the reverse inequality we take any 
e > 0. Then by (8) there exists b = b(e) > a such that 


[lear < Ple() lar + « 


Hence (7) above implies 


[lg(e)|de < (b= a)/n + If + © 


and (9) follows on letting n — oo, and then letting « — 0. 


My thanks are due to my colleague, Dr. David Armitage, for his response to a question of mine which 
led me to obtain the simple proof given above. 
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An Elementary Treatment of the Radon-Nikodym Derivative 


RICHARD C. BRADLEY 
Department of Mathematics, Indiana University, Bloomington, Indiana 47405 


The purpose of this note is to review an elementary proof of the Radon-Nikodym 
theorem. The proof given here is similar to other well known ones, but has one extra 
little twist which seems to simplify the arithmetic and which apparently is not well 
known. 

Our main tools will be the following: 


(i) Elementary properties of abstract integration (Chapter 1 of Rudin [2]); 

(11) Elementary properties of partitions—for example, the “smallest” (i.e. least 
refined) common refinement of partitions {A,,..., A,;}, {B,,..., B,}, and 
{C),.--, Cx} of the same set X is the partition {4,N BAC: 1l<i< il, 
l<j<J,1<k<K}; 

(iii) The Cauchy-Schwarz inequality 


1/2 


J \fsl du < firean| | fie (1) 


for measurable functions f and g on a measure space (X, W%, 1). 


The Cauchy-Schwarz inequality has a well known simple proof (see e.g. Apostol 
[1, vol. 2, p. 394, exercise 4] for the case of Lebesgue measure). 

The key to our development of the Radon-Nikodym theorem is the following 
special case: 


THEOREM 1 (Radon-Nikodym, simple case). Suppose X and w are positive mea- 
sures on a measurable space (X, &) such that 

(1) p(X) = 1 and 

(iil) VA € &, A(A) < pA). 
Then there exists an smeasurable function h on X, with 0 < h(x) < 1Vx © X, such 
that VA © &@, (A) = fhdu. 


Hypothesis (11) is of course much stronger than the standard hypothesis that A is 
absolutely continuous with respect to p. Later on, we shall derive the standard 
Radon-Nikodym theorem as an easy consequence of the special case treated in 
Theorem 1. 


Proof of Theorem 1. 
(A) Preliminaries 


DEFINITION 1. For each finite measurable partition ~ = { Ay,..., A,} of X, 
define the function h yon X as follows: 


Wk =1,2,...,n, Wx € Aj, 
\(A,;) 


(A,) if (A, ) > 0 (2) 


h (x) =H 
0 if u(A,) = 0. 
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(The phrase “.¢measurable partition” simply means that each A, in % is a member 
of the o-field #7.) 
In the context of Definition 1, one has that 


Vxre Xx, O0<A,(x) <1. (3) 


LEMMA 1. Jn the context of Definition 1, if A =U,_-,A, for some index set 
Ic {1,2,...,}, then (A) = [4h, au. In particular, \(X) = Jyh, dp. 


LEMMA 2. Suppose ~ and 2 are finite measurable partitions of X, with 2 being 
a refinement of ~. Then 


fr du = ie du + | (hs ~h,P dus he dw. 


Lemma 1 is trivial. To prove Lemma 2 we use Lemma 1 and the trivial fact that 
for each partition % = {A,,..., A,,} the function h, is constant on each AE Z% 
(i.e., on each of the sets A,,..., A,,). Here are the steps: 


VA Ef, Jhodu= (A) = f hy du. 
VA Ef, Jhphodu= J hjdu and hence fh,(hg hg) du = 0. 


fi(ne — h,) du = 0, and Lemma 2 follows. 


(B) Construction of the function h. 
Define 


= sup hy du, (4) 


where this sup is taken over all finite .Ameasurable partitions ”% of X. By eq. (3) and 
our hypothesis that u(X) = 1, we haveO <c <1. 
For each n = 1,2,3,... let %, be a finite s¢measurable partition of X such that 


[hi du >c— (1/4)". 


For each n = 1,2,3,... let 2, be the “smallest” common refinement of the 
partitions £4), £7,.--, £,. By Lemma 2, 


Vn>1, c— (1/4)" < JA? du< [h3 du 
x” x" 


< [r3,., du <c. (5) 
x 


Hence, for each n > 1, 


[(te,,,— he) du = fae, du— [ne du < (1/4)" 
xX xX xX 
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by Lemma 2, and hence 
J Jhs,,, —ho | du < (1/2)" 
by the Cauchy-Schwarz inequality (eq. (1) with 


f=ho No 
and g = 1) and our assumption that u( X) = 1. Hence 


{| » lho, - hal dp < ©. 
X\ n=1 


n+] 


Hence 


6) 


y lho, — hy | <0 a.€. —p 
n=1 


by a trivial property of integrals. 
Hence 


lim ho exists a.e. —p. 
n> © 


DEFINITION 2. Define the function h on X by 
lim hg(x) if this limit exists 


h (x) = n— oo 
0 otherwise . 


(C) Verification that h has the right properties. 


The function / is x#measurable, and by eq. (3) one has that 0 < h(x) < 1 for all 
x © X. All that remains is to prove that VA € W, A(A) = f,hdup. 

Let A © @ be arbitrary but fixed. For each n = 1,2,3,... let &, be the 
“smallest” common refinement of the partitions 2, and {A, X — A}. For each 
n>, 


c- (1/4) < J rs, du < | he, ditw<c 


by Lemma 2 and equations (4) and (5), and hence 


J (ha, — hy) du < (1/4)" 


by Lemma 2. Hence by another application of the Cauchy—Schwarz inequality, 


[ (ra, — ho, ) dy 
A 


Now for each n = 1,2,3,... by Lemma 1, 


N(A) = Jha, du = J (ha, —ho ) d+ J hs, dp. (7) 


Vn > 1, 


< f\ha,—hs,|de<(1/2)". (6) 
A 


By (6), 
lim f (ha, — Ao, du = 0. 


no rd 
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Also, 


lim {h, du= [hd 

> oo i} 9, Ob i} Lt 

by Definition 2 and the dominated convergence theorem. 
Hence by equation (7), A(A) = [,hdp. 

This completes the proof of Theorem 1. 
We will need two elementary corollaries of Theorem 1. 


COROLLARY 1. The statement of Theorem | still holds if the hypothesis p(X) = 1 
there is replaced by the hypothesis 0 < p(X) < o. 


COROLLARY 2. If A and wp and h are as in Theorem 1 or Corollary 1, then the 
equation 


J gan = | ge du 


holds for every real nonnegative s@measurable function g on X, and also for every 
complex-valued function g © £,(A). 


Now we come to the standard form of the Radon-Nikodym theorem. 


THEOREM 2 (Radon-Nikodym). Suppose X and wp are positive measures on a 
measurable space (X,&%) such that 0 < A(X) < co, 0 < p(X) < co, and X is 
absolutely continuous with respect to . Then there exists a real nonnegative s4-mea- 
surable function h on X such that VA © @, (A) = [,hdp. 

Proof. By Corollary 1 there exist Radon-Nikodym derivatives 

dx Lh du 
= ————— an =, 
d(A + p) “  d(A +p) 


Define B = {x © X: h,(x) > 0} and C= {x © X: h,(x) = 0}. Now p(C) = 
[ch, AA + pw) = 0, and hence A(C) = 0 (since A « p). Define the function A on 
xX by 


hy 


h,(x) 

—— ifxeEB 
h(x) = h,(x) 

0 ifxEcC. 


If A € YM and AC B, then 


A(A) = fhyd(A+p)= fh-h,dAt+p) = [hd 

(A) = frd(a+n)= fhe hyd(d +) = fd 

by Corollary 2. Since A and p are both 0 on C, one has that A(A) = f,h dp for all 
A € ¥. This completes the proof. 


Acknowledgments: The author is indebted to Alberto Torchinsky, Bill Ziemer, and Boh Hrees for their 
encouragement; to Max Zorn for calling attention to an error of terminology in an earlier draft of this 
paper; and to a referee for his helpful suggestions. 
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THE TEACHING OF MATHEMATICS 


EDITED BY MELVIN HENRIKSEN AND STAN WAGON 


On the Proof of the Radon-Nikodym Theorem 


ALBERT WILANSKY 
Department of Mathematics, Lehigh University, Bethlehem, PA 18015 


The elegant proof (call it Pl) of the Radon-Nikodym Theorem, due to 
von Neumann and given, for example, in [1, Chap. 11, Ex. 37] does not give the 
result in as much generality as the much less pleasing proof of [1, Chap. 11, Sec. 6]. 
The purpose of this note is to derive the general result from von Neumann’s, thus 
enabling the elegant proof Pl to be given without loss. 

Proof PI yields that if u,v are o-finite measures with »y < p, then there exists f 
such that »(E) = /{,fdp for all measurable E. This will now be extended so as to 
drop the assumption that pv is o-finite. 


LEMMA. Let (X, B, 1) be a finite measure space and v a measure with v < uw. 
Then X is a disjoint union Y U Z such that v is o-finite on Y and v(E) = o for each 
EC Z with p(E) > 0. 


Remarks. 1. This can be proved by the usual sort of transfinite argument but 
such arguments are not used at this stage in [1]. 
2. The general result follows: On Y, v(E) = f,fdp by Pl; on Z, v(E) = f,,00 dy. 
The extension to o-finite p is standard. 
3. The proof of the Lemma is very similar to that of [1, Chap. 11, Lemma 20]. 


Proof. In the following all sets called EL, E, are assumed to be measurable and 
have finite v-measure. 

If there exists no FE with p(£) > 0, take Y = 2, Z = X; otherwise let n, be the 
smallest positive integer such that there exists E, with w(£,) > 1/n,. 

If there exists no EC X\ E, with p(£) > 0 take Y= E,, Z = X\ E,; other- 
wise let n, be the smallest positive integer such that there exists E, C X\ F, with 
WC E,) > T/ng. 

We may assume that this process does not end; it yields {n,;} nondecreasing with 
(1 /n,) < LyCE;) < p(X) < co, son, > o. Let Y=UE,, Z = X\ Y. The proof 
is concluded by showing that »(E£) = 0 for all E C Z. (Remember that v( E) < oo.) 
For all m, EC X\U{E: 1 <i< m}; hence p(E) < 1/(n,, — 1), so w(E) = 0. 
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The Butterfly Curve 


TEMPLE H. Fay 
Department of Mathematics, University of Southern Mississippi, Hattiesburg, MS 39406 


Many of us are attracted to the drawing of plane curves because of their inherent 
beauty expressed in symmetry, leaves and lobes, asymptotic behavior, asymmetry, 
or whatever is in the eye of the beholder. The classical rose curves and the like do 
not seem to provoke much student enthusiasm, but sketching more complicated 
curves, with the aid of a computer, seems to spark more interest and often brings 
surprises. There is something special about the dynamics of seeing a curve being 
drawn on the computer screen that makes the whole process more enjoyable. 

It is the purpose of this note to point out that there is considerable pleasure and 
fun to be had with curve plotting while simultaneously obtaining teaching objec- 
tives. Pedagogically, the important questions of setting the bounds on the indepen- 
dent variable, the plotting step size, the screen window size, all need to be addressed 
prior to “hitting the RUN button.” Here observations about size, period, symmetry, 
domain, and the like, take on new relevance for the student: minimize run time. 

Moreover, there is an excitement generated by plotting curves whose shape is not 
a priori known. For example, the curves described by the polar equations p = a + 
b cos(n@) and p? = a + bcos(n@) are much more interesting than those described 
by p = acos(n@) (see [1]). Students are often surprised by their behavior when 
a<b,a>b,a=b,n is even, n is odd, etc. Other interesting petal curves, for 
which students can predict the number of petals, are obtained from plotting the 
equations p = (4cos(n@) + cos(m@))/cos(@) with both n and m odd; if one of n 
or m is even, the curve has an asymptote and quite a different appearance (see [2]). 
For example, amusing curves are produced with (n, m) € {(5, 3), (3, 5), 9), (3, 2)}. 

Perhaps the most interesting and beautiful of all the curves that the author has 
discovered is that of the “butterfly” displayed in the accompanying figure. The 
equation of the butterfly is p = e°®) — 2cos(40) + sin?(@/12). The last term, 
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The Butterfly Curve: p = e9) _ 2 cos(48) + sim (0/12) 
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sin?(@/12), is added purely to enhance the aesthetic appeal. Another butterfly-like 
curve has the equation p = eS?) — 1.5 cos(4), which can be enhanced by adding 
other terms as above or by modifying the values of the constants. 
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Nonstandard Continuity and Uniform Convergence 


CHRISTOPHER L. THOMPSON 
Faculty of Mathematical Studies, The University, Southampton SO9 5NH, England 


We give a new nonstandard proof that the limit of a uniformly convergent 
sequence of continuous functions is continuous. Our proof is elementary in that it 
relies only on the transfer principle and makes no use of internal sets. As in many 
nonstandard proofs, the transitivity of = (the relation of infinite closeness) is used 
to avoid an ¢/3 argument. 


THEOREM. Let f,, be continuous on E CR forn =1,2,3,... and let f, converge 
uniformly to g on E. Then g is continuous on E. 


In the proof of the theorem we use the following nonstandard criterion for 
continuity. It is easily proved by transfer (exercise for the reader!) and is merely a 
slight variant of the usual nonstandard condition given, for example, by Robinson 
in [4]. 


LEMMA 1. Let f be a real-valued function on E C R. Then f is continuous at c © E 
if and only if *f(x) = f(c) for every x in *E such that x = c and x — c is sufficiently 
small, 


We use the usual nonstandard criterion for uniform convergence (see [4]): 


LEMMA 2. A sequence (f,,) converges uniformly to g on E if and only if *f,(x) = 
*o9(x) for every x in *E and every infinite v in *N. 


Proof of the theorem. Suppose that »v in *N is infinite, that c © E, and that 
x © *E; then because (f,,) converges uniformly to g on E we have 


*g(x) = *f,(x) (i) 
*f,(c) = g(c). (ii) 


Since each f, is continuous at c we may write the usual e, 6 continuity criterion, 
apply transfer, and then take e infinitesimal. We obtain: 


*f.(x) = *f,(c) (iit) 


provided that x =c,x © *E, and x —c 1s sufficiently small (depending on +). 
Combining (1), (11), and (111) we obtain 


*g(x) = *f(%) = *£(¢) = a(c), (iv) 
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provided that x = c, x © *E, and x — c 1s sufficiently small. By Lemma 1 it follows 
that g is continuous at c and the theorem is proved. 


The proofs of this theorem in the textbooks on nonstandard analysis that I have 
consulted are more elaborate [2], more advanced [1], or else are very close in spirit to 
the conventional ¢/3 argument [3, 4]. 

We conclude with an observation about the validity of (iv). We have just seen 
that (iv) holds if » is infinite and x — c is a sufficiently small infinitesimal. Suppose 
now that x = c and x © *E; then *g(x) = g(c) because g is continuous, by the 
usual nonstandard criterion for continuity. Combining this with (4) and (11) we see 
that (iv) is in fact true if vy is infinite, x € *E, and x —c is infinitesimal, and 
without any further restriction. 
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EDITOR’S NOTE 


The paper by Oscar Campoli in the November, 1988, issue of the MONTHLY 
contained an elementary proof of the fact that Z[{ + 5¥—19] is a principal ideal 
domain that is not a Euclidean domain. However, equally simple and more general 
proofs had already appeared elsewhere; see “Note on non-Euclidean principal ideal 
domains” by Kenneth S. Williams (Math. Mag., 48 (1975) 176-177) and “A 
principal ideal ring that is not a Euclidean ring” by J. C. Wilson (Math. Mag., 46 
(1973) 34-38). 
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SOLUTIONS OF ELEMENTARY PROBLEMS 
Distances with Specified Multiplicities 


E 2938* [1982, 273]. Proposed by P. Erdos, Hungarian Academy of Sciences. 


Can one find n points in the plane (no three on a line, no four on a circle) so that 
for every i, i= 1,2,...,— 1, there is a distance determined by these points that 
occurs exactly 7 times? 


Editorial Comment. It 1s known that such configurations exist for n= 
3, 4,5, 6, 7, 8. Professor Erd6s writes, “I am sure that for n > n, there is no solution, 
and I offer fifty dollars ($50) for the first proof of that assertion. On the other hand, 
I offer five hundred dollars ($500) for examples with arbitrarily large values of n.” 

We give here examples of the desired configurations for n = 3, 4,5, 6,7, 8. 

For n = 3 consider the points (0, 1), (0, 0), and (1, 0); the distance V2 occurs once 
and the distance 1 occurs twice. 

For n = 4 consider the points (—1, 0), (0, 0), (1, 0), and (0, V3 ); the distances V3, 
1, and 2 occur once, twice, and three times respectively. 

For n = 5 consider the points (0,0), (6,0), (3, 373), (3, V3), and (—2v6, 273). 
The distances 2/18 + 676 , 2/9 + 3V6 , 273, and 6 occur one, two, three, and four 
times respectively. This example is due to Carl Pomerance. 

For n = 6 consider the points (0,0), (6,0), (3,373), (3, V3), (—2V6,2V3), and 
(3 — V6, — ¥3 —3V2). The distances 2/15 + 6V6 , 2/18 + 676 , 273, 2V9 + 3V6 , 
and 6 occur one, two, three, four, and five times, respectively. 

For n= 7 consider the points (0,0), (2,0), (2+ ¥6,V2), (V6 + 1,v2 + V3), 
(1, 73 + 22), (0, 2/2), and (1,2V2 — V3). The distances 2/5 — V6 , 2/3 — V6 , 
2¥2, 2, 2V¥3, and 2/3 + ¥6 occur one, two, three, four, five, and six times 
respectively. This example is due to Ilona Palasti, “On the seven points problem of 
P. Erdos,” Studia Scientiarum Mathematicarum Hungarica, 22 (1987), 447-448. 

For n = 8 consider the points (0, 2), (2V3 , 0), (4V3, 0), (5V3, 5), (3V3, 9), (V3, 7), 
(373 ,7), and (273 ,4). The distances 2, 2V19,, 2V21, 273, 4, 2V7, and 2713 occur 
one, two, three, four, five, six, and seven times respectively. This example occurs in 
the paper by Ilona Palasti, “Lattice-point examples for a question of Erdés,” to 
appear in Periodica Mathematica Hungarica. 


A Real Inequality 


E 3227 [1987, 787]. Proposed by Bradley Lucier, Purdue University, West 
Lafayette, IN. 


Assume that A>0, 0<A<y, and m> 2. (Here m is not necessarily an 
integer.) Show that 


— { yim + r((y + AVY — 2ymZm—D 4 (Cy - ayrven)\ m-1 


<A. 
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(This problem arose in studying the regularity of numerical approximations to 
the so-called porous medium equation: 


du(x,t) — 02(u(x,t))” =0.) 


Solution by the proposer. With parameters as specified above, we must show 
F(y + A) — F(y) < A, where 


_ m—l1 
F(y) = | yim 4 AI (y 4 Ayn —2Qym/m-Y 4 (y - Aym/im >|] 
By the Mean Value Theorem, it suffices to show that F’(y) < 1 for y> A. 


Let a= m/(m— 1) and f(y)=y™ For 0< A<y, we may expand f by 
Taylor series to get 


f(y +A) -2f(y) +f(y-A)=2 2 [ic | nZone DI, 
k=1 


Substituting this expression into F(y) yields 


00 m-l1 
F(y)=yl1+ » baad 
k=1 


where b,, , = 2).°*( wal For y > A, the series converges. Note that the coefficients 
b,,., are all positive, because 1 < a < 2. 
Differentiating, we obtain 


6) 


1+ » bn py 7% 
k=1 


F(y)= 


“| + (m— 1) ¥ bu 


Since (m — 1)[1/(m — 1) + 1 — 2k] < (m— 1)[1/(m — 1) — 1] = —(m — 2) and 
the b,, , are all positive, we find 


1 
j +1-—- 2k) y""] 


4 / 


Fy) < 


ore) m—2 ore) 
1+ » baad h — (m _ 2) » baad | 
k=1 k=1 


=(1+a)” “(1—(m-—2)a), 
where 0 < a = L%_1b,, ,y >. 
Setting g(a) = (1+ a)” *{1 — (m— 2)a}, we compute g’(a) = (m — 2) 
x(1 + a)y™~3(1 — m)a. Since m > 2, we have g(a) < 0 for a > 0. Thus Fy) < 
g(a) < g(0) = 1, which completes the proof. 


The only other solution received was incorrect. 


Sufficient Conditions for the Zero Matrix 


E 3228 [1987, 787]. Proposed by David K. Cohoon, Temple University, Philadel- 
phia, PA. 


Let S be an m by m matrix over C. It is well known that S?=S and 
trace(S) = 0 imply that S is the zero matrix. For which positive integers n > 2 and 
m > 1 does the pair of conditions S$” = S and trace(S) = Oimply that S is the zero 
matrix? 
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Solution by John Henry Steelman, Indiana University of Pennsylvania, Indiana, 
PA. The implication holds if and only if m < p, where p is the smallest prime 
divisor of n — 1. 

Suppose S” = S and tr(S) = 0. Because S' satisfies x” — x = 0, the minimal 
polynomial for S must divide x” — x; hence each non-zero eigenvalue of S is an 
(n — 1)th root of unity. Let w be a primitive (7 — 1)th root of unity, and suppose 
that w* has multiplicity c, as an eigenvalue of S, forO << k <n —2.Let k,,...,k, 
be the values of k such that w* is an eigenvalue of S; note that r < m. Because 
tr(S) = 0, w is a root of h(x) = Lj_,c, x", a polynomial with integer coefficients. 
Since any polynomial over Z satisfied by a primitive (nm — 1)th root of unity is 
satisfied by all primitive (7 — 1)th roots of unity, we have h(w’) = 0 for all integers 
g relatively prime to n — 1. 

In particular, suppose m is less than the smallest prime divisor p of n — 1. Then 
h(w?) = 0 for 1 < gq < r. This leads to a system of equations 


wy wye* uy *1 0 

uyK2 uy2k2 uy" *2 0 
(Cire CK) : . |= 

wkr ath ig’ kr 0 


of Vandermonde type. Because w # 0 and the w*’s are distinct, the system is 
non-singular, forcing c,, = --: = c, = 0. Therefore, all eigenvalues of S' are 0, so 
that S is nilpotent; thus S’ = 0 for sufficiently large /. Since S” = S for all positive 
integers t, we conclude that S = 0. 

On the other hand, suppose m > p. Let S, be a p by p permutation matrix of a 
p-cycle and let 


Then tr(S) = 0 and S” = S, but S # 0. 

Note that we have proved the following: Counting multiplicities, the smallest 
number of (n — 1)th roots of unity summing to zero is the smallest prime dividing 
(n — 1). 


Editorial comment. Most solvers used, explicitly or implicitly, the result just 
stated on sums of roots of unity. O. P. Lossers attributed the result to Schoenberg 
and supplied the reference H. B. Mann, “On linear relations between roots of 
unity,” Mathematika 12 (1965), 107-117. Note that since S, is a real matrix, the 
conclusion of the problem is still valid when restricted to real matrices. 


Also solved by B. Dickinson, J. Delany, M. R. Darafsheh (Iran), J. Ferrer (Spain), S. M. Gagola, R. 
Gilmer, C. Khare (England), C.-K. Li, O. P. Lossers (The Netherlands), H. Schmidt, and the proposer. 
One incorrect and three incomplete solutions were received. 


A Concurrence in the Eternal Triangle 


E 3231 [1987, 876]. Proposed by Herbert Guelicher, Muenster, West Germany. 


In a triangle P,P,P;, let p; be the side opposite vertex P., and let s, be a line 


I 


parallel to p, (but different from p,). Suppose that s, divides P,P ,, in the (signed) 
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ratio A,, so that if s, meets p,_, in Q,, then A, = PQ,/O,P.,,. (Subscripts are 
taken modulo 3.) Prove that the lines s,, 5, 5; are concurrent if and only if 


AjA,A3 — (A, +A, +A;3) = 2. 


Editors’ summary of solutions. Many solvers obtained the required condition by a 
direct application of similar triangles. Most of the others introduced an appropriate 
coordinate system—rectangular, barycentric, or an equivalent vectorial representa- 
tion—and obtained the result algebraically. 

A typical solution using rectangular coordinates runs as follows. Note that since 
affine transformations preserve lines and ratios of lengths of parallel segments, we 
may assume without loss of generality that P, = (0,0), P, = (1,0), P; = (0,1) in 
the standard coordinate system. Then s, is the locus of points (x, y) with x + y = 
A,(1 +2,)7*, Ss, is the locus with x =(1+A,)~', and s, is the locus with 
y = (1 +A,)~*. We have concurrency of the s, if and only if 


M4(1+A,) °=(14+A,) 5+ (1 +A,) 7°, 


which is equivalent to the required condition. 

A typical solution using barycentric coordinates is similar to the preceding. We 
assign to each point barycentric coordinates (a,, a, a3), La, = 1, with respect to 
P,, P,, P;. We then see that the line s; is the locus of points (a,, a,, a;) with a, 
equal to t, =(1+A,)~', and that the three lines are concurrent if and only if 
Lt, = 1, which is equivalent to the desired relation. 

Some contributors gave equivalent formulations based on signed areas. It was 
pointed out by E. Lee that if AP, P,P, is of area 1 and 7), T,, T, have barycentric 
representations T = (a,,, a,, a;,) with respect to P,, P,, P;, then the signed area of 
AT,T,T, is det(a,,). Now, if 7, is the intersection of s,_, and s;,,, we have 
T, = (t, + t,t, 3), T, = (t,t) + tt,), T; = (t,t, t, + t), where t; = (1 +A,)7° 
and t= 1 — 2t,. By adding to the first column of det(a,,) the sum of the other 
columns, then subtracting the first row from the other rows, we find that the area of 
AT,T,T; is 

det(T,, T,,T,) =2?7=(1-X(1 + rn) ty 
It follows that the lines are concurrent if and only if X01 + A,)~* = 1. 

This generalizes to higher dimensions as follows. Let P,P, --- P, be a simplex of 
volume 1 in R”~!. Let s,,..., 5, be hyperplanes, with the ith barycentric coordinate 
of s, equal to t, = (1 +A,)~*, where A, has the same meaning as in the original 
problem, namely it is the ratio into which s, divides each of the edges P,P. Then 
these hyperplanes bound a simplex with vertices T,,...,7,,, where the jth barycen- 
tric coordinate of 7, is t; for j # i and is t, + ¢ for j = i, where t¢ = 1 — L4t;. The 


volume of the simplex 7,T, --- T,, is given by the determinant with rows T,,..., T,,. 
Making the column and row operations as before, we find that this volume is 
r?~* = (1 — X(1 +A,)"')""*. Thus the given hyperplanes are concurrent if and 
only if X01 + A,)' =1. 

The volume formula in terms of barycentric coordinates used in the preceding 
paragraph can be deduced from the well-known determinant formula in terms of 
cartesian coordinates by applying a volume-preserving affine transformation which 


sends the simplex P,P, --- P, to standard position with one vertex at the origin 
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and the adjacent edges along the axes. (Cf. H. S. M. Coxeter, Introduction to 
Geometry, New York, Wiley, 1961, page 219, where the case n = 3 is given.) 

The proposer also provided a proof of the generalization to higher dimensions. 
M. S. Klamkin and A. Liu obtained a solution for the original problem as a 
consequence of a theorem in their preprint “Simultaneous generalization of the 
theorems of Ceva and Menelaus.” J. E. Wetzel also provided a short solution of the 
problem and pointed out that if one uses the ratios p, = PQ,/P,P,,, rather than 
A, = PQ,/Q,P,.,, then the concurrency condition takes the simpler form p, + p, 
+ p, = 2. In this formulation, the original requirement that the line s, be distinct 
from the edge p, can be removed. 


Solved by J. C. Binz (Switzerland), H. Demir (Turkey), J. Dou (Spain), R. Dybvik (Norway), J. Ferrer 
(Spain), J. Fukuta (Japan), H. Guggenheimer, J. Heuver, W. Janous (Austria), H. Kappus (Switzerland), 
L. Kuipers (Switzerland), E. Lee, O. P. Lossers (The Netherlands), H. M. Marston, W. H. Oh (Korea), 
M. Orlowski & M. Pachter (South Africa), A. Pedersen (Denmark), S. Philipp, J. V. Savall (Spain), 
V. Schindler (East Germany), R. A. Simon (Chile), R. S. Tiberio, M. Vowe (Switzerland), and the 
proposer. 


One Reason Why 1987 Was Unique 


E 3238 [1987, 995]. Proposed by Dieter Bode, Fachhochschule Lippe, Lemgo, 
West Germany. 


Show that 1987 is the only prime number p satisfying 


m(p)=q(p)- {a(q(p)) + 7(a(p))}, 


where a(n) denotes the number of primes not exceeding n, g(n) is the sum of the 
decimal digits of n, and r(n) is the number of positive divisors of n. 


Solution by Lorraine L. Foster, Joseph Loo (student), and Yokichi Tanaka 
(student), California State University, Northridge, CA. Define f(n) = q(n)[7(q(n)) 
+ 7(q(n))]. As verified by computer, the only solutions to f(n) = a(n) with 
n < 8467 are n = 415,750, 870, 1696, 1987. Among these, only 1987 is prime. We 
will show that a(n) >f(n) for all n> 8467 =n, (this in fact holds for all 
n > 1999), and hence no other solutions exist (prime or otherwise). 

Suppose first that ny <n<n,, where n, = 270,000. By inspection, g(n) < 
46, T(q(n)) < 9, and a(q(n)) < 14, so f(n) < 1058, and hence a(n) > a(n) = 
1059 > f(n). 

Now suppose n> n,. Note that if g(n) <9, then f(n) < 9(9 + 9) < a(n). 
Hence we may assume that g(n) > 9, so that w(qg(n)) < q(n)/2, since 7(m) < m/2 
for m > 8. Also, if g(n) > 9, then t(g(n)) < g(n)/2, because t(m) < m/2 for 
m > 8. Thus f(n) < (q(n))’. 

The decimal representation of nm has at most logijn +1 digits, so q(n) < 
9(log,>n + 1) < 11log,)n. The well-known density of primes yields a(n) > 
(n log 2)/(4log n) for n > 2. (cf. Niven and Zuckerman, An Introduction to the 
Theory of Numbers, Wiley (New York, 1960, 1966, 1972, 1980), §8.1.) Also, differen- 
tiation shows that y = (log x)*/x decreases for x > 20.1. Combining these results 
for n > n,, we have (log n)?/n < (log n,)?/n, < log 2(log 10)*/(4 - 11°), and hence 
f(n) < 11*(log n/log 10)” < (n log2)/(4log n) < a(n), as claimed. 


Also solved by Victor Pambuccian and the proposer. 
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A Unique Function on Natural Numbers 


E 3241 [1987, 996]. Proposed by Gregory P. Wene, University of Texas, San 
Antonio. 


Suppose that a, b,c are given natural numbers with a < b <c. 
(1) show that a function f: N — N is uniquely defined by the following pair of 
formulas: 


f(n)=n-a ifn >c, 


f(n) =f(f(n+b)) ifnse. 


(11) Determine a necessary and sufficient condition for f to have at least one 
fixed point. 
(111) Give such a fixed point explicitly in terms of a, b, and c. 


Solution by John Henry Steelman, Indiana University of Pennsylvania, Indiana, 
PA. Suppose that f satisfies the conditions above. 

(1) We first show, by induction on c — n, that f(n) = f(n + b — a) forall n <c. 
IfO0<c-—n<_b), then f(n) =f(f(n + b)) = f(n + b— a) because n+ b> c. If 
c—n2>b, then by induction we have f(n) = f(f(n + b)) = f(f(n + 2b — a)), 
since n + b < c. However, we also have n + (b— a) < cc, so that f(n + b—a)= 
f(f(n + 2b — a)), which establishes the claim. When n < c, iterating this formula 
until the argument exceeds c shows that f is uniquely defined. Furthermore, the 
formula for f(n) when n<c is f(n) =c+ b—2a—j, where 7 is the smallest 
non-negative residue of c — n modulo b — a. 

(11) The function f has a fixed point if and only if b — a divides a. If f fixes n, 
we must have n < c, in which case we can write n as n = c — k(b — a) — j, where 
k and j are non-negative integers and 0 </ < b — a. Using the formula for f(n), 
we find that f fixes n if and only if c —k(b—a)-j=n=f(n)=ct+b-—2a—j, 
which holds if and only if (k + 1)(b — a) = a. 

(111) If b — a divides a, the fixed points of f consists precisely of those numbers 
having the form c + b — 2a — j, whereO <j < b— a. 


Also solved by J. C. Binz (Switzerland), D. K. Brown & S. Phillip, D. Callan, P. Dennee (student), 
J. Ferrer (Spain), S. M. Gagola, W. Janous (Austria), O. P. Lossers (The Netherlands), A. Miller 
(Switzerland), M. D. Meyerson, A. Pedersen (Denmark), R. E. Prather, W. P. Wordlaw, Shippensburg 
Univ. Math. Problem Solving Group, and the proposer. 


When k-gonal Numbers are Fermat Numbers 


E 3247 [1988, 51]. Proposed by Nick MacKinnon, Winchester College, Winchester, 
England. 


Given a positive integer k greater than 2, the k-gonal numbers are the terms of 
the sequence 


1,k,3k — 3,6k — 8,..., 


which has constant second difference k — 2. The Fermat numbers are the terms of 
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the sequence 


3=2%41, 5=27 41, 1742741, 257=27 4+1,.... 
Under what circumstances can a k-gonal number be a Fermat number? 


Solution by Stephen M. Gagola, Jr., Kent State University, Kent, OH. For k > 2, 
this cannot happen after the second k-gonal number. The nth k-gonal number is 
(k — 2)n(n — 1)/2 + n. Suppose 


n(n — 1) ; 
a (k-2)+n=1+4+2° (+) 
with n, k > 2. The equation (*) shows that n — 1 cannot be divisible by any odd 
prime, so n — 1 = 2" is a power of 2. Since n > 2, we have r > 1, so n is odd ane 
2” = —1(mod n). The equation (*) also implies that n is a factor of 1 + 27", s 
2°" = —1(mod n). The second congruence shows that the order of the integer 2 in 
the group of units mod n is exactly 2”*', so by the first congruence r must be an 
odd multiple of 2”. Thus n = 1+ 2">1 + 22”. Since n is a factor of 1 + 27", we 
conclude n = 1 + 2?” and (k — 2)n(n — 1)/2 = 0, contrary to k > 2. 

Also solved by J. G. G. Cuartas (Columbia), N. Franceschine, T. Hermann (Hungary), W. Janous 
(Austria), H.-S. Ki (student, Korea), K.-W. Lau (Hong Kong), H. E. Lomeli (student, Mexico), O. P. 


Lossers (The Netherlands), K. McInturff, J-M. Monier (France), R. E. Prather, J. T. Ward, W. P. 
Wardlaw, and the proposer. Two incorrect solutions were received. 


Partial Sums of Partial Fractions 


E 3250 [1988, 131]. Proposed by Lennart Bondesson, Umea, Sweden. 


Suppose N > 1 and a, <a, < -:: <a, are given real numbers. Consider the 
partial fraction decomposition 


Ny N 
i=] Aa; + X “rs +x 
It is familiar that the numbers A,, A,,... alternate in sign. What can we say about 


the signs of the partial sums A,, A, + Aj, Ay + A, + Ag,..., A, + Apt -++ FAQ? 


Solution by the editors. The partial sums also alternate in sign, beginning with a 
positive term, except that the last partial sum is zero. This follows by induction on 
N, using the identity 

N-1 N 


I] - I] 


i=] 4; 1+ X i=? Qa; 


= = (aya) TI 


j 1a,+x- 


(+) 


Using the partial fraction expansions 
N-1  y N-1 | N 4 


I] =) 


j=] A; + X j=, 4, + x i=2 4, + X ;=2 4; + X 
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of these shorter products, and equating corresponding coefficients in (*), we obtain 
(ay — a,)A, = By, 
(ay — a,)(A, + A) = B, + By - G,, 
(ay — a,)(A, + A, + A3) = B, + B, + By — C, -— Gy, 


(ay — a,)(A, + A, + a +Ay_y) = B+ By + e+) +By_1 — Cy 7 +++ ~Cyea, 
(ay — a,)(A, + A, + °°: +Ay) = Bp + By t+) + By, -— Co - + — Cy. 

By induction 

B, > 0, B, + B, < 0, B, + B, + B,>0, 
and 

C, > 0, C,+ C, <0, C,+C,+ C, > 0, 
so that 

A, > 0, A, + A, <0, A, + A, + A; > 0, 


More complicated solutions along similar lines were obtained by Ha-seo Ki and Kim McInturff. The 
proposer sketched a solution using complex analysis. 


ADVANCED PROBLEMS 
6601. Proposed by Sajal K. Das, University of North Texas, Denton, TX and the 
late Patrick O’ Hara, University of Central Florida, Orlando. 


Given poSitive integers g > 2 and k > 1 let a, be the permutation of the set 
{0,1,2,...,q* — 1} defined by 


m,(i) = qi — (q* —1)|qi/(q* -—1)| if i=0,1,2,..., g* - 2, 
m,(i) =i ifi=q*—-1. 
If z, is factored into disjoint cycles, determine the cycle lengths which occur and 
the number of cycles of each length. 
6602. Proposed by Allen R. Miller, Naval Research Laboratory, Washington, DC. 


Suppose 0 < k, < 1,0 <k, <1, and @ is real; if k, = k, = 1, suppose further 
that is not a multiple of 27. If 


= e'*(e'? — kk), 
B=k? +k5 - 2k,k,e'?, 
y = 2(k? +k} — k,k, cos — 1), 
prove that the roots of the self-inversive quartic equation 
azt++ Bzi+yz*+ Bz+a=0 


have absolute value one. 
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6603. Proposed by Carl Pomerance, University of Georgia, Athens. 


Let G, denote the set of points in Euclidean n-space which can be reached from 
the origin in a finite number of steps of unit length, where each step lands on a 
point with rational coordinates. In other words G, is the additive subgroup of Q” 
generated by those points in Q” at distance one from the origin. 

(a) Show that G, = Q” if and only if n = 5. 

(b) Obtain an arithmetic characterization of G,, G,, G3, G4. 


SOLUTIONS OF ADVANCED PROBLEMS 
Tale of a Series Involving the Tail of Another Series 


6549 [1987, 559]. Proposed by L. Matthew Christophe, Jr., Wilmington, DE. 


Sum the series 


(2k)! 
27*(k1)°k(2k + 1) 


Lin -X 


(- a] 


J 


Solution by L. E. Mattics, University of South Alabama, Mobile. As we shall see 
this problem is closely related to problem E3140 [1986, 216; 1988, 57]. If S is the 
value of the given sum, then 


k 


-- 3 (CS aegeen la 


-{' 1 2¥ (24) x* s (2k) 2 ; 
oltx| (1 \ & /27*(2k +1) k } 22% | 


kK=1 


We now rely on two formulas in D. H. Lehmer’s article “Interesting Series 
Involving the Central Binomial Coefficient,” this MONTHLY, 92 (1985) 449-457. 
Specifically, we replace x by x/4 in Lehmer’s formula (6) and we replace x by 
vx /2 in the next to the last formula on Lehmer’s page 451. Using these results, we 
obtain 


9 1 

[lz a 1l+x 
sin”! u log(1 + Vl —- x 

=4f 1 log + v1 x) ) 


——_— qy — 2log2 — 2(log2)? +2 
» aay Au 21082 — 2(l082) f 1+x 


1+x 


7 pziee2a + yl — x) } he 


From problem E3140 we have 


4 tan 
[SS a= - (A a= (togi2 +)" 
0 8 0 


l+u 
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and also (with the aid of the substitution x = 1/u*) 


i; log(1 + yl — x) 0 log(u + vue — 1) o  logu 
[ —.—— «= 2f 7 — du — 2 f or du 
0 1+x 1 u(u* + 1) 1 u(ur +1) 
7 1 v log v 
= (1 2+1)) +2{ —=——~d 
(log(¥2 )) i ye + 1 U 
2 
2 WT 
= (1 2+1)) -=—. 
(log(V2 + 1)) - 5 
Consequently 
2 
S = A(log(v2 + 1)) - a7 7 2log2 - 2(log 2)”. 


Editorial Comment. The proposer informs us that this series arose in a problem 
of fractal geometry. 


Solved also by C. Georghiou (Greece), I. E. Leonard (Canada), and Dr. Klaus Zacharias (Berlin). One 
incorrect solution was received. 


REVIEWS 


EDITED BY JOSEPH KONHAUSER 
Department of Mathematics, Macalester College, St. Paul, MN 55105 


Algorithms in Combinatorial Geometry. By Herbert Edelsbrunner. Springer-Verlag, 
New York, 1987. xv + 423 pp. 


JACOB E. GOODMAN 
Department of Mathematics, City College, City University of New York, New York, NY 10031 


Hand in hand with the computer revolution which has been taking the world by 
storm in the second half of this century, a related revolution has been taking place 
more quietly in our own back yard. In its more modest way it has also caused 
upheavals of a sort—shifts of student population masses, unemployment in mathe- 
matics departments, higher salaries for computer scientists, integration of computers 
into various areas of mathematical research, and increased attention by mathemati- 
cians to problems—often quite intriguing and difficult problems—arising in theo- 
retical computer science, especially in the search for more and still more efficient 
algorithms to carry out the large-scale computations demanded by a host of 
applications, both theoretical and practical. 

This offshoot of the computer revolution has made inroads into several branches 
of mathematics, among them combinatorics and geometry. It is with the latter that 
Edelsbrunner’s new book is concerned: the field known as computational geometry. 

What, exactly, is computational geometry? Generally speaking, it consists of the 
design and analysis of geometric algorithms; in practice, these usually deal with 
searching and sorting in the plane and in higher dimensions, encoding arrangements 
of geometric objects so that information can be retrieved efficiently, computing 
geometric objects associated to other geometric objects (such as a triangulation of a 
nonconvex polygon), and performing these procedures in provably optimal time 
and/or space. Typically, the dimension of the ambient space is low, often 2 or 3, 
while the size of the input is high. 

Consider the following problem. You are given the coordinates of 10 points in 
the plane, and asked which of them are extreme points of the set, 1.e., which of them 
do not lie in the convex hull of the rest. A trivial problem? Of course—just consider 
each point P in turn, and sort the remaining points by their angles around P; if the 
angle between any two consecutive directions is greater than 180°, P is extreme. 

But wait. What if there are 10,000 points instead of 10? Since sorting » numbers 
takes about 1 log, n operations [9], and since this sorting must be done once around 
each of the points, it would take more than a billion operations to carry out the 
procedure with n = 10,000. But around 1970 Graham thought a little more about 
the geometry of the problem, and came up with an algorithm which was almost as 
simple [4] and which accomplished the same objective in time O(n log 7). Since then 
several equally efficient algorithms have been found (the reader is invited to try his 
hand as well!). Thus 10,000 points can now be processed in a fraction of a second. 

A word of caution is in order here, which applies, in fact, to theoretical computer 
science as a whole. When we say an algorithm has time complexity O( f(7)), we 
generally mean that it takes no more than cf(n) operations to perform on an input 
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of size n, for some constant c. But the constant c may be (and sometimes is, 
especially in more sophisticated algorithms) rather large. So what relevance can such 
theoretical results have to the practical implementations which are needed to turn 
algorithms into useful computer programs? There are two answers to this question. 
The more cynical is that computer scientists have made a sort of game of ignoring 
constants; they care only about the asymptotic performance of their algorithms, as 
n — oo; and since it never does in real life, such work is not necessarily of any 
practical significance. The second answer, which is a bit more oblique, is grounded 
in experience; it relates to what one might call the “unreasonable effectiveness of 
asymptotic complexity.” It 1s that generally, as Tarjan has said [15], good theoretical 
results often seem to lead to good practical results, a case in point being that 
Khachiyan’s proof of the fact that linear programming is polynomial, with his 
theoretically ground-breaking but practically all but useless ellipsoid algorithm [8], 
led eventually to the Karmarkar algorithm [7], which is turning out to be quite 
useful indeed. The reader is free to choose his own answer. 

One is struck afresh, looking over the extensive bibliography of Edelsbrunner’s 
book, at just how new a field computational geometry is. Precisely two pre-1970 
papers are listed, each of them from 1962 and each one page long; there is a 
smattering of papers from the early 1970s, and it is not until the mid ’70s that the 
full flood begins, following on the heels of Shamos’ work (his 1978 thesis coined the 
phrase “computational geometry”). Of course these are the papers in computational 
geometry; in discrete geometry, on the other hand, specifically on topics relating to 
arrangements and polytopes, there are venerable papers going back to Steiner 
(1826), to Sylvester (1893), and to Dehn (1905), as well as more recent work by 
Coxeter, Erdés, Hadwiger, Griinbaum, and Klee among many others. (There are 
also some names which are perhaps more unexpected, such as _ Dirichlet, 
Carathéodory, Borsuk, or Milnor, whose 1964 results on the homology groups of 
real algebraic and semi-algebraic varieties [12] have played a key role in several 
recent papers.) This interaction between two fields, one well established and the 
other quite new, is at the core of Edelsbrunner’s book. 

In 1986 a summer research conference devoted to discrete and computational 
geometry took place. Its announcement spoke of fostering the partnership that had 
begun in recent years between geometry and computer science and of promoting an 
ongoing cross-fertilization between the two areas. Herbert Edelsbrunner, as much as 
any researcher in the field, embodies that goal. His book represents the first 
flowering of the collaboration that has been taking place between geometers and 
combinatorists on the one hand, and computer scientists on the other, a collabora- 
tion so lively as to blur even further the already tenuous distinction between 
mathematics and computer science. In addition to much material that appears for 
the first time, it touches on, among other results of recent years, the seminal paper 
of Lipton-Tarjan [10] which gave the first optimal-time and optimal-storage solution 
to the post office problem and the related point-location problem in R*; Megiddo’s 
linear-time algorithm for linear programming in fixed dimension d [11]; Ungar’s 
beautiful solution by circular sequences of P. R. Scott’s problem on the maximum 
number of directions determined by 7 noncollinear points [16]; Seidel’s convex hull 
algorithm in dimension d [14], which is optimal for d even; the Goodman-Pollack 
generalization of sorting to higher dimensions [3], in which the A-matrix encoding of 
a point configuration was introduced; the optimal algorithm of Edelsbrunner- 
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O’Rourke-Seidel [2] for finding and representing compactly the cell complex associ- 
ated to an arrangement of hyperplanes, with its many applications to everything 
from detecting degeneracies and finding minimal-volume simplices in point configu- 
rations to computing A-matrices and constructing higher-order Voronoi diagrams; 
the Hart-Sharir improvement of Szemerédi’s bound on the length of Davenport- 
Schinzel sequences [5], and their connection with the upper envelopes of functions 
considered by Pach-Sharir [13]; and the Clarkson probabilistic method [1] and the 
related e-net method of Haussler-Welzl [6], which together are responsible for 
initiating one of the hottest areas of current research in computational geometry and 
which are yielding surprising combinatorial results as well. 

Edelsbrunner’s book begins with the premise that arrangements of hyperplanes, 
and their dual objects, configurations of points, are at the heart of computational 
geometry, and its first third is devoted to the study of such arrangements, discussing 
along the way such things as the Borsuk-Ulam theorem in topology, the Dehn- 
Sommerville relations on the number of faces of each dimension of a polytope, 
Helly’s theorem on convex sets, the “ham sandwich” dissection theorem, the “upper 
bound theorem” for polytopes, Voronoi diagrams, and the “circular sequence” and 
“order-type” encoding of arrangements. Its second section explores a host of basic 
geometric algorithms based on the material in the first part, including algorithms for 
encoding arrangements, for finding convex hulls in all dimensions, for linear 
programming in low dimensions, and for planar point-location. Finally, there are 
several chapters on applications of the preceding material to such things as visibility 
graphs, minimum spanning trees, and the post office problem. It concludes with a 
remarkable chapter in which the problem of finding line-transversals for a given 
family of line segments is first analyzed, geometrically and combinatorially, and 
then several basic techniques for designing algorithms are applied successively, the 
result being a set of algorithmic solutions to several variants of the original problem. 
Anyone wishing to enter the field of computational geometry would be well-advised 
to work carefully through this chapter. 

The book has a number of commendable features, not least among them the 
numerous graded problems, ranging from simple exercises (rated “1”) to unsolved 
research problems (“5”), relating both to the text and to relevant work in the 
literature (and woe to the author of a paper who finds his hard-earned results 
relegated to a level of “1” or “2’’). Also quite useful are the historical remarks to be 
found at the end of each chapter, which trace the development of the subject from 
its classical period (1.e., the 1970s and sometimes even earlier!) to the present. 

Computational geometry is indeed a new and vigorous field, a field dominated by 
prolific young people. To be sure, the other side of the energy which the young 
workers in computational geometry have brought to the field has been an apparent 
willingness to rush into print with more and more refinements of algorithms not yet 
published even in conference proceedings, and to compete with one another to 
knock a log n or a loglogn off last month’s time bound. Through this effusion of 
instantly obsolete results has flowed, however, a steady stream of first-rate work (is 
this very different, one wonders, from the situation in mathematics as a whole?), 
much of which has found its way into the present volume. 

When a book is as comprehensive as the one at hand, it is perhaps inevitable that 
a few errors should creep in. The only serious one I could find occurs on page 118, 
in the midst of a discussion of the Euler relation for a convex polytope, when the 
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reader is told that René Descartes had a proof of the relation before Ludwig Euler 
did. Surely the author must mean Blanche? 

For a fascinating glimpse into this new area of research, which has burgeoned so 
much during its brief existence that a new journal has been already been created in 
its honor, or for an in-depth study of some of the major work going on at the 
moment in discrete mathematics and theoretical computer science, I heartily recom- 
mend Algorithms in Combinatorial Geometry. 
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Elementary Number Theory. By Charles Vanden Eynden, Random House, 1987. 
X11 + 266 pp. Elementary Number Theory and its Applications, 2nd ed. By 
Kenneth H. Rosen. Addison-Wesley, 1988, xiii + 466 pp. 


EMIL GROSSWALD 
Department of Mathematics, Temple University, Philadelphia, PA 19122 


What is number theory? The Pythagoreans considered it almost as a religion; 
Gauss called it the queen of mathematics; Time magazine (as quoted by A. Weil in 
his book Number Theory) describes it as “an abstruse specialty concerned with the 
properties of whole numbers.” And there are many other descriptions offered for 
number theory. There is also a diversity of views concerning its usefulness. On the 
one hand, Hardy claimed that what he was doing (and much of it was number 
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theory) was perfectly useless—and that is the way he wanted it. He even added the 
stronger statement that, if he could be shown some use for his mathematics, he 
would change the subject of his studies. On the other hand, many authors go out of 
their way to convince the reader that number theory is very useful and has 
numerous practical applications. Some authors even add that these uses alone justify 
the study of the discipline. 

At present it seems that at least in this respect a consensus has developed: those 
who study number theory do it because of the beauty of the subject matter and their 
own fascination with its problems, without any thought concerning the usefulness of 
number theory, and then it turns out (surprisingly?) that the results obtained are 
eminently applicable to “real-life problems,” hence useful. 

In spite of this diversity of opinions and even if the practitioners of number 
theory are unable to define it precisely, they know quite well if a given problem, or 
method, belongs to number theory, or not. 

This is perhaps less trivial than it may seem, if we take into account the great 
diversity of problems that are considered and methods that are used in number 
theory. We have here for instance work like that of Hardy, Littlewood and others, 
which uses such a heavy analytic machinery in the study of number theoretic 
problems that A. Weil considers the work not “analytic number theory,” as it is 
usually called, but simply analysis. It is not obvious what this “analytic number 
theory” has in common with, say, sieve theory, or probabilistic number theory, or 
the theory of ideals, etc. Nevertheless, all these are branches of number theory and 
no number theorist will doubt it. 

It is a fact that throughout history most great mathematicians have worked, at 
least occasionally, on number theoretic problems. The reason seems to be that one 
cannot help being fascinated by number theory. And why is this the case? Here, 
presumably, the opinions may differ, but at least one reason seems to be the way in 
which the simplicity of the questions asked 1s in contrast with the sophistication of 
the needed proofs. To give an example, consider the following simple question: Is it 
true, or false, that every even integer larger than 4 is the sum of two odd primes? Up 
to this day the answer (suspected to be “yes”) is not known and the proof of the 
best known approximation to it, namely, that for every integer n, either 2n = p + q, 
or 2n = p + qr (with p,g,r primes) requires very difficult consideration of sieve 
theory. 

In spite of all the diversity of topics, methods, applicability, etc. that exist among 
the (by now numerous) branches of number theory, all are built upon the same 
foundation, the so-called “elementary number theory,” which treats some standard 
topics needed in the more specialized branches of number theory. Topics belonging 
to elementary number theory are, among others, the nature of integers, divisibility, 
prime numbers, arithmetical functions, congruences, and, perhaps, primitive roots, 
quadratic residues and quadratic reciprocity. The number of textbooks of elemen- 
tary number theory is quite large. They all treat the stated topics and most of them 
add some enrichment, that is, somewhat less elementary topics, selected according 
to the idiosyncrasies of their authors. Some of these textbooks are so much alike 
that one cannot help wondering whether all of them were really needed. 

This cannot be said about the two books reviewed here. To start with, they differ 
very substantially from each other in style and both of them, each in 1ts own way, 
are really excellent. Although the books are quite different, it is noteworthy that 
neither ignores computers and that both devote considerable space to cryptology. A 
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sign of our time, it seems. Neither of the books contains a proof of the prime 
number theorem, which is only natural in an elementary text. 

The book by Vanden Eynden is written so that it should appeal even to the least 
talented of students. It may well be suitable for a variety of audiences, but then, for 
the more sophisticated reader, there are many other textbooks available that are 
either more condensed, or cover more material. However, for the unsophisticated 
reader, either for use in the classroom, or for self-study, I know of no better book. It 
is totally informal; every topic is carefully motivated and described before a 
definition is given; the proofs are first explained on hand of numerical examples, 
and in the proofs themselves every 1 is dotted and every t is crossed. The induction 
principle is used consistently and is almost the unifying theme for most proofs. 

There are numerous exercises, graded as A, B, or C and those in category C 
sometimes require considerable ingenuity. 

Of real interest are also the nice biographies of mathematicians and the historical 
notes. 

It is natural that these virtues come at a price. The number of topics covered is 
more limited than that of the book by Rosen and some important theorems (e.g., the 
theorems of Fermat, Euler, and Wilson ) are discussed rather briefly. Also, some 
very interesting topics are relegated to the exercises. Furthermore, in view of the 
excellent presentation of the public-key cryptography and the RSA method, the 
reader (at least this reviewer) may regret the absence of a discussion of the knapsack 
method. 

The book by Rosen has “applications” in its title and, indeed, it presents an 
impressive number of applications. It is kept much more formal than Vanden 
Eynden’s. In fact, the first chapter almost suggests that the treatment of number 
theory will be pursued in a strictly axiomatic manner. It is to be hoped that this will 
not scare away any reader, because, in fact, in spite of its (relative) formality the 
book is, pedagogically speaking, quite sound. It is meant for a more sophisticated 
readership than the book by Vanden Eynden and may be more appropriate for use 
in a classroom than for self-study. However, it also has leisurely introductions to 
proofs and numerous instances in which particular cases of theorems are first 
worked out on numerical examples. Still, the motivation is more limited than in 
Vanden Eynden’s book and some definitions precede the discussion of the topic. 

The amount of material covered is very large. Not only are Fibonacci numbers, a 
perpetual calendar and round-robin tournaments treated, but also such topics as 
pseudoprimes, tests for primality, Carmichael numbers, the splicing of telephone 
cables—and even Kaprekar’s constant! This is made possible by the larger number 
of pages and by the somewhat more condensed presentation. A whole chapter is 
devoted to cryptology and both the knapsack method and the RSA method are 
discussed in detail. Also, at the end of each paragraph one finds, after the usual 
exercises, a number of “Computer Projects,” which are suggestions for writing 
computer programs. Some of the exercises, as well as some computer programs, are 
quite difficult. 

Both books end with arithmetical tables (the ones in Vanden Eynden are more 
extensive) and have ample and very useful bibliographies; it may be worthwhile to 
mention that each of the bibliographies lists the name of the author of the other 
book. 

Finally, one should say a word about the material make-up of the books. Both 
are well printed and attractive. Both books have their share of typographical errors 
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and occasionally these can be quite confusing for a naive reader. However, this 
reviewer knows from personal experience how difficult it is to avoid these errors 
even after the most painstaking, repeated proofreading and shall make no further 
comments about them. 


Combinatorics of Finite Sets. By lan Anderson. Oxford University Press, New York, 
1987. xv + 250 pp. 


DANIEL J. KLEITMAN 
Department of Mathematics, Massachusetts Institute of Technology, Cambridge, MA 02139 


This volume describes a branch of mathematics that is dear to my heart, and here 
is why. 

When I was growing up, physics was a glamorous subject. Atomic weapons had 
affected the course of history, terminating World War II with spectacular abrupt- 
ness. Potential applications and employment opportunities were promising, and the 
intellectual challenge of learning what physical nature was all about was a stimulus 
to studying it. 

Mathematics on the other hand, though my favorite subject in school, seemed to 
present limited opportunities. The only careers plausible in mathematics appeared 
to be academic, and at the time almost all academic institutions discriminated to 
some degree against Jews. Aiming at a career in mathematics seemed to be seeking 
out trouble. 

These thoughts and the fact that my older brother chose to major in physics led 
me to make the same choice. 

As an undergraduate I studied as much mathematics as physics, and in the 
process became vaguely aware that I had some unusual abilities in that area. Pierre 
Samuel, who was visiting from France, gave a double graduate course in Bourbaki- 
like mathematics, one of the courses I had signed up to take. He gave several 
assignments that required ingenuity for their solution. While walking one day I 
suddenly ‘saw’ the way to solve one of these. Later this same ‘seeing’ happened 
again, and several times more on his final examination. 

I did not find the same experience in physics. 

In graduate school I studied physics, and, though I had no particular feel for the 
subject, I was able to complete my degree in physics and do work in that field for 
eight years. 

In 1961 I met a former classmate, David Lubell, who showed me an idea of his 
which he hoped to apply to a problem he had found in a book by Stan Ulam. I 
found his idea beautiful and stimulating, and thought about his problem. That night 
I ‘saw’ a solution. I borrowed the book, and in a few days found the solution to 
another problem in it. 

These problems had been given to Ulam by Paul Erdés. For a few years I was not 
able to catch up with Erdés, but when he did hear of my work, he sent me more 
problems of the same general flavor, and I was fortunate enough to be able to solve 
several of these as well. 

At this point Erdés wrote, “Why are you only a physicist? Why not be a 
mathematician?” I informed him that I would be happy to be a mathematician. As a 
result of his efforts I was offered a position in mathematics at MIT, where I remain 
today. 
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The subject matter of Combinatorics of Finite Sets is that of Lubell’s idea and of 
all those Erdés problems. 

The field has a number of virtues: its problems are easy to state and to 
understand without any background, and are challenging because there are no 
standard methods of attack on them. 

The methods that can be applied have a beauty to them and the problems and 
methods have a generality which makes them actually applicable, upon occasion, to 
analysis of algorithms in computer science, for example, and elsewhere in mathe- 
matics as well. 

Sperner, in 1929, addressed the following question. Suppose C is a collection of 
subsets of an n-element set S such that no element of C contains another. How 
large can C be? He gave an inductive proof that C could have no more elements 
than the number of subsets of S of cardinality [n/2]. 

Here are two quick proofs of this result (one of which was Lubell’s idea) which 
illustrate some of these points. 

Let a chain be a collection of subsets of S such that every pair of its elements has 
one containing the other. We can prove Sperner’s result if we can partition the 
subsets of S into chains each one of which has an element of cardinality [1/2] since 
at most one element of C can be in each chain. 

Let the elements of S be the natural numbers up to n. Represent each subset T 
by a sequence of length n whose jth member ts ‘)’ if 7 is in 7 and ‘( otherwise. In 
any such sequence, close any adjacent ( ) pair, and any such pairs separated by 
already closed pairs. Now put two subsets in the same chain if their closed parts are 
identical and in the same positions. It is straightforward to verify that this defines a 
partition into chains each one of which contains a subset of cardinality [7/2]. (End 
of first proof.) 

Consider all m! maximal chains. Each chain intersects C at most once; thus the 
proportion of the chains that contain a cardinality k element of C, when summed 
over k, is at most 1. Since every cardinality k set occurs in the same number of these 
chains as any other, the proportion of the cardinality k sets that are in C 1s the 
proportion of the chains that contain such sets. It follows that the proportion of the 
cardinality k sets in C, summed over k, is at most 1. Sperner’s theorem is an 
immediate consequence of this inequality. (End of Lubell proof.) 

Another question in this area is: suppose we want to choose k subsets of an 
n-element set S, each having cardinality 7, so that the fewest cardinality 7 — 1 
subsets are contained in one or more of them. How can we do it? 

The answer: order the elements of S from 1 to n, and describe each subset of S 
by a sequence of 0’s and 1’s, making the rth entry of a set A a 1 when the rth 
element is in S. Then choose the subsets of cardinality 7 whose sequences are the 
smallest when interpreted as numbers. 

This statement has a beautiful and simple proof. If instead we try to choose k 
such subsets to minimize the number of cardinality 7 subsets whose sequences differ 
in two places from at least one of the chosen k, the answer in general is unknown. 

Anderson’s volume provides a lucid discussion of many of the basic results in this 
area, with many challenging exercises as well. This is my favorite subject. I owe my 
career to a chance encounter with it. I consider it the ideal introduction to 
mathematical reasoning for students at any level and anyone else for that matter. I 
find the subject more fun than crossword puzzles or chess, and vastly more 
rewarding. I think you should buy and read this book. 
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For All Practical Purposes: An Introduction to Contemporary Mathematics. By 
COMAP. Project Director: Solomon Garfunkel. Coordinating Editor, Lynn 
A. Steen. W. H. Freeman and Company, New York, 1988. xii + 450 pp.+ 26 
video tapes and Course Guide. ISBN 0-7167-1830-8. 


ARTHUR GITTLEMAN 


Computer Science and Engineering Department, California State University, 
Long Beach, CA 90840 


What should students who only take one mathematics course study? Most 
available texts take one of two approaches both of which I find inappropriate. The 
first is a rehash of elementary mathematics. The typical treatments of sets, integers, 
rationals, geometry, and similar topics are dull. Mathematics appears dead and 
useless. The sole virtue of these texts (from a publisher’s point of view) is their dual 
use in liberal arts mathematics courses and for elementary school teacher prepara- 
tion. 

The second type of text isn’t dull, only useless. It has pictures and puzzles to 
entertain. One can do tricks with numbers and shapes. Such a text also has virtues. 
Students and instructors survive each other. Many professors find liberal arts 
mathematics difficult to teach and are happy at least to have a text which quells 
resistance. 

When I sought a text for the course, I wanted neither the “spinach is good for 
you” nor the “candy keeps them quiet” approaches. I wanted good taste and 
nutrition. Something palatable and substantial. The Monthly Telegraphic Review of 
For All Practical Purposes intrigued me. This was just what I had in mind for the 
course; real mathematics really being used. A college graduate would appreciate the 
role of mathematics in our society. He or she would be able to participate more 
intelligently in the decision making of a technically oriented democracy. 

When I received the text, I was pleasantly surprised to learn that 26 half-hour 
videotapes were available. The Consortium for Mathematics and Its Applications 
(COMAP) received a grant to produce a telecourse in mathematics and another 
grant to produce the textbook. The authors suggest that the book may be used alone 
or in concert with the television shows. For students enrolled in a telecourse a 
Course Guide provides an overview of each program, skill objectives, and a sample 
shorts-answer examination. The authors “hope that these materials will provide a 
rich and exciting environment in which to learn more about the power and 
centrality of mathematics in our world.” 

Their environment is rich, exciting, and very bumpy. The television shows come 
the closest to meeting the COMAP objectives. The textbook would be difficult to 
use by itself and is not a satisfactory complement to the shows. The telecourse guide 
is helpful but needs much improvement. If you can handle the rough ride, the 
materials are usable now. The shows with a revised text and telecourse guide would 
be ideal. 

The materials cover five major areas: Management Science, Statistics, Social 
Choice, On Size and Shape, and Computers. Most areas are divided into four parts. 
The book has twenty-one chapters, one for each part. The 26 television shows 
include one for each part and one overview show for each area. 

I taught liberal arts mathematics this past summer (1988) using the text, tele- 
course guide, and videotapes. In the 45-hour course I covered three Management 


466 ARTHUR GITTLEMAN [May 


Science chapters, four from the Social Choice area and two from On Size and 
Shape. We viewed eleven half-hour shows. The topics are meaty and require 
thorough chewing. I chose to omit the units on Statistics and Computers because 
their treatment in the book (I didn’t view these shows) was relatively mundane and 
because students may take other courses in these areas. 

The thrust of For All Practical Purposes is excellent. It depicts mathematics in 
economically, socially, politically, and scientifically relevant contexts. It introduces 
deep mathematical algorithms. The television shows are professionally produced. 
They motivate the student but do not overwhelm. The amiable host injects much 
humor. The overview shows excellently introduce each area. 

The management science overview shows the need for mathematics in scheduling 
the vast array of component tasks for the Apollo launch. Analyzing the tasks 
involved in unloading and loading a passenger plane shows the scheduling problem 
in a simpler example. They pose questions such as whether speeding up one task will 
reduce the overall time taken. Viewers clearly get the point that the answers to these 
questions are not intuitive and require mathematical analysis. 

Shows on individual topics expand upon the examples in the overview show. They 
model the problem mathematically and begin to develop algorithms for solutions. 
These shows are at the right level. The examples, which are realistic rather than 
contrived, convince students of the need for mathematics. Students cannot master 
the algorithms just by watching the shows but they are not “snowed.” After seeing a 
show, they are attentive to a fuller presentation of the mathematics. 

Better-written, supporting materials combined with the shows would make an 
ideal course meeting COMAP and my objectives. The textbook is interesting but too 
difficult and disjointed. I still have not been able to comprehend some of this text. 
Box 1.6 on page 16 is an aside attempting to show good eulerizations for rectangular 
networks. Three figures are shown and the last paragraph of the box purports to 
explain how the figures were drawn. I need a clearer explanation. 

The fascinating Chapter 13 classifies patterns. Figure 13.7 shows the seven 
different one-dimensional strip patterns. Because the figure was taken from hand- 
painted pottery it was difficult to see whether or not a symmetry was present. The 
17 two-dimensional patterns were shown in Figure 13.8, labelled intriguingly, but 
with no explanation in the text. They introduce the two Penrose tiles that they say 
can cover the plane nonperiodically but not periodically. Both their explanation and 
Figure 13.4 are incomprehensible. I was fascinated enough to seek other references. 
They score 10 out of 10 on introducing fascinating topics, but only a 1 on the clarity 
and completeness of the explanations. 

Organization within chapters is poor. Chapter 9 on social choice confused me. It 
presents various voting methods while at the same time comparing results under 
sincere and insincere voting. Presenting the voting methods first would much 
improve this chapter. The first example of a mixed strategy game in Chapter 11 is 
more complicated than the second. In Chapter 12, the method they give for fair 
division between two persons does not generalize to fair division among more than 
two persons. Yet they refer with no explanation to an example of fair division 
among four players in Table 12.1. 

The exercises at the end of each chapter are not graded and are often too 
difficult. Exercise 4 of Chapter 2 asks for the conditions on m and n that guarantee 
an m by n grid graph has a Hamiltonian circuit. This is too abstract for students 
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taking just one mathematics class. It should have been placed at the end of the 28 
chapter exercises. 

I would not recommend using the textbook without the videotapes. I suggest 
especially careful preparation if the book is used with the tapes. The instructor 
needs to omit the confusing sections and must always provide much additional 
explanation. I selected several algorithms from each chapter to concentrate on and 
tried to show students how to solve selected problems. By limiting what they were 
expected to master I was able to bring the material within their level. 

Because the textbook was deficient I also used the telecourse guide. A short 
chapter in this guide corresponds to each chapter in the text. The multiple-choice 
questions and the long answer problems are at the right level. They give the student 
needed practice. Several answers are incorrect however. The later chapters are 
inadequate. The chapter on patterns has no long answer problems on patterns. The 
superficiality of the guide material on measurement contrasts with the difficulty of 
the textbook problems. I could not use either set of problems and omitted those 
chapters. The telecourse guide is not enough to support the shows. The earlier 
chapters are satisfactory but the later ones are poorly done. More text would be 
needed for this guide to be used as intended. 

The television shows are by far the best part of the package. My only criticism 
concerns the dramas. They often use little skits to make a point. I enjoyed the skits 
but some students thought they were corny. Excessively stupid people finally saw 
that their naive approaches did not work. Mathematics not only solved the problem 
but also got rid of these inane people. I accept this dramatic absurdity because it is 
pedogogically effective. What I objected to were the stereotypes. For example, in 
dramatizing voting procedures they had the rural yokels pitted against the city 
slickers. | 

I like the television shows and look forward to using them again. They bring out 
the students’ creativity. I respect these students. Some are poor at mathematics but 
others have as much mathematical ability as science and mathematics majors. They 
find mathematics irrelevant when treated as a puzzle or even an art. They have a 
humanistic feeling for the integration of art with life and respond to the combina- 
tion of algorithms and applications presented in the tapes. Students completing this 
course should be able to speak precisely about the importance of mathematics. They 
need to learn some algorithms to make their understanding more than empty words. 
We must be careful not to obscure the richness of vigorous applications with too 
many mathematical details. The television shows give just the right balance. 

The next time I teach the course I may prepare my own written explanations and 
problems to go along with the tapes. I hope there will be revisions of the text and 
telecourse guide. Students will thrive and grow and that is what general education in 
mathematics should achieve. 
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General, S, C. Challenging Mathematical Problems 
with PASCAL Solutions: A Sourcebook of Problems 
for Computers. Donald D. Spencer. Camelot, 1988, 
144 pp, $13.95 (P). [ISBN: 0-89218-086-2] The first 
section contains elementary problems from algebra, 
geometry, probability, statistics, mathematical recre- 
ations, etc., with cartoon illustrations; a second sec- 
tion contains a PASCAL program solution for each 
problem. JNC 


Mathematics Appreciation, S(12-14), L. Visual 
Patterns in Pascal’s Triangle. Dale Seymour. Dale 
Seymour Publications, 1986, v + 138 pp, (P). [ISBN: 
0-86651-304-3] Numerous variants of Pascal’s trian- 
gle (congruences, multiples, hidden patterns) illus- 
trated in visual displays presented in form suitable 
for overhead transparency. A marvelous opportunity 
for student discovery of relations between arithmetic 
and geometric patterns. LAS 


Mathematics Appreciation. Mathematical Maz- 
ims and Minims. Nicholas J. Rose. Rome Pr, 1988, 
vii + 169 pp, $13.95 (P). A delightful collection of 
anecdotes, quotes, cartoons, and poems all in cel- 
ebration of mathematics in all its forms, from Ab- 
stract to Zero. SB 


Mathematics Appreciation, L. Heureka! Hein- 
rich Hemme. Vandenhoeck & Ruprecht, 1988, 109 
pp, DM 19,80 (P). [ISBN: 3-525-40732-7] A collec- 
tion of 95 mathematical puzzles requiring insight but 
little knowledge. Includes at least one solution for 
each, and information about sources. JD-B 


Precalculus, T(13: 1). Precalculus. Margaret L. 
Lial, Charles D. Miller. Scott Foresman, 1989, 680 
pp, $28. [ISBN: 0-673-15872-1 Following a review of 
algebra, this text focuses on the study of functions 
including trigonometric, exponential, and logarith- 
mic; also includes chapters on systems of equations 
and inequalities and analytic geometry. Also avail- 
able: Instructor’s Guide and Solutions Manual, In- 
structor’s Answer Manual, and Student’s Solutions 
Manual and Study Guide. INC 


Precalculus, T(13: 2). College Algebra and 
Trigonometry. Adelbert F. Hackert, Gene R. Sell- 
ers. Harcourt Brace Jovanovich, 1988, x + 787 pp, 
$29. [ISBN: 0-15-507920-4] Four chapters contain- 
ing high school algebra topics are followed by cover- 
age of functions (including exponential, logarithmic, 
trigonometric, and inverse functions), and chapters 
on conic sections, systems of equations and inequali- 
ties, the binomial theorem, and mathematical induc- 
tion. A Student Solutions Manual and an Instruc- 
tor’s Manual are available. JNC 


Education, P, L. The Effects of Modern Mathe- 
matics. Sandor Klein. Akademiai Kiado, 1987, 436 
pp, $48. [ISBN: 963-05-4023-1] Detailed report and 
analysis of four “new math” elementary school pro- 
grams inspired by the work of Zoltan P. Dienes im- 
plemented in the 1960’s and 1970’s in specific schools 
in four locations (Budapest, New York, Quebec, and 
Brazil). Eighteen specific hypotheses and questions 
reflecting goals of the “new math” programs were 
investigated by careful statistically controlled meth- 
ods. General conclusion: programs in Budapest and 
Brazil supported all hypotheses of the study; those in 
Quebec and New York were not clear. Evaluations on 
which this comparative study was based were com- 
pleted over ten years ago. LAS 


History, P, L**. Mathematical Visions: The 
Pursuit of Geometry in Victortan England. Joan 
L. Richards. Academic Pr, 1988, xili + 266 pp, 
$34.95. [ISBN: 0-12-587445-6] Scholarly account of 
how new geometrical theories of the last half of the 
nineteenth century were received and interpreted in 
England. Examines the position of mathematics in 
English higher education and its role in the devel- 
opment of English mathematics. Traces the impact 
of culture and sociology and educational philosophy 
on the shaping of mathematics in Victorian England. 
Unlike other historical accounts, there is little effort 
to get the general reader to comprehend details of 
the subject matter. Not easy reading but worth the 
while. Copiously footnoted. Over seventeen pages 
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of references including many to works of, for exam- 
ple, Cayley, Clifford, DeMorgan, Klein, Russell, and 
Whewell. Epilogue on the demise of “English de- 
scriptive geometry” with illuminating discussion of 
the Tripos examinations. JK 


Logic, P. Mathematical Intuitionism: Introduction 
to Proof Theory. A.G. Dragalin. Transl. of Math. 
Mono., V. 67. AMS, 1988, ix + 228 pp, $75. [ISBN: 
0-8218-4520-9] Presents important methods of proof 
theory in intuitionistic logic. Covers syntactical 
methods, intuitionistic arithmetic, algebraic models, 
freely growing sequences, cut elimination in higher- 
order intuitionistic logic. Assumes background of 
introductory logic course. Extensive bibliography. 
Translation of 1979 Russian edition. KS 


Logic, T(14: 1), S*, L. Introduction to Proofs 
in Mathematics. James Franklin, Albert Daoud. 
Prentice-Hall, 1988, vii + 175 pp, $16.95 (P). 
[ISBN: 0-7248-1009-9] An example-rich introduc- 
tion to mathematical proofs. Begins by proving spe- 
cific arithmetic properties instead of confirming them 
by calculation. Notes following each example ex- 
plain, in detail, motivation of technique and encour- 
ages reader to generalize. Nice explanation of predi- 
cates and quantifiers, negation, and conditionals first 
without, then with symbolic language. Emphasis on 
intuition, not truth tables. Examples drawn from 
calculus, linear algebra, and number theory. Also 
includes sections on sets, induction, vector spaces, 
limits, counting, functions and applications to com- 
puter programs. Each section ends with a number 
of exercises (graded easy to difficult) with selected 
solutions in the back. SB 


Logic, P. A Formalization of Set Theory without 
Variables. Alfred Tarski, Steven Givant. AMS Col- 
log. Pub., V. 41. AMS, 1987, xxi + 318 pp, $60. 
[ISBN: 0-8218-1041-3] This monograph presents 
new logical formalisms within which set theory and 
number theory can be developed. Language uses no 
variables, quantifiers, or connectives; instead, state- 
ments are equations between expressions involving 
four operation symbols and symbols for membership 
and identity relations. KS 


Foundations, L. The Reality of Numbers: A Phys- 
tcalist’s Philosophy of Mathematics. John Bigelow. 
Clarendon Pr, 1988, viii + 193 pp, $45. [ISBN: 0- 
19-824957-8] Written from the perspective of meta- 
physical materialism, this provocative book chal- 
lenges the notion that mathematical objects can be 
defined into existence. The engaging text is suffused 
with examples that are almost tactile. MU 


Number Theory, S(18), P. Divisors. Richard R. 
Hall, Gérald Tenenbaum. Tracts in Math., V. 90. 
Cambridge U Pr, 1988, xvi + 167 pp, $39.50. [ISBN: 
0-521-34056-X] Classical analytic treatment of the 
probabilistic distribution of divisors of natural num- 
bers. Includes many recent results on sequences of 
asymptotic density one. Each chapter concludes with 
exercises suitable for a diligent graduate student. GG 


Group Theory, S(17-18), L. Ezistentially Closed 
Groups. Graham Higman, Elizabeth Scott. Math. 
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Soc. Mono., V. 3. Clarendon Pr, 1988, xiii + 156 pp, 
$49.95. (ISBN: 0-19-853543-0] A group M is said to 
be existentially closed if every finite set of equations 
and inequalities which is soluble over M is actually 
soluble in M. While this theory was initially part 
of the theory of infinite groups, it has also become 
part of model theory and recursion theory. This in- 
troductory book does not present all that is known 
of such groups; instead, the book’s intent is to give 
the reader enough understanding and inspiration to 
pursue the subject further. The text is well written 
and accessible to anyone with some basic knowledge 
of group theory and logic. LW 


Algebra, S(18), P. Linear Algebraic Monoids. Mo- 
han S. Putcha. London Math. Soc. Lect. Note 
Ser., V. 133. Cambridge U Pr, 1988, x + 171 pp, 
$24.95 (P). [ISBN: 0-521-35809-4] Written to stim- 
ulate research interest in the area of linear algebraic 
monoids, the author presents a largely self-contained 
and comprehensive treatment of the current state of 
the theory, resting largely on work done by the au- 
thor and Lex Renner. Accessible to graduate stu- 
dents; extensive bibliography. JS 


Algebra, P. Derivatives, Nuclei and Dimensions on 
the Frame of Torsion Theories. Jonathan S. Golan, 
Harold Simmons. Pitman Res. Notes in Math. Ser., 
V. 188. Longman Scientific & Technical (US Distr: 
Wiley), 1988, 120 pp, $44.95 (P). (ISBN: 0-582- 
03448-5] The category of unitary left modules over 
a ring can tell you a lot about the ring. How do you 
study this category? By considering the “frame” (a 
certain type of lattice) of all so-called torsion theo- 
ries over this category? This frame is studied in this 
monograph. SG 


Algebra, T(15-16), S, L. Sets and Groups: A First 
Course in Algebra. J.A. Green. Routledge & Kegan 
Paul, 1988, xi + 258 pp, $16.50 (P). (ISBN: 0-7102- 
1227-5] Revised edition of book first published in 
1965. Includes discussion of rings, fields, and vec- 
tor spaces as well. New edition writes maps on left. 
Many examples and exercises (selected solutions at 
end). Small type is somewhat difficult to read, but 
overall a nice introduction to abstract algebra. SB 


Algebra, P. Brauer Groups and the Cohomology of 
Graded Rings. Stefaan Caenepeel, Freddy van Oys- 
taeyen. Pure & Appl. Math., V. 121. Marcel Dekker, 
1988, x + 261 pp, $89.75. [ISBN: 0-8247-7978-9] 
A study of Azumaya algebra over Z-graded commu- 
tative rings including graded Galois theory, projec- 
tive graded modules, graded cohomology groups, and 
graded Brauer groups. SG 


Calculus, T(13-14: 1, 2). Calculus with Analytic 
Geometry, Second Edition. Dennis G. Zill. PWS- 
Kent, 1988, xiv + 1042 pp, $39.50. [ISBN: 0-534- 
91620-1] A standard comprehensive calculus book 
which features particularly nice graphics and bio- 
graphical sketches. This edition includes more ex- 
ercises, examples, figures, and applications. CEC 


Calculus, S**(13). Schaum’s 3000 Solved Prob- 
lems in Calculus. Elliott Mendelson. McGraw-Hill, 
1988, v + 442 pp, $19.95 (P). [ISBN: 0-07-041480- 
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7] Excellent source for extra examples, homework, 
or test problems in calculus sequence. Begins with 
important precalculus material; inequalities, abso- 
lute value, graphs of functions and circles. No text, 
but some concepts are generated by problems. Most 
problems are standard exercises, but this book con- 
tains many more problems than any textbook, e.g., 
61 curve sketching, 58 volume, 116 infinite series, 115 
power series. SB 


Calculus, S(13-14). Die mathematischen Aben- 
teuer von Fritz und Katharina. Klaus Langmann. 
Vandenhoeck & Ruprecht, 1988, 141 pp, DM 19,80 
(P). [ISBN: 3-525-40733-5] A collection of 77 stories 
introducing the sort of problems in calculus, differen- 
tial equations, and linear algebra encountered in the 
early semesters by college students of mathematics, 
science, and engineering. Sketches of solutions. JD-B 
Complex Analysis, T(18: 2-4), S**, P**, L. 
The Logarithmic Integral, I. Paul Koosis. Stud. in 
Adv. Math., V. 12. Cambridge U Pr, 1988, xvi 
+ 606 pp, $89.50. [ISBN: 0-521-30906-9] An invit- 
ing, enthusiastic, readable, comprehensive introduc- 
tion to the logarithmic integral and its many roles in 
real analysis, complex analysis, and functional anal- 
ysis. Expository style is informal, intuitive, and self- 
contained—treatment should be accessible to anyone 
with graduate training in analysis. Includes several 
dozen problems, often with copious hints. A mine of 
beautiful mathematics, “done in public.” PZ 


Differential Equations, P. Fuchsian Differential 
Equations With Special Emphasis on the Gauss- 
Schwarz Theory. Masaaki Yoshida. Aspects of 
Math., V. Ell. Friedr. Vieweg & Sohn, 1987, xiv 
+ 215 pp, (P). [ISBN: 3-528-08971-7] Studies linear 
ordinary differential equations and systems of partial 
differential equations with finite dimensional solution 
spaces in the complex analytic category. Concen- 
trates on Gauss-Schwarz theory of the hypergeomet- 
ric equation and its higher-dimensional generaliza- 
tion. SP 


Partial Differential Equations, P. Lecture Notes 
in Mathematics-1357: Partial Differential Equations 
and Calculus of Variations. Ed: S. Hildebrandt, R. 
Leis. Springer-Verlag, 1988, vi + 423 pp, $37.10 (P). 
[ISBN: 0-387-50508-3] A collection of eighteen pa- 
pers, some of them surveys, by associates of SFB 72 
(Sonderforschungsbereich 72), a research institute at 
the University of Bonn. Emphasis is on existence 
and regularity results, nonlinear differential equa- 
tions, special equations of mathematical physics, and 
problems of scattering theory. SP 


Partial Differential Equations, T(18: 2), P. Dif- 
fuston Processes and Partial Differential Equations. 
Kazuaki Taira. Academic Pr, 1988, xviii + 452 
pp, $69.50. [ISBN: 0-12-682220-4] Studies the rela- 
tionship between probability and partial differential 
equations. Contains the necessary background ma- 
terial from real and functional analysis, manifolds, 
Sobolev spaces. Emphasis is the study of degener- 
ate elliptic differential operators of second order fol- 
lowed by the existence and construction of Markov 
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processes in terms of boundary value problems. GN 


Operator Theory, S(18), P. Direct and Inverse 
Scattering on the Line. Richard Beals, Percy De- 
ift, Carlos Tomei. Math. Surveys & Mono., No. 
28. AMS, 1988, xiii + 209 pp, $53. [ISBN: 0-8218- 
1530-X] Linear ordinary differential operators of ar- 
bitrary order are studied by constructing sets of 
special eigenfunctions (generalized Jost solutions). 
The inverse problem—to reconstruct the operator 
from special eigenfunction data—is also considered. 
Applications to spectral theory, quantum-scattering 
theory, and nonlinear wave mechanics. SP 


Operator Theory, S(18), P. Introduction to Op- 
erator Theory and Invariant Subspaces. Bernard 
Beauzamy. Math. Lib., V. 42. North-Holland (US 
Distr: Elsevier Science), 1988, xiv + 358 pp, $84.25. 
[ISBN: 0-444-70521-X] Assuming some background 
in operator theory and functional analysis, the pre- 
sentation is in six parts: general theory, compact- 
ness, Banach algebra techniques, analytic functions, 
dilation and extensions, and invariant subspaces. Re- 
search areas encountered along the way are pointed 
out and open questions are raised. Bibliography, in- 
dex, and some interesting commentary. JS 


Operator Theory, P. Surveys of Some Recent Re- 
sulis in Operator Theory, Volume I. Ed: John B. 
Conway, Bernard B. Morrel. Pitman Res. Notes in 
Math. Ser., V. 171. Longman Scientific & Technical 
(US Distr: Wiley), 1988, 259 pp, $59.95 (P). [ISBN: 
0-582-00519-1] Collection of papers presented dur- 
ing special year in operator theory at Indiana Uni- 
versity. Contains recent results concerning Bergman 
and Bloch spaces, interpolation problems, spectral 
decompositions, spectral sets, and invariant sub- 
spaces. ES 


Functional Analysis, P. Lecture Notes in Mathe- 
matics-13817: Geometric Aspects of Functional Anal- 
ysts. Ed: J. Lindenstrauss, V.D. Milman. Springer- 
Verlag, 1988, vii + 289 pp, $25.80 (P). [ISBN: 0- 
387-19353-7] Third volume of Proceedings from Is- 
rae] Seminar 1986-87 session. Includes articles con- 
cerning several relations between finite dimensional 
convexity theory and Banach space theory, Read’s 
invariant subspace results, Banach lattices, spectral 
theory, inequalities for volumes, and norms of convex 
bodies, zonoids, and more. ES 


Analysis, T*(15-16: 1), L*. Introduction to Ap- 
plied Mathematics. L. Sirovich. Texts in Appl. 
Math., V. 1. Springer-Verlag, 1988, xii + 370 
pp, $39.95. [ISBN: 0-387-96884-9] First in a new 
Springer series of texts in applied mathematics de- 
signed to reinforce traditional methods and to meet 
current and future needs of advances in areas such 
as numerical and symbolic computer systems, dy- 
namical systems, and chaos. Based on notes from 
a course at Brown University for juniors and seniors 
majoring in applied mathematics, engineering, and 
other sciences. Complex analysis (enough to serve as 
a preliminary to a traditional course), discrete lin- 
ear systems, Fourier series and applications, orthog- 
onal polynomials, Fourier and Laplace transforms, 
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and partial differential equations. Informal, student- 
friendly, and readable. Stress on building student 
confidence. Examples; exercises without answers; of 
length manageable in one semester; prerequisites are 
linear algebra and ordinary differential equations. JK 


Analysis, T(17: 1), S. Problems in Distributions 
and Partial Differential Equations. C. Zuily. Math. 
Stud., V. 143. North-Holland (US Distr: Elsevier 
Science), 1988, 245 pp, $79 (P). [ISBN: 0-444-70248- 
2] Presents the theory of distributions through sets 
of problems with complete solutions. The first six 
chapters cover the classical theory, the seventh chap- 
ter discusses applications to partial differential equa- 
tions. Assumes some knowledge of L?-spaces. Good 
text to use for an independent study of the sub- 
ject. GN 


Geometry, T(16-17: 1), S, P, L. Projective Ge- 
ometry. Pierre Samuel. Transl: Silvio Levy. Un- 
dergrad. Texts in Math. Springer-Verlag, 1988, x + 
156 pp, $35 (P). [ISBN: 0-387-96752-4] Developed 
for a course for prospective teachers at the ENSET 
in France. A concise, lucid exposition of projective 
spaces over fields of characteristic p. JNC 


Algebraic Topology, S(18), P, L. Cyclic Homol- 
ogy of Algebras. Peter Seibt. World Scientific, 1987, 
xi + 160 pp, $20 (P); $37. [ISBN: 9971-50-470-7; 
9971-50-468-5] Based on lectures given in 1985 at 
the University of Marseille Luminy, this exposition 
of cyclic cohomology is not meant as an introduction 
to the theory but rather as an attempt to identify 
the basic algebraic facts and techniques of the the- 
ory. The first chapter is concerned with the connec- 
tions between cyclic (co)homology and Hochschild 
(co)homology, while the second considers the rela- 
tions to deRham theory and Lie theory in the case 
of characteristic zero. At the end of each chapter 
are some remarks to guide the interested reader to 
the appropriate papers accompanied by a seemingly 
complete list of references. 


Algebraic Topology, P, L. Geometric and Alge- 
braic Topology. Ed: Henryk Tourticzyk, Stefan Jack- 
owski, Stanislaw Spieg. Banach Center Pub., V. 
18. PWN, 1986, 417 pp. [ISBN: 83-01-07321-7] 
This volume consists of 26 articles collected from the 
topology semester held at the International Stefan 
Banach Mathematical Center in spring 1984. Ex- 
pository in nature, the articles are arranged into sec- 
tions entitled: Low-dimensional manifolds; Higher- 
dimensional manifolds; Group actions; Differential 
topology and geometry; Cyclic homology and homol- 
ogy of groups; Shape theory and its homological as- 
pects; Dimension theory and theory of continua. LW 


Topology, P. Braids. Ed: Joan S. Birman, Anatoly 
Libgober. Contemp. Math., V. 78. AMS, 1988, xxxv 
+ 730 pp, $62 (P). [ISBN: 0-8218-5088-1] Proceed- 
ings of a 1986 research conference containing thirty 
papers on algebraic, geometric, and physical aspects 
of the theory of braids. SG 


Dynamical Systems, P. Lecture Notes in Mathe- 
matics-1347: Iterates of Piecewise Monotone Map- 
pings on an Interval. Chris Preston. Springer- 
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Verlag, 1988, 166 pp, $16.30 (P). (ISBN: 0-387- 
50329-3] Notes surveying the dynamics of continu- 
ous piecewise monotone maps of the interval into it- 
self. The central concern is the asymptotic behaviour 
of iterates of a point in the interval, with an emphasis 
on properties of such maps which are invariant under 
topological conjugacy—here a continuous monotone 
change of coordinates. Results of Guckenheimer, Mi- 
siurewicz, Milnor-Thurston, Parry, as well as the au- 
thor are presented. The treatment is self-contained 
and accessible from a background in basic real anal- 
ysis and the topology of the real line. CE 


Dynamical Systems, P. Hamiltonian Dynamical 
Systems. Ed: Kenneth R. Meyer, Donald G. Saari. 
Contemp. Math., V. 81. AMS, 1988, xiv + 270 
pp, $28 (P). (ISBN: 0-8218-5086-5] Proceedings of 
a conference held June 1987 at the University of Col- 
orado, Boulder. The sixteen papers presented here 
range from general expository to specific new results, 
and include topics as diverse as the N-body problem, 
KAM theory, twist and annulus maps, homoclinic 
and heteroclinic phenomena. CE 


Probability, T(12-13), S, C. Geometric Proba- 
bility. IBM PC. North Carolina School of Science 
and Mathematics. NCTM, 1988, v + 40 pp, $9 (P). 
[ISBN: 0-87353-259-7] The innovative opening sec- 
tion of a new senior course at the North Carolina 
School of Science and Mathematics: several extended 
problems in geometric probability with related exer- 
cises and associated simulation software on an IBM 
PC disk. An excellent introduction to modelling that 
both builds on traditional school topics and intro- 
duces ideas common to college mathematics. LAS 


Stochastic Processes, T(18: 1), P. Estimation, 
Control, and the Discrete Kalman Filter. Donald E. 
Catlin. Appl. Math. Sci., V. 71. Springer-Verlag, 
1989, xiii + 274 pp, $49.80. [ISBN: 0-387-96777-X] 
Wide-ranging book covering measure-theoretic prob- 
ability, entropy, minimum variance estimation, ad- 
joints and pseudoinverses in Hilbert spaces, and the 
Kalman filter. For the intellectually curious; not nar- 
rowly focused on how to use a Kalman filter. TH 


Stochastic Processes. General Theory of Markov 
Processes. Michael Sharpe. Pure & Appl. Math., 
V. 133. Academic Pr, 1988, xi + 419 pp, $49.50. 
[ISBN: 0-12-639060-6] Reference to the theory of 
right processes. Extends work by Dellacherie, Meyer, 
and Getoor. Not for the inexpert. TH 


Statistics, T(17: 1, 2), S, P. Nonlinear Regression 
Analysis and Its Applications. Douglas M. Bates, 
Donald G. Watts. Prob. & Math. Stat. Wiley, 
1988, xiv + 365 pp, $39.95. [ISBN: 0-471-81643-4] 
Clear presentation of theory and practice of non- 
linear regression. Extensive displays of geometri- 
cal constructs. Numerous examples using real data 
from physical, chemical, and biological experiments. 
Pseudocode for computing algorithms in three high- 
level languages: S, GAUSS, and SAS/IML. MS 


Statistics, P*. The Inverse Gaussian Distribu- 
tion: Theory, Methodology, and Applications. Raj 
S. Chhikara, J. Leroy Folks. Statistics, V. 95. Mar- 
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cel Dekker, 1989, viii + 213 pp, $79.75. [ISBN: 0- 
8247-7997-5]| Summarizes known properties of the 
inverse Gaussian distribution, which arises as the dis- 
tribution of the first passage time of a Brownian mo- 
tion, and its uses in theoretical and applied statistics. 
Includes a wide variety of applications, particularly 
in the areas of life-testing and reliability. Extensive 
bibliography. Note price! RSK 

Statistics, T(17), S, P. Applied Time Series Anal- 
ysts for Business and Economic Forecasting. Sufi M. 
Nazem. Stat.: Textbooks & Mono., V. 93. Marcel 
Dekker, 1988, x + 431 pp, $89.75. [ISBN: 0-8247- 
7913-4] Specifically for those with modest back- 
ground in mathematics and statistics. Covers phi- 
losophy and characteristics of time series. Key sta- 
tistical measures for identifying and validating time 
series models, the analysis of simple models, and real- 
world applications using ARIMA. Many excellent ex- 
amples. Can be used for self-teaching too. MS 


Statistics, T(16-17: 1), S. Lecture Notes in 
Statistics-46: Nonparametric Regression Analysis of 
Longitudinal Data. Hans-Georg Miller. Springer- 
Verlag, 1988, vi + 199 pp, $23.40 (P). [ISBN: 0-387- 
96844-X] Reviews some work done for longitudinal 
data using basic mathematical tools that have been 
applied. Applications emphasized; Fortran programs 
provided. Good references included. MS 

Statistics, T?(18: 1), S*. Prescriptions for 
Working Statisticians. Albert Madansky. Texts in 
Stat. Springer-Verlag, 1988, xix + 295 pp, $39.80. 
(ISBN: 0-387-96627-7] Excellent for applied statis- 
ticians. Techniques for inferences from specialized 
data, mixed categorical and measured data, and 
cross-classified data. Includes IDA and MINITAB 
examples; also Fortran programs. Background in 
matrix algebra and regression are helpful. Appro- 
priate tables given throughout the text. MS 


Statistics, S(17).  Asymptotics for Generalized 
Chi-Square Goodness-of-Fit Tests. F.C. Drost. CWI 
Tract, V. 48. Mathematisch Centrum, 1988, iv 
+ 104 pp, Df. 16.50 (P). [ISBN: 90-6196-348-6] 
Monograph considering behavior of various types 
of chi-square goodness-of-fit test statistics. Inves- 
tigates influence of number of classes in the pres- 
ence of a location-scale nuisance parameter; choice of 
location-scale estimator, and power approximations 
for Cressie-Read class of x? statistics when no nui- 
sance parameters are present. MS 


Statistics, P*. Dynamic Graphics for Statistics. 
Ed: William S. Cleveland, Marylyn E. McGill. 
Wadsworth, 1988, xii + 424 pp, $44.95. [ISBN:0-534- 
09144-X] Dynamic graphical methods involve direct 
manipulation of graphical elements on a computer 
graphics screen, with virtually instantaneous change 
of the elements. This is a collection of sixteen papers 
on the analysis of multidimensional data using these 
methods. Covering roughly a twenty-year time span, 
they also show how these ideas have evolved. RSK 


Programming, T(14: 1), L. Structured Pro- 
gramming in Assembly Language for the IBM PC. 
William C. Runnion. Ser. in Comput. Sci. PWS- 
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Kent, 1988, xvii + 697 pp. [ISBN: 0-534-91480-2] 
A text for course CS3 introducing computer organi- 
zation via assembly language for the 8088 and 8086 
microprocessors. (Special sections deal with differ- 
ences applicable to the 80286 chips used in the AT 
machines.) A disk inside the back jacket contains 
source code and executable modules for example pro- 
grams in the text along with object code for I/O and 
BCD subprocedures. LAS 


Computer Science, P, L**. Annual Review of 
Computer Science, Volume 3, 1988. Ed: Joseph F. 
Traub, et al. Annual Reviews, 1988, 423 pp, $45. 
(ISBN: 0-8243-3203-2] Thirteen survey papers on a 
variety of topics from database security to artificial 
intelligence, from geometric computing to computa- 
tional complexity. Cumulative author and title in- 
dices for Volumes 1-3. Excellent, high-quality pa- 
pers make this series a superb resource for student 
and professional alike. LAS 


Applications, P, L. Mathematical Modelling in Sci- 
ence and Technology. Ed: Ervin Y. Rodin, Xavier 
J.R. Avula. Math. & Computer Modelling, V. 11. 
Pergamon Pr, 1988, xvii + 1216 pp, (P). [ISBN: 0- 
08-036380-6] Proceedings of the Sixth International 
Conference on Mathematical Modelling in St. Louis 
in August, 1987. Over 250 papers on every conceiv- 
able type of mathematical modeling from chemical 
and biological systems to ocean acoustics and electro- 
optics, from cancer and neural models to cellular 
automata and strategic defense analysis. A stun- 
ning portrait of the diversity of mathematical mod- 
eling. LAS 

Applications (Engineering), T(18: 1), P. First- 
Order Partial Differential Equations, Volume II: 
Theory and Application of Hyperbolic Systems of 
Quasilinear Equations. Hyun-Ku Rhee, Rutherford 
Aris, Neal R. Amundson. Intern. Ser. in Physic. & 
Chem. Engin. Sci. Prentice-Hall, 1989, xii + 548 pp. 
[ISBN: 0-13-319237-7] First order systems of par- 
tial differential equations arising primarily in chemi- 
cal engineering are considered. Roughly, one-fourth 
of this book is general theory. The rest is concerned 
with such applications as n-solute chromatography, 
wave interactions, fixed and moving-bed adsorption. 
Includes exercises. SP 


Applications (Fluid Dynamics), P, L. Dynamics 
of Internal Layers and Diffusive Interfaces. Paul C. 
Fife. CBMS-NSF Reg. Conf. Ser. in Appl. Math., 
V. 53. SIAM, 1988, vi + 93 pp, (P). [ISBN: 0-89871- 
225-4] Lectures from a May 1987 CBMS Regional 
Research Conference at Little Cottonwood Canyon, 
Utah on dynamics of internal layers, flame theory, 
electrophoresis, and waves in self-oscillatory media. 
Includes an extensive bibliography on a very timely 
topic. LAS 


Applications (Fluid Dynamics), P. Lecture 
Notes in Mathematics-1360: Vortez Methods. Ed: 
C. Anderson, C. Greengard. Springer-Verlag, 1988, 
141 pp, $13.10 (P). [ISBN: 0-387-50526-1] Proceed- 
ings of the UCLA Workshop on Vortex Methods held 
during May 1987. The ten research articles collected 


1989] 


here include numerical and theoretical investigations 
of incompressible fluid vorticity for two- and three- 
dimensional flow, convergence of vortex methods, 
and computationally-rapid methods. CE 


Applications (Fluid Dynamics), P. Mathemati- 
cal Modelling of Ocean Circulation. G.I. Marchuk, 
A.S. Sarkisyan. Springer-Verlag, 1988, xv + 292 pp, 
$120. [ISBN: 0-387-18925-4] Algorithms are pre- 
sented and results discussed for modelling ocean dy- 
namics. Influence of temperature, salinity, bottom 
topography, and shape of coast line are taken into 
account. SP 

Applications (Physics), S(18), P. The The- 
ory of Pseudo-rigid Bodies. Harley Cohen, Robert 
G. Muncaster. Tracts in Natural Philo., V. 33. 
Springer-Verlag, 1988, x + 183 pp, $69.80. [ISBN: 
0-387-96635-8] Containing much previously unpub- 
lished material, this monograph represents a new ap- 
proach to the theory of the deformation of bodies. 
The lucid writing contains many references to allied 
concerns, and is laced with fine mathematics. MU 


Applications (Physics), P. Nonlinear Evolution 
Equations. J.K. Engelbrecht, V.E. Fridman, E.N. 
Pelinovski. Pitman Res. Notes in Math. Ser., V. 
180. Longman Scientific & Technical (US Distr: Wi- 
ley), 1988, 122 pp, $44.95 (P). [ISBN: 0-582-01314- 
3] Three methods are developed to model nonlinear 
wave processes in weakly dispersive media: the iter- 
ative, asymptotic, and spectral methods. A compar- 
ative analysis of these methods is presented. Trans- 
lated from the original Russian. SP 


Applications (Physics), S(18), P. Lecture 
Notes in Physics-313: Group Theoretical Methods 
in Physics. Ed: H.-D. Doebner, J.-D. Hennig, 
T.D. Palev. Springer-Verlag, 1988, xi + 599 pp, 
$61.10. [ISBN: 0-387-50245-9] Proceedings of the 
XVI International Colloquium held at Varna, Bul- 
garia, June 1987. MU 

Applications (Physics), S(18), P. Special Rel- 
ativity and Quantum Theory: A Collection of Pa- 
pers on the Potncaré Group. Ed: M.E. Noz, Y.S. 
Kim. Fundamental Theories of Physics. Kluwer 
Academic, 1988, xiii + 504 pp, $117. [ISBN: 90- 
277-2799-6] Based on E.P. Wigner’s highly original 
1939 paper “On Unitary Representations of the Inho- 
mogeneous Lorentz Group,” this volume is an exten- 
sion of the textbook Theory and Applications of the 
Poincaré Group, and consists of Wigner’s paper plus 
“the major papers on the Lorentz group published 
since 1939.” MU 

Applications (Physics), S(18), P. Wave Phe- 
nomena: Theoretical, Computational, and Practical 
Aspects. Ed: Lui Lam, Hedley C. Morris. Springer- 
Verlag, 1988, xii + 275 pp, $49.95. (ISBN: 0- 
387-96921-7] Proceedings of the First Woodward 
Conference held at San Jose State University, June 
1988. Topics of a theoretical nature include: pseudo- 
differential operator techniques, inverse problems, 
and the mathematical foundations of wave propaga- 
tion in random media. MU 


Applications (Physics), P*. Spinors and Space- 
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Time, Volume 2: Spinor and Twistor Methods in 
Space-Time Geometry. Roger Penrose, Wolfgang 
Rindler. Cambridge U Pr, 1986, ix + 501 pp, $34.50 
(P). [ISBN: 0-521-34786-6] Introduction to the the- 
ory of twistors, mainly the way twistor theory inter- 
relates with 2-component spinor theory. Topics cov- 
ered include massless fields, the geometry of light 
rays, and the conformal structure of infinity. Twisto- 
rial applications abound and are presented in great 
detail. The approach here is to show how prob- 
lems with the standard physical framework may be 
solved using new twistorial techniques. Includes a 
summary of Volume 1 (TR, August-September 1988; 
1986 hardcover edition, TR, December 1986). MR 


Applications (Physics), P. Differential Geometri- 
cal Methods in Theoretical Physics. Ed: K. Bleuler, 
M. Werner. NATO ASI Ser. C, V. 250. Kluwer Aca- 
demic, 1988, xvii + 471 pp, $108. (ISBN: 90-277- 
2820-8] Proceedings of the NATO Advanced Re- 
search Workshop and the 16th International Confer- 
ence on Differential Geometric Methods in Theoreti- 
cal Physics held in Como, Italy during August 1987. 
The twenty-five papers presented here are mostly 
research articles in quantum field theory, grouped 
broadly under the headings of string theory, inte- 
grable systems, symplectic structures, general rela- 
tivity, and supersymmetry. CE 

Applications (Physics), T(15-17: 1), S, L. Gen- 
eral Relativity: A Guide to its Consequences for 
Gravity and Cosmology. J.L. Martin. Halsted Pr, 
1988, xii + 176 pp, $49.95. [ISBN: 0-470-21183-0] 
The text presupposes only a modest background in 
mathematics, i.e., calculus and elementary differen- 
tial equations. However, because of its unusual em- 
phasis on the observational aspects of general rela- 
tivity, little space is devoted to the development of 
the theory. It should prove very enjoyable to those 
already familiar with general relativity. MU 


Applications (Physics), S(18), P. Mark Kac 
Seminar on Probability and Physics: Syllabus 1985- 
1987. Ed: F. den Hollander, H. Maassen. CWI Syl- 
labus, V. 17. Mathematisch Centrum, 1988, 162 pp, 
Df. 25.30 (P). [ISBN: 90-6196-350-8] Lecture notes 
from a monthly seminar in Amsterdam where prob- 
abilists and statistical physicists discuss papers on 
topics of common interest. LAS 
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FIRST CONCEPTS OF TOPOLQGY: 
The Geometry of Mappings of Seg- 
ments, Curves, Circles, and Disks 


W.G. Chinn and N.E. Steenrod 


This clear and winning little book, for 
readers willing to come to genuine 
grips with the idea of a mathematical 
proof, presents topology . . . as math- 
ematicians see it. The parlor tricks are 
gracefully alluded to here and there, 
but they are distinctly for after hours. 
The center of interest is the stuff itself: 
powerful notions of set theory are. . . 
exploited to define open sets and their 
coverings, and from them [to prove] 
the key theorems. .. One cannot any 
longer doubt that a single stroke of a 
knife exists that divides any irregular 
ham sandwich so that ham and both 
bread slices can be shared with perfect 
fairness by two consumers. 


Philip Morrison in Scientific American 
Contains over one hundred and fifty prob- 
lems and solutions. 

160 pp., 1966, ISBN 0-88385-61 8-2 

List: $10.00 MAA Member: $8.00 

Catalog Number NML-18 


FROM PYTHAGORAS TO EINSTEIN 
K.O. Friedrichs 


Starting with area and dissection proofs of 
the Pythagorean theorem, Friedrichs pro- 
ceeds gently, step by step, to cover vectors, 
coordinates, elastic and inelastic impacts, 
and relativistic space-time—ending with a 
derivation of a contemporary formula rival- 
ing the Pythagorean theorem in fame, & = 


me. 


88 pp., 1965, ISBN 0-88385-616-6 
List: $9.50 MAA Member: $7.60 
Catalog Number NML-16 


GEOMETRY REVISITED 
H.S.M. Coxeter and S.L. Greitzer 


After seeing a proof that a segment has 
a unique midpoint, students may wonder 
whether there are any interesting theorems 
in geometry. If either they or their teachers 
get a hold of this book, they will learn that 
there are many beautiful and nontrivial theo- 
rems in geometry. Among those found here 
are the theorems of Ceva, Menelaus, Pap- 
pus, Desargues, Pascal, and Brianchon. A 
nice proof is given of Morley’s remarkable 
theorem on angle trisectors. The transfor- 
mational point of view is emphasized: re- 
flections, rotations, translations, similarities, 
inversions, and affine and projective trans- 
formations. Many fascinating properties of 
circles, triangles, quadrilaterals, and conics 
are developed. 


193 pp., 1967, ISBN 0-88385-619-0 
List: $11.75 MAA Member: $9.50 
Catalog Number NML-19 


The very lucid presentation takes the 
reader from the elementary problems 
of plane Euclidean geometry to the fun- 
damental concepts of non-Euclidean 
geometry . The book is rich in 
remarkable facts and thereby is very 
effective in promoting the significance 
and the value of geometry in mathe- 
matical teaching, a promotion which is 
very necessary. . . The always origi- 
nal developments use very simple tools 

. and soon proceed to higher con- 
figurations. 


K. Strubecker in Mathematical Reviews 
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MathCAD 2.0. 
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you appreciate about venue) 
working on a scratch- ae 
pad—simple, free-form 
math—and more. More 
speed. More accuracy. 
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Just define your 
variables and enter your 
formulas anywhere on the screen. MathCAD 
formats your equations as they’re typed. 
Instantly calculates the results. And displays 
them exactly as you're used to seeing them — 
in real math notation, as numbers, tables 
or graphs. 

MathCAD is more than an equation 
solver. Like a scratchpad, it allows you to add 
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text anywhere to 
support your work, 
and see and record 
every step. You can 
try an unlimited 
number of what-ifs. 
And print your 
entire calculation as 
an integrated docu- 
ment that anyone 
can understand. 
Plus, MathCAD 
is loaded with powerful 
built-in features. In addition to the usual trig- 
onometric and exponential functions, it 
includes built-in statistical functions, cubic 
splines, Fourier transforms, and more. It also 
handles complex numbers and unit conver- 
sions ina completely transparent way. 
Yet, MathCAD is so easy to learn, you'll 
be using its full power an hour after you begin. 


6 8 auto 
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Solve non linear equation: 
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Requires IBM PC® or compatible, 512KB RAM, graphics card. 
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Your pad or ours? 


What more could you ask for? How about 
two new applications packs to increase your 
productivity? 

The Advanced Math Applications 
Pack includes 16 applications like eigenvalues 
and eigenvectors of a symmetric matrix, solu- 
tions of differential equations, and polynomial 
least-squares fit. 

The Statistics Applications Pack lets 
you perform 20 standard statistical routines such 
as multiple linear regression, combinations and 
permutations, finding the median, simulating a 
queue, frequency distributions, and much more. 

MathCAD lets you perform calculations in 
a way that’s faster, more natural, and less error- 
prone than the way you're doing them now— 
whether you use a calculator, a spreadsheet, or 
programs you write yourself. So come on over 
to MathCAD and join 45,000 enthusiastic users. 

For more information, contact your dealer 
or call 1-800-MATHCAD (In MA: 617.577.1017). 
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MATHEMATICS & BIOGRAPHY 


ATHEMATICS 


Queen &Servant 
ot Science 


ERIC TEMPLE BELL 


MATHEMATICS: 
QUEEN AND 
SERVANT OF SCIENCE 


E.T. Bell 


An absorbing account of pure and applied 
mathematics from the geometry of Euclid to 
that of Riemann and its application in Ein- 
stein's theory of relativity. The twenty chap- 
ters treat such topics as: algebra, number 
theory, logic, probability, infinite sets and 
the foundations of mathematics, rings, ma- 
trices, transformations, groups, geometry, 
and topology. Republished in 1987 with cor- 
rections and an added Foreward by Martin 
Gardner. 


454 pp., ISBN 0-88385-446-3 
Paperbound 


List: $15.95 MAA Member: $11.95 
Catalog Number QAS 


The book deserves a place in today’s 
market. It is amuch more popular work 
than most histories of the subject, and 
that is exactly what makes it acces- 
sible to students as well as to non- 
mathematicians. It is rewarding read- 
ing for. . . teachers and students at 
all mathematical levels. 


Morris Kline of The Courant Institute 
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| WANT TO BE A MATHEMATICIAN 
An Automathography in Three Parts 


Paul R. Halmos 


This is a book to be read with interest 
by all those who know, or might want to 
know, what mathematicians and mathemat- 
ical careers are like. Paul R. Halmos be- 
gins with his school days and carries the 
reader swiftly through a career that has sus- 
tained itself at a high level since his first 
post-doctoral days at the Institute for Ad- 
vanced Study in 1939, where he worked 
with John von Neumann among others. Still 
going strong in 1988, Halmos has con- 
tributed much to logic, operator theory, er- 
godic theory, and the literature in general. 


442 pp., 1988, Paper, ISBN 0-88385-445-7 
List: $18.00 MAA Member: $15.00 


Catalog Number IWM 


It is a truly unique book, which nobody 
but Paul Halmos could have written. 
| think it will be a classic. 


Constance Reid 
The book is exciting, witty, and well 
worth the time invested in its study. It 


communicates what it means to be a 
mathematician. 


John Dossey in The Mathematics Teacher 
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1. Introduction. In this article we study a very simple “game” that can be played 


with several piles of disks arranged in a line. At each unit of time, each pile is 
divided in half, with half the disks being added to the pile on the left and the other 
half added to the pile on the right. If there is an odd number of disks in a pile, one 


*This work was done at the Mathematical Sciences Research Institute, Berkeley, California. 
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disk is left stationary and the remainder is divided evenly. It is easy to simulate this 
game on paper for small numbers of disks. This provides an interesting diversion 
during long lectures or faculty meetings. The process is also easy to program on a 
personal computer. Some of the phenomena we describe are best seen “live” on a 
computer terminal. 

We are interested in investigating what happens when we start out with a single 
pile of disks. It is easy to work out small examples by hand. For example, with 5 
disks we get 


1 1 1 1 


After three moves we get 5 consecutive piles of one disk each, so no further moves 
may be made. A bigger example yields a similar result: 


9 
4 1 4 
20 5 0 2 

10 3 1 3 0 1 

1 1413 21 21 «41 

112 1 2 21 «21 

12 0 3 0 2 #1 

20 2 1 2 0 2 
102 0 3 0 2 0 #1 
1102 1 2 0 21 «21 
113103 0 41 #1 @=21 
11 1é%71é%721é%21éi7d1éidi1é2i 


On the basis of examples that can be worked out by hand, it is natural to 
conjecture that if the starting position is a single pile with 2n + 1 disks, then the 
final configuration is 2n + 1 consecutive piles with one disk each. Our first result is 
that, in fact, that is the case. The next problem is to determine how many moves it 
takes to reach the final configuration. We are able to bound the number of moves 
taken when starting with 2n + 1 disks to between an? and Bn. In working out 
larger examples, many patterns start to appear. It turns out that there is a 
relationship between the patterns and certain differential equations which lead to 
intriguing interpretations of the problem. 

We can define the “game” mathematically by letting a, , be the number of disks 
in pile i at time ¢. The initial conditions are given by the value of a; ». We are 
primarily interested in the case where ay y = m and a; , = 0 for i # 0. The value of 
a, , for t > 1 1s given by 


Qi-14- Qiniie 
ai.= “at | + foro ‘| + (a; ,;mod2). 


As long as some pile has at least 2 disks, moves may be made. The final 
configuration is the one where all piles have at most one disk. 

To study the disk moving problem, we look at a seemingly more general game. In 
this new game we also have piles of disks arranged in a line. However, a move is to 
pick some pile with at least 2 disks and move one disk to the left and another to the 
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right. There will often be more than one move available at a time. There is a 
sequence of moves in the new game that has the same effect as a single move in the 
original game, so the original game can be simulated by the new game. However, it 
is conceivable that the final position for the new game might depend on the order in 
which the moves are made. We shall show that the order, which does not matter, 
will allow us to use the new game to study the original one. 


2. Final position. We begin by proving a few simple properties of the sequence of 
moves and the final configuration. In particular, we must show that the game does 
reach a position where no more moves can be made. 

For the remainder of the section we assume that the input configuration is 
2n + 1 disks at the origin. 


LEMMA 1. It is not possible to have two consecutive empty piles which have 
nonempty piles on either side. 


Proof. Suppose piles x and x + 1 are empty and there are disks both to their left 
and right. Both x and x + 1 had to have been occupied at some time. Suppose 
x + 1 was the last occupied of the two. That means disks were moved off of it, and 
one of them would have gone to x. Hence, x was occupied after x + 1 was, 
contradiction. = 


LEMMA 2. The only piles that could receive disks are those numbered between —4n 
and 4n. 


Proof. Since the maximum gap between nonempty piles is one, the 2n + 1 disks 
can be spread out over a range of at most 4n + 1. After the first move is made, 
there will always be disks on both side of pile zero, so the range must be inside of 
[—4n, 4n]. a 


Now that we have shown the range is bounded, we also show that the number of 
moves is bounded. 


LEMMA 3. The number of moves is bounded by 32n? + 16n7?. 


Proof. Let a; be the number of disks in the a,th pile, for each i, and consider 
~,a,i7, the sum of the squares of the distances from the origin. The maximum value 
of this sum 1s if all disks were at —4n and 4n, which would give a sum of 
32n3 + 16n*. Every move increases the sum by exactly 2. A move from the pile i 
adds elements at i — 1 and i + 1 and removes two elements from i. The change to 
the sum is (i + 1)? + (i — 1)? — 2i7 = 2. Thus, there could not be more than 
16n? + 8n? moves or else the sum would exceed its maximum. a 


THEOREM 1. The final position is independent of the order that moves are applied. 


Proof. The key to the proof is that if two moves can be applied at the same time, 
then they may be applied in either order. Suppose that positions x and y both have 
at least two disks. If x and y differ by more than one, then making moves in the 
order xy or yx clearly have the same result. The only case where there is a 
possibility for interaction between the moves is if they differ by one, sox =y +1 
or x = y — 1. However for either order, xy or yx, the effect is to reduce the piles at 
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x and y by one and increase the two bounding piles each by one. 


x +1 -—-2 +1 
— — — — =—> — — —— — 
x y x 
y +1 -1 -1 41 
—=_"__/ [_——-__- —— — — 
Xx 
y +1 -2 41 
— — — — =—>) — — — — 
x Jy x Jy 
~ #1 -1 #-1 °° «+41 
—='"—= > ——_—'_—s> —— —— — 
x Jy 


Now we show that the fact that moves commute implies that there is a unique 
final configuration. A configuration B is a descendant of configuration A if there is 
a sequence of moves that transforms configuration A into configuration B. A 
configuration is final if no moves apply to it. Suppose that there exists at least two 
final configurations. Let A be a configuration that has two final configurations 
among its descendants, but every proper descendant of A has a single final 
configuration among its descendants. Suppose A’ and A” are direct descendants of 
A with different final descendants. It follows that A’ and A” cannot have any 
common descendants. Let A’ be derived by making move x from A and A” be 
derived by making move y. Consider the configuration B formed by making moves 
xy from A (or equivalently moves yx from A). Since B is a descendant of both A’ 
and A’’, we have a contradiction. a 


With the previous theorem in hand, we can establish the final position for a given 
input. If we start with 2n + 1 disks at the origin, the final configuration is 2n + 1 
consecutive piles of size one occupying positions —n through n. To prove this we 
can look at a particular sequence of moves that is easy to analyze. 


THEOREM 2. If we start with a pile of size 2n + 1 at position zero, then the final 
position is piles of size one in positions —n through n. 


Proof. We consider a sequence of moves which yield the following intermediate 
configurations: 


2n+1 
1 2n-1 1 
1 1 2n-3 1 =«1 
1 1 1 #2Qn-5 1 =21~21 


Suppose we reach the position where we have / consecutive 1’s, 3 in position 0 
and j more consecutive 1’s. At each step we perform all legal moves simultaneously. 
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The pattern 1s 


114113 71 «21@«i21é«di 
11212 712 «21 «21~«21 
1120 3 0 2 1 ~=421 
1202 1 2 0 2 ~=21 
20 2 0 3 0 2 0 2 
102 02 1 2 0 2 0 = #1 
1102 0 3 0 2 0 1 «1 
11102 1 2 0 1 21 ~21 
11313103 0 721 21 «71~«21 
1 1371é%71é%21é%21é%71éid21é«di1é«di1éizt2 


In the configuration there is a region of consecutive ones and a region of alternating 
2’s and 0’s. The 2’s and 0’s move to the end of the list causing it to increase in length 
and then retreat leaving a string of consecutive 1’s. 

We can now reduce a configuration of j 1’s,2n +1-—2/j at position zero 
followed by j 1’s to 7 + 1 1’s,2n + 1 — 2(j + 1) at position zero, followed by j + 1 
1’s, by considering all but 3 of the disks in pile zero fixed. By doing this repeatedly 
we can go from 2n + 1 in position zero down to 2n + 1 consecutive ones. = 


We have just considered the case where we start with an odd number of disks. 
Note that in this sequence of moves, one of the disks in pile zero never moves. Thus 
we can cover the even case by just ignoring the one disk that always 1s in position 
one. If we start with 2n disks, we end with n consecutive disks in positions —n 
through —1, position 0 empty, and n more consecutive disks in positions 1 
through n. 


3. Run time. Now that we know what the final configuration is, we return to the 
original game where all moves are made simultaneously. We investigate how long it 
takes to reach the final configuration. We first give two simple arguments that 
establish a lower bound of n?/3 and an upper bound of n? for the number of steps 
needed to reach the final configuration, starting with 2n + 1 disks at position 0. 


LEMMA 4. If the initial configuration is 2n + 1 disks at position zero, the number 
of steps until the final configuration is reached is at least n*/3. 


Proof. As in Lemma 3, we consider the sum ¥,a;i7. The value of the sum at the 
end is just n(n + 1)(2n + 1)/3. Each pair of elements that is moved increases the 
sum by two, so the sum can increase by at most 2” + 1 in a single move. Hence 
the number of moves is at least n(n + 1)/3. = 


We now give an upper bound that shows that the final configuration is reached 
within n* steps. To prove the bound, we need a little more information about the 
number of disks in the piles. We first note that at an even time step, moves are made 
only from even numbered piles, and at an odd time step, moves are made only from 
odd numbered piles. We refer to the piles from which moves are made as active. A 
typical configuration midway through the games is something like this: 


1023130631709 071603 12 0~«1 


The number of disks per pile, decreases according to distance from the origin. The 
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formal condition that the number of disks per pile satisfies is 


PROPOSITION 1. If the time is even, then the sequences do, ay, a4,...and 
Ay, A_y, A_4,... are nonincreasing. If the time is odd, then the sequences 
Ay, 43, As,... and A_,, A_3, A_s,... are nonincreasing. 


We defer the proof of this proposition. An immediate corollary to this is that the 
pile zero cannot be down to a single item at an even time step, before the final 
configuration is reached. 


LEMMA 5. If the initial configuration is 2n + 1 disks at position zero, the final 
configuration is reached within n* + n moves. 


Proof. Here we consider the sum »,a,|i|. The final value of the sum is just 
n* + n. The only moves that increase the sum are those made from position 0. At 
every even time step, at least two disks are moved off pile zero, so the sum increases 
by at least two. Thus, the sum must exceed n? + n by time-n? + n. a 


LEMMA 6. The number of disks in the active piles is decreasing with distance from 
the origin. 


Proof. We shall prove the lemma only for piles numbered greater than or equal 
to zero, since the other side of the origin follows by symmetry. The proof is by 
induction. We show that if the proposition is true at a given time, then it is still true 
at the next unit of time. The key to this proof is to have the proper induction 
hypothesis, which is actually stronger than the result that we seek for the lemma. 
What we show is that for i > 0, if i and i + 2 are active at time /, then a, , >4j,2, 
and if a; ,=4,,>, then a,;,,, agrees in parity with a, , and a,,, ,. Thus, 8,0,8 
and 9,1,9 are acceptable sequences, but 8, 1,8, and 9,0,9 are not. (Note that since 
Ay, is always odd, we do not require that ay , agrees in parity with a_, , and ay ,.) 

The result clearly holds at time 0 when the only nonempty pile is pile 0. Suppose 
the result holds at time ¢ — 1; we shall show it holds at time ¢. We argue by 
contradiction, so suppose i and i + 2 are active piles at time f, but a, , < a;,5 ;. 
Since a;_1 ,-1 > 4,43 ,-1 the amount i received from i — 1 is at least as great as 
the amount that i + 2 received from i + 3. The piles i and i + 2 received an equal 
amount from i + 1. Thus, the only way for a; , < a;,., would be if a; ,_, was 0 
and a;,>,-, was 1. It must have been the case that either a,_, ,_1 = 4,43 ;-1 OF 
Q;-1,1-1 = 4j43,4-1 + 1 for i to receive from i — 1 the same as i + 2 received from 
i + 3. In both cases, as long as i # 0, we have a violation of the parity condition at 
time ¢ — 1. Since we have shown that a; ,_, = 0, we have also ruled out the case 
when i = 0. Hence we can conclude that a; , > a;,> ,. 

Now we must show that the parity condition also holds at time ¢. Suppose that it 
does not hold. We consider the two cases where it could be violated. 

1) a; , = 4j42 , 4;,, 18 even and a;,,,= 1. 

For this to occur, it must be that a,,,,-,;=4,,+ 1. But then a,_,,_,= 
Qi41,4-p Or else a; , would have been bigger. Thus, it must be the case that a; , = 0. 
This is not a possible value for i = 0, and is a violation of parity for i > 0. 

2) a; p= 4;42, 4;,, 18 odd and a,;,,,= 0. In this case, we can conclude that 
Qis11-1 = 4;,, — 1. However, this forces, a;43 ,-1 = 4j41,;,-1 and a;45,_-, =1,a 
violation of parity. 
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Thus in either case, a violation of parity at time ¢ can be traced back to a 
violation of parity at time ¢ — 1. = 


We now give a better upper bound on the number of moves that the game takes. 
This upper bound is also based on the sum ),a,{i|. It relies on a more careful 
analysis of the sum’s rate of growth to get a better bound. 


THEOREM 3. If the initial configuration is 2n + 1 disks at position zero, the number 


7 
of steps until the final configuration is reached is at most [= _ 1} + O(n). 


Proof. Let S! = Lo <;<n4;i- Initially S' = 0 and at the end, S' = (1/2)(n? + n). 
The change in S' at time ¢ is |a, ,/2]. Thus, the larger a, is, the faster S' grows. 
We get an upper bound on the total time by showing that the sum must be growing 
at a reasonable rate. 

There is a smallest possible value (subject to the nonincreasing constraint for the 
piles) of S' such that a, = 2k — 1. This is the value of S* if the disks are spread 
out “evenly” using as few piles as possible. So ay = a, = +++ =a,,;= 2k —1, a, 
=, = +++ =4);,, = 1, and ao;,, =r for some r < 2k — 1. We denote this 

n—- 


value of S! as S. The value of jisj= Ta 


S = ¥ (+1) + k= L244. 


i=l 
kj? +(2k+2r+1)j+2r+1 


n—k 2 
> 24| -1] 


Thus, if S! < (n*/2k) — 3n, then ay > 2k + 1. While n*/(2k + 2) - 3n < S!} 
< (n*/2k) — 3n, S' increases by at least k every 2 steps, so the time to go between 
n*/(2k + 2) — 3n to (n7/2k) — 3n is at most 


2 n 


»{ 1 1 
"\2k k+2)k kk +1)’ 
We can get an upper bound by summing over k. We must add 7n since we have not 
accounted for the nes (n2/2) — 3n to (n*/2) + (n/2). Thus our bound is 


ny 


Elem) 
=n — ~~ | + /n 
k>1 mETD * k>1 k? k(k +1) 


32 
“[Ecyensoren | 


4. A physical interpretation. We now express a relationship between this game 
and a differential equation. We will be able to use this relationship to show that as n 
goes to infinity, the number of moves is cn? + 0(n7) for some fixed constant c. The 
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relationship can also be used to derive better bounds on this constant c than we give 
in this paper. This differential equation is obtained by analyzing a pattern that 
appears after approximately n steps of the game. By approximating the behavior of 
this pattern with a differential equation, we can get an approximation of the number 
of steps that gets better as n increases. 

The pattern can be described quite simply. Although it is difficult to define the 
exact point at which it begins, it cannot appear until the difference in the number of 
disks between adjacent active piles becomes at most 3, and it does appear shortly 
thereafter. Recall that Lemma 6 says that the number of disks in the active piles 
decreases as the piles get farther from the origin. When the number of disks at the 
origin becomes small, then there must be many piles which contain the same 
number of disks. The proof of Lemma 6 shows that if two adjacent active piles 
contain the same number of disks, then the (inactive) pile between them contains 
one or no disks depending on whether the two adjacent piles have an odd or even 
number of disks. Thus, there must be long regions having active piles that all 
contain the same value, so that a typical position will look like 


...52K4+1,1,2k +1,1,2k +1,...,2k,0,2k,0,2k,..., 
2k —1,1,2k —1,1,2k —1,... 

It is easy to check that a region where piles alternate between 2k + 1 and 1 (or 
2k and 0) remains unchanged; thus all the activity must take place at the bound- 
aries of the regions. It turns out that, depending on the relative parities at the 
boundaries of regions, the boundary will move left one position per step, move right 
one position per step, or remain in the same place. In the example below, we show a 
section of the pattern for n = 175. 


OK OF OFM OF OF OF OF OF OF OF OF OK OO KH © KH © FH © 
HOF OR OHM ORF DOH OF DOH OF OF OF OF OR OR OHROR 
OK ORK OF OK OF OF DOF OF OF DF OH DOH OH OH © © 
HOF OR OF ORF OF ORF OR DOF OR OF OPFOR OR OHKOR 
OHM OF OF OF OF OF OF OP OF OPFOR OR OH OR OHO 
KOK OF OF OR DOF OF OF OR DOF OF OF OH OF OH OF 
OHM OF OF ORF OFM OF OF OF OR OHFP OR OF OF OF OHO 
HOF ORF DOR OF DOE OFP DOH OFP OF OPFOR OR OR ORO 
OFM OF OF ORF OFP DORK OF DOH ORF OF OK OF OR OR OHO 
FOF ORF OF OF OF OF OH OH OF OF OR OPFOR OF OH 
OHM OF OFM ORF OP OR OF OF OR OR OF OF OF OF OF O 
HOF OR OF OF OF OF OF OPFOR OF OF OR OR OPFOR 
DORDOBK OF OR DOF OF OF OR OF OR OF OF OF OF 06 
SCMROMHNOWODMOWMOMOMWOWOWOMWOMOMK OK OF 
DODHNEKENIOMOWOMOMODOWOMROWOWHAIDBWOM 
CMRP ANEFPNKFNOMDOWDOMODMOMWOMOMOMHAKHAOWO 
DHANE NE NIEPNOMDODOMODOMOMOWHAHAHNIOO 
BPN NR NRE NRPNODOMODWOWOWOMWHAKRPANHE AH AIO 
NEN NP NEP NP NODOMOMWOWOWHAKRPAH ARNE A 
BPN NR NEP NRP NEP NOWMWOWOWOMHPAKRARP ANH NEAR 
NEM R NP NP NEP NHR NOMOWOMWH AHA NHR NHN 
BNR NR NRE NEN ENR NO WOMHR ARP ANB NE NH NRA 
NHN RNR ARN RAR NPN ODMR NBR NB NRW IR NEA 
OCROMDEPNHE AVENE ARP NR NOMOMOARPAKP AH AH APR 
MPOBHUWOROROHROROROHROMOCAHKHUOMROROBROOD 
SCAKPUHPNOBROROROROROMROMAHUHUWOCBROBROVAO 
AK KEUHENOBROBROROROBROBHPUHUHNWOROBROD 
PORK AE UOBOBROBROROAHPUPUHUHWORORO 
AQHA ARON WOROROBROBHPUHUHUHPAEUNORODR 
POR OR OE URMOBROBOAPUHKP UHURU UE WOO 
CHORE OAR UR OE WORBOAHPUHRP AERP ARP UR UE OE WOO 
POR OR OR UR OR OOF OPO UR OR Oe Oe Oe WO 
QHOER OAR OE OR OE OO ROR RP UR OR OR Oe Oe Oe 
CHOROCHROHROHROHROHOHRHWOROROROHROHRORO 
POROHROROHROROHORH WH WORORHROROHROROM 
CHOROSCHROROHROKROHRHKH WH WH WOROHORORORO 
POROHROROHRORORHP WHEE HWHOOROROHBOROM 
CHORCHROHROHRORHKP WH WHWHWHWORDRHRORORO 
OOROHROROHRORHP WHF WHE WH WHWHWORODHROROD 
HWORSOROROPRH WEP WH WHF WH WH WH WORORhORO 
OR WOROCHRORFP WHF WE WH WH WOH WH WH WOROR OM 
KOH WOROR HPWH WFP WHF WH WOR WR WHWHWORORH 
OR WH WORF WHF WHF WOR WHE WH WOHF WH WOH WH WORF & 
KBP WRFEWORFWONONONONONONK WH WH WH WHWONO 
NONODONONONONONONONKKHONONONONONODN 
SCNONONONONONONOKDK HEHE HONONONONONO 
NONONONONONONOKHKF EPR HEHE HONONONONODN 
SCNONDNONONONOKHK KPH EHP HERP HR ONONONONO 
NON ONONONONONKNKPHP HEHE EP HEP EHP ONONONON 
SCNONONONONONKPEP RPE HEP HEP HEP EB RONONONO 
NON ONONONONPRP RPP HEHE EP EPP ERR ONONON 


The moving boundaries produce a nice pattern of triangles, as in the illustration. 
To explain this pattern we need to know the exact behavior of all boundaries 
between regions. It is easy enough to check all.cases, as there are not many. We 
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discover that the boundary between two regions having active piles of size 2k + 1 
and size 2k will be stationary, and the boundary between regions with piles of size 
2k and size 2k — 1 will move toward or away from the origin, depending on 
whether the inactive pile between the regions contains zero or one disks, respec- 
tively. When a moving boundary hits a stationary boundary, it is reflected and the 
stationary boundary moves over one pile. For example, here is a moving boundary 
between 2k and 2k — 1 colliding with a stationary boundary between 2k + 1 and 
2k. The array on the left shows a sample configuration for k = 4, and the array on 
the right shows the boundary being moved. 


919180807 -—-— ~~ ~!2 ~~ «< = 
191908071 —~—~ —~ —~lo~ ~~ -« 2 = 
919180717 —-—~ —~ —lo~ <« ~~ 
191907171 —~—~ —~ le 2-2 2 8 
919171717 — — —!s — 2. 2 2] 
191817171 — —~ —-l- s ~~ 
919081717 —— -lo~ s 2. 
191808171 —-— lo ~~ sys ~ _ 
919080817 ~~ -l ~~ ~~ s 


We can interpret this pattern in a “physical” way by thinking of the boundaries 
as “balls” and “walls.” Consider a moving boundary to be a ball and a stationary 
boundary to be a wall. Then, a ball will always be moving one position per step. 
When a ball hits a wall, the wall recoils one position, and the ball changes direction 
and bounces off the wall. It is easy to check that when two balls hit a wall 
simultaneously, the right thing happens: the balls both change direction and the 
wall does not move. If you break the patterns into regions between walls, the center 
region is the only region that does not contain a ball. This provides one more rule to 
determine the game completely: when two walls meet in the center, they both 
disappear (as do the balls in the adjacent regions). 

We now have a certain number of walls with balls bouncing back and forth 
between them. If the distance between two adjacent walls is d, then the ball between 
these two walls will hit each wall every 2d steps, exerting a “pressure” moving the 
wall one position every 2d steps. We can approximate this by a differential equation 
saying that the wall moves at a rate of 1/2d. 

Each wall is acted on by either one or two balls. The walls at the ends and at the 
middle only have one ball acting on them, and the other walls have two balls 
pushing them. We need only look at one side of the origin, say, the right (positive) 
side. Suppose we have k walls, and we let the position of the ith wall from the 
center be w,. Then we get the differential equations: 


dw, —] 

dt Mw, =)” 

dw, 1 1 . 
dt 2(w; — w;-1) - 2(W341— W;)” PS ESE, 
dw, 1 


dt 7 2(w, _™ W,_1) 
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The behavior of the game is approximated by the behavior of this system of 
differential equations until the middle wall (w,) hits the origin and vanishes. We 
then replace these differential equations by the corresponding set of equations 
involving only k — 1 walls. 

This system of differential equations is invariant under scaling in a very useful 
way. If we expand each of the regions by a factor of a and decrease the time by a 
factor of a*, so wi = aw, and t’ = t/a’, then a solution of the system of equations 
is transformed into another solution. This seems to apply to our game. We would 
like to say that if we start with a times as many disks the solution will be scaled in 
this manner, with a times as many disks spread over a times the area, and taking a? 
times as long. We cannot say this immediately because of two problems: there is a 
singularity at the starting position, 1.e., all the “walls” occupy the origin at ¢ = 0, 
and the “balls hitting walls” pattern does not appear until time O(n). We can 
overcome these difficulties by starting at a different position and proving a lemma 
that the change in starting position does not matter. 

We can look at the game as an approximation to the differential equation. If we 
choose some fixed starting position for the differential equation, and let n go to 
infinity, approximating the differential equation by our scaled disk game, then the 
behavior of the game will converge to the behavior of the differential equation. 
When we scale up by a = 2, for example, then the ball hits the wall twice as often, 
and the discrete amount the wall moves becomes half as large. This corresponds to 
approximating the differential equation by twice as many steps, each half the size. 

We will now need a lemma that is essentially a triangle inequality. This lemmas 
says that if we can reach position s’ from position s in m moves, where in a move 
we are permitted to move any subset of the disks provided that from each pile we 
move the same number to the right and left, then the number of moves it takes to 
finish from position s and position s’ differ by at most m. Thus, if we make m 
small, the number of moves it takes to finish from s and s’ is approximately the 
same. We denote the number of moves that it takes to finish starting from position s 
by M(s). 


LEMMA 7. If s’ can be reached from s in m moves, where a move involves picking 
nonnegative integers r, for every pile i and moving 2r, disks from pile i, r, to pile i — 1 
and r, to pile i + 1, then M(s’) < M(s) < M(s‘) + m. 


Proof. We will prove each part of the inequality separately. Both proofs are by 
induction and similar to the proof of Theorem 1. 

By Theorem 1, this game where you do not have to move all the disks will always 
end in the same final position. We first show that in this game, the fastest possible 
way to finish is to move all the disks possible on every move, 1.e., to move as in our 
original game. Thus, M(s’) + m > M(s), since we can finish from position s in 
M(s’) + m moves by first taking m moves to reach s’. This will prove the second 
part of our inequality. 

Suppose that on the first step we do not move all the disks that can be moved. 
Specifically, suppose that we do not move all possible disks in some pile i. Since we 
must finish with at most 1 disk in each pile, then eventually more disks must be 
moved off of pile i. Suppose this first happens on the jth step. Without changing 
any other moves, we can move two fewer disks off pile i on the jth step, and two 
more on the first step. Continuing this process of pushing moves to the first step, 


1989] DISKS, BALLS, AND WALLS 491 


eventually we will move all possible disks on the first step, and take at most the 
same number of steps. By induction, we see that moving as many disks as possible 
on each step will finish as quickly as any other procedure. 

We must now prove that M(s) > M(s’). We will show that if M(s) < M(s’), 
then there is a way to finish in M(s) moves starting with s’, a contradiction. 

Let the position after the first move from s in the original game (moving all disks 
possible) be s,. We will obtain sj from s’ by moving everything moved to get from s 
to s, that was not moved in getting from s to s’. We will then show that we can get 
from s, to sj in m — 1 moves, which will prove the theorem by induction. 

Let the total number of disks moved off of pile i while going from s to s’ be 2d, 
and let the number of disks on pile i in s be p;. To obtain sj, move max(2] p,/2| — 
2d,,0) disks off pile i in s’. There are clearly this many disks on pile i in s’, since 
we started with p,; and removed 24d;. 

We need to show that we can reach sj from s,. We will first show that we can 
assume that we move max(2| p,/2|, 2d;) disks off pile i on the first move going from 
s to s’. We do this by pushing moves to earlier steps. If we move disks off a pile at 
step 7 which did not have all possible disks moved on step j — 1, then we can move 
two more disks off it on step j — 1 and two fewer on step j without changing 
anything else. Repeating this process, we will eventually terminate, since we only 
push moves to earlier steps. When we get stuck, then for each i either we move all 
possible disks off pile i on the first step, or we do not move any additional disks off 
pile i after the first step while going from s to s’. The first case happens when 
| p,/2| < d; and the second when | p,/2| > d,;. 

It is now easy to see that we can reach sj from s, by using almost exactly the 
same procedure as we did to get from s to s’. If there is more than one unmoved 
disk in pile i on the first move from s to s’, we move these on the first move and 
then leave them untouched until we reach sj. This gives a m-step path from s to sj 
which moves 2] p,;/2| disks off pile i on the first move, meaning that after the first 
step, we reach s,. Since M(s,) = M(s) — 1, and since the lemma is trivial if 
M(s) = 1, this proves Lemma 7 by induction. | 


We can now use this lemma to prove that there is a constant c such that the 
number of moves the game takes to finish is cn? + o(n’). We have already shown 
that 1/3 < c < 77/6 — 1. By using numerical techniques to solve the differential 
equation, one could approximate the constant arbitrarily closely. 


THEOREM 4. There is a constant c such that lim, _,,,M(n)/n* = c, where M(n) is 


the number of moves needed to finish when the starting position is a pile of 2n+ 1 
disks. 


Proof. We use the fact that our game approximates the differential equation. 
Consider the behavior of the differential equation when it starts with walls at 
positions w = (Wj, W>,..., W,). The differential equation will take some definite 
time c,, to finish starting at w. We can approximate this with our game if we start 
with walls at positions [aw] = (+[aw,], t[av,],..., t[aw,]). Here, a is any large 
real number, and [aw,] is aw, rounded to either of the adjacent integers. We allow 
rounding in any consistent way. We will let s,,, denote this starting position with 
walls at [aw]. Using the scaling property of the differential equation, we see that a 
does not affect the behavior of the differential equation, i.e., the differential 
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equation starting with aw has the same behavior, scaled, as if it started with w. 
Furthermore, if we let a go to infinity in the game and look at it as an approxima- 
tion to the differential equation starting at w, the balls hit the walls more often and 
the walls move less each time a ball hits. Thus, the behavior of the game goes to the 
behavior of the differential equation, and (1/a7)M(s,,,) > ¢,, 

We now need a relationship between n and a. The number of disks in s,,,, is easy 
to compute. Except possibly for one pair of adjacent piles (the location of the 
“ball’), the region between [aw,] and [aw,,,] contains 2(k — i) disks in every pair 
of adjacent piles. Thus, the total number of disks on one side of the origin is 


k- (Law, ] ~ 0) + (k-1)- (Law, ] ~ [aw,]) a (Law, ] ~ [aw,_1]) 


k 
+O(1) = ) [aw,] + O(1), 
i=1 
where the constant in the big O notation may involve k and w, but not a. Thus, the 
appropriate n for s,,, isn = L*[aw,]. 

We will now apply Lemma 7. To do this, we must show that starting with the 
appropriate number of disks at the origin, we can reach s,,, quickly using the game 
described in Lemma 7, where it is not required to move all possible disks. If we start 
with 2n + 1 = X¥(2[aw,] + 1) disks, and for each i separately run the original game 
starting with 2[aw,] + 1 disks at the origin, then we will end up with & — i disks in 
every pile between [aw,] and [aw,, ,]. If we then move all possible disks in the piles 
on even integers, we obtain the position s,,, with the balls located at walls 
separating 2 7 — 1 and 2 /, as in the example below: 


1111321222223«3 33 «3 22222d1éd212d1éid2i12!1 
1132112040405 15 15040 402d1d1dédi1é441 
The number of steps it takes to reach s,,, is one more than the maximum time it 
takes to finish when starting with 2[aw,] + 1 disks at the origin, for 1 <i <k. By 
Lemma 5, this is at most a*w?; + aw, + 1. We have, by Lemma 7, 
1 7. WK 
—|M( Sau) ~ M(n)| < w2 + — + 


az 


For a sufficiently large, we get 


1 
aM (Saw) — Cy! S &, 
so combining these equations gives 
2 
a M(n) —c,| <wy te. 


Recall that n/a = Lfw,, so for sufficiently large n, 


We 


k 
» W; 
i 


Cw 


E>] 


We can make w,/L{w, arbitrarily small by making k large and choosing evenly 


1 
M(x) - 


< 
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spaced w,. Since n does not appear in c, or in w,, this proves that M(n)/n? 
converges to some constant. a 


In fact, one can show that there is some exact behavior of the walls that is 
approached by the differential equation as w,/X‘w, goes to 0. One does this by 
showing that if you start an approximate game at a position close to the actual 
starting position with 2n + 1 disks at the origin (i.e., if 1t can be reached in m steps, 
as in Lemma 7), then at any time ¢, the position of the approximate game will be 
close to the position of the actual game (again, it can be reached in m steps). The 
fact that the behavior of the disk game approaches a limit as w,/X{w, > 0 implies 
that the behavior of the differential equation also approaches a limit as w,/L{w, > 0. 
This limit behavior satisfies the differential equation for ¢ > 0. At t = 0, there is a 
singularity; the position at ¢ = 0 can be thought of as infinitely many walls at the 
origin. A “big bang” then happens: walls start disappearing and space appears 
between the remaining walls. Thus, for very small ¢, there are a very large (but 
finite) number of walls, which are all very close to (but not at) the origin. 


5. Conclusion. In this article we have established that the number of moves for 
the game to reach its final position is cn? + o(n’), where 0.33 < c < 0.65. It is 
possible to prove somewhat tighter bounds with more sophisticated arguments. 
Another approach to finding the value of c is by computer simulation. The 
straightforward simulation algorithm which keeps track of each pile at each unit of 
time has a run time of Q(n°) so it is only suitable for relatively small values of n. A 
better simulation can be based on the physical view of balls bouncing between walls. 
Using this model, a program can be written which updates the configuration every 
time a ball encounters a wall. This gives a considerable savings in time and greatly 
increases the range that can be simulated. We have simulated the game for values of 
n up to 10,000. For n = 10,000, the number of steps was 59,730,533, giving a value 
of c = 0.5973. 
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(1) Two mountain climbers begin at sea level, at opposite ends of a (two-dimen- 
sional) chain of mountains. Can they find routes along which to travel, always 
maintaining equal altitudes, until eventually they meet? 

(II) Two painters are carrying a 20-foot ladder, one at each end, along a garden 
path which begins and ends with long straight segments. Can they negotiate the 
path without violating the “keep off the grass” signs? Moreover, what happens if 
the path splits into two paths which subsequently reunite: can the painters separate 
and later rejoin each other? 

(III) If an irregularly shaped body can be dragged completely (i.e., continuously 
translated and rotated) through two posts a distance d apart, can it be dragged 
completely through two posts separated by a distance greater than d? 


Each of these problems seems to. have an intuitively clear solution which, on 
closer examination, proves decidedly elusive; this is true especially of the second 
and third. However, by the time we are done, we will have seen not only that the 
problems are interconnected in that the solutions to the first two are needed for the 
solution to the third, but that the most important common feature of all of the 
problems is that once we translate them into the language of elementary plane 
topology, their solutions become natural and transparent. 

First we present a simple topological lemma which lies at the heart of the proofs. 


LEMMA 1. Given a square S with consecutive vertices A, B, C, D, and a graph T 
(by which we mean here a finite system of [not necessarily simple] closed arcs and 
intersection points) lying in S and containing A and C and no other point of the 
boundary of S. If A and C are not in the same connected component of T then B and D 
can be joined by a path lying in S which avoids I. 


Proof. Replace [ by a tubular neighborhood T of sufficiently small radius e. 
Then, starting at A, run along the boundary of I’. (The path we follow is well 
defined, since—even though I’ may branch, as in Fig. 1—the boundary of I does 
not.) Eventually we must either return to A or arrive at C, since the total number of 
arcs is finite and we cannot repeat a previous position because no branching takes 
place. In the first case the path itself (together with part of the boundary of S$) 
constitutes a path from B to D which avoids I’, and in the second case the 
corresponding arcs of I constitute a path from A to C. (See Fig. 1 for illustrations 
of both possibilities.) O 


(Notice that Lemma 1 can be thought of as a kind of weak converse to the 
Jordan Curve Theorem: From the Jordan theorem it follows immediately that if 
there is a path joming a pair of opposite corners of a square which lies entirely 
within the square, then any path joining the two remaining corners and lying in the 
square must cross the first; Lemma 1 asserts that if there is no path which can be 
pieced together from a given finite collection of arcs to connect a pair of opposite 
corners, then the remaining two corners can be connected by a path not touching 
any of the arcs.) 

We shall begin the discussion of each of the three problems by giving it a precise 
formulation, and in some cases discuss the consequences of choosing our formula- 
tions with less care. The article concludes with the derivation of an algorithm which 
determines the minimum separation d for which the condition in Problem ITI holds. 
We thank Walter Daum for providing the example illustrated in Fig. 9, and we note, 
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in addition, that Theorem 2 and some weaker versions of Theorem 4 have also been 
proved independently by Fan Chung and Paul Seymour [2], David Eppstein [3], and 
John Kutcher and Joseph O’Rourke [4], respectively. 


1. The mountain climbers’ problem. Our assumption will be that the silhouette of 
the mountain chain is piecewise monotone. As a matter of fact, we can then also 
suppose it to be piecewise linear, by replacing each maximal monotone portion by 
the line segment joining its endpoints. If we now select a point of maximum altitude 
and reparametrize, it becomes sufficient to prove the following theorem: 


THEOREM 1. Let s(r) and s'(r) be continuous, piecewise linear functions from 
[0,1] to [0,1], with s(0) = s’(0) = 0 and s(1) = s’(1) = 1. [Note: the “prime” does 
not represent differentiation here!| Then there exist two other continuous, piecewise 
linear functions 


T(x), 7’(x): [0,1] > [0,1] 
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such that 
7(0) a 7’(0) = Q, 


r(1) = 7'(1) = 1, (1) 
s(r(x)) = s’(7’(x)) for every x € [0,1]. 


Moreover, t and 1’ have a total of O(n’) critical points, where n denotes the total 
number of critical points of s and s’. 


(In other words, if A and B are the mountain climbers, we have rephrased the 
problem so that they each start at time 0 and height 0 and want to wind up at time 1 
and height 1, maintaining the same height as they move. A and B can backtrack, of 
course, and their motion is represented by the functions r(x) and 1’(x) which we 
seek.) 


Proof. The essence of the argument is to consider the set I’ of pairs of positions 
which are at the same height, and to show that we can get from the bottom (both at 
height 0) to the top (both at height 1) without ever leaving I’. Hence let I’ be the set 
of pairs (7, 7’) for which s(r) = s’(r’). Then both (0,0) and (1,1) are contained in 
I’, and we must show that they belong to the same arcwise connected component. 
There are two ways to proceed. The first, which is simpler, uses Lemma 1 after first 
observing that nothing changes if we assume that the only points on the silhouettes 
at height 0 or 1 are the beginning and the end. The simple proof based on these 
hints is left to the reader. However, in order to gain greater insight into the 
situation, we will instead do a little extra work, and show that I is the union of a 
finite number of isolated points and 1-manifolds with boundary and is made up of 
at most n* line segments, and that in fact the only boundary points arising are (0, 0) 
and (1,1) themselves. 

To this end, we examine a pair of points (7, s5(7)) and (1’,s’(7’)) with 
s(7) = s"(7’), Le., a pair of positions of A and B which are at the same height. 
There are several cases, each illustrated in Fig. 2, where arrows with the same 
number of arrowheads represent corresponding motions of A and B and of the 
point of I’ which represents their joint position. 

(a) If A and B are each at interior points of maximal linear segments of s and s’, 
respectively, then they can each move in two directions (either both forward or both 
backward if the segments have the same monotonicity, or one forward and the other 
backward if the segments have opposite monotonicity). Hence in the neighborhood 
of the corresponding point of I, I is a 1-manifold (in fact a line segment!) 
(Fig. 2a). 

(b) If one of A and B, say A, is at a local maximum (or minimum) of s, and the 
other is at an interior point of a segment of s’, then A can move in two directions 
and B in one, so again [ is a 1-manifold in a neighborhood of the corresponding 
point (Fig. 2b). 

(c) If A and B are each at local maxima or each at local minima of s (resp. s’), 
then there are precisely four ways for them to proceed maintaining the same height: 
A and B can each move either forward or backward. Thus the corresponding point 
of I’ looks like a simple crossing (Fig. 2c). 

(d) If A is at a local maximum of s and B at a local minimum, or vice versa, 
there is no way for them to proceed (or, for that matter, to have gotten there in the 
first place!), so the corresponding point of I’ is isolated (Fig. 2d). 
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Now suppose A and B are moving along s and s’, respectively. Then they 
continue their motion until one of them hits a critical point. Since the other is at the 
same height, and since each of s and s’ has O(n) critical points (hence O(n) 
segments), this can happen in at most O(n*) ways. The only situations in which 
there is only one way for A and B to move are when both are at (0,0) or both at 
(1,1); hence the corresponding points of I are the only boundary points. Thus I is 
the union of O(n) line segments and isolated points, and (throwing away the 
isolated points), each vertex of I has even degree except for (0,0) and (1,1), which 
means that these must lie in the same connected component of I. 0 


Notice that if we allowed the mountain silhouette to dip below sea level, the 
conclusion would no longer be valid, as is shown by Fig. 3. 

We mention also, for completeness, that there is yet another proof, which 
proceeds by induction on the number of monotone segments in the silhouette. We 
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have chosen to disregard this proof, however, since we wish to focus on a topologi- 
cal approach that applies to all three problems. 


2. The ladder movers’ problem. To answer the first part of Problem II of the 
Introduction, we prove: 


THEOREM 2. Suppose x = (x,(s), x,(s)),0 <s<L,L > 1is a polygonal curve, 
parametrized by its arc length, whose initial and final segments each have length at 
least 1, and which has the property that the only points within unit distance of x(0) are 
the points x(s) with 0 < s <1, and the only points within unit distance of x(.L) are 
the points x(s) with L- 1<s < L. Then a line segment of unit length can be moved 
continuously from x(0), x(1) to x(L — 1), x(L) so that its endpoints A and B never 
leave the curve. 


Proof. This time we let I’ be the set of pairs (s, ¢) such that |x(s) — x(¢)|=1.A 
line segment AB of unit length makes four angles with the curve x: two at A (call 
them A, and A,), and two of B (B, and B,). Assume for the moment that no two 
segments of the polygonal path are parallel and exactly one unit apart. Again 
examining the several cases that may arise, we see that either A and B can move 
together in two directions (if exactly one of the A, and exactly one of the B, is acute, 
as in Fig. 4a, the general case), or one can move in two directions and the other in 
one (if exactly one or three of A,, A,, B,, B, is acute, as in Fig. 4b), or each can 
move in either of two directions, giving a total of four possibilities (@f both A, are 
acute, and neither B, is, or vice versa, as in Fig. 4c), or neither can move (if all of the 
A, and B, are acute, or none of them is, so that the situation is actually impossible 
to reach, as in Fig. 4d). There is one additional possibility: it may happen that two 
segments of the polygonal path x are parallel, and precisely one unit apart. In this 
case, if A (say) is at a vertex, there will be either one or three ways the motion can 
proceed: Fig. 4e illustrates the latter possibility. Thus the situation is very much as 
in the case of Theorem 1, although the curves which comprise I are now either arcs 
of (or complete) ellipses or line segments, but with the major difference that the 
degrees of some vertices of I’ may now be odd. But—except for the “starting” and 
“ending” vertices of I’, 1e., the points (0,1) and (ZL — 1, L)—this happens only 
when two segments of x are parallel and distance 1 apart, so that the corresponding 
arc of I beginning at such a vertex of odd degree must be a line segment which also 
ends at a vertex of odd degree. Thus we can remove all such offending arcs to 
obtain a new graph I’, which shares all the topological properties of the graph [ in 
the proof of Theorem 1, and the conclusion follows. O 
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The second part of Problem II will be addressed by Theorem 3, which may be 
paraphrased as follows: Suppose the two paths, which we again assume polygonal, 
diverge at point P and rejoin at point Q. If two people, one walking from P to Q 
along one branch, the other from Q to P along the other branch, cannot move in 
such a way that they stay more than 20 feet apart all the way, then the painters can 
indeed carry the 20-foot ladder along the two paths from P to Q. 


THEOREM 3. Let p,,, be two polygonal paths between points c, and co, i.é., 
piecewise linear arcs p,: [0,1] > R’ with p,(0) = p,(0) = c,, p,(1) = p(1) = 9. As- 
sume further that 


px(43) = p2(3) = cf, 01(3) = 02(3) = c# for some c¥, ck, 

lc) ~ cf] =e, —cf|=d for some d > 0, (2) 
pi(t) = p(t) for every t © [0,4] U [3,1], 

lc, — p,(t)| > dand |c,-p,1—-t)|>d  foreveryt €(4,1],i = 1,2. 
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Then at least one of the following statements is true: 

(i) Point A can move from c, to c¥ along p,, and point B can move from c¥ to c, 
along p,, So that their distance is always equal to d. 

(i1) A can move from c, to c, along p,, and B can move from c, to c, along p5, So 
that their distance is always larger than d. 


Proof. (See Fig. 5.) Suppose (11) does not hold. Let I represent the pairs of points 
a unit distance apart; this time 


P= {(s,t)| 0 < 5,0 1|, |pi(s) a p2(t)| =d}. 


Fic. 5 


Again, as in the proof of Theorem 2, I consists of only finitely many arcs of 
ellipses, line segments, and isolated points. This time, however, there are four points 
at which I’ meets the boundary of the square 0 < s < 1,0 < ¢ < 1, as Fig. 6 shows. 
We must show that (0, 1/3) can be joined to (2/3, 1) along I. 


FIG. 6 
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Considering the possible critical points of the motion of A and B, we see that 
exactly the same cases arise as in the proof of Theorem 2 (it doesn’t matter, locally, 
whether portions of the curves on which the points A and B move are on “parallel” 
tracks, or not). Hence, as in the proof of Theorem 2, after removing the parts of I 
arising from possible motion along parallel line segments (as well as any isolated 
points), we see that I’ contains no vertex of odd degree except for the four points on 
the boundary of the square. Hence the only cases arising are those shown (schemati- 
cally) in Fig. 7. In case (a) it follows from Lemma 1 that there is a path from (0, 1) 
to (1,0) which avoids I’, and this means that alternative (11) holds, contrary to our 
assumption. Thus we must be in either case (b) or case (c), but in each of these cases 
there is a path in I’ with the desired property. O 


The condition that the curve in Theorem 2 is polygonal is not superfluous, as is 


shown by 
(b) 


FIG. 7 


(a) (c) 


PROPOSITION 1. There is a simple (i.e., non-self-intersecting) continuous arc x*, 
which starts and ends with nonparallel half lines h, and h,, and which admits no 
continuous motion of a line segment of unit length from h, to h, along x*. 


Proof. Let c,, c,, and c, denote the unit circles around points p, q, and r, 
respectively, with p,q €c,. Let h, and h, be two half lines with endpoints p and 
r, respectively, and let x* be defined as the union of h,,h,, the portion of c, 
between p and q, and an arc connecting g and r, which meets c, and c, infinitely 
many times, as in Fig. 8. 


h, — Cg 


hy 
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Assume now, in order to obtain a contradiction, that there are continuous 
functions a(t), B(t): [0,1] — x* such that |a(t) — B(t)| = 1 for every ¢ € [0,1] and 
such that a(0), B(0) € h, and a(1), BC.) € A,, with a(0) between B(0) and p. Let 


t* = inf{t [0,1] |a(r) =r}. 


Then, given any e > 0,a(¢) © c, for infinitely many values ¢ € (¢*, t* — €), and 
similarly a(t) © c, for infinitely many values ¢ € (¢*, t* — &). But B(t) = p when- 
ever a(t) © c,, and similarly B(¢) = q whenever a(t) © c,; hence lim,_, » A(t) 
cannot exist, contradicting our assumption. O 


By a slight modification of this construction we can obtain a smooth (ie., 
differentiable) simple curve which does not permit a continuous, rectifiable motion 
of the ladder. 

Moreover, the assumptions about x(0) and x(L) in Theorem 2 are essential, as 
shown by the example illustrated in Fig. 9. 


x(L) 


x(0) 
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3. The ring-width problem. Let P be a simple closed polygon in the Euclidean 
plane R? with two handles (half lines), h, and h,, sticking out at two points of its 
boundary. Assume that these handles do not point in the same direction, and that 
they do not meet each other or P at any other points (see Fig. 10). 


Fic. 10 


With some distortion of language (which may be justified by the 3-dimensional 
analogue of the problem), the ring-width wp(P) of P is defined as the smallest 
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number w such that a “ring of diameter w” can be pulled from one handle of P to 
the other. To be precise, let R, and R, denote the closures of the two unbounded 
regions of R?\(h, U P Uh,). Then wa(P) is the least w having the property that 
there exist two continuous arcs 7,: [0,1] > R,, 7,: [0,1] > R, satisfying 


|7,(t) — 7(t)|=w for every ¢ € [0,1], (3) 
and such that 
7,(0), 7,(0) N (hy U PU Ay) =2,(0), 2,(0) Nh, # 
and 
m7,(1), 7(1) (hy U PUA) =29,(1), (1) NA, # OS. 


The elastic ring-width of P, wyp(P), is defined similarly, the only difference being 
that the ring is now allowed to contract and expand up to size w; i.e., instead of (3) 
only 


|7,(¢) — 7,(¢)|<w for every ¢ € [0,1] (3’) 


is required. Obviously wrp(P) < we(P). We will prove the following assertions, the 
first of which addresses Problem III of the Introduction: 


THEOREM 4. Any ring of diameter d > w,(P) can be pulled from one handle of P 
to the other. 


THEOREM 5. wpe(P) = Wep(P) for any P. 


(Warning: It takes some time to realize that neither of the two statements above 
is trivial! The notions of ring-width and elastic ring-width were introduced in [8] 
and both of these results were conjectured, but for polygons without handles; that 
case still remains open.) 

Let B, denote the boundary of R,; (i = 1,2). A pair of arcs (7,, 7) with the 
properties above, including (3) rather than (3’), is called a contact motion of a ring of 
diameter w along P if, in addition, 7,: [0,1] > B, (i = 1,2). A contact motion of an 
elastic ring is defined similarly, except that now condition (3) should be replaced by 
(3”). 

THEOREM 6. There is a contact motion of a ring of diameter d along P if and only if 
there is a contact motion of an elastic ring of diameter d along P. 


Theorems 4—6 are easy consequences of: 


THEOREM 7. Every polygon P with handles permits a contact motion of a ring of 
diameter d, for any d > Wrp(P). 


Before we can prove Theorem 7, we need one more lemma, which can be 
paraphrased as follows: If A and B are walking from city c, to city c, along roads 
y,: and y,, respectively, and they hold a rope stretched between them, then at some 
moment they will necessarily catch C who wants to get from c, to c, at the same 
time within the region enclosed by y, and y,. 


LEMMA 2. Let y:[0,1] > R? be a simple arc connecting two points c, and c,, with 
y(0) = c, and y(1) = ¢,, and let h, and h, be two disjoint half lines whose endpoints 
are c, and c,, respectively. Assume further that no interior point of y is on h,, and let 
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R, and R, denote the closures of the connected components of R?\(h, Uh, U y). 

Let y;:[0,1] > R; (= 1,2) be (possibly self-intersecting) arcs with yO) = c 

y;(1) = ¢ —_—_ 
Then there exists x € [0,1] such that y(x) lies on the line segment y,(x), y,(x). 


FiG. 11 


Proof. (See Fig. 11.) For any ¢ € [0,1], let us denote y,(7), y(t), y(t) by A, B, C, 
respectively. If, during the motion, C ever coincides with either A or B, we are done. 
So suppose not. As soon as A, B, and C are under way, 1.e., at time ¢ with 
0 < ¢ < 1, consider the directed arc consisting of h, (reversed), y, from c, to A, the 
directed line segment AB, y, from B to c,, and h,. For ¢ close to 0, point C is in 
the region “above” this directed path, while for t close to 1, C is “below” it 
(see Fig. 12). Since everything varies continuously with ¢, C must cross the path 
somewhere. But it never does so outside of the segment AB, hence we are done. 

(Notice that what we are really talking about is the winding number about C of 
the closed curve I consisting of the directed path described above plus an arc of a 
large circle going counterclockwise from a point far out on /, to a point far out on 


Fic. 12 
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h,. Since this winding number, 


1 dz 
ai I; — y(t)’ 
as long as it is defined, varies continuously with ¢ as ¢ goes from e« to 1 — e and 


changes from 1 to 0, remaining locally constant (since it is an integer!), it must fail 
to be defined for some value of ¢ between 0 and 1, which implies the result.) 


Proof of Theorem 7. Let us fix d > wygp(P), and consider the motion of an elastic 
ring of diameter wep(P) = w along P, 1i.e., a pair of continuous maps 7: [0,1] > 
R,, 7: [0,1] > R,, such that (3’) holds. (See Fig. 10.) Assume without loss of 
generality that the graph of 7, is a polygonal path p, satisfying conditions (2) for 
some c;,c* €h, (i = 1,2). That is, 

m,(7) = p,(s(7)), w(t) = p,(t(r)) for all r © [0,1], (4) 
for some continuous, piecewise monotone functions s(7), ¢(7): [0,1] — [0,1] with 
s(0) = ¢(0) = 0, s(1) = ¢(1) = 1. (5) 

Further, Let £,: [0,1] > B, be a piecewise linear “parametrization” of the 

portion of B, between c, and c, such that 
B,(7) = p,(7) = p,(7) for every7 € [o, 1] U [2,1], i= 1,2. 

First we are going to show that a person A can walk from c, to c¥ along p,, and 
B can walk from cj to c, along B,, so that their distance is always equal to d. 
Roughly speaking, this means that there is a motion of a ring of diameter d around 
P, which is a “contact motion from below.” 

Assume that this is not true. Then we can apply Theorem 3 with p, = pj, p. = py 
to conclude that A can walk from c, to c, along p,, and B can walk from c, to c, 
along B,, so that their distance is always larger than d. That is, 

lP(s'(7)) — B,(t’(7))|>4 for allr © [0,1] (6) 
for some continuous, piecewise monotone functions s’(7), ¢’(7): [0,1] — [0,1] with 
s’(0) = ¢’(1) = 0, s’(1) = #'(0) = 1. (7) 


By (5) and (7), we can apply Theorem 1 to obtain the fact that there exist two 
continuous, piecewise monotone functions 7(x), 7’(x): [0,1] — [0,1] satisfying (1). 
Then (4) and (3’) imply that 


(Px(s(r(x))) — Pa(t(7(x))) = Im(7(x)) — m( r(x) < w <d. 
On the other hand, by (6) and (1), 


lx (s(7(x))) — Bo(t’(r’(x)))1 = [a (s’(7'())) — Bo(t'(r’(x)))L > 4. 


Applying Lemma 2 to the three curves y,(x) = p,(S(7(X))), ¥2(x) = p.(¢(7(x))), 
and y(x) = B,(t’(7r(x))), x € [0,1], we obtain the fact that y(x) lies on the 
segment y,(x), y,(x) for some x € [0,1]. This contradicts the last two inequalities. 

Thus, we can conclude that there is a motion of a ring of diameter d along P, 
which is a “contact motion from below.” Performing the same trick again (with B,, 
instead of 8,), we obtain a motion of a ring of diameter d along P, which is a 
contact motion (both from below and from above). This completes the proof. O 
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4. Computing the ring-width. Since our original motivation arose from the practi- 
cal subject of robotics, let us now address the question of computation. We shall 
exploit the existence of contact motions (Theorem 7) to derive an algorithm for 
determining the ring-width of P. If P has n vertices then the algorithm runs in time 
O(n? log n). (Recall that while O( f(n)) means < c,f(n), Q(f(n)) means > c, f(n) 
for some constants c,,c, # 0 and n sufficiently large; we shall use Q( f(7)) more 
loosely to mean > c,f(n) for infinitely many values of n.) But first it is worthwhile 
pointing out that time Q(n*) is unavoidable for any algorithm that actually 
computes a contact motion attaining the minimum width (our algorithm has this 
property). 

Consider the polygonal path shown in Fig. 13. 


Fic. 13 


The path has n “small” sawteeth followed by n “large” sawteeth. The small 
(resp. large) sawteeth have amplitude 1/n (resp. 1) and wavelength 1/n (resp. 
1/n7). Clearly any contact motion of a unit-width ring from one handle h, to the 
other handle h, must make Q(n*) “basic moves” where we may define a basic 
move to be a motion that is monotone in both x and y. One can easily turn this 
example into a polygon with handles with the property that passing a minimum 
width ring from one handle to the other requires 2(n7) contact moves. Let us note 
that this lower bound is invalid for the example if we allow noncontact motion or if 
we allow an elastic ring; it is then unknown if Q(n*) basic moves can be forced. 

Now we address the problem of computing w,(P). Regard P as the union of two 
polygonal paths y,,y, (the “upper” and “lower” paths). The initial and final 
portions of the two paths coincide to form the handles. Let the vertex set and edge 
set of y, (i = 1,2) be V, and E,, respectively. A position p = (x,, X,) is a pair with 
X, © Vy, X_ © Y>. The (combinatorial) type of p is a pair 


T(p) = (u,u.) €(V,UE,) X (VU E,), 


where x, € u,, x, € u,. We regard an edge e,; € E; as an open segment, so the 
combinatorial type of a position is unambiguous. Furthermore, if h,, h, are the two 
handles of P, we assume they are in both £, and £,. 

Let 7 = (,,7,) (a,: [0,1] > y,) be a contact motion of an elastic ring. The 
width of a is sup,|7,(¢) — 7,(¢)|. From 7, we get a collection of combinatorial types 
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{ T(m(t))| ¢ € [0,1]}. We may assume that a is well-behaved so that there are a 
finite number of changes of combinatorial type as ¢ varies. (Otherwise, by standard 
arguments, we can replace 7 by a well-behaved a’ with width (2) > width (2’) and 
this a’ suffices for our purposes.) Thus we derive from 7 a finite sequence of 
combinatorial types 


T,,T>,..., T; 


such that the unit interval [0, 1] 1s divided into k time intervals (open, closed or half 
open) 
L,...5,k 


such that for each ¢ € J,, w(t) is of type T,;. 

For elements u, u’ € V, U E,, we say u, u’ are adjacent if either u = u’, or u and 
u’ are incident to each other (so that one is a vertex and the other an edge). For 
combinatorial types (u, v),(u’, v’) € (V, U £,) X (V,U E,), we say (u,v) and 
(u’, v’) are adjacent if both u, u’ are adjacent and v, v’ are adjacent. 

For each combinatorial type (u, v), choose a canonical position C(u, v) to be any 
position (x, y) where x € u, y € v such that |x — y| is minimized. Here, u is the 
topological closure of u, so an edge u becomes a closed segment wu. It is not hard to 
see that C(u, v) is unique unless u, v are parallel edges, in which case we choose 
(x, y) so that at least one of x or y is a vertex. Also, we allow x = y, a possibility 
which arises if u, v are adjacent edges. 

It is then easy to see: 


LEMMA 3. From any position (x, y) © (¥%; Y2), there is a motion m,, from (x, y) 
to C(T(x, y)) such that the type of m,,,(t) for t © (0,1) is T(x, y) and the width of 
7,, y is attained at m7, (0) = (x, y). 


Using this property, we may now modify 7 to 7’ so that for each time interval /,, 
there is a moment s, € J, when a’(s,) = C(T7,). Note that T(7’(s,)) need not be 
equal to 7,, but for all te J, — {s;}, w(t) has type 7; as before. Furthermore 
width(’) = width(7). 

Therefore we see that width(s’) is attained in the portion of 7’ between two 
canonical positions 7’(s,) and 7’(s;,,). By a further modification, we can convert 
a’ to 7” so that width(7”) is attained precisely at some canonical position. The 
basis of this modification is the next lemma. 


LEMMA 4. For any pair of adjacent canonical positions (x, y) to (x’, y’), there is a 
“canonical motion” 1, yy from (x, y) to (x’, y’) whose width is attained as 
|x — y| or |x" — y'l. 


Proof. It is easy to see that there is a pair of edges e and f such that x, x’ € e, 
y, y’ & f. Then the motion 


Ty, x', y(t) = (tx’ + (1-1t)x,y’+(1-1t)y) 
has the desired property. O 


Repeated application of this lemma, by replacing the portion of 7’ between 
consecutive canonical positions 7’(s,) and 7’(s;,,), gives us our final motion 7”. 
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Furthermore, we assume that 7’(0) = (Xo, yo) with x, = y in hy, and likewise 
aw’(1) = (x1, y,) with x, = y, in h,. We say that such a a” is in canonical form. 


COROLLARY. For any polygon P with handles, w,(P) is equal to the distance 
between some pair u,v withu © V, U E, andv € V, U E,, where at least one of u or 
v iS a vertex. 


We need one more concept before we present the algorithm. Let us define the 
initial and final positions. The polygon P has handles h, and h,. Let v, be the 
vertex where h; attaches to P. Then the canonical positions (v,, v,) and (v,; v,) are 
called the initial and final positions respectively. 

To derive an algorithm, we proceed as follows: we sort the set of all values 
|x — y| where (x, y) range over all canonical positions. Let the sorted values be 


0O=H<n< "es SM, 


where there are k canonical positions and we break ties indiscriminately. Let (x,, y;) 
be the canonical position associated with r, = |x; — y,|. We partition these canonical 
positions into a collection of disjoint classes. These classes represent an equivalence 
relation (called mutual accessibility) among the canonical positions. Initially, each 
canonical position is put into its own singleton set, so that they are all inaccessible 
from each other. 

Now we process these canonical positions in stages, where in the ith stage 
(i = 0,1,...), we process (x,, y,): when processing (x,, y;), we check each canonical 
position (x,, y;) adjacent to (x,, y,) (there are at most 6 such). If j <i (so that 
(x,;, y;) has already been processed) then we make (x;, y;) and (x,, y;) mutually 
accessible. In other words, if they are not yet mutually accessible, then we merge the 
two classes containing (x,, y;) and (x,;, y,), respectively. We say stage i is terminal 
when the initial position and the final position are mutually accessible. This 
termination condition is checked just before we start each new stage. The terminal 
value of r; = |x; — y,| gives us the minimum width. 

The justification of this algorithm comes from the following observation: 

After we process a canonical position (x,, y,), two canonical positions with 
indices j,, 7, <i are mutually accessible using motions of width at most r, if and 
only if they belong to the same class. 

Let us briefly note the time complexity of this algorithm: The sorting of the 7,’s 
takes time O(n? log n) since there are O(n”) canonical positions. To process each 
(x;, y;), we need to maintain a collection of disjoint sets, quickly form the union of 
two disjoint sets, and determine for any two elements whether they belong to the 
same set. All of this can be accomplished very efficiently using the well-known 
union-find data structure [1]. In particular, any sequence of ¢ such operations takes 
time O(ta(m)) where m is the total number of elements in the sets and a(m) is a 
very slowly growing function (the so-called inverse Ackermann function). Since 
m = O(n’) and t = O(n’) in our case, the overall time complexity is O(n? log n). 
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LETTERS TO THE EDITOR 
Editor, 


D. H. Lehmer’s article “A New Approach to the Bernoulli Polynomials” [ Monthly, 
Dec. 88] makes very pleasant reading but there is a small gap in the presentation. To 
define the Bernoulli polynomials via Lemma 1 requires that the b, as given by 
Equation (11) should be independent of m. This has not been shown. In fact, 
Lemmas 1 and 2 show that, for each fixed m, there exists a unique monic 
polynomial of degree n, say BS” (x), satisfying (6). Since the Fourier series $,(x) of 
Theorem 4 is independent of m and satisfies (6) for all m, the superscript in B’” (x) 
can be dropped. 


Sincerely, 


DAVID CALLAN 
University of Bridgeport 
Bridgeport, CT 06601 


Editor, 


While I do wish to thank J. M. Patin for sharing his short proof of Stirling’s 
formula [3] with readers of the MONTHLY, it should be noted that his proof is 
essentially the same as the one which appears as “Problem #95” in Donald J. 
Newman’s A Problem Seminar [1; p. 20 (problem), p. 38 (hint), p. 104 (solution)], 
but in greater detail. In his review of Newman’s book, Ivan Niven [2] states that this 
“challenging book for problem buffs” has only one “really misplaced problem,” 
namely this one, requesting “a proof of one form of Stirling’s formula, which is 
surely a textbook matter.” 
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Yours sincerely, 


ROGER B. NELSEN 
Lewis & Clark College, 
Portland, OR 97219 


Editor, 


With a great pleasure I read the recent note in The Editor’s Corner on a new 
Mersenne Conjecture (Amer. Math. Monthly, 96 (1989) 125-128). 

It may be of interest to note that complementary and succinct results hold for 
Mersenne numbers which are products of two distinct primes. Thus, for a simple 
example, put M, = s" — 1. Then M, is the product of two distinct primes only if n 
is either a prime p or the square of a prime gq, in which case precisely one prime 
factor of M,, is Mersenne, viz., M,. (Note that if n > 4 is even then M, is neither 
the product of two distinct primes nor prime.) 

Analogous results on products of two distinct primes hold for Fibonacci numbers 
and so-called Repunits, R, = (10” — 1)/9. Indeed, I suspect that strong primality 
conjectures of Mersenne type exist for Fibonacci numbers and Repunits, too. 


ALBERT A. MULLIN 
Huntsville, AL 35806 


Editor, 


I believe that the following is a simpler argument than the one in the article by 
Lewin and Lewin (MONTHLY, Dec., 1988, p. 942). The result in question is that if 
(a,,) is a decreasing sequence of positive numbers, then lim a, = 0 iff Lb, diverges, 
where b, = 1 — (4,4,/4,). 


Proof. First note that, for M > N, 


O< = » (a, _ Ans) < <2, < — )i (a, — 4n41) 
an an n=N Gun 
— an ~ 441 
— a, 


Now, if U5, converges and a, — 0, then letting M — oo gives 1 < L%b,, which is 
impossible. Conversely, if a, > a> 0 then let N=1 and let M— oo. The 
inequality above yields L7°b, < (a, — «)/a, and so the series converges. 


ROGER PINKHAM 
Stevens Institute of Technology 
Hoboken, NJ 07030 


NOTES 


EDITED BY DAVID J. HALLENBECK, DENNIS DETURCK, AND ANITA E. SOLOW 
Monotone Multiplicative Functions 


JOEL M. CoHEN! 
University of Maryland, College Park, MD 20742 


The purpose of this note is to present a simple and intuitive proof of the 
following classical result [2] about multiplicative functions defined on the natural 
numbers N. Recall first that a function f: N — R~* is multiplicative if f(mn) = 
f(m)f(n) whenever m and n are relatively prime, i., if the greatest common 
divisor, (m, n), is 1. 


THEOREM. If f: N — R* is a monotone multiplicative function, then there exists 
some r such that f(n) = n’ for all n. 


Reference [3] contains a discussion of the problem and of some earlier proofs. 
Our proof is more conceptual than those listed in the bibliography and is based on 
one simple observation: a multiplicative function f: N — R* can be extended 
uniquely to a “multiplicative function” on Q@*. If f is increasing on N, then it is 
also increasing on @* and can be extended to an increasing function on R*, which 
is almost totally multiplicative. It is then easy to prove that f is continuous and 
totally multiplicative, and it is well known that a continuous endomorphism of R* 
is necessarily raising to a power. For the proof, we need the following well-known 
fact from real analysis: An increasing function from the reals to themselves has a 
countable set of discontinuities. Except for this, the paper is self-contained. 

First, whenever we write a rational number p/g € Q”, it will be assumed that p 
and g are positive integers such that ( p, g) = 1. Two rational numbers a = p/q 
and 8B = r/s are relatively prime, written (a, 8) = 1, if p, g, r, and s are relatively 
prime in pairs. A function f: @*— R~ is called multiplicative if f(aB) = f(a) f(B) 
whenever (a, 8) = 1. 


LEMMA. Every given positive rational number p/q (and hence every given positive 
real number) can be approximated arbitrarily closely from above and from below by 
rational numbers that are relatively prime to any given finite set of positive rational 
numbers. 


Proof. Let S be the given finite set, and let m be the product of pq and all the 
numerators and denominators in S. Let n be an arbitrary positive integer. Then the 
two rational numbers r, = (pnm + €)/(qnm — £), where e = +1, are relatively 
prime to p/g and to each rational number in S, and they satisfy the inequalities 
r_,<p/q<r.,,. Moreover each differs from p/q by less than (p+ q)/ 
(qnm — 1), which can be made arbitrarily small by choosing n large enough. 

Let f: N — R* be an increasing multiplicative function. For a = p/q € Q", 
define f(a) = f(p)/f(q). It is immediate that f: @*— R*™ is multiplicative. We 
now show that it is also increasing: If a = p/q < B = r/s and if (a, B) = 1, then 


sp < rq, so that f(s)f(p) = f(sp) < f(rq) = f(r) f(g), whence f(a) < f(B). If a 


‘Partially supported by the National Science Foundation. 


512 


1989] NOTES 513 


and f are not relatively prime, by the lemma we can find y such that a < y < B, 
and (a, y) = (y, 8) = 1. Thus f(a) < f(y) < f(B). So f is increasing and multi- 
plicative. We can extend it to R* as follows: for 7 irrational, let f(y) = 
lim,,- f(a), the limit taken from a € Q*. Note that f is increasing and is 
continuous from the left at irrationals. 

Let 7,8 <€R~ with 6 irrational. Using the lemma, we can find a and B 
relatively prime rational numbers less than but arbitrarily close to » and 6 
respectively, except that if 7 is rational we take a = y. Then f(a)f(B) = f(af). 
Passing to limits we get f(7)/f(@) = f(7@). Thus f is multiplicative except possibly 
on the product of rational numbers not relatively prime. 

Now f is increasing on R™, so it has a countable set of discontinuities. In 
particular, if 6 is any real number, then we can find an irrational number € such 
that f is continuous at d&. Since € 1s irrational, f(a) = f(agé)/f(€) for any real 
number a. Thus lim,_,5 f(a) = lim, 5 f(aé)/f(é) = f(8£)/f(E) = f(8). Thus f 
is continuous everywhere. If a and f are rational, then approach £ by irrational 
numbers @. Since f is continuous, f(af) = limy_,, f(a@6) = lim, ,, f(a) f(@) = 
f(a)f(B), so f is totally multiplicative. Thus loge feexp: R — R is a continuous 
homomorphism and so by elementary linear algebra is multiplication by some 
constant r. So f(x) = x’ and the theorem is proved for the case of f increasing. For 
f decreasing 1/f is increasing and we obtain the same result. 


The author is grateful to the referee for improving the readability of this note. 
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Powers of a Prime Dividing Binomial Coefficients 


W. J. WONG 
Department of Mathematics, University of Notre Dame, Notre Dame, IN 46556 


The binomial coefficients 

n! 

C(n, k) = ——~ 

(1k) = FOB 
form an enduring source of interesting problems and results. In a recent MONTHLY 
article [1], Goetgheluck explained how patterns calculated with the aid of a 
microcomputer led him to rediscover a result of Kummer [3] giving the exact power 
of a prime p dividing C(n,k), enabling him to give a fast way of computing 
C(n, k) for large values of n. In this note, I give a result about the set of powers of 
p exactly dividing the C(n,k), for 0<k <n, suggested by thinking about a 
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situation in the theory of representations of algebraic groups (see remarks near the 
end of the paper). Computers also enter the story, but as an agent of motivation 
rather than discovery. 

First we introduce some notation and terminology. If a, b are integers, a < b, 
we write [a, b] for the interval of integers 


[a,b] ={xEeZla<x<b}. 


If 7 =[a, b], we denote the length b — a of the interval by |J|. Let p be a prime 
number, and uv, the corresponding valuation of the ring of integers, that is, if m is a 
nonzero integer, then v,m = r, where p’ is the largest power of p dividing m. Given 
a positive integer 7, let 


E(p,n) = {v,C(n, k)|k € [0, n]}. 


The question suggested by the algebraic group problem was: What is the nature 
of this set of integers? The simplest possible answer would be that it is an interval, 
and I verified this for small values of n by writing out Pascal’s triangle. However, 
this was not much evidence, since the bottom of the blackboard was reached at 
n = 12, by which time no v,C(n, k) had exceeded 3. 

At this point, computers came into the picture. I mentioned the question to a 
number of colleagues, and three of them went away and, independently, wrote 
programs to determine whether the sets E( p, n) were intervals, for values of n up 
to quite a high number. (One of them, Steve Doty, left his Commodore 64 running 
all night, reaching a value of n above 500, without finding any case in which 
E( p, n) was not an interval.) It was clearly time to state a theorem and find a proof. 


THEOREM. If p is a prime number and n a positive integer, then the set 
E(p,n) = {v,C(n, k)|k € [0, n]} 
is an interval of integers. 


Proof. To make the proof self-contained, we demonstrate some more or less 
well-known formulas. In particular, we give an argument for the result of Kummer 
and Goetgheluck which will enable us to make a construction necessary for the 
proof. 

If m is any nonnegative integer, we let m(i) denote the ith digit in the expansion 
of m in base p: 

m= )im(i)p', O<m(i)<p-1. 
i>0 
Since the number of integers x in [1, m] having v,x >j (for j > 1) is clearly 
[m/p/], where [ ] denotes the greatest integer function, we have Legendre’s formula 


v(m!) =  [m/p’]. 


j>l 
From the equations 


[m/p/] = Lm(i) 


i>j 


p'/=(p'-1)/(p- 1), 
=] 


J 
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we find that 
o,(m!) = (m— ¥ m(i)\/(p ~ 1). 
i>0 
If0<k<n, h=n-—k, we obtain a formula of Kummer 
v,C(n,k) = dy (k(i) + h(i) — n(i))/(p — 2D). (A) 
i>0 
If k(i) < n(i), for all 7, then there are no “borrows” when k is subtracted from 
n in base p, so that h(i) = n(i) — k(i), and v,C(n, k) = 0. Otherwise, borrows 
arise in the following way. Let b be the largest integer for which n(b) > 0, let s be 
the smallest integer for which k(s) > n(s), and let t be the smallest integer greater 
than s for which k(t) < n(t). (Since k <n, t exists.) We obtain a subinterval 
I = {[s, t] of [0, 5], such that 
k(s)>n(s), k(x) >n(x) whens<x<t, and k(t) <n(t). 
Repeating this procedure on the interval [¢ + 1, b], we obtain a collection I of 


disjoint subintervals with the above property, such that k(i) < n(i) if i does not lie 
in one of the subintervals. From the equation 


Ln(i)p'— Le k(i)p' = (p + n(s) — k(s))p° 
ie] ie] 
+ Le (p-14n(x) —k(x))p* + (-1 4 a(t) — k(t) pS 
S<x<t 
we see that there are t — s borrows in places corresponding to J, and also that 
XL (ki) + h(i) — nGi))/(p - 1) = t-s. 
ie] 
If i does not lie in a subinterval in I’, there is no borrow in place i. It now follows 
from (A) that 
v,C(n, k) = number of borrows in subtracting k from nin base p, _—(B) 
the result of Kummer rediscovered by Goetgheluck. 


If n(i) = p — 1, for all 7 less than b, then there can be no borrows, so that 
v,C(n, k) = 0, for all & in [0, n]. Suppose this is not the case, and let a be the 
smallest integer such that n(a) < p— 1. Then the largest possible number of 
borrows in subtracting k from n is b — a, since there can be no borrows in places 
less than a. Now let 


S= {a} U {ila <i<b, n(i) = 9}, 
T = {ila<i<b, n(i) > 0}. 
Then a € S, b € T, and [a, 5] is the disjoint union of S and T. 
Now suppose that T is a collection of disjoint subintervals of [a, b], such that 


each member J of I’ has the form J = [s, t], where s € S, t © T. For such an J 
form the number 


(n(s)+1)p°+ YD n(x)p*+ (n(t) - 1)p% 


S<xX<t 
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and let k be the sum of all these numbers, as J ranges over I’. From the argument 
used to show (B), we see that 


vC(n,k)= Yo IJ. 
Tel 
To complete the proof of the theorem, it suffices to prove the following: 
PROPOSITION. Suppose an interval of integers [a, b] is a disjoint union of subsets S 
and T, whereae S, bE T. If 1 <r<b—a, then there exists a collection T of 


disjoint subintervals of [a, b], with the property that each member I of T has the form 
[s, t], where s © S, t € T, such that 


Y Wl=r. 


ic=a0 


Proof. Clearly [a, b] splits into intervals 
S, = [a;,¢,] cS, T,=[c,+1,6,] CT (l<i<m), 
such that a, = a, b,, = b, a;,,=b,+1(1<i<m). 
First, suppose r>b—a—m. If j=r—b+a+m, then 1 <j <m. Take T 


to be the collection of intervals [a, b,),[4,43, bj41),--- [2m Onl 
Now suppose r < b — a — m. Since 


m? 


rn 
¥) (b,-a,)=b-a-m+1, 
i=] 

we can find integers 7,,..., 7,,, Such that 


m 
Vnr=r, O<r, 
i=1 


<b,-a,. 


For r, > 0, we can clearly choose an interval [s,, ¢;] with s, © S,, t, © T;, t, — 5; = 17,. 


Take I to be the set of intervals obtained in this way. This completes the proof of 
the proposition, and so also the proof of the theorem. 


The problem dealt with here originated in a question in the theory of representa- 
tions of semisimple algebraic groups G over a field K of characteristic p. Reduction 
modulo p of irreducible modules in the characteristic 0 situation gives a class of 
modules for G, called Weyl modules, because their dimensions are given by Weyl’s 
dimension formula. Using a certain “contravariant” bilinear form, Jantzen defined 
an important filtration for each Weyl module [2]. 

In the simplest case G = SL,(K), the Weyl modules can be found explicitly. 
Each element of G gives an algebra automorphism of the polynomial algebra 
K{[X, Y] by means of a linear transformation of the variables X, Y. In this way, 
K{X, Y] becomes a module for G over K. If n is any nonnegative integer, the 
homogeneous polynomials of degree n form a submodule V“”), and this is the dual 
of a Weyl module for G. A basis for V“”) is given by the monomials X*Y"~*, where 
k € [0, n]. The (dual) Jantzen filtration for VV“ is then given by 


{0} = Vin C Vi C Vi Ceee C Vy, 


where V,”) is the subspace spanned by all the X“Y"~“ for which v,C(n, k) <j. A 
natural question is whether the sequence of submodules is strictly increasing (until 
we reach V‘")). Our theorem shows that it is. 
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The sets E( p, n) can be defined even when p is not a prime number. However, 
my colleague Dennis Snow has used a computer to find examples such as E(6, 115) 
= {0,1, 2,3, 4,6} which are not intervals. What can be said about the nature of the 
E( p, n) when p is composite? Perhaps the computer will show us what theorem we 
should try to prove in this case. 
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The Polar Decomposition and a Matrix Inequality 


DERMING WANG 
Department of Mathematics and Computer Science, California State University, 
Long Beach, CA 90840 


A simple observation and an interesting computer experiment led Chan and 
Kwong [1] to a conjecture about a pair of matrix inequalities. Their conjecture was 
recently solved by Furuta [2], who proved a pair of more general operator inequali- 
ties that contain, as a special case, the Chan-Kwong conjecture. In this note I shall 
present an alternate elementary and self-contained proof of this conjecture, based 
on the polar decomposition of a matrix. First I will state some relevant definitions 
and, for motivation, give a background account of the work that led to the 
conjecture. I also state the Furuta inequalities. 

All matrices considered here are assumed to be n X n complex matrices acting on 
an n-dimensional inner product space with inner product ¢ - ,- ). A matrix T is said 
to be Hermitian if 7* := T, where T* is the adjoint of T. A Hermitian matrix is said 
to be nonnegative, in notation 7 > 0, if (Tx, x) > 0 for every vector x. For 
Hermitian matrices S and T, write S > T or T < S if S — T > O. Every nonnega- 
tive matrix 7 possesses a (unique, nonnegative) square root, and, I shall denote this 
square root T!/?. 

The following facts are well known. 

(1) If S > T, then W*SW > W*TW for any matrix W. This follows from the 
definition of “> ” and the definition of adjoint. 

(2) If S > T > 0, then S'”? > T!/*. Thus the square-root function is order-pre- 
serving. 

(3) It is not true that S > T > 0 implies S? > T?. Thus the square function is 
not order-preserving. 

Convenient references for (2) and (3) are [1] and [3]. In particular, [3] contains an 
elementary and elegant proof of (2) discovered by Kato. 

Consider the matrix inequality A > B with A and B nonnegative. When the 
square function is applied to both sides of the inequality the order will, in general, 
be destroyed. The original order is nevertheless restored if the square-root function 
follows afterward. This led the authors of [1] to investigate whether the original 
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order is preserved if the operation “multiplying both on the left and on the right by 
a matrix C > 0” is performed between the square function and the square-root 
function. The question is, thus, whether the inequality (CA7C)!/”* > (CB?C)'” is 
valid. Although (1) seems to indicate that this “middle” operation should not have 
worsened the situation, the authors were able to discover a counterexample with the 
help of the MAT-LAB package on a VAX computer [1]. In this counterexample, A, 
B, and C are 2 X 2 matrices satisfying A > B>C> 0. 

This same computer experiment seems to indicate that the inequality persists 
under the special circumstances C = A or C = B. Since the authors were able to 
verify that this indeed is the case when A and B are 2 X 2 matrices, they, therefore, 
proposed the following conjecture: If A > B > 0, then (BA*B)'”? > B* and A* > 
(ABA)? 

For bounded linear operators A and B acting on a Hilbert space, Furuta proved 
that if A > B>O0, then (B’A?B’)!/4 > BYP+29/49 and A\t2/4 > ( A’BPAT)V4, 
where p,r > 0, g>1 and (1+ 2r)q>p+ 2r. With r=1 and p = q = ?, these 
inequalities reduce to those conjectured by Chan and Kwong. 

I am ready to present the alternate proof by establishing the following: 


THEOREM. If A > C > B > 0, then (CA°C)'” > (CB’°C)'”. 


It is readily seen that the statement of the theorem is equivalent to the conjecture. 
The form of the inequality seems to suggest some connection with the polar 
decomposition of a matrix. Indeed, the novel idea of the proof is based on the 
decomposition of the matrices A!/*C!/* and B!/*C!/*. Recall that a matrix U is 
said to be unitary if U*U = UU* = J, where J is the identity matrix. The polar 
decomposition states that for any matrix 7, there is a (not necessarily unique) 
unitary matrix U such that T= U(T*T)'”. A proof of this decomposition may be 
found in [4]. 

Proof. Let H be the square root of (A’”7C!/*)*(417Cl’7) = C!”*4C!/?. Thus 
there is a unitary matrix U such that A!”*C!/* = UH and C!/*4!/”* = HU*. Since 
A>C, H* = CAC!” > C?, and hence H > C. Similarly, A > C implies 

Aa > AY“cAl/2 
_ (A'/2*C1/7)(Cl/741/7) 
= UH’U*. 
Thus, A > UHU*. Therefore, U*AU > H > C. 
Now, 


CAC = CV2(CV241/2) A( A2C1/2) CV? 
= C!”*H(U*AU) HCl? 
> C!?HCHC!” 
= (CHC!) 

Taking square roots, we obtain 


(cA2c)'”* > CHC! > acc? _ C2. 


If we retrace the preceding steps replacing each occurrence of A by B and “>” 
by “ < ”, we obtain (CB*C)'”* < C*. The theorem now follows by transitivity. 
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Remarks. (1) As was noted in [1], the inequalities conjectured by Chan and 
Kwong and proved by Furuta may be used as an alternate approach to prove the 
following [1, Theorem 5]: If B and Q are nonnegative matrices with B invertible, 
then the solution matrix X of the equation B*X + XB* = BQ + QB must be 
nonnegative. 

(11) The inequalities proved by Furuta are, of course, valid for operators. A slight 
modification shows the proof presented above is also valid for operators. Indeed, in 
the operator setting, (1) and (2) still hold but the operator U in the polar 
decomposition will, in general, be just a partial isometry. However, one may choose 
a partial isometry U in the decomposition of A!/’C!/? so that U has the same 
kernel as H. In this case, U*U is the orthogonal projection onto the norm closure of 
the range of H. (See, for example [5].) Thus U*UH = H = U*UHU*U. Therefore, 
the square root of UH?U* is UHU* and A > UHU* implies U*AU > H. The 
remainder of the proof goes through without change. 


Acknowledgment. The author wishes to express his gratitude to the referee for calling his attention to 
the Furuta paper. 
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THE TEACHING OF MATHEMATICS 


EDITED BY MELVIN HENRIKSEN AND STAN WAGON 


A Natural Interpretation of an Artificial Function 


HANSKLAUS RUMMLER 
Institut de Mathématiques de l'Université de Fribourg, CH-1700 Fribourg, Switzerland 


Every student of introductory analysis learns the example of the real function 


0 if ¢ is irrational, 


fai dh 
q| 


which is intended to show that the concept of continuity is more subtle than one 
expects, because f is continuous exactly at the irrational points (see [1, p. 86] or 
[2, p. 94]). And for the average student, this is the only property of the function f, 
that is, it is not interesting otherwise because there seems to be no reasonable 
context in which this function arises naturally. Its strange continuity behavior is 
only just punishment for having created a function by an artificial {-definition! 

But there is an interesting interpretation of this function: We consider only 
positive arguments, and we interpret ¢ as the slope of a ray in the first quadrant of 
the x-y plane, starting at the origin. Let us intercept the ray at x = n, where n is 
any natural number chosen “at random.” Then f(t) is the “probability” that the 
y-coordinate of the interception point is also an integer, because this is the case if 
and only if n is divisible by g, and thus in making a great number of random 
guesses of the integer x-coordinate n we shall have also an integer y-coordinate in 
one of g cases. (Strictly speaking, there is no probability measure on N that makes 
the choice of each natural number equally probable! But if you choose your number 
n among the natural numbers 1,2,..., N, randomly with respect to the uniform 
probability measure, your chance to get one which is divisible by q is [N/q]/N, 
which tends to 1/q for N — oo. So f(t) = 1/q is the asymptotic density that n 
chosen in N is divisible by g.) Of course, this interpretation of the function f may 
be reformulated for a torus instead of the x-y plane. 

A slight modification of the function f doesn’t change its continuity behavior but 
admits another nice interpretation: Place a square billiard table in the first quadrant 
of the x-y plane, with its lower-left corner at the origin, and let a ball start at this 
corner and proceed along the line with slope ¢ > 0. Then 


if t = P rational with gcd( p,q) = 1, 
q 


0 if ¢ is irrational, 


_ 1 
g(t) =4 if t= P rational with gcd( p,q) = 1, 
p+q-1 q 


is the “probability” that at the nth reflection at the boundary, n chosen “at 
random,” the ball is just in a corner. 

Unfortunately, these interpretations of the functions f and g do not yet explain 
their strange continuity behavior, but they show that these functions are not as 
artificial as students may think if they know only the formal definition. 
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Factor Rings of Integers 


STEVE JOHNSON 
Mathematics Department, Seattle Pacific University, Seattle, WA 98119 


One of the problems in Fraleigh’s text, A First Course in Abstract Algebra, asks 
whether or not 2Z/8Z and Z/4Z are isomorphic as rings. A quick look at the 
multiplication tables verifies that they are not, and thus we have two nonisomorphic 
rings of order 4. A little more work shows that 4Z /16Z is yet another ring of order 
4. A natural question presents itself: Are these the only rings of order 4 which arise 
in this way? Further, what about the general case of nZ/nkZ? This note answers 
the question, and in so doing provides a large set of examples which can be used to 
help illuminate the idea of factor rings. 

The main result is the following: 


THEOREM. Let k be an integer greater than or equal to 2. Let d,, d,,...,d,, bea 
complete list of the divisors (not necessarily proper) of k. Then the m rings d,Z/da,kZ, 
d,Z/d,k@,...,d,2/d,,kZ are nonisomorphic and form a complete list of the rings 
of the form nZ /nkZ. 


In the above example, k is 4. Since the only divisors of 4 are 1, 2, and 4, the list 
of rings given is in fact the complete list. The theorem is an immediate corollary of 
the following two lemmas. 


LEMMA 1. If d, and d, are distinct divisors of k, then d,Z/d,kZ and d,Z/d,kZ 
are not isomorphic. 


Proof. Without loss of generality assume that d, < d,, and let s = k/d,. Since 
d, < d,, d,s < d,s =k, hence d?s < d,k, and so d/s is not congruent to 0 modulo 
1k. 
Notice that for a function f: d,Z/d,kZ — d,Z/d,kZ to be an isomorphism a 
necessary (but not sufficient!) condition is that there exists an r such that 
f(d,i + d,kZ) = d,ri + d,kZ. For such an f we have f(d, + d,kZ)f(d,s + d,kZ) = 
(dyr + d,kZ)(djrs + d,kZ) = r°d,k + d,kZ =0+ d,kZ. On the other hand 
(d, + d,kZ)(d,s + d,kZ) = d?s + d,kZ # 0 + d,kZ. Thus such an f cannot pre- 
serve multiplication and so the rings are not isomorphic. 
Following common practice, the notation (a,b) will be used to denote the 
greatest common divisor of a and b. 


LEMMA 2. Let d = (n,k). Then dZ/dkZ and nZ/nkZ are isomorphic as rings. 


Proof. We want a function f: dZ/dkZ — nZ/nkZ that is a ring isomorphism. 
First notice that f will be a group homomorphism iff it is of the form f(di + dkZ) 
= nri + nkZ where (r, k) = 1. If f is to also be a ring isomorphism, we must in 
addition have f((di + dkZ)(dj + dkZ)) = f(di + dkZ)f(dj + dkZ). Using the 
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above form for f, this becomes nrdij + nkZ = nr7ij + nkZ, or equivalently n?r7ij 
— nrdij © nkZ. Notice that this will hold for all i and j iff it holds for i = j = 1; 
thus we can reduce our condition to the requirement that r(mr — d) € kZ. Since 
d=(n,k), there must exist s and ¢ such that (s,t)=1, n= ds and k = dt. 
Substituting ds for n in the condition gives r(dsr — d) © dtZ, which reduces to 
r(isr — 1) € ¢tZ. 

To summarize, we know we have an isomorphism if we can find an r such that 
(r, k) =1 and r(sr — 1) € tZ. But now (s, t) = 1; thus s is a unit modulo ¢, and 
so there is an r’ such that sr’ — 1 € tZ. Consider the set of integers of the form 
r’ + it. Since r’ is a unit modulo ¢, (r’, t) = 1. By a theorem of Dirichlet, this set 
must contain infinitely many primes. Let r be a prime in this set which is larger 
than k. Then (r, k) = 11s clear, and since r and r’ are congruent modulo ¢, sr — 1, 
and so r(sr — 1), is in ¢Z. With this r, the map f(di + dkZ) = nri + nkZ gives the 
required isomorphism. 


A Simple Estimate of the Error in Linear Approximation 


ROBERT M. GETHNER 
Department of Mathematics and Astronomy, Franklin and Marshall College, 
Lancaster, PA 17604 


One of the most important topics in calculus, in view of the increasing use of 
numerical methods, is Taylor’s formula with remainder. Unfortunately, this is also 
one of the most difficult topics to teach: the formula is complicated to apply and its 
proofs are difficult to motivate. I suggest that we prepare our students for these 
difficulties by first teaching remainder estimation in the context of Jinear approxi- 
mation. The following argument, though it yields a slightly weaker estimate than 
usual, is easy to motivate and demonstrates the power of the mean value theorem. It 
can be presented quite early, immediately after the mean value theorem and the 
definition of the second derivative. It also provides the starting point for a proof of 
a general Taylor remainder estimate. 


THEOREM. If f” exists and is bounded on the closed interval I with endpoints a and 
x, then 


f(x) = fla) + f(a)x—a) +R, 
where 
|R| < M(x — a)’, 
and M is the maximum of |f"’| on I. 
The usual estimate is half that given by the Theorem. 
Proof. By the mean value theorem, 
f(x) = fla) + f'(e)(x — a), 


where c is between a and x. But by the mean value theorem once again, 


f'(c) = f(a) + f’(c*)(e — a), 
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where c* is between a and c. Hence 


f(x) = fla) + f(a)(x — a) + f’"(e*)(c — a)(x — a). 


Since |c — a| < |x — a|, the theorem is proved. 


Linear approximation provides motivation for the general Taylor formula as 
follows. In the linear setting, f is approximated by a function with constant 
derivative. This suggests that we could get a better estimate on f by using a linear 
approximation to its derivative: 


f(t) = f(a) + f’"(a)(t-— a) (all t between a and x). 


Integrating both sides with respect to ¢ from a to x yields 


f(x) = f(a) + f(a)(x — a) + I/2)F"(a)(x - a’, 

and the right-hand side is the second degree Taylor polynomial. When this process 
is repeated (beginning with a quadratic approximation to the derivative), the 
higher-degree polynomials emerge. The same argument, but beginning with the 
Theorem and applying the triangle inequality to the integrated remainder, yields 
corresponding error estimates. (This derivation is essentially that of Nicholas [2, 3]; 
a recent paper of Brauer [1] suggested the idea of deriving an upper bound on |R| 
without getting an explicit formula for R.) 


Acknowledgement. This paper has benefited greatly from the valuable comments of Prof. G. Rosen- 
stein and the referee. 
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ELEMENTARY PROBLEMS 


E 3331. Proposed by Walter Rudin, University of Wisconsin, Madison. 
Exhibit a positive continuously differentiable function f on [0, oo) such that 


f(x) >f*(x) (O0<x<o), 


or prove that no such function exists. 
E 3332. Proposed by John Mamer, University of California at Los Angeles, and 
Kenneth Schilling, University of Michigan- Flint. 


Let X be a binomial random variable with parameters n and p. 
(a) Prove that 


E(min{ X,t}) >¢{1- (1 —-p/t)"} 

for t= 1,2,...,n. 

(b)* Is there an upper bound for E(min{ X, t}) better than min(np, t)? 

E 3333. Proposed by Louis Comtet, Université de Paris-Sud, France. 

For n = 1,2,..., let L, denote the length of the curve y = x",0 < x < 1. Find 
an asymptotic formula for 2 — L, as n > oo. 

E 3334. Proposed by Stanley Rabinowitz, Alliant Computer Systems Corporation, 
Littleton, MA. 


Consider the cubic curve y = x? + ax? + bx +c, where a, b,c are real numbers 
with a? — 3b > 373. Prove that there are exactly two lines that are perpendicular 
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(normal) to the cubic at two points of intersection and that these two lines intersect 
at the point of inflection of the curve. 


E 3335. Proposed by D. E. Knuth, Stanford University, CA. 
Solve the recurrence 
Xo = a, X,=b, Xy4n = Xya, + x,/(n +1) forn =0,1,2,... 


both exactly (in terms of familiar functions of n) and asymptotically. 


E 3336. Proposed by Nick MacKinnon, Winchester, England. 


Suppose P is a given polynomial with integer coefficients and degree greater than 
one. Let 


W = {w: w is an irrational real number but P(w) is rational}. 


Prove that W is dense on the real line. 


SOLUTIONS OF ELEMENTARY PROBLEMS 
A Double Infinite Sum for |x| 


E 2982 [1983, 54]. Proposed by R. L. Graham, Bell Telephone Laboratories and 
D. E. Knuth, Stanford University. 


Let || y|| denote the distance from (real) y to the nearest integer. Evaluate the 
double infinite sum 


se $Al[x/4]|? + 2|]¢/2||7 + lle? + [2x17 7/2 + [411774 + --- . 


Solution prepared by the editors based on the solution of David Iny, Rensselaer 
Polytechnic Institute, Troy, NY. The given sum is equal to |x|. We begin with the 
following lemma. 


LEMMA. Suppose N is a given positive integer. If m is a non-negative integer less 
than 2%, then 
N 
> 242 Ym||? = m — 27 %m?. 
j=l 


Proof. The assertion of the lemma is true for N = 1. Assume that the assertion of 
the lemma is true for a particular value of N, and that we wish to prove it with N 
replaced by N+ 1. Suppose M is a non-negative integer less than 2%*'. Then 
M =e-2% +m, where « is 0 or 1 and 0 < m < 2%. By the inductive assumption 


N+1 NO 
YL, 242M ||? = QL 242%? + 2 Y2- "MII? 
j=l j=l 


—=—m— 2 Nm2 4 2NTNIQ-N- Io I?. 
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If e = 0, then M = m < 2%, so that 
QN+1Q-N-1y I? _ 2-N-lnyg2 


and 


N+1 
242 YM? = M — 2-8-1 ?. 
j=l 


Ife = 1, then2% < M=m+ 2% <2%t! ¢o that 


QN+hi9-N—-lygy)? _ QN+1(y _ 2-N-1y)’ 


and 
N+1 ; ; 
y 2/2 YM ||? = (M — 2%) — 2-%(M — 2%) + 281 — 22>" IM) 
j=l 
= M-—2-%~|mM?. 
Thus the lemma is proved. 
Now let 
S(x) =  L 24|]2“xI1*. 
J=—@ 


From the lemma we obtain 
S(m) = Y 24|2~%m|]? = m 
j=l 


for any nonnegative integer m. Since S is an even function, we have S(m) = |m| 
for any integer m. Further, if m is any integer and k is any positive integer, 


S(2-*m) = 24/27 “m]? 


jJ=-0 
=2-* Yl 2th 2-7 kml]? 
J=—o 
= 27*S(m) = |27*m|. 


Thus S(x) = |x| if x is any rational number whose denominator is a power of 2. 
Using the inequality || y|| < min(1, |y|), we find that 


24||2~4x||? < min(2/,2~/|x|*). 
Thus the sum defining S(x) is uniformly convergent for x in any interval of the 
form [— K, K ]. Hence S is continuous and so S(x) = |x| for all real x. 


Solutions were received from 35 other readers and the proposers. 


A Lower Bound for the Ratio of the Median Sum to the Perimeter of a Triangle 


E 3192 [1987, 181]. Proposed by D. Fisher, Harvey Mudd College, and M. 
Martelli, Bryn Mawr College. 
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Find the largest k such that the following is true: If u,v,w are vectors in a 
normed space with u + v + w= 0, 
ju—v| + |v—w| + |w—ul > &({u| + |v] + [wI). 
Solution I by M. Falkowitz, Tel Aviv, Israel. The answer is k = 3/2. Let A be the 
set of numerical values assumed by the quotients 
ju—v| + |v—wi| + |w-ul 
jul + |v] + [wl 


? 


where u,v, Ww sum to 0 but are not all 0. The desired k is inf A. We will show that 
a € A implies also 3/a € A. This yields inf A = 3/sup A. By the triangle inequal- 
ity, sup A < 2, achieved when one of the three vectors is zero; thus we can infer 
k = 3/2. 

Given such u, v, w, define x = u— v, y =V—w,z=Ww-—u. Thenx+y+z=0 


and |x| + |y| + |z| > 0, but also x —y = —3v, y-—z= —3w, z—x = —3u. 
Thus 
Ix—yl + ly —z] + |z—x| | Jul + |v] + |w| 
[x] + ly] + |2| Jju—v| + |v—wi + |w— ul” 


which completes the proof. 


Solution II and generalization by John Henry Steelman, Indiana University of 
Pennsylvania. For n> 2, we show that n/2 is the infimum of the values of 
QreicjenlY — YI)/Qieienl¥l) over sets v,,...,¥, that sum to 0 but are not all 0. 

Since Lv, = 0, each y, satisfies nv, =  ,,;(v; — v;). Applying the triangle inequal- 
ity and summing over i yields nL|v,| < 22) << ;<nlV; — V;|. Hence the desired ratio 
is always at least n/2. This value is attained when n — 1 of the vectors are equal. 

Editorial comment. Several readers mentioned the geometric interpretation of this 
result: in any normed space the lengths of the medians of a triangle sum to at least 
three-quarters of the perimeter of the triangle. Falkowitz provided a generalization 
for cyclic differences, namely, that the infimum of the values of (|v, — v,| + 
lv, — v3] + --- +lv, — v,|)/X|v,| over sets of n vectors summing to 0 but not all 
equaling 0 is 4n/(n* — 1) if n is odd and 4/n if n is even. 

Also solved by K. A. Brown, Jr., J. Ferrer (Spain), S. Gudder, O. P. Lossers (The Netherlands), 
W. Margulies, I. Rosenholtz, the University of South Alabama Problem Group, and the proposers. 


An Elliptical Locus 


E 3195 [1987, 300]. Proposed by L. Kuipers, Sierre, Switzerland. 


Given triangle ABC, consider those inscribed ellipses touching AB in C,, BC in 
A,, and CA in B,, with (AB,)(BA,) = (B,C)(4,C). Describe the locus of the 
centers of such ellipses. 


Solution by R. H. Eddy, Memorial University of Newfoundland, Canada. If we 
denote by (x, y, z) the barycentric coordinates of a point P in the plane of the 
triangle of reference ABC, then A, = (0, k,1) and B, = (1,0, k), where AB,/B,C 
= A,C/BA, = k > 0. The condition on k stems from the fact that the given 
condition makes sense only when A, and B, divide the segments BC and CA 
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internally, which further implies that the only such inscribed conics are ellipses. The 
equation of this family is given by 


E,: k4x? + y? + k*z? — 2k*xy — 2kyz — 2k?xz = 0. 


The center of a conic is the pole of the line at infinity x + y + z = 0 with respect 
to that conic, hence the center of E, is given by the triple (k + 1, k? + k, k* + 1). 
Eliminating k, we obtain the ellipse 


F: x*+y*-—xz-—yz=0. 


Hence the required locus is the open elliptical arc determined by the intersection of 
F with the interior of ABC. Note that the centroid (1,1,1) is also a point in the 
locus; it is the center of the ellipse of maximum area that can be inscribed in the 
triangle ABC. 


Also solved by L. E. Mattics and the proposer. 


Ten Points on a Conic 


E 3232 [1987, 876]. Proposed by Jordi Dou, Barcelona, Spain. 


Given lines /,, /,, /;, 14, /,, and points Q,, Q,, Q3;, Q,, Qs, in the plane such that 
Q, does not lie in /; (i = 1,2,3, 4,5), prove that there exist points P., R,; on line /, 
such that the angle P.Q,R, is a right angle (i = 1,2,3,4,5) and such that the ten 
points P,, P,, P;, P,, Ps, Ri, R, R3, R4, R; lie on a conic. 


Solution by Richard L. Bishop, University of Illinois at Urbana-Champaign. For a 
line / and a point Q not on /, we can make / correspond to the pencil of lines 
through Q, viewed as a projective line. In this way a rotation by a right angle about 
Q corresponds to a transformation of / to itself such that a point and its image 
always subtend a right angle from Q. The transformation of / is an elliptic 
involution, that is, a projective transformation with no fixed point and with square 
equal to the identity transformation. For example, if we take Q to be (0,1) and / to 
be the x-axis, then the formula for the transformation of the x-axis is x’ = —1/x. 
This example is canonical, up to projective coordinate changes. 


LEMMA. The condition that a real conic intersect a line in a pair of points exchanged 
by an elliptic involution is a linear restriction on the conic. 


Proof. By hypothesis we are given a line with an elliptic involution. Choose 
nonhomogeneous coordinates (x, y) so that the line is given by y = 0 and the 
equation for the involution is x’ = —1/x. The product of the x-coordinates of 
corresponding points is thus always —1. 


A general conic has the form 
Ax? + Bxy + Cy? + Dx + Ey + F=0, 


so that the condition that the roots for y = 0 be points exchanged by the involution 
is given usually by F/A = product of roots = —1, or the linear condition F = —A. 
The only exception is when A = 0, in which case x = 0 is a root and the condition 
that x = 0 also be a root becomes F = 0 = —A again. 
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Note. The linear relation F = —A is also satisfied by A = D = F = 0, in which 
case the whole line is included in the (degenerate) conic. The conclusion of the 
lemma should still be regarded as satisfied. 


COROLLARY. Given 5 lines in the real projective plane, each with an elliptic 
involution, then there exist 5 pairs of corresponding points so that all 10 points are 
contained in a conic. 


Proof. 5 homogeneous linear equations with 6 unknowns always admit a nontriv- 
ial solution. 


Notes. 1. It is not required that the lines nor their involutions be distinct. 
However, if two of the lines are the same but the involutions for them are different, 
then the solution conics must each contain at least 3 points on the line, so are all 
degenerate. 

2. There are elliptic involutions which are not given by the effect of a rotation by 
a right angle about a point. For example, the exchange of any pair of conjugate axes 
of an ellipse (i.e., lines through the center which are parallel to the tangents at each 
others’ intersections with the ellipse) is an elliptic involution of their pencil. 

3. As a special case we have: Given a pentagon and a point not on any of its 
sides, there is a conic which intersects every side in pairs of points subtending a 
right angle from the given point. 


Editorial Comment. The published problem statement is a generalization of the 
problem statement originally submitted by J. Dou, which further required that the 
vertices of the right angles be the opposite vertex of the pentagon formed by the 5 
lines. The only correct solutions were those by Bishop and Dou, and the idea of 
using elliptic involutions was in Dou’s solution, which was accompanied by a 
construction of the points P,, R,. 


Producing a Ranking From Recent Results 


E 3240 [1987, 996]. Proposed by C. L. Mallows, AT&T Bell Laboratories, 
Murray Hill, NJ. 


The tennis players in a certain club compete in singles matches. After each match 
is played, a ranking of the players is computed according to the following rule. 
Starting with the most recent match and working back though time, use the match 
results to build up a partial order. Ignore any match that is inconsistent with more 
recent results. Stop when the partial order is a complete order. 

Prove or disprove: a player cannot improve his position by intentionally losing a 
match. 


Solution I by the proposer. False. With seven players, suppose the following 
results are obtained in the order given, where ab means that a beats b. 


72 51 36 74 67 56 52 34 41 24 23 13. 


The ranking after the last match is 5 >6>7>2>4> 1 > 3, with 2 in fourth 
place. However, if 2 now loses to 1, the ranking becomes5 >1>2>3>6>7> 
4, with 2 in third place. 
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Solution II by Karl David, Wells College, Aurora, NY. False. Suppose there are 
four players, that 1 plays 2 and 3 plays 4 in the first round, and then that round i 
matches the winners in round i — 1 followed by the losers in round i — 1 (if 
necessary), until a complete order is established. Suppose further that the lesser- 
numbered player in any pair is better, except that 3 can beat 1. Again write ab to 
mean “a beats b.” If the results in order are 


12 34 31 24, 


then the resulting ranking is 3 >1>2> 4. If player 1 is aware of everyone’s 
strength and throws the initial match, then the outcomes under the procedure and 
assumptions described are 


21 34 23 1412, 
in which case the resulting ordering is 1 > 2 > 3 > 4. 


Editorial comment. Solution II involves assumptions about the behavior of other 
players. They could foil the efforts of player 1 by throwing their games. For 
example, after 21, player 3 can lose to 4 so that 21 43 42 gives current ordering 
4>2>1,4> 3. If now 13, then 1 is left in third place, lower than previously, so 1 
must throw another match to postpone the conclusion. We ask whether there is an 
example in the spirit of solution I with fewer than seven players, i.e. where the final 
match produces a complete ordering under either outcome, and one of the players 
involved receives a higher rank with a loss in that match than with a win. 


No other solutions were received. 


Out of Bounds 


E 3243 [1988, 50]. Proposed by William F. Trench, Trinity University, San 
Antonio, TX. 


Suppose that g is constant in sign and locally Riemann-integrable on [0, + 00). 
Suppose f is nonincreasing on [0, + 00) and {>°f(x) dx = +00. Show that 


[Uf (x)oos x + g(x)sin x| dx = fif()sin x + g(x)cos x| dx = +00. 
0 0 


Solution by Adam Riese, Wright State University, Dayton, OH. Let [a, b] be a 
subinterval of [0,27] with sin x > 4 and g(x)cot x > 0 for all x € (a, b). Such an 
interval exists; in fact, if g(x) is non-negative we may choose (a, b) = (7/6, 7/2), 
and if g(x) is nonpositive we may choose (a, b) = (7/2, 57/6). With f non- 
increasing, we thus have 


7 b-—a 
b+2k f(x)/2 dx > 
7 Ag 


[\flx)sin x + g(x)oos x| dx > > J [fs dx = 00. 
0 k=0°4 2a 


+2k 
The argument for {5°|f(x)cos x + g(x)sin x| dx is similar. 


Editorial Comment. Kim MclInturff notes that the conclusion fails if f is allowed 
to be an extended real-valued function, more specifically, if lim, _,), xf(x) = 1. 
For example, take f(x) = +00 if x = 0, f(x) = cscx if 0 < x < 7/2, and f(x) = 
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Oif x > 7/2, and put g(x) =e ~*. Then f and g satisfy the hypotheses, but 


fo \F(x)sin x + g(x)cos x| dx 
0 


na /2 _ oOo 
/ (1 + e *cos x) dx + [ e- *|cos x| dx 
0 n/2 


vin ore) 
~— + / e *|cos x| dx. 
2 0 


Other solvers: E. Bischof, B. Caccia, T. Hermann (Hungary), M. Hildebrand, I. E. Leonard (Canada), 
J.-M. Monier (France), and the proposer. 


A Class of Decreasing Functions 


E 3244 [1988, 50]. Proposed by R. S. Rodriguez and H. Sherwood, University of 
Central Florida, Orlando. 


Suppose Qo, d),..., a, are integers such that 0 < ay <a, < --: <a,. Put 


XxX x? x* 


7 7 NT 
(Qa+x)° (l+x)'° +x)” (1+x)"“ 


f(x) 


The function f is easily seen to be strictly decreasing on (0, +00) when each 
a,=i+1.Is f strictly decreasing for every permissible choice of ay, a,,..., a,? 


Solution by B. S. Bertram and O. G. Ruehr, Michigan Technological University, 
Houghton, MI. The answer is “yes.” To see this, we compute 


_ k k-1 . 
f(x) = ——— - E24 a | 


l+x l+a, ~ l+x l+a, 7 (1 +x)on 
J 


L 


= a 4 x) ra jno (1 4 xy t% 


1 
a azar} 


where p, = a,,, —a,;— 1. Since a; >j + 1 and p,; > 0 for all j, f’(x) 1s negative 
for x > 0. 

Note that simply requiring a, > i + 1 and omitting ordering restrictions on the 
a,’s makes the assertion false. For example, take, k = 1, ay = a, and a, = 2. Then 


1 9) a+1 4 
ra)=—)" +3 


is clearly positive for a sufficiently large (a = 10 will do). 


«{a,— 7-14 +1) 


Other solvers: Nicolas K. Artemiadis (Greece), Stephen M. Gagola, T. Hermann (Hungary), Ha-Seo 
Ki (South Korea), L. Kuipers (Switzerland), K. McInturff, G. Parker (Scotland), J. T. Poole, J. Riley, 
E. M. Sanchez (Columbia), J. H. Steelman, and the proposers. One incorrect and one incomplete solution 
were received. 
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Matrices Displaying Their Eigenvalues 


E 3245 [1988, 51]. Proposed by Bruce A. Reznick and Lee A. Rubel, University of 
Illinois, Urbana. 


(a) For what positive integers n does there exist an n by n matrix A over C 
having the following three properties: 
(i) n* — n of the entries are zero, 


(i) there are n distinct nonzero entries r,, 7,..., 7, none of which lies on the 
main diagonal, 
(ii) the eigenvalues of A are r,, %,..., 7, 


(b) Same as (a) except that all the entries are required to be real. 


Solution by David Callan, University of Bridgeport, Bridgeport, CT. Such a matrix 
exists if and only if n > 3, but never with all entries real. 


(a) It is straightforward to check that there is no solution for n < 2. For n > 3, 
suppose that A has its nonzero entries r, in the positions (o(i), i), for some 
fixed-point-free permutation o. Let o be a product of disjoint cycles o,,..., 6, on 
the partition 7, U--- UT, of {1,...,}, with t, = |7;|. Then the characteristic 
polynomial of A is 


P(A) = | 


j=l 


which is immediate when o is a single cycle and follows otherwise by simultaneous 
row and column permutations to place the elements of each cycle in a diagonal 
block. 

For n > 3, we must find some fixed-point free o and nonzero r,’s such that 
P(A) = ITA — 7,). Let w be a primitive nth root of unity. If n is odd, use a 
single cycle o = (1,2,...,) and let r, = w'. If n = 2m is even, use two cycles 
o =(1,2,...,.m)\((m+1,m+2,...,2m) and let r,=w*'! for 1 <i<m and 
r=w form+1<i< 2m. 


I 


(b) If the roots of p(A) are all real, then each factor A” — I], < 71, has real roots, 
. ~ J Ge . 

so t; < 2, and in fact t; = 2 because o has no 1-cycles. Now A? is a diagonal matrix, 
and its eigenvalues, which appear on its diagonal, are the squares of the eigenvalues 
of A. Because o consists of disjoint two-cycles, the entries on the diagonal of A* are 
also the products of a matched pair of off-diagonal entries of A. If r = max{|r,|}, 
this means r* = 7,r,, which is possible only if r;=7,= +r, contradicting the 
distinctness of the eigenvalues. 

If we drop the distinctness requirement, this argument successively shows that all 
matched pairs of off-diagonal entries are equal. Since the factors \” —Tl,erh 
generate roots in oppositely-signed pairs, dropping the distinctness requirement 
allows real solutions only when n is divisible by 4, in which case the nonzero entries 
come in groups of the form r,r, —r, —r. 


Also solved by J. T. Bruening, J. Ferrer (Spain), S. M. Gagola, Jr., G. N. Lewis, O. P. Lossers (The 
Netherlands), K. MclInturff, J.-M. Monier (France), A. Pedersen (Denmark), J. H. Steelman, W. P. 
Wardlaw, E. C. Weinberg, and the proposers. Several incorrect solutions were received. 
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ADVANCED PROBLEMS 


6604. Proposed by Michael Reid (student), Harvard College, Cambridge, MA. 
For which primes p > 3 is it true that 
P=! (3k)! 


L 


kao (k!)° 


(—6)°?-** = 0 (mod p)? 


6605. Proposed by E. Ehrhart, Université de Strasbourg, France. 


We use the term “lattice point” to mean a point with integer coordinates. 
If k is a positive integer, Schinzel | Enseignement Math. (2) 4 (1958) 71-72] 
proved that the circle 


1\2 
[x 5] + ¥?2 = (5*73)° 
passes through exactly 2k + 1 lattice points; clearly the two coordinates of any one 
of these 2k + 1 lattice points are of like parity. Thus by making the substitution 
X=x+y,Y=x-—y we see that the smaller circle 


r-1)4 y+) = (54/76) (*) 
Pe} *P | 


also passes through exactly 2k + 1 lattice points. 

(i) Show that when k = 1 no circle smaller than (*) passes through exactly three 
lattice points. 

(11) Show that when k = 2 no circle smaller than (*) passes through exactly five 
lattice points. 

(111) Show that when 2k + 1 is composite there is a circle smaller than (*) which 
passes through exactly 2k + 1 lattice points. 


SOLUTIONS OF ADVANCED PROBLEMS 
Nonisomorphic Fields 


6548 [1987, 559]. Proposed by Lee A. Rubel, University of Illinois at Urbana- 
Champaign. 


Are there uncountably many nonisomorphic fields F,, where a runs over some 
uncountable index set A, such that no two of the fields F, are isomorphic but all of 
the additive groups (F,, +) are isomorphic and all of the multiplicative groups 
(F,, :) are isomorphic. Cf. 6489 [1985, 148; 1986, 744]. 


Solution by R. Schutt, Milwaukee, WI. There are in fact uncountably many such 
fields contained in R, the field of real numbers. Let P denote the positive reals, and 
E a maximal algebraically independent subset of R. By replacing the appropriate 
elements of E by their negatives, we may assume E C P. For each subset A of E, 
let F', denote the algebraic closure of A in R. Then F, is a field (in fact a real closed 
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field) and P,, defined by 
P,=F,OP, 


is characterized as the set of nonzero elements of F, that have a square root. Hence 
P,, is preserved by every homomorphism. Thus if A and B are subsets of E and @ is 
a homomorphism from F, to F,, we have 6(P,) C Pp. 


LEMMA. If F is a subfield of R and f is an additive map of S = F (\ P into P, then 


f(r) = rf(1) 
foralre FOP. 


Proof. If a < b are both in S then so is b — a, and 


f(b) =f(b-at+a)=f(b—-a) + f(a) > f(a). 


Thus f is increasing. Also, it is clear that 


(4) = af(4) 


for every positive rational g. Now suppose 


f(x) > xf) (*) 


for some x € §. Choose k > 1 real so that f(x) = kxf(1), and a positive rational q 
such that 


x<q<kx. 
Then 


f(x) < f(q) = af) < kxf(1) = f(x), 


a contradiction. If (*) is replaced by the opposite inequality a similar contradiction 
ensues; hence, the result of the lemma follows. 

Next, since #(1) = 1 for the above homomorphism, we have 6(r) = r for any 
r © P,. Thus there is a homomorphism from F, into F, if and only if A C B. It 
follows that F, and F, are not isomorphic if A + B. 

Let G denote either the additive group of F, or the multiplicative group of 
F, OP. G is torsion free and divisible (e.g., each element of F, % P has a unique 
nth root for each positive integer n). Hence, G may be regarded as a vector space 
over the field Q of rationals. Moreover, A is an independent subset of this space 
and can be extended to a basis. Let |A| denote the cardinality of A. If A is infinite, 
|A| = |F,| = |G| and, hence, the dimension of this space equals |A|. Thus, if A is 
infinite, G is isomorphic to the direct sum of |.A| copies of Q*, the additive group of 
Q. Clearly, the multiplicative group of F, is isomorphic to the direct product of G 
and the group of order 2. Thus F, and F, have isomorphic additive and isomorphic 
multiplicative groups if A and B are infinite and |A| = |B\. 

The following conclusions now follow directly from the above. Let c denote the 
cardinality of the continuum. Note that there are c denumerable subsets of E and 2‘ 
subsets of cardinality c. Thus 

(1) There is a set of c denumerable nonisomorphic subfields of R, all with 
isomorphic additive and multiplicative groups, and 

(2) There is a set of 2° nonisomorphic subfields of R, all with isomorphic additive 
and multiplicative groups. (In fact they are isomorphic to those of R itself.) 
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Editorial Comment. The proposer’s solution appears quite different. For 0 < p < 1 
define E(p) to be the ring of entire functions of order strictly less than p; in other 
words E(p) is the set of entire functions satisfying 


| f(z)| < aeFl?™ for all z, 


where a, B, € are positive constants depending on f. Next let K(p) be the quotient 
field of E(p); this is a field of meromorphic functions. That different values of p 
yield nonisomorphic fields is essentially a result of James J. Kelleher, On isomor- 
phisms of meromorphic function fields, Canadian J. Math., 20 (1968) 1230-1241. 
Now all K(p) are vector spaces over C of the same dimension, and hence have the 
same additive group. With the aid of the Weierstrass factorization theorem and an 
appropriate “stretching” of the plane, it can also be shown that the multiplicative 
groups are isomorphic. 


No other solutions were received. 


‘Almost Abelian” Groups 


6553 [1987; 659]. Proposed by Ian D. Macdonald, Menstrie, Scotland. 


Suppose that G is a group with generators a, b,c, d, where abcd = cdab, ab = 
ba, ac = ca, bd = db, cd = dc. Prove that the commutator subgroup of G is cyclic 
and contained in the center of G, but show that G is not necessarily abelian. 


Combined solution by Thomas Jager, Calvin College, Grand Rapids, MI, and Lou 
Shapiro, Howard University, Washington, D.C. From the given relation abcd = cdab 
and the fact that b and c each commute with both a and d, we have (bc)(ad) = 
(cb)(da). Thus 


g=b~'c"'be = dad '‘a“! 


belongs to Z(G), the center of G; in fact, since a commutes with both b and c, we 
have ag = ga, and similarly bg = gb, cg = gc, dg = gd. Further, since ad = g~ \(da) 
and bc = (cb)g and since the only non-commuting pairs of generators of G are the 
pair a,d and the pair b,c, it follows that the group G/(g) is abelian. Hence the 
commutator subgroup G’ satisfies 


G’C(g) GC Z(G). 
Now (g) C G’, so G’ = (g). Thus the first assertion of the problem is established. 


For a nonabelian example, let G be the set of all 4 < 4 matrices over the integers 
modulo 2 of the form 


ooo FR 
oorns 
Oreos 
Am wm 


Choose a, b, c, d, and m to be certain elements of G for which exactly one 
off-diagonal element is nonzero, namely p for a, q for b, r for m, s for d, and t for 
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c. Then ad # da, bc # cb, but the postulated equalities are valid. This establishes 
the second assertion of the problem; we remark that in this group of order 32 the 
commutator subgroup consists of precisely the two elements 1 and m. 


Other solvers: Roger Alperin, Charles C. Edmunds (Canada), Jesus Ferrer (Spain), A. M. Gaglione 
and Dennis Spellman (jointly), Stephen M. Gagola, Jr., Michael Josephy (Costa Rica), O. P. Lossers (The 
Netherlands), Derek J. S. Robinson, John Henry Steelman, Douglas B. Tyler, Gary L. Walls, and the 
proposer. 


REVIEWS 


EDITED BY JOSEPH KONHAUSER 
Department of Mathematics, Macalester College, St. Paul, MN 55105 


Mathematics with Applications, Fourth Edition. By Margaret L. Lial and Charles D. 
Miller. Scott, Foresman and Company, Glenview, Illinois, 1987. x + 740 pp. 


CLINTON J. OXENRIDER 
Department of Mathematics and Computer Science, Bloomsburg University, Bloomsburg, PA 17815 


Here is a textbook that covers, in two semesters, those topics traditionally found 
in college algebra, linear algebra, probability and statistics, and calculus. We, those 
students brought up in the traditional mathematics curriculum, all know that these 
topics require at least four or five semesters. Whenever I see a textbook or a course 
that purports to telescope material in this manner the following questions come to 
mind. Why should the material be packaged in this manner when texts already exist 
presenting the material in more discrete packages? How can this much material be 
intelligibly covered in such a short time? What is the quality of the mathematics in 
such a course? How does the existence of such courses affect the mathematics 
curriculum and mathematics in general? 

The first question is easily answered. Many programs exist that require mathe- 
matics to service the highly specialized content of the program in as short a time as 
possible. This is usually true of the business curriculum, which offers such courses as 
business and economic mathematics, and the social and political sciences curricula. 

To cover this much material in so short a time is typically a function of the 
instructor’s ability to develop an intuitively clear presentation of each topic on the 
first trial. If the student intuitively believes the presentation, there is no need for 
rigor and logical correctness. For those students that do not understand on the first 
trial, there are usually enough drill exercises to convince them. 

The quality of the mathematics in such a course is a function of the textbook 
and, especially, the instructor’s abilities. Unfortunately, too often the instructor will 
concentrate only on those topics considered to be of importance to the specializa- 
tion, or, worse yet, will present the entire course in a “monkey-see, monkey-do” 
fashion. Also, in many schools such courses are not taught by the mathematics 
department or anyone with credentials in mathematics. The result is classes with 
high mathematical competencies ranging down to classes in mathematical shock. 
Certainly the quality of mathematics suffers in an environment when the question 
“How?” is more important than the question “Why?” 

Such courses do indeed make a significant audience of students aware of the 
practical uses of mathematics for low level applications. For many it is a strong 
motivational tool to do further work in mathematics when they discover the 
mathematics they learned in such courses is not adequate to understand and develop 
more complicated models. I have personally noted that more such students are 
enrolling in mathematics courses each semester even though these courses are not 
required in their programs. When the course is properly taught I believe it has a 
definite positive effect on the mathematical maturity of its audience. 
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The Lial and Miller text is adaptable for a two-semester course in finite 
mathematics and calculus, a one-semester course in finite mathematics, a one-semes- 
ter course in calculus, or a one-semester course in college algebra with applications. 
It is a more than adequate textbook for any of these options. The fourth edition 
contains realistic applications and topical case studies. It has more than 400 
examples, 3900 drill exercises and 1300 applied exercises. I did a cursory count of 
the exercises that were listed by area of application and found 344 for management, 
53 for social sciences, 211 for natural sciences, 2 for political science, 1 for biology 
and 6 for physical science (a somewhat biased distribution). The instructor’s guide 
contains test items (with answers) and BASIC programs for Leontief models, 
Markov chains, and linear programming. I found the case studies to be of particular 
interest. 

While this textbook is marketed for two-year colleges and college programs with 
strong emphasis in business, social science and political science programs, I feel it 
would be an excellent textbook for the high school curriculum. Each year many 
good high school students, for whatever reason, are eliminated from the usual 
sequence of algebra, geometry, trigonometry, calculus. The system calls it natural 
attrition, but too many of those students that successfully complete algebra never 
take another mathematics course. Also many smaller high schools cannot justify the 
expense of carrying a calculus course for the senior year. A one-year course based 
on this textbook would help correct both situations. The modest prerequisite of 
algebra would reclaim those students that dropped out of the mathematics curricu- 
lum after the beginning algebra courses. The intuitive approach and the realistic and 
timely applications should remotivate these students. They stand a chance of 
improving their mathematical skills, developing expertise in an applied area, becom- 
ing knowledgeable users of computer software, etc. This alternative seems far 
superior to any that I have seen suggested thus far. 


Sphere Packings, Lattices and Groups. By J. H. Conway and N. J. A. Sloane. 
Springer-Verlag, New York, Berlin, Heidelberg, 1988. xxvii + 663 pp. 


H. S. M. COXETER 
Department of Mathematics, University of Toronto, Ontario, Canada M5S 1A1 


In old war memorials one sometimes sees a square pyramidal heap of cannon 
balls: one at the top resting on four, these resting on nine in the third layer,..., and 
n* in the nth layer. Clearly, an interior ball touches 12 others: 4 in its own layer, 4 
above and 4 below. Their 12 centers, and similarly their 12 points of contact with 
the original ball, are the vertices of a cuboctahedron (FIGURE 1). The balls, so 
arranged, are said to be in cubic close-packing. When a model of such a pyramidal 
heap, with the balls glued together, is turned over so that one of the four triangular 
side-faces becomes horizontal, the same arrangement of balls is seen to be dis- 
tributed into hexagonal layers, so that the 12 neighbors of an interior ball now 
consist of 6 in its own layer, 3 above and 3 below. (The cuboctahedron is now 
standing on a triangular face instead of a square face.) This cubic close-packing of 
balls, continued indefinitely in all directions, is called a /attice packing because the 
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Fic. 1. The hexagon ea, and the cuboctahedron ea. 


centers form a lattice: the position vectors of all the centers, as seen from any one of 
them, form an additive group of vectors. 

When two consecutive layers are given, each ball in the upper layer is surrounded 
by 6 “deep holes,” only 3 of which can accommodate balls in the next higher layer. 
In fact, this next layer can be filled in two different ways: one as in the lattice 
packing, and the other so that each ball is exactly above one in the bottom layer. If 
the latter rearrangement is continued, so that every two alternate layers “agree,” we 
have hexagonal close-packing:|[15, p. 170; 1, p. 150]. Since there are two possible 
positions for each new layer, hexagonal close-packing is one of infinitely many 
nonlattice packings, all equally dense (or ‘economical’) and having the same kissing 
number 12. But it is only in the lattice packing that the 12 points of contact form a 
cuboctahedron and, by reciprocation, the Voronoi cell (bounded by the 12 tangent 
planes) is a rhombic dodecahedron. 

All these ideas were already understood around 1600 by Kepler and his English 
friend Thomas Harriot [11, pp. 14-17, 29, 52; 12, pp. 23-24, 60-62]. Kepler 
described the Voronoi cell in terms of a pomegranate, as the shape of its loculi, that 
is, the juicy morsels that surround the seeds. 

If the balls have radius 1, the volume of the rhombic dodecahedron, being twice 
that of a cube of edge y2 , is 4/2. Accordingly, the center density (that is, the 
number of centers per unit volume) is 1/4y2. 

This book by Conway and Sloane (with additional contributions by E. Bannai, J. 
Leech, S. P. Norton, A. M. Odlyzko, R. A. Parker, L. Queen and B. B. Venkov) 
describes the enormous progress that has been made during the last few decades. 
Yet it is remarkable that some apparently simple questions still remain unanswered. 
In the famous words of Ambrose Rogers, quoted on page 3, “many mathematicians 
believe, and all physicists know” that these close-packings, with center density 
2~>/2, are denser than any other arrangement of congruent balls filling Euclidean 
3-space; but this fact has never been rigorously proved! In fact, the densest ball 
packing in 1 dimensions is known only when n = 1 or 2. 

A set of points evenly spaced along a line, the centers of a hexagonal close-pack- 
ing of circular disks or “2-balls,” and the centers of the lattice close-packing of 
“3-balls,” are the instances A,, A, and A, of an n-dimensional laminated lattice 
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A, The n-balls serve as “equators” for the initial layer of (n + 1)-balls in the 
analogous lattice A,,, (see page 143). The points of contact of one (” + 1)-ball 
with its neighbors are the vertices of a polytope II,,, (the cuboctahedron when 
n = 2) having II, for its “equatorial” section [2, p. 414]. There are also “tropical” 
sections 7, containing other vertices of II,,,. In most cases, all the vertices are 
distributed in the three parallel sections 7,,, II,, 7,. (When n = 2, they are “triangle, 
hexagon, triangle.”) But occasionally these are preceded and followed by one vertex 
at the “north pole” and its antipodes at the “south pole.” Since every layer of A,., 
is a A,, 7, occurs as a cell of the n-dimensional honeycomb whose vertices are the 
points of A,. We call II, the vertex figure of that honeycomb. 

When n = 2, we have the lattice A, whose points form the tessellation {3,6} of 
equilateral triangles, 6 around each vertex. If we take its edges to have length 2, the 
“2-balls” are circles of unit radius with their centers at the vertices. The regions of 
the plane outside the circles are called holes and there is clearly one hole inside each 
triangle. When the circles are blown up into spheres or “3-balls” for the construc- 
tion of A,, the holes are ready to accommodate the next higher layer of balls. The 
centers in this next layer form another {3,6}, one of whose triangles is the top face 
m of the cuboctahedron IT,. Its equatorial section is the hexagon IT, (one tile of the 
tessellation {6,3} dual to {3, 6}). The vertices of this hexagon are in 6 holes, only 3 
of which can lie just below the centers of balls in the higher layer. Thus the 
possibility of changing cubic close-packing into hexagonal arises from the fact that 
the hexagon has two inscribed equilateral triangles. 

The points of the lattice A, are the vertices of a honeycomb of octahedra £, and 
tetrahedra a,. This honeycomb [1, p. 148] is denoted by hd, because it has half the 
vertices of the ordinary cubic lattice 6,, of edge ¥2. (The more usual designation 
“face-centered cubic lattice” or fcc refers to the faces of a 8, of edge 2y2.) 

Cubic close-packing admits, inside each octahedron or tetrahedron, of hé,, a 
“deep” or “shallow” hole formed by a cluster of six or four balls, respectively [14, p. 
180]. When these 3-balls are blown up into 4-balls for the construction of A,, the 
deep holes are ready to support the next higher layer of 4-balls (“higher” along the 
fourth dimension). The centers in this next layer form another hdé,, one of whose 
octahedra is the “top” facet 7, of the polytope II,. This polytope is Ludwig 
Schlafli’s regular 24-cell {3, 4,3}, which may alternatively be called t,8, because its 
24 vertices are the mid-edge points of a 16-cell B, = {3,3,4} [5, p. 575]. (Analo- 
gously, the cuboctahedron could be called t, 8, because its 12 vertices are the 
mid-edge points of an octahedron £, = {3,4}.) The vertices of II, = {3,4,3} are 
distributed in layers as 6 + 12 + 6 [3, p. 298]. Its equatorial section is the cubocta- 
hedron II, whose 6 square faces surround 6 deep holes, all just “below” the vertices 
of the octahedron z,. Thus, in contrast to the 3-dimensional case, the lattice A, 
provides the only known packing with kissing number 24 and center density 1/8: 
there is no known equally dense nonlattice packing. 

This A, is denoted by D,, to distinguish it from a slightly less dense packing A, 
(with layers farther apart) which can be derived from A,(= A, = D;) by using the 
shallow holes (of the cubic close-packing) instead of the deep holes, so that 7, is a 
tetrahedron while II, remains a cuboctahedron, and II, is Alicia Boole Stott’s 
“expanded simplex” ea,, whose facets consist of 10 tetrahedra and 20 triangular 
prisms [5, p. 574]. Its 20 vertices are distributed in layers as 4 + 12 + 4. The 8 
triangular faces of II, surround 8 shallow holes, only 4 of which can be just below 
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the centers of balls in the higher layer so as to yield a tetrahedral facet of the higher 
A. Just as in the transition from cubic to hexagonal close-packing, we can rotate 
this higher A, so as to use the 4 points just above the remaining 4 of the 8 shallow 
holes, and so to construct a nonlattice packing which has the same kissing number 
20, and the same center density 1/4/5, as the lattice packing A,. This nonlattice 
packing may thus be said to arise from the fact that the cube has two inscribed 
tetrahedra [11, p. 11; 12, p. 50]. 

A, belongs to a sequence of lattice packings A, (= A,, when n < 4) with kissing 
number n(n + 1) and center density 2~”/2(n + 1)~!/*. The points of A, are the 
vertices of P. H. Schoute’s honeycomb a,h [8, p. 152] whose cells are the regular 
simplex a, and all its principal truncations t,a,. (The vertices of t,a, are the 
centers of the p-faces of a,.) Each cell a, belongs to a cluster of n + 1 mutually 
tangent n-balls surrounding a shallow hole. When the n-balls are blown up into 
(n + 1)-balls for the construction of A,,,,, such holes are ready to support the next 
higher a,h, one of whose a,,’s is the top facet 7,, of the polytope II,,, ,. This II,,, , is 
an expanded simplex ea,,,,, whose facets are simplexes a,, and generalized prisms; 
more precisely, they are Cartesian products a,, X a,,_,, of simplexes [4, p. 128]. 

FIGURE 1 illustrates both the cases n = 1 and n = 2: the hexagon ea, is an 
expansion [1, pp. 139-140] of the triangle a,, and the cuboctahedron ea, (with faces 
a, and a, X a,) is an expansion of the tetrahedron a,. (Thus ea, = t,B, and 
a,h = hd,.) The (n + 1)(n + 2) vertices of ea,,,, are distributed in layers as 


(n+1)+n(n+1)+ (n+1). 


The 2(n + 1) facets a, of ea,,,, surround this number of shallow holes, only n + 1 
of which can lie just below the centers of balls in the higher layer so as to yield a 
simplicial facet a, of the higher a,h. Thus, along with the lattice packing A, ,,, 
there is an equally dense nonlattice packing. 

Similarly, D, belongs to a sequence of lattice packings D, with kissing number 
2n(n — 1) and center density 2~'~”/*. The points of D, are the vertices of a 
honeycomb hé,, ,, of cross polytopes 8, (reciprocal to the n-cube y,,) and hemi-cubes 
hy, [3, p. 156]. (The 2”~! vertices of hy, are alternate vertices of y,.) Inside these 
cells (8, and hy,) of hé,,, there are holes bounded by clusters of 2n or 2”~! 
n-balls. When these balls are blown up into (n + 1)-balls for the construction of 
D,, 1, the holes of either kind are ready to support the next higher D,. One of the 
cells of this hd, , , is the top facet =,, of the polytope II, ,,, whose equatorial section 
is t,8,. The “truncated cross polytope” t,B, has 2n facets B,_, (corresponding to 
the vertices of B,) and 2” facets t,a,_, (truncations of the simplicial facets a,_, of 
B,) 


If 7, is B,, U,., is t1B,4,, whose 2n(n + 1) vertices are distributed in layers as 
2n + 2n(n — 1) + 2n. 


Its equatorial section is the t,8, whose 2n facets B,_, and 2” facets t,a,_, 
surround the two kinds of holes, which are distinct if n # 4. The 2n holes of the 
former kind are just below the vertices of 7, = B,, which is one of the cells of the 
higher hd, ,,. We thus obtain the honeycomb hé,,,. and the lattice D,,, ;. 

The case when n = 4 is exceptional because the polytopes hy,,t,8, and the 
honeycomb hé, are regular [3, pp. 148, 156; 5, p. 575]: 


hy,=B,  t,8,= {3,43}, 6, = {3,3,4, 3}. 
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These coincidences eliminate the distinction between the two kinds of holes. Since 
{3, 4,3} has three inscribed 16-cells B,, the 8 balls whose centers belong to 7, = B, 
can be shifted to either of two new locations, so there are now non-lattice packings 
having the same kissing number 40 and the same center density 2~’/* as D, (see 
page 144). 

Returning to the discussion of deriving an (n + 1)-dimensional lattice from D,, 
we naturally ask what happens if z,, is not B, but hy,. When n = 4 (as we have just 
seen) this makes no difference. When n = 3 we have D, = A, and hy; = a3, so the 
4-dimensional lattice is merely A,. The excitement begins when n = 5, so that 
a, = hy, is one of the facets of a different polytope II, whose equatorial section IT, 
is again t, B,. Since the vertices of II, are distributed in layers as 16 + 40 + 16, 
their number is 72. In fact, this II, is the V,, of Elte [9, pp. 104-108; 4, p. 131] 
which was later recognized as the member 1,, of a remarkable family p,, of 
(p+q+pr-+ 1)-dimensional polytopes, and (p+ q+ r)-dimensional honey- 
combs, which occur whenever 

par<pt+qtrt+2 


(with equality for honeycombs). To be precise, p,, (= p,,) is the polytope or 
honeycomb (with triangular 2-faces) whose vertex figure is (p — 1),,, the vertex 
figure of 1,, being the truncated simplex 


39 
0, = (> = CQ 54741 = CQ. 741 


[3, p. 201; 4, pp. 131-135]. 

In Elte’s polytope II, = 1,, [6, Fig. 3.6a], the equatorial section II, = t,8, has 
10 facets B, and 32 facets t, a, surrounding the two kinds of holes. Since the 32 
t, a,’s are truncations of the facets of B., their centers are the vertices of a 5-cube 
Ys, and 16 of them are just below the vertices of 7, = hy;, which is one of the cells 
of the higher hé,. We thus obtain the honeycomb 2,, and the lattice E,. 

The partition of 32 into 16 + 16 provides nonlattice packings which have the 
same kissing number 72 and the same center density 1/873 as E,. Elte [9, p. 114] 
came close to discovering 2,, when he wrote: “It is impossible to bound a polytope 
by V,, only.” (For him, unlike Kepler and Gosset [10], honeycombs were dismissed 
as would-be polytopes that fail to close up.) 

Although the 54 facets hy, of 1, are all congruent, we naturally name them 
alternately 1,, and 1,, so that there are 27 of each type. Similarly, the 6-dimensional 
honeycomb 2.,, has congruent cells (Elte’s V,,) which may be named alternately 2.,, 
and 2,,. Each surrounds a hole in the lattice packing E,. For the construction of a 
7-dimensional packing E.,, we use a polytope II, whose equatorial section II, is 
1,,. The 27 + 27 facets 1,, and 1,, of 1,, surround the two types of (congruent) 
holes. Those of the former type are just below the vertices of 7 = 2,,, which is a 
cell of the higher 2,,. Since the vertices of II, are distributed in layers as 
27 + 72 + 27, their number is 126. In fact, this II, is 2,, (Elte’s V,,, [9, p. 117; 6, 
(3.75)]). The 7-dimensional honeycomb having vertex figure 2,, is 3,,, and its 
vertices form the lattice E,. Since there are two types of holes, the lattice packing is 
accompanied by nonlattice packings having the same kissing number 126 and center 
density 1/16. 

For the construction of an 8-dimensional packing E, based on layers A, = E,, 
we use a polytope II, whose equatorial section II, is 2,,. The 56 facets 2,, of 23, 
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surround 56 deep holes which are just below the vertices of 7, = 3,,. This is a cell of 
the higher 3,,. But now a new situation arises because II, is Gosset’s polytope 4,, 
[10; 6, Fig. 3.8c] which has vertices not only on the “equator” and “tropics” but 
also at the “poles”: 1 + 56 + 126 + 56 + 1. Thus the cell 7, = 3,, of the higher 3,, 
is not a facet of Il, but its vertex figure! And II, = 4,, is the vertex figure of the 
honeycomb 5,, whose vertices form the lattice E,. Like D,, this packing is unique: 
there is no nonlattice packing which has the same kissing number 240 and center 
density 1/16. 

For the construction of a 9-dimensional packing A, based on layers A, = Ey, we 
use a polytope II, whose equatorial section II, is 4,,. The 2160 facets 4,, = B, of 
4,, [3, p. 204] surround 2160 deep holes, only 16 of which can support balls in the 
next higher layer. So we use the distribution of the 2160 vertices of 2,, among 135 
inscribed £,’s. This indicates that the lattice packing A, is accompanied by 
non-lattice packings which have the same kissing number 272 and center density 
1/1672. But now another new situation arises because II, is not “uniform” but 
“axial”: its symmetry group (only twice as big as that of 4,,) is not transitive on its 
16 + 240 + 16 vertices. It is faintly, reminiscent of the “partially truncated rhombo- 
hedron” in Diirer’s famous Melencolia [13]. Moreover, another surprise, observed in 
9 dimensions for the first time, is a nonlattice packing, called P,,, in which some 
balls touch as many as 306 others (although the center density is less than 1/16y2 , 
namely, 5/128; see page 140). 

Still more remarkably, in 10 dimensions there is a non-lattice packing, called 
Pio-, Whose kissing number 372 and center density 5/128 exceed those of A, 9. In 11 
dimensions there is an arrangement of 582 balls all kissing one, although there is no 
systematic way to extend this local arrangement into a packing. In 12 dimensions 
the densest known packing, K,,, was not derived by lamination; it was discovered 
by J. A. Todd and the reviewer [7]. 

We must go up to 24 dimensions to see the most famous packing: the one 
provided by the Leech lattice, with kissing number 196560 and center density 1. 
Much of the book is inspired by the Leech lattice. 

These remarks are intended to give some inkling of the rich subject of ball 
packing, although they only “scratch the surface” of the astonishing developments 
in the book. These include codes, hyperbolic geometry, Lie algebras, quadratic 
forms, geometry of numbers, Steiner systems, spherical t-designs, digital communi- 
cation, and Monstrous Moonshine. The authors must be congratulated on their 
bibliographical research, which has produced more than fifteen hundred references! 
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Geometric Inequalities. By Yu. D. Burago and V. A. Zalgaller. Translated from the 
Russian by A. B. Sossinsky. Springer-Verlag, New York, 1988. xiv + 331 pp. 
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1. Historical sketch. Geometric inequalities have long played a prominent role in 
the development of mathematics and science. As an early example, consider the 
ancient Egyptian approximation for the area of a quadrilateral, given by multiplying 
the averages of pairs of opposite sides. The reader may enjoy verifying that this is in 
fact an overestimate of the area, correct only when the quadrilateral is a rectangle 
(thus the pharaohs would have done well to encourage their surveyors to use this 
approximation when measuring farmland for purposes of taxation). The observation 
that the Egyptian formula is in excess of the exact area is only a step removed from 
a proof that a square encloses largest area among all quadrilaterals of the same 
perimeter. Here we have a precursor of the isoperimetric theorem, which states that 
a circle encloses maximum area among all simple closed plane curves of the same 
perimeter. This theorem, known to the early Greeks and the subject of a work by 
Zenodorus (circa 200 B.c.), has its equivalent expression in the most famous of 
geometric inequalities, the isoperimetric inequality, 


L? > 4aA, 
where L is the perimeter of the given curve and A the area enclosed. 

In the early nineteenth century, Jacob Steiner carried the study of geometric 
inequalities to a new height, working in the purely synthetic tradition of Greek 
geometry. He introduced the powerful tool of Steiner symmetrization, which brings 
a figure closer to an optimal form by imposing more symmetry. Steiner used this in 
one of his proofs of the isoperimetric theorem, although he neglected to supply a 
proof that an optimizing figure exists. A bit later, H. A. Schwarz applied a different 
operation, Schwarz symmetrization, in a proof of the 3-dimensional version of the 
isoperimetric theorem, that a sphere encloses maximum volume among all simple 
closed surfaces of the same surface area. If the surface area is S and the enclosed 
volume is V, this is equivalent to the inequality 


S? > 360V?. 
Hermann Minkowski, at the beginning of the present century, was instrumental 


in shaping a coherently structured theory of convex sets and geometric inequalities. 
While Minkowski’s research was based on the work of earlier geometers, especially 
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that of Hermann Brunn, he went far beyond them in rigor and organization. One of 
his greatest contributions was the discovery of mixed volumes, vastly generalizing 
the concepts of volume, surface area, and total mean curvature (his initial ideas on 
the subject are described in a letter [5, pp. 133-136] to Hilbert dated Dec. 10, 1900). 
The mixed volume V(K,,..., K,,) of convex bodies K,,..., K,, in Euclidean n-space 
R” is invariant under translations of the K; and multilinear with respect to the 
operations of scalar multiplication and vector addition of sets. The definition is such 
that V(K,..., K) is the volume of K, and nV(K,..., K, B) is the surface area of K 
when B is the unit n-ball; thus the isoperimetric theorem and its higher dimensional 
counterparts all turn out to be very special cases of inequalities between mixed 
volumes first proved by Minkowski. 

The elegant 1916 monograph by Wilhelm Blaschke [1] contributed to the synthe- 
sis of the work of Steiner, Schwarz, Brunn, and Minkowski and gave a sense of the 
classic beauty of the subject. The progress in convexity and geometric inequalities 
up to 1934 was lucidly summarized in the book of Bonnesen and Fenchel [2]. That 
work, an example of sterling exposition of a technical subject, has only recently 
been translated into English. 

In 1936, A. D. Alexandrov and, independently, Werner Fenchel, established an 
important extension of the Minkowski inequalities for mixed volumes. The Alexan- 
drov-Fenchel inequality states, for convex bodies K,,..., K, in R”, that 


V(K,, K,, K;,..., K,)° > V(K,, Ky, Ky,..., K,)V(K>, Ky, Ky,..., K,). 


It is interesting that the conditions necessary for equality are still not completely 
settled. In case K is a plane convex set of perimeter L and area A, we have 
V(K, K)=A and 2V(K, B) = L, where B is the planar unit disk. Thus the 
Alexandrov-Fenchel inequality, with n = 2, K, = K and K,=B, becomes the 
isoperimetric inequality. 

In connection with the more recent history of the field, the work of Hugo 
Hadwiger has had a strong unifying effect. His little book [4] is another expository 
gem and a worthy companion to Blaschke’s Kreis und Kugel. However, to acquire a 
sense of how art, form and symmetry combine to give the subject its rich beauty, 
one can do no better than read the magnificent book of L. Fejes Toth, Regular 
Figures, [3]. 


2. The book under review. Burago and Zalgaller concern themselves with what 
has been accomplished since the appearance of Bonnesen and Fenchel’s 1934 
classic. Their book, while accessible to a broad range of mathematicians, will be of 
greatest interest to specialists in geometric inequalities, providing an invaluable 
reference for recent developments in the field. We should point out that the book 
emphasizes the differential-geometric aspects of the subject rather than problems of 
a more combinatorial flavor, as exemplified, for instance, in Fejes Toth’s Regular 
Figures. 

After a quick overview of the multitude of proofs that have been given for the 
isoperimetric theorem in the plane, the authors proceed to a detailed treatment of 
the relationship between isoperimetric inequalities and curvature on surfaces. The 
extensions of these ideas to Riemannian manifolds are fully developed in the latter 
part of the book, including problems such as estimating the volume of a manifold 
with given constraints on the curvature. A careful statement of the higher dimen- 
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sional version of the isoperimetric theorem in fullest generality demands a precise 
definition of surface area. The authors provide an excellent survey of the required 
notions from geometric measure theory in the course of their discussion of the 
modern descendents of the isoperimetric theorem. 

The chapter on mixed volumes, written in collaboration with V.P. Fedotov, gives 
a thorough introduction to the theory of mixed volumes and the latest extensions of 
the concept. An addendum to this chapter, contributed by A. G. Khovanskii, is 
devoted to a lucidly presented proof of the Alexandrov-Fenchel inequality based on 
machinery from algebraic geometry, involving in particular the Hodge inequality for 
the intersection index of a pair of curves. This is among the very surprising recent 
discoveries of connections between mixed volumes and other seemingly far removed 
parts of mathematics. Another surprise is the appearance of ideas related to mixed 
volumes in the recent proof of van der Waerden’s conjecture concerning the 
minimum value of the permanent of a stochastic matrix. The original ideas of 
Minkowski are presently finding growing application in a variety of areas, including 
probability theory and functional analysis. 


3. Geometric inequalities in the curriculum. The authors remark, on page 165, 
that “Mixed volumes are not included in traditional teaching syllabuses and the 
literature on this topic is not very diversified.” 

One may add that in the United States the general topic of geometric inequalities 
goes unmentioned in the curriculum at all levels. This despite the fact that the 
isoperimetric inequality and its relatives can be treated from an elementary view- 
point accessible even to secondary school students, while still conveying the power 
of the subject in its diversity of application and simultaneously displaying its 
intrinsic charm and beauty. If high schoolers were given a taste of such fare, as a 
substitute for some of the rather repellent portions of the menu we now place before 
them, they might enter our college classrooms with whetted appetites, demanding 
more of this wonderful mathematical tradition. There then might be a revival of 
interest in geometry, and we might yet be able to rescue from oblivion that precious 
heritage given to us by the Greeks, the art of visual thinking. 
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General, L**. U.S.A. Mathematical Olympiads, 
1972-1986. Murray S. Klamkin. New Math. Lib., 
V. 33. MAA, 1988, xv + 127 pp, $13.50 (P). [ISBN: 
0-88385-634-4] Begun in 1972, the Olympiad is the 
high school equivalent of the undergraduate Putnam 
contest. Following the fifteen contests are solutions, 
along with further comments, grouped by subject. 
Appendices contain a list of winners, a list of com- 
monly used definitions and theorems, and an exten- 
sive bibliography valuable to problem solvers. GG 


General, S**(13). Mathematical Formulas: Alge- 
bra, Geometry, Mathematical Analysis. A.G. Tsyp- 
kin, G.G. Tsypkin. MIR (US Distr: Imported Pub), 
1988, 183 pp, $4.95 (P). (ISBN: 5-03-000806-3] Ex- 
cellent collection of formulas from algebra, geometry 
(analytic, differential, and vector), theory of func- 
tions, etc. Includes a table of over 400 integrals. At 
$4.95 and pocket-sized, it makes a handy reference 
book for undergraduates. MR 


General, P, L. Collected Mathematical Papers. Igor 
R. Shafarevich. Springer-Verlag, 1989, vi + 769 pp, 
$99. (ISBN: 0-387-13618-5] Contains the authors 
papers which were published between 1943 and 1984. 
Of the 43 papers, 41 are in English translation and 
one each in German and French. CEC 


General, L. Thomas Gray, Philosopher Cat. Philip 
J. Davis. Harcourt Brace Jovanovich, 1988, xi + 143 
pp, $10.95. (ISBN: 0-15-188100-6] The delightful 
tale of a slightly eccentric Fellow of Pembroke Col- 
lege and a cat with a philosophical bent. Reveals 
the scholarly life and attitudes at Cambridge in a 
story wrapped lightly around a mathematical prob- 
lem. CEC 


General, P. Eleven Papers Translated from the Rus- 
sian. V.I. Bernik, et al. Transl. Ser. 2, V. 140. AMS, 
1988, viii + 147 pp, $50. (ISBN: 0-8218-3116-X] Pa- 
pers on logic, algebra, number theory, and optimisa- 
tion; two are forty years old, others date from 1982- 
1985. LAS 


General, L. Gardner’s Whys & Wherefores. Mar- 


tin Gardner. U of Chicago Pr, 1989, ix + 261 pp, 
$19.95. (ISBN: 0-226-28245-7] A collection of six- 
teen essays and twenty book reviews, most written 
within the last six years, covering an enormous range 
of topics: annotations to Casey at the Bat, essays 
about pi and the travelling salesman from Discover, 
reviews of Gleik’s Chaos, Feynman’s autobiography, 
and Bloom’s Closing of the American Mind. Each 
reflects Gardner’s passion for interesting detail and 
wry reflections on logical twists. One highlight is 
a devastating review by Gardner of one of his own 
books, which appeared under a pseudonym in the 
New York Review of Books. LAS 


Elementary, T(13: 1). Plane Trigonometry, Fifth 
Edition. Bernard J. Rice, Jerry D. Strange. PWS- 
Kent, 1989, x + 358 pp. [ISBN: 0-534-91562-0] 
With this edition, the use of mathematical tables 
may be omitted if a “pure calculator” course is de- 
sired. Otherwise, this edition is essentially the same 
as the previous edition. (First Edition, TR, August- 
September 1975; Second Edition, TR, October 1978; 
Fourth Edition, TR, April 1987.) LCL 


Mathematics Appreciation, T(13: 1). A Sur- 
vey of Mathematics with Applications, Third Edition. 
Allen R. Angel, Stuart R. Porter. Addison-Wesley, 
1989, xii + 819 pp, $37.50. (ISBN: 0-201-13696-1] 
Changes in this edition include the addition of a sec- 
ond chapter on algebra and a new chapter on prob- 
lem solving, new exercises on problem solving and 
research questions, and new chapter tests. (Second 
Edition, TR, April 1986.) INC 


Precalculus, S(13), L*. Elementary Mathemat- 
ics: Selected Topics and Problem Solving. G. Do- 
rofeev, M. Potapov, N. Rosov. MIR (US Distr: Im- 
ported Pub), 1988, 488 pp, $15.95. Valuable ref- 
erence for teachers of algebra, trigonometry, and ge- 
ometry. Textual material illustrates methods of solv- 
ing problems and points out common student errors. 
Extensive exercises, with answers, pitched slightly 
higher than typical textbook. GG 


547 


548 


Precalculus, T(13). Fundamentals of College Al- 
gebra, Seventh Edition. Earl] W. Swokowski. PWS- 
Kent, 1989, x + 463 pp. [ISBN: 0-534-91748-8] An 
old standard enters its seventh edition with yet an- 
other permutation of the binomial theorem, graph- 
ing, inverses, logarithms, sequences, etc., and with an 
ever-expanding family of supplements that include 
tests on disks, transparencies, Kemeny’s precalculus 
software. (Third Edition, TR, January 1976; Fourth 
Edition, TR, January 1979.) AWR 


Precalculus, T**(13), S*. College Trigonome- 
try. Stanley I. Grossman. Saunders College, 1989, 
xv + 353 pp (ISBN: 0-03-007103-8]; Algebra and 
Trigonometry, 1989, xvii + 726 pp. (ISBN: 0- 
03-007129-1] Includes many examples with every 
step included, and applications. Numerous exer- 
cises, many calculator-oriented, including chapter re- 
view. Answers provided to most odd-numbered ex- 
ercises. Includes index of applications in the sci- 
ences, business, and economics. Many sections con- 
tain biographical and historical anecdotes. Alge- 
bra and Trigonometry covers usual topics in algebra, 
functions and graphs, exponential and logarithmic 
functions, and trigonometry. Also includes intro- 
ductions to linear algebra and discrete mathemat- 
ics. College Trigonometry includes a nice algebra 
review, complete discussion of angles, trigonomet- 
ric functions and graphs, identities and applications, 
complex numbers, exponential and logarithmic func- 
tions. Good discussion of inverse trigonometric func- 
tions. SB 


Precalculus, T(13: 1). College Algebra and 
Trigonometry. Louis Leithold. Addison-Wesley, 
1989, xviii + 781 pp, $40.75. [ISBN: 0-201-15730- 
6] Comprehensive text that forms the backbone of 
a new modular series of precalculus books. The stan- 
dard topics for such a course are here: algebraic re- 
view, polynomial, exponential, logarithmic, trigono- 
metric functions, and their graphs, as well as treat- 
ments of vectors, polar coordinates, systems of linear 
equations/inequalities, and matrices. A final chap- 
ter covers induction, sequences, series, combinatorial 
probability, and the binomial theorem. Numerous 
worked examples and section exercises. Answers to 
odd-numbered exercises. CE 


Precalculus, T(13: 1). College Algebra. Philip 
Gillett. Scott Foresman, 1989, 484 pp, $28.50 (ISBN: 
0-673-18793-4]; Algebra and Trigonometry, 1989, 664 
pp, $29.50. (ISBN: 0-673-18311-4] A well-written, 
traditional approach with interesting historical ref- 
erences and interspersed, marginal, true-false ques- 
tions. The algebra content of the two texts is 
identical—the extra dollar buys three chapters on 
trigonometry. JNC 


Precalculus, T(13: 1). Algebra and Trigonometry. 
Marvin L. Bittinger, Judith A. Beecher. Addison- 
Wesley, 1989, xvii + 731 pp, $37.50 (P). (ISBN: 
0-201-09152-6] A traditional approach emphasising 
real-life applications and graphing. Includes cal- 
culator exercises and interspersed margin exercises. 
Available supplements include fifty video tapes of 
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text material and printed and computerized test 
banks. JNC 


Precalculus, T(13: 1). Trigonometry, Fourth Edi- 
tion. Margaret L. Lial, Charles D. Miller. Scott 
Foresman, 1989, 406 pp, $24.95. [ISBN: 0-673-38248- 
6] Clean and lean. Early review of needed geome- 
try. Trigonometric functions of general angles and 
identities are introduced early on. Some trigonome- 
try of acute- and right-angled triangles follows. Then 
come radian measure, graphing, and so on, through 
vectors, complex numbers, polar coordinates, and 
the exponential and logarithmic functions. Brief ta- 
bles. Some calculator exercises. Inside front and 
back covers have helpful summaries of main results. 
Pace is leisurely and the writing is clear. (First 
Edition, TR, November 1977; Second Edition, TR, 
August-September 1981; Third Edition, TR, Novem- 
ber 1985.) JK 


Precalculus, T(13: 1). Precalculus. Joseph Elich, 
Lawrence O. Cannon. Scott Foresman, 1989, 670 pp, 
$29. (ISBN: 0-673-18831-0] Introduces number sys- 
tems, functions, inverses, exponentials, logarithms, 
trigonometric functions, systems, analytic geometry, 
and discrete mathematics. Many helpful two-color 
figures. Exercise sets have drill problems, applica- 
tion (word) problems, and a set of more open-ended 
exploration problems. Includes 31 historical sketches 
and an appendix on using a calculator. SP 


Finite Mathematics, T(2), S. Finite Mathemat- 
tcs and Calculus with Applications, Third Edition. 
Margaret L. Lial, Charles D. Miller. Scott Fores- 
man, 1989, xxii + 1098 pp, $35. (ISBN: 0-673- 
38255-9] This edition places greater emphasis on 
business and economics, and includes new examples, 
exercises, and applications. Routine exercises are 
now followed by application exercises arranged by 
discipline. Previous editions were published under 
the title Mathematics and Calculus with Applications 
(First Edition, TR, December 1980; Second Edition, 
TR, March 1986). JNC 


Finite Mathematics, T(13-14: 1). Methods of 
Finite Mathematics. John W. Brown, Donald R. 
Sherbert. Wiley, 1989, xii + 668 pp, $48.16. (ISBN: 
0-471-63003-9] Linear methods in the plane, sys- 
tems of linear equations, matrices, linear program- 
ming, methods of counting, methods of probability, 
probability distributions and statistics, Markov anal- 
ysis, mathematics of finance, game theory, logic and 
graphs. If you teach a course covering a combination 
of these topics you might consider this book. Nu- 
merous examples and exercises, along with the usual 
pedagogical aids. Software package with manual is 
available. Medium level difficulty. JK 


Finite Mathematics, T(13). Finite Mathemat- 
tcs, Fourth Edition. Margaret L. Lial, Charles D. 
Miller. Scott Foresman, 1989, xvii + 572 pp, $33. 
[ISBN: 0-673-38253-2}] Here is another mix of matri- 
ces, linear programming, Markov chains, sets, count- 
ing, probability and statistics, and a chapter on fi- 
nance. More exercises, more applications; has edition 
n +1 ever had less of these than edition n? (Second 
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Edition, TR, August-September 1982; Third Edition, 
TR, January 1986.) AWR 


Education, S, L. Board Games Round the World: 
A Resource Book for Mathematical Investigations. 
Robbie Bell, Michael Cornelius. Cambridge U 
Pr, 1988, 124 pp, $9.95 (P). [ISBN: 0-521-35924- 
4] Brief descriptions of several dozen board games, 
grouped by type (position, Mancala, war, race, 
dice) with suggestions for investigations of strategy 
and features ( “specialise, generalise, conjecture, con- 
vince”) that will help school children learn to think 
mathematically. LAS 


Education, P, L. Mathematics: Report of the 
Project 2061 Phase I Mathematics Panel. David 
Blackwell, Leon Henkin. AAAS, 1989, xi + 47 pp, 
$7.50 (P). (ISBN: 0-87168-344-X] One of five panel 
reports written as background for the AAAS Project 
2061, this report offers an ambitious vision of which 
important ideas of mathematics should be under- 
stood by next century’s “typical adults”—those with 
no mathematics education beyond high school. In 
addition to the expected elementary topics from the 
present school curriculum, this panel’s view of math- 
ematical literacy for all Americans includes Turing 
machines, social choice functions, simple systems of 
differential equations, and linear programming. The 
example of Garfield High School is cited in support of 
a discussion of emotions and mathematics to argue 
that such a vision is not unrealistic. Nevertheless, 
the full report Science for All Americans (see below) 
includes relatively little of the more innovative rec- 
ommendations in this report. LAS 


Education, P, L*. Science For All Americans. 
AAAS, 1989, ix + 217 pp, $14.50 (P). (ISBN: 0- 
87168-341-5] Summary report of Project 2061, the 
futuristic attempt by AAAS to articulate what ev- 
ery person should know of mathematics, science, and 
technology. Twelve core chapters summarise the 
recommendations in mini-essays covering the entire 
spectrum of science. Mathematics appears through- 
out, both linked with science and in three special 
sections: on mathematical ways of thinking (abstrac- 
tion, manipulation, application); on the mathemat- 
ical world (numbers, symbols, shapes, uncertainty, 
data, sampling, reasoning); and on mathematical 
skills (computation, calculator, estimation). The vi- 
sion of mathematics for all Americans contained in 
this summary is substantially stronger than current 
average performance, but much weaker than that rec- 
ommended by the project’s own mathematics panel 
(see above), or by the new NCTM Standards for 
school mathematics (see below). LAS 


Education, P**, L**. Curriculum and Evalu- 
ation Standards for School Mathematics. NCTM, 
1989, vii + 258 pp, $25 (P). (ISBN: 0-87353-273- 
2] “Must” reading for anyone who teaches mathe- 
matics. Presents guidelines for the content of school 
mathematics curricula and suggests means for eval- 
uating student mastery of this content. Although 
the K-12 curriculum is the primary focus, the goals 
articulated in the Standards can (and should!) in- 
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form the undergraduate mathematics curriculum as 
well. AO 


Education, S*, P*, L***. Escalante: The Best 
Teacher in America. Jay Mathews. . Henry Holt, 
1988, ix + 322 pp, $19.95. [ISBN: 0-8050-0450-5] A 
fascinating, behind-the-scenes portrait of Jaime Es- 
calante, his students, and fellow teachers at Garfield 
High School in East Los Angeles—a school which 
moved in ten years from intellectual bankruptcy to 
outstanding success in AP calculus and other AP 
courses. At times a hard-driving coach, cult hero, 
and stubborn individualist, Escalante found and re- 
inforced ganas (“the urge”) in the most unlikely stu- 
dents. An eccentric genius, Escalante’s idiosyncratic 
methods (“Escalante made calculus into a religion” ) 
reveal more about what is possible than about what 
is practical. Nevertheless, this story, like the movie 
Stand and Deliver, is an impressive celebration of the 
art of teaching. LAS 


Education, P, L. American Perspectives on the 
Sizth International Congress on Mathematical Edu- 
cation. Ed: Thomas J. Cooney. NCTM, 1989, v + 
56 pp, $6.75 (P). (ISBN: 0-87353-276-7] A mélange 
of commentary by twenty-four American participants 
in ICMI-VI held in Budapest from July 27 to August 
3, 1988. Six authors—J. Kilpatrick, J. Fey, L. Steffe, 
N. Kreinberg, R. Shumway, and P. Zorn—offer broad 
surveys; other shorter papers provide editorial obser- 
vations based on personal experiences with the vast 
Congress. Topics include technology, teacher educa- 
tion, visualisation, contests, community colleges, and 
college mathematics. LAS 


History, L. The First Electronic Computer: The 
Atanasoff Story. Alice R. Burks, Arthur W. Burks. 
U of Michigan Pr, 1988, xii -+ 387 pp, $30. [ISBN: 0- 
472-10090-4] Covers the story of the electronic com- 
puter completed by John Atanasoff in 1942. Based 
on the authors’ direct knowledge and on the proceed- 
ings of the Honeywell vs. Sperry Rand case, which 
concluded that Atanasoff’s computer was an auto- 
matic electronic digital computer prior to the ENIAC 
computer which was unveiled in 1946, and that the 
ENIAC had been derived from it. RH 


Logic, P. Logic Colloquium ’84. Ed: J.B. Paris, A.J. 
Wilkie, G.M. Wilmers. Stud. in Logic & the Found. 
of Math., V. 120. North-Holland (US Distr: Elsevier 
Science), 1986, x + 377 pp, $66.75. [ISBN: 0-444- 
87999-4] Research and survey papers presented at 
the 1984 European Summer Meeting of the Associ- 
ation for Symbolic Logic, held at the University of 
Manchester, July 15-24. Main topics are model the- 
ory of arithmetic and algebra, semantics of natural 
languages, and applications of logic to complexity 
theory. KS 


Foundations, P, L. The Liar: An Essay on Truth 
and Circularity. Jon Barwise, John Etchemendy. 
Oxford U Pr, 1987, xii + 185 pp. (ISBN: 0-19- 
505072-X] A fresh discussion of the ancient liar para- 
dox (“This sentence is false.”) from two related per- 
spectives: the context-sensitive logic introduced in 
1950 by John Austin in which the paradox is re- 
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solved, in analogy with Russell’s hierarchy of sets, 
by making truth depend on levels of context; and 
the new theory of non-well-founded sets introduced 
in 1987 by Peter Acsél in which an “anti-foundation 
axiom” (AFA) based on “decorating” graphs permits 
a consistent theory of hypersets in which there is a 
unique set M equal to its own singleton (N = {M}). 
Opens many avenues of further investigation into 
foundations of linguistics, computer science, set the- 
ory, and philosophy. LAS 


Graph Theory, P. Proceedings of the First Japan 
Conference on Graph Theory and Applications. J. 
Akiyama, Y. Egawa, H. Enomoto. Annals of Disc. 
Math., V. 38. North-Holland (US Distr: Elsevier 
Science), 1988, vi + 418 pp, $122. [ISBN: 0-444- 
70538-4] A collection of 46 papers printed in a very 
attractive format. AWR 


Graph Theory, P. Applications of Graphs in 
Chemistry and Physics. Ed: John W. Kennedy, 
Louis V. Quintas. North-Holland (US Distr: El- 
sevier Science), 1988, 416 pp, $123.75. [ISBN: 0- 
444-70513-9] Graph theory—the combinatorics and 
topology of nodes and edges—permeates and perco- 
lates through physical chemistry. The twenty-five 
papers here are largely expository, but not for the 
graph-theory novice. Note the price! BC 
Combinatorics, T*(15-18: 1), S*, P, L*. Com- 
binatorial Search. Martin Aigner. Ser. in Com- 
put. Sci. Wiley, 1988, 368 pp, $44.95. [ISBN: 0- 
471-92142-4] The purpose of this book is to give 
an introduction to the basic ideas (Chapter 1), and 
present a collection of the most interesting search 
problems (Chapters 2-6, independently arranged: 
Weighing Problems, Graph Problems, Sorting Prob- 
lems, Poset Problems, More Problems). Each section 
is followed with a set of exercises and solutions to the 
most interesting, and each chapter concludes with a 
list of unsolved problems and a guide to further read- 
ing. LCL 


Discrete Mathematics, T(14-15: 1, 2). Dis- 
crete and Combinatorial Mathematics: An Applied 
Introduction, Second Edition. Ralph P. Grimaldi. 
Addison-Wesley, 1989, xvi + 815 pp, $43. [ISBN: 
0-201-11954-4] Emphasis on algorithms and appli- 
cations; most theorems proved. Covers counting, 
logic, set theory, integers and induction, relations 
and functions, finite state machines, generating func- 
tions, recurrence relations, graph theory, trees, opti- 
misation, modular arithmetic, Boolean algebra, cod- 
ing theory, finite fields, Pélya’s method of enumera- 
tion. Each chapter ends with summary and historical 
review. Many examples and exercises (solutions to 
odd-numbered exercises). Includes computer science 
applications. SB 


Number Theory, P*, L. Ramanujan’s Notebooks, 
Part IT. Bruce C. Berndt. Springer-Verlag, 1989, xi 
+ 359 pp, $79.80. [ISBN: 0-387-96794-X] The second 
of four volumes devoted to the editing of the Note- 
books. Chapters 10-15 of the second notebook are 
examined. Except in a few instances, each result in 
these chapters is established. CEC 


TELEGRAPHIC REVIEWS 


[June-July 


Number Theory, P. Conjecture de Lehmer et Pe- 
tits Nombres de Salem. Marie José Bertin, Martine 
Pathiaux-Delefoese. Papers in Pure & Appl. Math., 
No. 81. Queen’s U, 1989, 144 pp, (P). An exposition 
of some recent results on a question of Lehmer con- 
cerning the roots of certain polynomials with integer 
coefficients and the connection between this question 
and so-called Salem numbers and Pisot numbers. SG 


Number Theory, P. Algebraic K-Theory and Al- 
gebraic Number Theory. Ed: Michael R. Stein, R. 
Keith Dennis. Contemp. Math., V. 83. AMS, 1989, 
xiv + 488 pp, $46 (P). [ISBN: 0-8218-5090-3] Nine- 
teen papers originating from joint U.S.-Japan semi- 
nar held in Honolulu in January 1987. GG 
Number Theory, T(16-17: 1). Introduction to 
Number Theory. Daniel E. Flath. Wiley, 1989, 
xii + 212 pp, $39.95. (ISBN: 0-471-60836-X] Top- 
ics include prime numbers and unique factorisation, 
sums of two squares, quadratic reciprocity, indefinite 
forms, and the class group and genera. Emphasis is 
on Diophantine equations, especially quadratic equa- 
tions in two variables. Includes numerous exercises 
and an appendix in which Jean-Pierre Serre discusses 
related current research. RH 


Number Theory, P. Representation Theory and 
Number Theory in Connection with the Local Lang- 
lands Conjecture. Ed: J. Ritter. Contemp. Math., 
V. 86. AMS, 1989, xiii + 266 pp, $28 (P). [ISBN: 
0-8218-5093-8] Proceedings of a conference held at 
the University of Augsburg on December 8-14, 1985. 
Includes 21 papers. RH 

Number Theory, P. Topological Methods in Ga- 
lois Representation Theory. Victor P. Snaith. Cana- 
dian Math. Soc. Ser. of Mono. & Adv. Texts. Wiley, 
1989, xiii + 299 pp, $44.95. (ISBN: 0-471-61752-0] 
An up-to-date exposition of the study of topological 
invariants of representations that arise in the Galois 
theory of fields. The author begins with a brief de- 
scription of abelian and nonabelian cohomology of 
groups. After presenting characteristic classes, he 
presents a form of Brauer’s induction theorem and 
some of its applications to number theory. SG 


Linear Algebra, T(14: 1). Elementary Lin- 
ear Algebra, Third Edition. Stewart Venit, Wayne 
Bishop. PWS-Kent, 1989, xiv + 462 pp. [ISBN: 
0-534-91689-9] Printed in a new, attractive two- 
color format; the only substantial change is the addi- 
tion of interspersed “mini-applications.” (TR, First 
Edition, April 1981; TR, Second Edition, June-July 
1987.) INC 


Linear Algebra, T*(14: 1). Introduction to Lin- 
ear Algebra, Second Edition. Lee W. Johnson, R. 
Dean Riess, Jimmy T. Arnold. Addison-Wesley, 
1989, xi + 578 pp, $40.75. (ISBN: 0-201-16833-2] 
Gradually increases the level of abstraction; begins 
with matrix theory and systems of linear equations; 
introduces vector-space ideas in R® before general- 
ized vector spaces: includes comments on computer 
solutions and a chapter on numerical methods. This 
edition has more explanations, motivation, examples, 
and exercises and covers eigenvalues in two chap- 
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ters. JNC 


Linear Algebra, T(14: 1). Linear Algebra with 
Applications, Third Edition. Jeanne L. Agnew, 
Robert C. Knapp. Brooks/Cole, 1989, viii + 392 
pp, $36.50. (ISBN: 0-534-09456-2] Sophomore-level 
text whose early introduction of eigenvalues (be- 
fore vector spaces and linear transformations) distin- 
guishes it from most. Plentiful exercises are mostly 
routine, with answers to odd problems provided. 
Main content change from first two editions (TR, 
First Edition, January 1979; TR, Second Edition, 
October 1983; Extended Review, November 1986) is 
deletion of chapter on linear programming. GG 


Linear Algebra, S(14), L. Schaum’s Outline of 
Theory and Problems of Matriz Operators. Richard 
Bronson. McGraw-Hill, 1989, 230 pp, $8.95 (P). 
[ISBN: 0-07-007978-1] Features an algorithmic ap- 
proach with emphasis on computationally efficient 
methods. JNC 


Linear Algebra, S(13). Systems of Linear Equa- 
tions. L.A. Skornyakov. Little Math. Lib. MIR (US 
Distr: Imported Pub), 1988, 64 pp, $1.95 (P). [ISBN: 
15-03-000268-5] Bases the theory of systems of lin- 
ear equations on elementary operations on matrices. 
Translated and revised from the 1986 Russian edi- 
tion. Exercises. JNC 


Linear Algebra, S(13-14). Primer for Linear 
Algebra. Stephen Demko. Scott Foresman, 1989, 
189 pp, $8 (P). [ISBN: 0-673-38642-2] A bare-bones 
treatment of linear systems, matrices, linear inde- 
pendence, determinants, and eigenvalues. Written 
in part with multivariable calculus in mind, con- 
tains sections on the second derivative test, Jaco- 
bians, Newton’s method for nonlinear systems, tan- 
gent planes, and fractals. Surprisingly wide range, in 
a computational sense. No abstraction or proofs. GG 


Linear Algebra, S*. Schaum’s Solved Problems 
Series: 3000 Solved Problems in Linear Algebra. 
Seymour Lipschuts. McGraw-Hill, 1989, vii + 480 
pp, $19.95 (P). {ISBN: 0-07-038023-6] This collec- 
tion covers almost every type of linear algebra prob- 
lem, both computational and theoretical in nature. 
Useful as a supplement or as a refresher. CEC 


Group Theory, P*, L**. Elements of Mathe- 
matics: Lie Groups and Lie Algebras, Chapters 1-8. 
Nicolas Bourbaki. Springer-Verlag, 1989, xvii + 450 
pp, $59. (ISBN: 0-387-50218-1] English translation 
of the first part of Bourbaki’s Groupes et algébres de 
Lie, covering Lie algebras, free Lie algebras, and Lie 
groups. Valuable, historical notes; voluminous exer- 
cises. (TR of 1971 French edition, May 1972.) LAS 


Algebra, P. Lecture Notes in Mathematics-1352: 
Algebra, Some Current Trends. Ed: L.L. Avramov, 
K.B. Tchakerian. Springer-Verlag, 1988, ix + 239 pp, 
$20 (P). (ISBN: 0-387-50371-4] Proceedings of the 
Fifth National School in Algebra held on the Black 
Sea coast near Varna, Bulgaria, from September 24 
to October 4, 1986. LAS 


Algebra, T(13: 1). College Algebra. Stanley I. 
Grossman. Saunders College, 1989, xvii + 503 pp. 
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[ISBN: 0-03-007089-9] A textbook designed to hold 
the interest of both recent high school graduates and 
students who have been away from institutionalised 
education for some time. The book contains approx- 
imately 125 “real world” applications, and numer- 
ous amusing vignettes from the history of mathemat- 
ics. Many examples (600+) and exercises (3500+). 
Pleasant and unintimidating design. SM 


Algebra, P*, L**. Elements of Mathematics: Al- 
gebra I, Chapters 1-3. Nicolas Bourbaki. Springer- 
Verlag, 1989, xxiii + 708 pp, $69. [ISBN: 0-387- 
19373-1] Reprint of Addison-Wesley’s 1974 trans- 
lation (TR, October 1974) of the first three chapters 
of Bourbaki’s Algébre originally written two decades 
earlier. This volume treats algebraic structures, lin- 
ear algebra, and tensor algebras. Challenging ex- 
ercises, important historical notes. A worthwhile 
volume to make available to libraries and young re- 
searchers. LAS 


Algebra, P*, L**. Elements of Mathematics: 
Commutative Algebra, Chapters 1-7. Nicolas Bour- 
baki. Springer-Verlag, 1989, xxiv + 625 pp, $69. 
[ISBN: 0-387-19371-5] Reprint of Addison-Wesley’s 
1972 translation (TR, June 1973) of Eléments de 
mathématique, Algébre commutative. Seven chapters 
beginning with flat modules, concluding with divi- 
sors; concludes with a rich, historical essay and ta- 
bles of implications and invariances. LAS 


Algebra, P. Ordered Sets and Lattices. Kh. 
Drashkovicheva, et al. AMS Transl. Ser. 2, 
V. 141. AMS, 1989, x + 203 pp, $69. [ISBN: 0-8218- 
3121-6] A translation of five articles originally pub- 
lished in Russian describe (nearly all) the results in 
lattice theory in the past fifteen years—“reviews of 
reviews” according to the translator. If you want 
to know what's happening in lattice theory, start 
here. SG 


Algebra, P. Classical Groups and Related Topics. 
Ed: Alexander J. Hahn, Donald G. James, Zhe-xian 
Wan. Contemp. Math., V. 82. AMS, 1989, xvi + 
254 pp, $28 (P). {[ISBN: 0-8218-5089-x] Contains sev- 
eral interesting papers on many aspects of classical 
groups that were delivered at a 1987 conference in 
honor of the memory of L.K. Hua. SG 


Algebra, P. Unit Groups of Classical Rings. Gre- 
gory Karpilovsky. Clarendon Pr, 1988, xiv + 370 
pp, $98. [ISBN: 0-19-853557-0] Account of what is 
known of the structure of the unit group U(R) of 
a ring R, including many recent results. Motivated 
by problems of determining the isomorphism class of 
U(R) in terms of natural R invariants and finding an 
effective method for constructing units of R. Cov- 
ers algebraic units, unit groups of cyclotomic fields, 
multiplicative groupe of local and global fields and 
extensions, multiplicative groups of division rings, 
cyclic unit groups, finite generation of U(R), unit 
groups of group rings. SB 

Calculus, T(13-14: 2, 3). Calculus with Ana- 
lytic Geometry, Fourth Edition. Murray H. Prot- 
ter, Philip E. Protter. Jones & Bartlett, 1988, xii 
+ 962 pp, $50. (ISBN: 0-86720-093-6] Changes in 
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this edition (Second Edition, TR, August-September 
1970; Third Edition, TR, October 1977) include the 
addition of two new chapters: Chapter 17 on vector 
field theory, and Chapter 18 on differential equations. 
Other changes include a thorough review of precal- 
culus material in Chapter 1, a reordering of some 
topics, expanded coverage of infinite series, and new 
sections on Newton’s method and on applications of 
the integral to probability problems. More emphasis 
given to the graphing of functions as surfaces. The 
number of problems has been increased by more than 
one-third, and review problems have been added to 
the end of each chapter. RH 


Calculus, S(13). Misteaks ...and how to find them 
before the teacher does ..., Second Edition. Barry 
Cipra. Academic Pr, 1989, xiii + 65 pp, $6.95 (P). 
[ISBN: 0-12-174695-X] This is a cute little book that 
can be summarised as an effort to get students to ask 
some “obvious” questions about the reasonableness 
of their answers. How do we get students to read it? 
(First Edition, TR, March 1984.) AWR 


Calculus, T(13: 1). Calculus with Applications, 
Fourth Edition. Margaret L. Lial, Charles D. Miller. 
Scott Foresman, 1989, xviii + 794 pp, $34. [ISBN: 0- 
673-38251-6] For majors in business, management, 
economics, life, or social sciences. New features in- 
clude motivational material, additional examples, ex- 
ercises, and applications (particularly from business 
and economics). Routine exercises are now followed 
by clearly marked application exercises arranged by 
discipline. (Third Edition, TR, March 1986). JNC 


Calculus, T(13-14: 2). Mathematics and Calculus 
with Applications. Marvin L. Bittinger, J. Conrad 
Crown. Addison-Wesley, 1989, xxv + 1115 pp, $44. 
[ISBN: 0-201-05941-X] An introductory text combin- 
ing finite mathematics and business calculus. Con- 
tains a variety of exercises including extended ap- 
plications, calculator, and computer exercises. In- 
troduction to linear systems, linear programming, 
probability, as well as differential and integral cal- 
culus. SP 


Calculus, T(13). Mathematical Analysis. V.B. 
Uvarov. MIR (US Distr: Imported Pub), 1988, 335 
pp, $9.95. (ISBN: 5-03-000500-5] Here is the ul- 
timate lean and lively calculus text. A little more 
rigorous than American texts in its treatment of 
the real and complex numbers, this book marches 
through all the usual topics of a three-term calculus 
sequence, covers Jordan-measurable sets in its ap- 
proach to multiple integrals, and throws in a chapter 
on Fourier series. This is accomplished in 335 small 
pages, and is available for under $10 in hardcover! 
AWR 


Real Analysis, S(17-18), L*. The Fourier In- 
tegral and Certain of ite Applications. Norbert 
Wiener. Cambridge U Pr, 1988, xvii + 201 pp, 
$16.95 (P). [ISBN: 0-521-35884-1] Third printing 
of a true classic, described in a new Foreword by 
Jean-Pierre Kahane as “one of the great mathemat- 
ical achievements of this century.” Wiener gives a 
unique personal view centered on Tauberian theo- 
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rems which served to introduce the idea of Banach 
algebras and abstract harmonic analysis decades be- 
fore the modern theory emerged. First published in 
1933, based on a series of lectures given at Cambridge 
University. LAS 


Complex Analysis, P. Holomorphte Functions and 
Moduli I & IT. Ed: D. Drasin, et al. Springer-Verlag, 
1988. Moduli J, Math. Sci. Res. Inst. Publicat., V. 10, 
xiii + 246 pp, $29.50 (ISBN: 0-387-96766-4]; Mod- 
uli IJ, Math. Sci. Res. Inst. Publicat., V. 11, xiii + 
290 pp, $32.80. [ISBN: 0-387-96786-9] Collection 
of papers solicited from participants in the Spring 
1986 Program in Geometric Function Theory at the 
Mathematical Sciences Research Institute in Berke- 
ley, California. Topics include Teichmiller theory, 
quasiconformal mappings, Kleinian groups, univalent 
functions, and value distributions. BH 

Differential Equations, T(18: 1), S, P. Criti- 
cal Point Theory and Hamiltonian Systems. Jean 
Mawhin, Michel Willem. Appl. Math. Sci., V. 74. 
Springer-Verlag, 1989, xiv + 277 pp, $54. (ISBN: 0- 
387-96908-X] After a brief historical sketch, this text 
develops the fundamentals of critical point theory, 
and eventually focuses somewhat on periodic solu- 
tions problems for Hamiltonian systems. Written for 
those trained in ordinary differential equations. MU 


Differential Equations, T(15-16: 1). Fundamen- 
tals of Differential Equations, Second Edition. R. 
Kent Nagle, Edward B. Saff. Benjamin/Cummings, 
1989, xv + 711 pp, $43.95. [ISBN: 0-8053-0254-9] 
A text for the standard introductory ordinary differ- 
ential equations course. Also includes one chapter 
on partial differential equations. Optional numerical 
techniques are introduced early, systems are treated 
briefly near the end. Each chapter ends with an inter- 
esting set of extended applications. (First Edition, 
TR, May 1987; Extended Review, December 1987.) 
SP 


Differential Equations, (17-18), P. Handbook of 
Differential Equations. Daniel Zwillinger. Academic 
Pr, 1989, xx + 673 pp, $49.95. [ISBN: 0-12-784390-6] 
A clearly-written, well-organised, comprehensive ref- 
erence work collecting nearly 200 methods for solving 
ordinary differential equations and partial differen- 
tial equations. Four chief parts: definitions and con- 
cepts; exact methods; approximate analytical meth- 
ods; numerical methods. Each method is described 
in a short section, typically with pertinent references, 
brief examples, important theorems, computer tech- 
niques, etc. In summary, a remarkable guidebook for 
a vast territory. PZ 


Differential Equations, T(14-15: 1). Introduc- 
tion to Ordinary Differential Equations, Fourth Edi- 
tion. Shepley L. Ross. Wiley, 1989, xi + 609 pp, 
$48.16. [ISBN: 0-471-09881-7] A new edition of a 
well-known textbook. Additions include sections on 
the use of matrices to solve linear systems with con- 
stant coefficients and expanded treatment of numer- 
ical methods. Leibnis notation for derivatives has 


“been replaced with prime notation. 360 new exer- 


cises. (First Edition, TR, February 1967; Second 
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Edition, TR, May 1975; Extended Review, Novem- 
ber 1976; Third Edition, TR, January 1981.) SM 


Differential Equations, S(14-16), C. IBM PC. 
Differential and Difference Equations through Com- 
puter Ezperiments, Second Edition. Hiiseyin Kocak. 
Springer-Verlag, 1989, xvii + 224 pp, $49.95 (P). 
[ISBN: 0-387-96918-7] Version 1.1 of the very pop- 
ular “Phaser” simulation package for IBM personal 
computers. This version uses either the high resolu- 
tion EGA or VGA graphics or the (original) lower 
resolution CGA graphics. The software plots trajec- 
tories of differential and difference equations. The 
manual provides a synopsis of the relevant mathe- 
matics, a handbook of Phaser commands, and a li- 
brary of standard examples of one-, two-, and three- 
dimensional equations that in themselves constitute 
an outline of elementary differential equations. LAS 


Partial Differential Equations, P. Integral Man- 
ifolds and Inertial Manifolds for Dissipative Partial 
Differential Equations. P. Constantin, et al. Appl. 
Math. Ser., V. 70. Springer-Verlag, 1989, x + 123 
pp, $34. [ISBN: 0-387-96729-X] An inertial manifold 
is an invariant manifold that attracts exponentially 
all trajectories of a partial differential equation. This 
study focuses on some features of inertial manifolds 
that reveal similarities between the long term evo- 
lution of solutions of dissipative partial differential 
equations and solutions of finite dimensional dynam- 
ical systems. LAS 


Partial Differential Equations, P. Multigrid 
Methods: Theory, Applications, and Supercomput- 
ing. Ed: S.F. McCormick. Lect. Notes in Pure & 
Appl. Math., V. 110. Marcel Dekker, 1988, xiv + 
641 pp, (P). [ISBN: 0-8247-7979-7] Thirty-three re- 
search papers presented at the Third Copper Moun- 
tain Conference on Multigrid Methods held April 5- 
10, 1987 at Copper Mountain, Colorado. AO 


Partial Differential Equations, P. Recent De- 
velopments in Hyperbolic Equations. Ed: L. Cat- 
tabriga, et al. Pitman Res. Notes in Math. Ser., V. 
183. Longman Scientific & Technical (US Distr: Wi- 
ley), 1988, 411 pp, $64.95 (P). (ISBN: 0-582-03491- 
4] Papers from a semester conference at the Uni- 
versity of Pisa, January-June, 1987. Topics include 
propagation of singularities, well-posed weakly hy- 
perbolic Cauchy problems, solvability in Gevrey and 
analytic classes, global solutions for nonlinear equa- 
tions with small initial data, nonstrictly hyperbolic 
systems, and ramification of solutions to equations 
of Kowalewsky type. MR 


Partial Differential Equations, P. Asymptotic 
Analysis of a Class of Perturbed Korteweg-de Vries 
Initial Value Problems. F. de Kerf. CWI Tract, 
V. 50. Math Centrum, 1988, 180 pp, Dfl. 26.70 
(P). (ISBN: 90-6196-351-6] Certain solutions of the 
Korteweg-de- Vries equation u, — 6uu, + tess = 0 
are solitons—solitary waves that exhibit particle-like 
behavior when they interact. This monograph exam- 
ines the behavior of solutions under slight perturba- 
tions of the original equations as a means of studying 
the effect of models that neglect small terms. LAS 
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Partial Differential Equations, P. Nonlinear 
Partial Differential Equations and their Applica- 
tions, Collége de France Seminar, Volume IX. Ed: 
H. Bresis, J.L. Lions. Pitman Res. Notes in Math. 
Ser., V. 181. Longman Scientific & Technical (US 
Distr: Wiley), 1988, 375 pp, $64.95 (P). [ISBN: 0- 
582-02181-2] Thirteen papers on nonlinear partial 
differential equations, with applications to plasticity, 
liquid crystals, fiber optics (a long chapter), quantum 
mechanics, and even economics. BC 


Partial Differential Equations, P. Mathemati- 
cal Analysis of Nonlinear Dynamic Processes. K-U 
Grusa. Pitman Res. Notes in Math. Ser., V. 176. 
Longman Scientific & Technical (US Distr: Wiley), 
1988, 450 pp, $79.95 (P). [ISBN: 0-582-02880-9] A 
detailed introduction to the modelling of nonlin- 
ear phenomena by partial differential equations on 
multi-connected domains, and controlled pointwise 
or by game theoretic strategies. Models consid- 
ered in depth include population migration (reaction- 
diffusion equations), new influence phenomena in 
economics (nonlinear wave equations), and cardiac 
arhythmias (vortical processes). CE 


Partial Differential Equations, P. Calculus on 
Heisenberg Manifolds. Richard Beals, Peter Greiner. 
Annals of Math. Stud., No. 119. Princeton U Pr, 
1988, ix + 194 pp, $15.95 (P); $40. [ISBN: 0-691- 
08501-3; 0-691-08500-5] Studies certain pseudodif- 
ferential operators on smooth manifolds. Topics in- 
clude operators and their models, composition of op- 
erators, hypoellipticity and parametrics for second- 
order operators. GN 


Partial Differential Equations, T(15-16), L. 
Partial Differential Equations: Theory and Tech- 
nique, Second Edition. George F. Carrier, Carl E. 
Pearson. Academic Pr, 1988, xi + 340 pp, $39.95. 
(ISBN: 0-12-160451-9] Still an “attractive introduc- 
tion to the subject” (First Edition, TR, June-July 
1976). Changes from that edition include an added 
chapter on transform methods, a section on integral 
equations, and additional exercises. GN 


Numerical Analysis, T(15-16). Numerical Anal- 
ysis, Fourth Edition. Richard L. Burden, J. Douglas 
Faires. PWS-Kent, 1989, xv + 729 pp. [ISBN: 0- 
53491-585-X] Intended for a junior/senior year course 
(1 or 2 terms), this book aims at science and engi- 
neering students who know Basic, Fortran, or Pascal. 
Changes from Third Edition include stronger empha- 
sis on factorization of matrices, more attention to 
norms commonly applied to vectors and matrices, 
greater emphasis on the power method of approx- 
imating eigenvalues, and (of course) more exercises 
(some modeled after problems on recent exams of the 
Society of Actuaries). (First Edition, TR, November 
1978; Extended Review, March 1980.) AWR 


Numerical Analysis, S(16-17). Schaum's Out- 
line of Theory and Problems of Numerical Analysis, 
Second Edition. Francis Scheid. McGraw-Hill, 1989, 
471 pp, $11.95 (P). [ISBN: 0-07-055221-5] Pretty 
much what one would expect from a Schaum’s Out- 
line: an organised and very concise treatment of un- 
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dergraduate numerical analysis. Hundreds of solved 
and unsolved problems. The author writes in a lively 
and very enjoyable style. SM 


Numerical Analysis, P. Iterative Methods for the 
Solution of Linear Systems. Ed: A. Hadjidimos. 
North-Holland (US Distr: Elsevier Science), 1988, 
291 pp, $78. (ISBN: 0-444-87277-9] A collection of 
twenty invited papers intended to sample trends in 
research in this area, and to provide a broad overview 
of the field as it is developing. AWR 

Numerical Analysis, T(14-15: 1, 2), L. Applied 
Numerical Analysis, Fourth Edition. Curtis F. Ger- 
ald, Patrick O. Wheatley. Addison-Wesley, 1989, 
xi + 722 pp, $40.75. [ISBN: 0-201-11583-2] Sev- 
eral chapters have been reorganized and rewritten 
for greater clarity and to bring the material more 
up-to-date. This edition features more emphasis on 
the use of matrix algebra, an elementary introduc- 
tion to finite-element methods, and two-color print- 
ing. (First Edition, TR, August-September 1970; 
Second Edition, TR, November 1978; Third Edition, 
TR, January 1985.) AO 


Numerical Analysis, T(15-16: 1). Introduction 
to Applied Numerical Analysis. Richard W. Ham- 
ming. Hemisphere Pub, 1989, x + 331 pp, $29.95. 
[ISBN: 0-89116-865-6] A reprint of the original edi- 
tion published by McGraw-Hill in 1971 (Extended 
Review, April 1977). No significant changes have 
been made to the text. AO 


Numerical Analysis, C. Basic Numerical Modules 
in Fortran for the IBM PC and Compatibles. Karol 
Boning. Friedr. Vieweg & Sohn, 1988, iii + 320 pp, 
DM 298 (P). (ISBN: 3-528-02793-2] Software pack- 
age for getting numerical results. 117 modules on 
three disks. For each, the accompanying documen- 
tation identifies the purpose and method; external 
subroutines, data and parameters used; results ob- 
tained; sise. Not a text; few of the methods are de- 
rived or explained. Topics include elementary calcu- 
lations, interpolation, approximation, solving linear 
equations, eigen problems, nonlinear equations, nu- 
merical integration, ordinary and partial differential 
equations. DFA 


Functional Analysis, T(17-18), P, L. Mathe- 
matical Analysis and Numerical Methods for Science 
and Technology, Volume 2: Functional and Varia- 
tional Methods. Robert Dautray, Jacques-Louis Li- 
ons. Transl: Ian N. Sneddon. Springer-Verlag, 
1988, xv + 561 pp, $89.90. [ISBN: 0-387-19045- 
7] Translation of Chapters III to VII of Analyse 
mathématique et calcul numérique pour les sciences 
et les techniques. Each chapter is written by differ- 
ent author teams. Part of a 21-chapter, six-volume 
treatise sponsored by the French atomic energy com- 
mission. Topics: functional transformations, Sobolev 
spaces, linear differential operators, operators on Ba- 
nach and Hilbert spaces, linear variational problems, 
distribution theory. LAS 

Functional Analysis, P. Schauder Bases: Be- 
haviour and Stability. P.K. Kamthan, M. Gupta. 
Pitman Mono. & Surv. in Pure & Appl. Math., V. 42. 
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Longman Scientific & Technical (US Distr: Wiley), 
1988, 514 pp, $79.75. [ISBN: 0-470-21029-X] This 
book is intended by the authors to serve as the com- 
pletion of their work on Schauder bases and contains 
a good part of the recent results in this area. It 
assumes a comfortable familiarity with the theory 
of locally convex topological vector spaces. Part I 
is a summary of the results needed as background; 
later results are more technical and detailed. Exten- 
sive bibliography; index. Excessive use of abbrevia- 
tions. JS 


Analysis, S*(16-18), P*, L. A Handbook of 
Fourier Theorems. D.C. Champeney. Cambridge U 
Pr, 1989, xi + 185 pp, $17.95 (P). [ISBN: 0-521- 
36688-7] A brief, clear summary of Fourier anal- 
ysis: basics of real analysis (including a brief in- 
troduction to Lebesgue integration and L? theory), 
convergence and inversion theorems, and elementary 
distribution theory. Pitched at late undergraduate 
to early graduate level, but should appeal to any 
working mathematician or scientist who wants an 
“aerial” view of the subject. Nothing is proved; much 
is explained. (1987 hardcover edition, TR, August- 
September 1988.) PZ 


Analysis, P. Lecture Notes in Mathematics-1336: 
Semi-Classical Analysis for the Schrodinger Oper- 
ator and Applications. Bernard Helffer. Springer- 
Verlag, 1988, v + 107 pp, $13.10 (P). [ISBN: 0-387- 
50076-6] “The purpose of the semi-classical anal- 
ysis is to understand, from a mathematical point 
of view, the general correspondence principle of the 
Quantum mechanics saying that, when the Planck 
constant h tends to sero, we must recover starting 
from the Quantum mechanics, the classical mechan- 
ics.” Develops theory of tunneling effect and ap- 
plies to Schrodinger operators with periodic electric 
potentials and Schrodinger operators with magnetic 
fields. BH 


Analysis, T*(17-18: 2), L. Principles of Applied 
Mathematics: Transformation and Approzimation. 
James P. Keener. Addison-Wesley, 1988, xv + 560 
pp, $48.50. [ISBN: 0-201-15674-1] For a course in 
applied mathematical techniques. Engaging style. 
Develops and applies spectral theory of operators 
and asymptotic analysis to a wide range of prob- 
lems. Chapter subjects: finite dimensional vector 
spaces, function spaces, integral equations, differen- 
tial operators, calculus of variations, complex vari- 
able theory, transform and spectral theory, partial 
differential equations, inverse scattering transform, 
asymptotic expansions, regular and singular pertur- 
bation theory. Many real examples, exercises, refer- 
ences; some discussion of numerical packages. DFA 


Analysis, S(17-18), P. Harmonic Analysis in 
Phase Space. Gerald B. Folland. Annals of Math. 
Stud., No. 122. Princeton U Pr, 1989, ix + 277 
pp, $17.50 (P); $55. [ISBN: 0-691-08528-5; 0-691- 
08527-7] A clearly-written treatment of the Heisen- 
berg group, quantisation, the Weyl! calculus of pseu- 
dodifferential operators, the metaplectic representa- 
tion, wave packets, and other stuff that shows up in 
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Fourier analysis, partial differential equations, math- 
ematical physics, representation theory, and number 
theory. BC 


Analysis, T(17: 2). Real Analysis and Probability. 
Richard M. Dudley. Math. Ser. Wadsworth, 1989, xi 
+ 436 pp, $52.95. [ISBN: 0-534-10050-3] Assumes 
analysis at the level of Rudin’s classic. First five 
chapters form a concise yet thorough treatment of 
measure and integration, followed by a discussion of 
convexity and generalised differentiation. The prob- 
ability in the title is a short, intense treatment of 
limit laws, distributions, and continuous processes. 
Ample exercises and useful bibliographies follow each 
chapter. TAV 


Analysis, P. Treatise on Analysis, Volume VII. J. 
Dieudonné. Transl: Laura Fainsilber. Pure & Appl. 
Math., V. 10. Academic Pr, 1988, xiv + 366 pp, 
$69.95. (ISBN: 0-12-215507-6] Translation of Part 
One (on Pseudodifferential Operators) of Chapter 
XXIII: Linear Functional Equations of Dieudonné’s 
monumental Fléments d’analyse. The French origi- 
nal was published in 1978, ten years after the first 
chapter in the treatise. Includes references for all 
seven volumes, none more recent than 1976. LAS 


Analysis, T(16-17: 1), S, P, L. Classical Fourier 
Transforms. Komaravolu Chandrasekharan. Uni- 
versitext. Springer-Verlag, 1989, 172 pp, $29.50 (P). 
[ISBN: 0-387-50248-3] Nuts and bolts of Fourier 
transforms on L;(—00, 00), i = 1, 2, including Taube- 
rian theorems, Heisenberg’s inequality, and Hardy’s 
interpolation formula. Ends with a chapter on 
Fourier-Stieltjes transforms, and a uniqueness the- 
orem of Offord on L1(—w,w). BC 

Analysis, T(15-16: 1), S, L*. Theory of Dis- 
crete and Continuous Fourter Analysis. H. Joseph 
Weaver. Wiley, 1989, xii + 307 pp, $39.95. [ISBN: 
0-471-62872-7] A unified introduction to Fourier se- 
ries, Fourier transforms, discrete Fourier transforms, 
and the fast Fourier transform, written so as to make 
clear appropriate parallels. Begins with review of 
necessary analysis (e.g., integration and distribution 
theory), and concludes with a treatment of discrete 
sampling of a continuous function (via a “comb” 
function) that links the discrete and continuous per- 
spectives in a common, important application. LAS 


Algebraic Geometry, S(18), P. Conformal Ge- 
ometry. Ed: Ravi S. Kulkarni, Ulrich Pinkall. As- 
pects of Math., V. E12. Friedr. Vieweg & Sohn, 
1988, vii + 236 pp, DM 48 (P). [ISBN: 3-528-08982- 
2] Eight long papers, in advanced expository style, 
on conformal geometry, from a 1985-86 seminar at 
the Max-Planck-Institut. Several chapters, espe- 
cially the first, are introductory. Accessible to ad- 
vanced graduate students as an introduction to re- 
search topics. PZ 


Algebraic Geometry, T(16-17), L. Undergrad- 
uate Algebraic Geometry. Miles Reid. Math. Soc. 
Stud. Texts, V. 12. Cambridge U Pr, 1988, viii 
+ 129 pp, $34.50; $12.95 (P). [ISBN: 0-521-35559-1; 
0-521-35662-8] Let’s say advanced undergraduates: 
Those familiar with commutative rings, principal 
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ideal domain (PID’s), Galois theory, some topology, 
and possessing mathematical sophistication. Given 
this, the author leads the student on a lively, inter- 
esting, down-to-earth tour of the fundamental alge- 
braic geometry. The author covers conics, cubics, 
affine and projective varieties, the 27 lines on a cubic 
surface, and closes with some welcome, provocative 
comments on “modern” algebraic geometry. SG 


Differential Geometry, S(16-17). Schaum’s 
Outline of Theory and Problems of Tensor Calcu- 
lus. David C. Kay. McGraw-Hill, 1988, 228 pp, 
$10.95. [ISBN: 0-07-033484-6] For both undergrad- 
uates and graduate students in need of mastering the 
basic concepts and methods of tensors. The tradi- 
tional component approach (replete with subscripts 
and superscripts). Chapters 1 and 2 contain the req- 
uisite background material on summation convention 
and basic linear algebra for tensors. Later chapters 
on tensors in classical mechanics, in special relativity, 
and in Euclidean geometry. Final chapter features 
the modern noncomponent approach. Explanatory 
sections are clear and helpful and reflect the author’s 
teaching experience with the material. Much elemen- 
tary classical differential geometry is met along the 
way. JK 


Differential Geometry, T(18: 4), S, P. Lec- 
ture Notes in Mathematics-1353: Critical Point The- 
ory and Submanifold Geometry. Richard S. Palais, 
Chuu-lian Terng. Springer-Verlag, 1988, x + 271 
pp, $24.30 (P). (ISBN: 0-387-50399-4] Part I is a 
modern introduction, suitable for graduate students, 
to submanifold geometry including submanifolds of 
Hilbert spaces. The goals are two-fold: to classify 
all isoparametric submanifolds, and to develop rela- 
tionship between the topology and geometry of these 
manifolds. Part II is devoted to critical point theory 
of Hilbert manifolds. The two parts are connected 
using the Morse Index Theorem. Overall, this seems 
better written than the average entry in the Lecture 
Notes series. Includes exercises. MR 


Differential Geometry, P. Differential Geometry 
of Frame Bundles. Luis A. Cordero, C.T.J. Dodson, 
Manuel de Leén. Math. & Its Applic. Kluwer Aca- 
demic, 1989, x + 234 pp, $74. [ISBN: 0-7923-0012-2] 
Bundles are increasingly important both as a setting 
for global analysis on manifolds, and by virtue of 
their applications to gauge field theories and general 
relativity. This work details the differential geom- 
etry of frame bundles. The approach is coordinate 
free and via jets, and assumes some graduate level 
knowledge of differential geometry. CE 


Geometry, S. Bendings of Surfaces and Stability of 
Shells. A.V. Pogorelov. Transl. of Math. Mono., 
V. 72. AMS, 1988, viii + 77 pp, $41. [ISBN: 0-8218- 
4525-X] This is a beautifully focused little book on 
the geometric theory of stability of elastic shells. It 
includes the complete solution of the problem of sta- 
bility of shells under an extremal pressure with no as- 
sumptions regarding the character of buckling. AWR 


Algebraic Topology, P. An Introduction to Inter- 
section Homology Theory. Frances Kirwan. Pitman 
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Res. Notes in Math. Ser., V. 187. Longman Sci- 
entific & Technical (US Distr: Wiley), 1988, 169 
pp, $47.95 (P). [ISBN: 0-470-21198-9] Based on lec- 
tures given in Oxford in 1987, these notes comprise a 
“beginner’s guide” to intersection homology theory, 
a recent extension of the ordinary homology theory 
of manifolds, that gives better results for singular 
spaces such as complex projective varieties and topo- 
logical pseudomanifolds. Not intended to be compre- 
hensive, the notes emphasise motivating and explain- 
ing the main ideas and definitions. CE 


Differential Topology, P. Lecture Notes in 
Mathematics-1950: Differential Topology. Ed: U. 
Koschorke. Springer-Verlag, 1988, vi + 269 pp, 
$24.30 (P). [ISBN: 0-387-50369-2] Proceedings of 
the Second Siegen Topology Symposium held July 
27-August 1, 1987 at the University of Siegen, Fed- 
eral Republic of Germany. Sixteen research articles 
grouped into three categories: linking phenomena 
and three-dimensional topology, immersions and vec- 
tor bundle morphisms, and manifolds and algebraic 
topology. GG 


Topology, P*, L**. Elements of Mathematics: 
General Topology. Nicolas Bourbaki. Springer- 
Verlag, 1989. Chapters 1-4, vii + 437 pp, $69 [ISBN: 
0-387-19374-X]; Chapters 5-10, iv + 363 pp, $59. 
[ISBN: 0-387-19372-3] Reprint of Addison-Wesley’s 
1966 English translation of the famous French Bour- 
baki series which shaped so profoundly the nature of 
contemporary mathematics. Each chapter features, 
in addition to archetypal axiomatic development of 
theory, many very challenging exercises and superb 
historical notes (TR of 1966 edition, June 1967; Ex- 
tended Review, December 1972). LAS 


Topology, P, L**. The Collected Papers of R.H. 
Bing. Ed: Sukhjit Singh, Steve Armentrout, Robert 
J. Daverman. AMS, 1988, $155 set [ISBN: 0-8218- 
0117-1]. Volume 1, xix + 886 pp; Volume 2, xvii + 
759 pp. A splendid celebration of Bing’s mathemat- 
ical life including all his mathematical papers and 
abstracts organised in part with Bing’s help. High- 
light is an autobiographical essay prepared by Singh 
from tapes made by Bing. Includes lists of Bing’s 
Ph.D. students, family photographs, and a biogra- 
phy by R.D. Anderson and C.E. Burgess. LAS 


Optimisation, T(16-18: 1, 2), S, L. Simulated 
Annealing and Boltzmann Machines. Emile Aarts, 
Jan Korst. Disc. Math. & Optimis. Wiley, 1989, xii 
+ 272 pp, $49.75. [ISBN: 0-471-92146-7] Simulated 
annealing is an approach to large problems of com- 
binatorial optimisation by direct analogy with the 
cooling process of annealing which minimises free 
energy—or cost—without becoming trapped in lo- 
cally minimal configurations. A Boltsmann machine 
is a massively parallel computer—a neural network 
model—with two-state components (on or off) gov- 
erned by a consensus function that measures the de- 
sirability of a global configuration. This monograph 
discusses implementation of simulated annealing al- 
gorithms on Boltsmann machines, where cost, free 
energy, and consensus play analogous role. LAS 


TELEGRAPHIC REVIEWS 


[June-July 


Optimisation, P. Lecture Notes in Mathematics- 
1954: Approzimation and Optimization. Ed: A. 
Gémes, et al. Springer-Verlag, 1988, vi + 280 
pp, $25.70 (P). [ISBN: 0-387-50443-5] Contains the 
Proceedings of the Seminar on Approximation and 
Optimisation held in January 1987 at the University 
of Havana in Havana, Cuba. SM 

Optimisation, T(16-17: 1, 2), L. Practical Meth- 
ods of Optimization, Second Edition. R. Fletcher. 
Wiley, 1987, xiv + 436 pp, $53.95. [ISBN: 0-471- 
91547-5] Both volumes of the previous edition have 
been combined into a single book and new material 
added. Part 1 covers unconstrained optimisation, 
and Part 2 covers constrained optimisation. Em- 
phasises methods known to be reliable and efficient. 
(TR, First Edition, V. 1, March, 1981; TR, First 
Edition, V. 2, November 1982.) AO 


Dynamical Systems, P. Chaos and Integrability in 
Nonlinear Dynamics, An Introduction. Michael Ta- 
bor. Wiley, 1989, xiii + 364 pp, $55. [ISBN: 0-471- 
82728-2] An introductory account of nonlinear dy- 
namics and chaos with an emphasis on Hamiltonian 
(non-dissipative) systems. Care is taken to place the 
new results in the context of traditional treatments of 
ordinary differential equations and classical mechan- 
ics. Topics include perturbation and KAM theory, 
area preserving mappings, chaos and integrability in 
the semi-classical limit, solitons and the KdV equa- 
tions. A one-chapter introduction to chaos in dissi- 
pative systems is also given. CE 


Dynamical Systems, P. Charles Conley Memorial 
Volume: Special Issue of Ergodic Theory and Dy- 
namical Systems, Volume 8. Ed: M.R. Herman, et 
al. Cambridge U Pr, 1988, 409 pp, $69.50. [ISBN: 
0-521-369290] A special issue of the journal Ergodic 
Theory and Dynamical Systems dedicated to the 
memory of Charles Conley. It includes a brief bi- 
ographical sketch and a previously unpublished yet 
seminal work of Conley’s on chain recurrent sets and 
Morse decomposition. The remaining twenty-one re- 
search articles range widely, and include contribu- 
tions by many luminaries of dynamical systems the- 
ory. CE 


Modelling, T**(15). Mathematical Models and 
Their Analysts. Frederic Y.M. Wan. Harper & Row, 
1989, xvi + 394 pp. (ISBN: 0-06-046902-1] Out- 
standing text on not only mathematical models, but 
also on the process of mathematical modelling. The 
models studied are grouped according to the princi- 
ple concern of the model. For example, under the 
heading of stability of equilbrium, the text looks at 
periodic orbits, hair (Euler buckling and elastic sta- 
bility), and car following (Lagrangian and Eulerian 
formulation of traffic flow). Other models covered 
include fishing rates, population distributions, eco- 
nomic growth, precession of Murcury, and timber 
harvesting. Necessary background is a familiarity 
with differential equations. Many exercises. Highly 
recommended. MR 


Modelling, P*, L*. Alternate Realities: Mathe- 
matical Models of Nature and Man. John L. Casti. 
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Wiley, 1989, xvii + 493 pp, $34.95. [ISBN: 0-471- 
61842-X] A bold, wide-ranging introduction to the 
use of modern mathematical tools (discrete dynam- 
ics, catastrophe theory, dynamical systems, game 
theory, optimal control theory) in the process of mod- 
elling natural and human systems. Uses a full array 
of graduate-level mathematical notation, often in in- 
novative contexts. Avoids typical topics (queueing, 
regression, LP); applications include DNA sequences, 
cognitive states, power generation, metabolism, and 
sociobiology. Unorthodox, philosophical, and pur- 
poseful in offering a highly innovative “theory of 
models.” LAS 


Modelling, T(15-17), S, L*. Empirical Model 
Building. James R. Thompson. Appl. Prob. & 
Stat. Wiley, 1989, xiv + 242 pp, $39.95. [ISBN: 
0-471-60105-5] A wide-ranging collection of prob- 
lem situations suitable for use in undergraduate mod- 
elling courses (annuities, demographics of ancient Is- 
rael, models for AIDS) together with a miscellany 
of tools (e.g., exploratory data analysis, Arrow’s and 
Stein’s paradoxes, quality control) useful to the prac- 
ticing modeller. A useful core text, especially if 
supplemented by real problems reflecting local con- 
text. LAS 


Control Theory, T(17: 2), P. Control Sys- 
tems Synthesis: A Factorization Approach. M. 
Vidyasagar. Ser. in Signal Process., Optimis., and 
Control, V. 7. MIT Pr, 1987, 436 pp, $15 (P); $40. 
[ISBN: 0-262-22027-X] This is an account of work 
done largely over the last five years that uses alge- 
braic structures as a framework in which to study 
multivariable feedback control systems. Pioneered 
by the author, the method relies on “factoring” 
the transfer matrix of a not necessarily stable sys- 
tem as the “ratio” of two stable rational matrices. 
Three appendices survey the mathematical prerequi- 
sites from abstract algebra, matrices, and topological 
rings. Chapter 3 outlines the method in the context 
of single-input-single-output systems. Attractively 
written for researchers or for a graduate text. AWR 


Control Theory, P. Optimization and Identifica- 
tion of Systems Governed by Evolution Equations on 
Banach Space. N.U. Ahmed. Pitman Res. Notes 
in Math. Ser., V. 184. Longman Scientific & Tech- 
nical (US Distr: Wiley), 1988, 187 pp, $49.95 (P). 
[ISBN: 0-470-21171-7] Topics covered include exie- 
tence and uniqueness conditions for parabolic and 
hyperbolic systems, linear and nonlinear semigroups, 
boundary value problems, and filtering of stochastic 
evolution equations. The control parameters in ques- 
tion are operators which may be bounded, relatively 
bounded, or unbounded. Includes a chapter on nu- 
merical results. MR 


Systems Theory, P, L. Quality Control, Robust 
Design, and the Taguchi Method. Ed: Khosrow 
Dehnad. Stat./Prob. Ser. Wadsworth, 1989, xxiv + 
309 pp, $42.95. [ISBN: 0-534-09048-6] A collection 
of the most highly sought papers produced by mem- 
bers of AT&T Bell Laboratories Quality Assurance 
Center who have worked with Genichi Taguchi. The 
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papers are organised into three parts: an overview, 
case studies, and methodology. SM 


Probability, S(15-17). Ezercises in Probability. 
T. Cacoullos. Springer-Verlag, 1989, ix + 248 pp, 
$49.80. [ISBN: 0-387-96735-4] Primarily a collec- 
tion of 329 problems, with complete solutions, rang- 
ing from straightforward to challenging. Also in- 
cludes brief summaries of the basic theory and for- 
mulas, and supplements containing additional prob- 
lems with only answers or hints. Does not include 
stochastic processes. RSK 


Probability, P. Estimating and Choosing: An Es- 
say on Probability in Practice. Georges Matheron. 
Transl: A.M. Hasofer. Springer-Verlag, 1989, ix + 
141 pp, $39.80 (P). [ISBN: 0-387-50087-1] A trans- 
lation of Matheron’s work Estimer et choisir, written 
in 1978. Presents a method for the use of probabilis- 
tic models to describe unique phenomena in a purely 
objective way. It is written with geostatistical appli- 
cations in mind, but the method is applicable to any 
probabilistic modelling. RH 


Probability, P. Algebraic Probability Theory. Imre 
Z. Russa, Gabor J. Ssékely. Prob. & Math. Stat. Wi- 
ley, 1988, xii + 251 pp, $69.95. [ISBN: 0-471-91803- 
2] Random variables imply distributions, sums of 
random variables imply convolutions of the distribu- 
tions, and this operation on the set of distributions 
yields a semigroup. Many results in probability fol- 
low from the properties of topological semigroups. 
The approach, while technical, yields some new in- 
sights. Contains an extensive annotated bibliogra- 
phy. TAV 

Stochastic Processes, T(17: 1), P, L. Stopped 
Random Walks: Limit Theorems and Applications. 
Allan Gut. Appl. Prob., V. 5. Springer-Verlag, 
1988, ix + 199 pp, $44. [ISBN: 0-387-96590-4] Most 
treatments of random walks look at the state of the 
walk after a fixed number of steps. More natural is 
to consider stopping the walk after a random num- 
ber of stepe—the theme of this text. A very readable 
treatment of a fascinating subject. Substantial bib- 
liography; no exercises. TAV 


Stochastic Processes, P*. Introduction to the 
Theory of Coverage Processes. Peter Hall. Prob. 
& Math. Stat. Wiley, 1988, xviii + 408 pp, $39.95. 
[ISBN: 0-471-85702-5] Roughly, a coverage process 
is a countable collection of sets in R" whose cen- 
ters form a (spatial) point process. Theory and tech- 
niques are presented in detail. The writing is clear 
and carries the reader through significant mathemat- 
ical sophistication. TAV 


Stochastic Processes, T*(14: 1), P, L. Ran- 
dom Processes, A First Look, Second Edition Re- 
vised and Ezpanded. R. Syski. Stat: Textbooks & 
Mono., V. 98. Marcel Dekker, 1989, xxii + 413 
pp, $49.75. [ISBN: 0-8247-8028-0] Revised version; 
new material includes chapter on statistical estima- 
tion and sections on birth-death and branching pro- 
cesses (First Edition, TR, March 1980). Intuitive 
presentation of stochastic processes and some prob- 
ability. Calculus prerequisite. TH 
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Stochastic Processes, T*(15: 2), L. Quantitative 
Forecasting Methods. Nicholas R. Farnum, LaVerne 
W. Stanton. PWS-Kent, 1989, xvi + 573 pp. [ISBN: 
0-534-91686-4] Readable introduction at intermedi- 
ate level; emphasises applications. Models for series 
with and without trend, seasonal, cyclical. Separate 
chapters for regression and Box Jenkins (no transfer 
function) models. Model building process is clear. 
Perhaps over-reliance on statistical tests rather than 
on judgment in choosing models and terms. TH 


Stochastic Processes, T(17: 1). Point Process 
Models with Applications to Safety and Reliability. 
W.A. Thompson, Jr. Chapman & Hall, 1988, xi + 
146 pp, $39.95. [ISBN: 0-412-01481-5] Monograph 
dealing with models for the placement of points 
on the positive time axis according to some chance 
mechanism. Presumes a background of a rigorous 
course in probability theory. Main application to 
safety is the safety of nuclear power plants. RSK 


Elementary Statistics, T*(138-17: 1). Introduc- 
tion to the Practice of Statistics. David S. Moore, 
George P. McCabe. WH Freeman, 1989, xix + 839 
pp, $38.95. [ISBN: 0-7167-1989-4] An elementary 
“but serious” text designed to help mathematically 
weak students think about data and understand sta- 
tistical reasoning. Real data and real problems dom- 
inate this attractive text. Four chapters on data lead 
via simple probability to four chapters on inference. 
Written to accompany a new 26-program PBS Tele- 
course Against All Odds developed by David Moore 
and produced by COMAP, but can easily be used 
without the video support. A MINITAB computer 
supplement is available. LAS 


Elementary Statistics, T(15-17), S. Statistical 
Reasoning in Law and Public Policy, Volume 2: Tort 
Law, Evidence, and Health. Joseph L. Gastwirth. 
Stat. Modeling & Decision Sci. Academic Pr, 1988, 
viii + 487 pp, $84.50. [ISBN: 0-12-277161-3] Sec- 
ond volume (TR, Volume 1, March 1989) of an in- 
novative monograph that teaches basic statistics in 
the context of real case law. This volume concen- 
trates on survey evidence, small probabilities (in dis- 
ease rates), Bayesian inference, medical studies, and 
epidemiologic evidence. LAS 


Statistics, P. Computational Aspects of Survey 
Data Processing. L.C.R.J. Willenborg. CWI Tract, 
V. 54. Math Centrum, 1988, 154 pp, Dfl. 24.20 
(P). [ISBN: 90-6196-356-7] From Ph.D. thesis de- 
scribing research project with Netherlands Central 
Bureau of Statistics on computerising collection and 
analysis of survey data. Describing and testing log- 
ical structure of questionnaires, data editing, impu- 
tation of missing values. TH 


Statistics, P, L. Analog Estimation Methods in 
Econometrics. Charles F. Manski. Mono. on 
Stat. & Appl. Prob. Chapman & Hall, 1988, xv 
+ 158 pp, $45. (ISBN: 0-412-01141-7] The sam- 
ple average is an analog estimate for the popula- 
tion mean. Develops the analogy principle for use 
in estimation, regression, moments, conditional like- 
lihood, and asymptotic theory for moment estima- 
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tion. Econometrics is not a central theme. TH 


Statistics, P. Lecture Notes in Statistics-49: Ez- 
tremal Families and Systems of Sufficient Statistics. 
Steffen L. Lauritsen. Springer-Verlag, 1988, xv + 268 
pp, $28 (P). [ISBN: 0-387-96872-5] Revised version 
of the author’s 1982 Statistical Models as Extremal 
Families (errors corrected, minor additions). Given 
that one wants to perform a certain statistical anal- 
ysis, how can this be expressed in terms of a sta- 
tistical model? Specified repetitive structure of an 
experiment and sufficient statistics with known con- 
ditional distributions lead to extremal families; this 
is an alternate way of deriving well-known and new 
statistical models. TH 


Statistics, P, L. The Evolving Role of Statistical 
Assessments as Evidence in the Courts. Ed: Stephen 
E. Fienberg. Springer-Verlag, 1989, xvii + 357 pp, 
$34. [ISBN: 0-387-96914-4] An appraisal of forms 
in which statistical assessments are presented and ad- 
mitted into evidence in federal and state courts, in- 
cluding recommendations to improve comprehension 
of statistical evidence by judges and juries. Includes 
case studies, expert testimony, and reviews of dis- 
crimination, antitrust, and environmental litigation; 
contains extensive, useful appendices. Report of a 
Panel on Statistical Assessments as Evidence in the 
Courts of the Commission on Behavioral and Social 
Sciences of the National Research Council. LAS 


Statistics, P*. Statistical Inference for Spatial Pro- 
cesses. B.D. Ripley. Cambridge U Pr, 1988, viii + 
148 pp, $34.50. [ISBN: 0-521-35234-7] Prise win- 
ning essay dealing with some of the distinctive fea- 
tures and special problems of statistical inference on 
spatial stochastic processes, such as the importance 
of edge effects and the lack of a unique asymptotic 
setting. Final half is devoted to concerns of digital 
image processing. RSK 


Statistics, S. Statistical Tables and Formulae. 
Stephen Kokoska, Christopher Nevison. Texts in 
Stat. Springer-Verlag, 1989, 88 pp, $9.95 (P). 
(ISBN: 0-387-96873-3] Concise collection of proba- 
bility and statistics formulas, comprising more than 
half the book, together with a collection of standard 
tables, including tables for nonparametric tests. RSK 


Statistics, §(16-17). Problem Solving: A Statis- 
tician's Guide. Christopher Chatfield. Chapman & 
Hall, 1988, xvi + 261 pp, $35 (P); $79.95. [ISBN: 
0-412-28680-7; 0-412-28670-X] Practical guide on 
how to handle statistical problems. First part pro- 
vides general principles, reflecting the author’s ex- 
periences. Second part presents a series of problem- 
oriented exercises, with ‘solutions,’ illustrating the 
practical problems of real data analysis. Final part 
includes a summary of techniques assumed to have 
been previously studied. Note price. RSK 


Statistics, T(16-17: 1), P. The Method of Paired 
Comparisons, Second Edition, Revised. H.A. David. 
Griffin’s Stat. Mono. & Courses, V. 41. Oxford U Pr, 
1988, 188 pp, $39.95. [ISBN: 0-85264-290-3] Revi- 
sion of the author’s 1963 First Edition. Treats the 
methodology of handling experiments in which ob- 
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jects to be compared are presented in pairs to be 
judged. Emphasis is on nonparametric procedures. 
Good set of references, RSK 


Statistics, P*. Lecture Notes in Statistics-47: {2}- 
Inverses and Their Statistical Application. Albert 
J. Getson, Francis C. Hauan. Springer-Verlag, 1988, 
viii + 110 pp, $16.30 (P). [ISBN: 0-387-96849-0] A 
{2}-inverse for a given matrix A is any matrix G sat- 
isfying GAG = G. (The more familiar {1}-inverse or 
g-inverse satisfies AGA = A.) This monograph pro- 
vides a comprehensive study of the geometric charac- 
terisation, algebraic properties, and uses in statistics 
of the {2}-inverse. One result is a simplification of 
matrix expressions used in linear models. RSK 


Statistics, S**(138-16), L**. Statistics: A Guide 
to the Unknown, Third Edition. Ed: Judith M. Ta- 
nur, et al. Wadsworth, 1989, xxv + 284 pp, $16.95 
(P). [ISBN: 0-534-09492-9] An enduring classic in- 
tended to make clear to the public the types of con- 
tributions that mathematicians make to society, ex- 
plained without the use of mathematics. Twenty- 
nine short essays illustrate the role of statistics in 
the biological, political, social, and physical worlds. 
Twelve new essays have been added in this edition, 
and the original essays have been updated by their 
authors. First published in 1972 (First Edition, TR, 
January 1973; Extended Review, April 1974; Second 
Edition, TR, March 1979) by the ASA-NCTM Joint 
Committee on Statistics and Probability. LAS 


Statistics, P, L*. Symposium on Statistics in Sci- 
ence, Industry, and Public Policy. Board on Mathe- 
matical Sciences, 1989, vii + 53 pp, (P). Typescript 
record of an April 9, 1987 symposium at the Na- 
tional Academy of Sciences featuring four presen- 
tations and subsequent discussion on topics related 
to industry, to computing, to public policy, and to 
AIDS. Addressed to Washington policy makers; very 
readable. LAS 


Computer Literacy, T(13: 1), S. Computers To- 
day, Third Edition. Donald H. Sanders. McGraw- 
Hill, 1988, xxix + 640 pp, $33.95 (P). [ISBN: 0- 
07-054854-4] Workbook with words, words, words: 
about computers (their capabilities, their limitations, 
their impact), about terminology and computer lingo 
(what is a floppy disk? what is a smart terminal?), 
and about using computers and computer software. 
All modules from previous edition (Second Edition, 
TR, February 1986) have been dismantled, reworked, 
reassembled, with fresh material. Also available: 
study guides and instructor resource kit. Mathemat- 
ical content very limited. LCL 


Elementary Computer Science, S*, C, L**. 
The Armchair Universe: An Exploration of Com- 
puter Worlds. A.K. Dewdney. WH Freeman, 1988, 
xiii + 330 pp, $15.99. (ISBN: 0-716-71938-X] 
Columns of “Computer Recreations” reprinted, with 
addenda, from the Scientific American column from 
1984 through 1987. Columns grouped into seven 
chapters: fractals, gadgets (e.g., hypercubes), arti- 
ficial intelligence, cellular automata, word pussies, 
simulation, and “core wars.” Each chapter contains 
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sufficient detail on algorithms to allow most amateur 
computer buffs to implement them in any language 
on any machine. Appendices give bibliographies for 
further reading and sources of software for those who 
would rather purchase than program. Altogether, a 
pleasant and very informal introduction to a signifi- 
cant subset of computer science. LAS 


Elementary Computer Science, T(13: 1). Com- 
puter Science 2: Principles of Software Engineer- 
ing, Data Types, and Algorithms. Henry M. Walker. 
Scott Foresman, 1989, xvii + 637 pp, $25 (P). (ISBN: 
0-673-39829-3] A textbook for an updated CS2 
course that emphasises software engineering prin- 
ciples and techniques, and exposes students to the 
breadth of the discipline of computer science. Pascal 
is used for the examples and in some of the exer- 
cises. AO 


Elementary Computer Science, T*(13: 1, 2). 
TURBO Pascal: An Introduction to the Art and 
Science of Programming, Second Edition. Walter 
J. Savitch. Ser. in Struct. Program. Benjamin 
Cummings, 1988, xxvi + 803 pp, $28.95. [ISBN: 
0-8053-8396-4] For the CS1 course. No prerequi- 
sites. TURBO Version 3.0 form of the second edi- 
tion of the author’s standard Pascal text; comes with 
Version 4.0 Supplement. Optional sections identify 
differences in standard Pascal. Some attention to 
CS2 topics: procedural and data abstraction, sort- 
ing and searching, hashing, numeric programming, 
loop invariants, dynamic data structures. Many ex- 
amples, case studies, self-test, and programming ex- 
ercises. DFA 

Programming, T, S, P*, L. The AWK Program- 
ming Language. Alfred V. Aho, Brian W. Kernighan, 
Peter J. Weinberger. Addison-Wesley, 1988, x + 210 
pp, (P). (ISBN: 0-201-07981-X] The first handbook 
on “awk,” the immensely useful high-level UNIX text 
processing language. Each line in an awk program 
specifies a pattern with associated action to be taken 
if a line of text matches the pattern; input, fields, 
and common data types are handled automatically. 
Begins with a tutorial; includes a complete language 
definition, and many extended examples. LAS 


Programming, P, L. Object-Oriented Program- 
ming in Common Lisp: A Programmer’s Guide to 
CLOS. Sonya E. Keene. Addison-Wesley, 1989, xix 
+ 266 pp, $27.95 (P). [ISBN: 0-201-17589-4] The 
language CLOS was developed by the X3J13 com- 
mittee in its endeavor to develop a LISP standard. 
This book is both a tutorial on object-oriented pro- 
gramming in general, and a user's guided for CLOS. 
It is not a language specification for CLOS. SM 


Programming, T(15: 1), P, L. C as a Second 
Langucge: For Native Speakers of Pascal. Tomass 
Mildner, Peter W. Steele. Addison-Wesley, 1988, 
xiii + 575 pp, $29.25 (P). [ISBN: 0-201-19210-1] 
The authors provide an easy way for accomplished 
Pascal programmers to learn C via self study. The 
Kernighan and Ritchie standard is used throughout, 
with some discussions of extensions likely to be part 
of the ANSI C standard. The final chapter concerns 
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common C compilers available on Unix, MS-DOS, 
and Macintosh systems. SM 


Programming, T(13), S. Fortran 77 PDQ, Second 
Edition. Thomas A. Boyle. Brooks/Cole, 1989, ix + 
140 pp, $13 (P). (ISBN: 0-534-09936-X] No prereq- 
uisites. Informal and readable. For a short course 
or self-study. Covers the language quickly, from a 
problem-solving perspective. Examples and exer- 
cises. Handy reference guide to Fortran commands 
in an appendix. DFA 

Programming, T(138: 1, 2). LISP, Third Edi- 
tion. Patrick Henry Winston, Berthold Klaus Paul 
Horn. Addison-Wesley, 1989, xxi + 611 pp, $34.50 
(P). (ISBN: 0-201-08319-1] Complete introduction 
to Common Lisp and some of its applications. Along 
with other new topics, this edition adds discussion 
of the Common Lisp Object System and techniques 
enabled by object-oriented programming, as well as 
of constraint propagation, backward chaining, key 
ideas in PROLOG. Has improved application exam- 
ples and new ones on probability bounds, project 
simulation, visual object recognition. More empha- 
sis on procedure and data abstraction; techniques 
for better procedure definition. (First Edition, TR, 
August-September 1981.) DFA 


Programming, T(13: 1), L. LISP: From Foun- 
dations to Applications. G.I. Doukidis, V.P. Shah, 
M.C. Angelides. Chartwell-Bratt, 1988, 226 pp, (P). 
[ISBN: 0-86238-191-6] An introduction to muLISP 
which assumes no programming experience (al- 
though some, in whatever language, is helpful). 
Takes the reader on a rigorous path from elementary 
concepts to advanced techniques. Concludes with 
chapters on searching and knowledge representation 
(using frames). Many examples, exercises, and de- 
tailed solutions throughout. DFA 

Languages, T(15: 1). Comparative Programming 
Languages. Leslie B. Wilson, Robert G. Clark. In- 
tern. Comput. Sci. Ser. Addison-Wesley, 1988, xiii 
+ 379 pp, $35.50. (ISBN: 0-201-18483-4] Designed 
to be used as the textbook for a modern “Organi- 
sation of Programming Languages” course. Rather 
than treating a series of languages, each chapter 
treats a single concept and examines the treatment 
of that concept in several languages—traditional im- 
perative languages as well as functional, logic, and 
object-oriented languages. AO 


Algorithms, S(15-17), L. A Method of Program- 
ming. Edsger W. Dijkstra, W.H.J. Feijen. Transl: 
Joke Sterringa. Addison-Wesley, 1988, viii + 188 
pp, $29.25 (P). (ISBN: 0-201-17536-3] Presents a 
formal approach to program design in which a proof 
of a program’s correctness is developed concurrently 
with the program. Several examples are given that 
illustrate the method. AO 


Algorithms, T(16-17: 1). Parallel Program De- 
sign: A Foundation. K. Mani Chandy, Jayadev 
Misra. Addison-Wesley, 1988, xxviii + 516 pp, 
$39.75. (ISBN: 0-201-05866-9] Presents a theory of 
programming (a model of computation and an asso- 
ciated proof system) that allows programs to be sys- 
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tematically developed for a variety of architectures. 
Particular attention is given to dealing with problems 
of parallelism. AO 


Algorithms, §S(17-18), P, L. Theoretical and 
Computational Aspects of Simulated Annealing. 
P.J.M. van Laarhoven. CWI Tract, V.51. Math Cen- 
trum, 1988, viii + 168 pp, Dfl. 25,30 (P). (ISBN: 90- 
6196-352-4] A doctoral dissertation giving details of 
implementation together with supporting computa- 
tional evidence for approximating minimal configu- 
rations in hard combinatorial problems such as trav- 
elling salesman and job scheduling. Simulated an- 
nealing methods employ the Metropolis algorithm in 
analogy with the process of reaching thermodynamic 
equilibrium in annealing. In contrast to determin- 
istic algorithms that find true minima, algorithms 
of this type converge non-monotonically to approxi- 
mate solutions, accepting with decreasing probability 
transitions that increase costs. LAS 


Computer Systems, L. UNIX System V/386, Re- 
lease 3.2. AT&T. Prentice-Hall, 1989, (P). User’s 
Guide, xxi + 663 pp [ISBN: 0-13-944869-1]; System 
Administrators Reference Manual, (P). (ISBN: 0-13- 
944950-7] The User's Guide provides a clear intro- 
duction to UNIX V/386 for novices, including tutori- 
als on editors, shells, and communication programs. 
Appendices contain useful summaries. The Refer- 
ence Manual contains Section 1 and 7 of the UNIX 
manual pages, covering all regular commands and 
I/O files. A permuted word index helps the reader 
locate appropriate pages. LAS 


Computer Systems, P. Parallel Processing for 
Scientific Computing. Ed: Garry Rodrigue. SIAM, 
1989, 428 pp, (P). [ISBN: 0-89871-228-9] Proceed- 
ings of the Third SIAM Conference on the title sub- 
ject held in Los Angeles, December 1-4, 1987. Em- 
phasis on numerical algorithms for parallel] comput- 
ing, but some of the 90 papers and abstracts concern 
scientific programming languages and environments, 
new computing architectures, parallel computer per- 
formance evaluation, applications to various scien- 
tific fields. DFA 


Computer Systems, P. Algorithm Animation. 
Marc H. Brown. ACM Dist. Dissertat. MIT Pr, 1988, 
186 pp, $30. (ISBN: 0-262-02278-8] Describes the 
development of BALSA-I and BALSA-II, environ- 
ments for creating and interacting with animations 
of algorithms. The work described was done as part 
of the Electronic Classroom project at Brown Uni- 
versity. AO 


Computer Graphics, T(16-17: 1), P, L. Curves 
and Surfaces for Computer Aided Geometric Design: 
A Practical Guide. Gerald Farin. Comp. Sci. & 
Scient. Comput. Academic Pr, 1988, xv + 334 pp, 
$39.95. (ISBN: 0-12-249050-9] A unified treatment 
of the main ideas used in computer-aided geometric 
design. The main topics covered are Bésier and B- 
spline curves, rational Bésier and B-spline curves, 
geometric continuity, spline interpolation, and Coons 
patches. Presumes only a background in calculus 
and basic linear algebra. Two chapters are devoted 
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to the concepts from differential geometry that are 
needed. AO 


Theory of Computation, T(16-18: 1), P. Logic 
and Computation. Lawrence C. Paulson. Tracts in 
Theoret. Comput. Sci., V. 2. Cambridge U Pr, 1987, 
xiii + 302 pp, $34.50. (ISBN: 0-521-34632-0] Intro- 
duction to Cambridge LCF, Logic for Computable 
Functions, an interactive theorem prover for reason- 
ing about computable functions. First part outlines 
elementary logic and domain theory, the mathemat- 
ics underlying LCF. Second part provides reference 
manual for Cambridge LCF. KS 


Artificial Intelligence, P, L. Machine Intelligence 
11: Logic and the Acquisition of Knowledge. Ed: J.E. 
Hayes, D. Michie, J. Richards. Clarendon Pr, 1988, 
viii + 460 pp, $85. (ISBN: 0-19-853718-2] Twenty 
papers from the Eleventh International Machine In- 
telligence Workshop held at Ross Priory, Scotland in 
1985. Both theoretical papers and practical applica- 
tions are contained in this work. SM 

Artificial Intelligence, S, P, L*. The Artifi- 
cial Intelligence Debate: False Starts, Real Founda- 
tions. Ed: Stephen R. Graubard. MIT Pr, 1988, 
311 pp, $9.95 (P). [ISBN: 0-262-57074-2] Reprint 
of the winter 1988 issue of Daedalus featuring 
fourteen papers by authors such as Seymour Pa- 
pert, Jack Cowan, Hilary Putnam, Jacob Schwarts, 
and Pamela McCorduck defining and debating the 
prospects of artificial intelligence, reflecting on un- 
fulfilled promises, and speculating on promising di- 
rections for future research. Special focus is on “con- 
nectionism,” the new hope of artificial intelligence 
based on models of the brain as a massively paral- 
lel computer in which memory is distributed as pat- 
terns among the whole rather than concentrated in 
individual neurons. LAS 

Artificial Intelligence, T(17), S, P, L. Proba- 
bilistic Reasoning in Intelligent Systems: Networks 
of Plausible Inference. Judea Pearl. Ser. in Repre- 
sentation & Reasoning. Morgan Kaufmann, 1988, 
xix + 552 pp, $39.95. (ISBN: 0-934613-73-7] A 
textbook relating the formal concepts of probability 
often taught at the advanced undergraduate level to 
the notion of inference within the context of artificial 
intelligence. Sections within the text are marked in- 
dicating whether they deal primarily with philosoph- 
ical, technical, or state-of-the-art research concerns. 
Exercises at the end of each chapter. SM 


Artificial Intelligence, S, P. Readings in Non- 
monotonic Reasoning. Ed: Matthew L. Ginsberg. 
Morgan Kaufmann, 1987, viii + 481 pp, $26.95 (P). 
[ISBN: 0-934613-45-1] An inference is nonmono- 
tonic if the addition of information may lead to the 
retraction of an earlier conclusion. This contrasts 
with conventional deductive inference in which the 
set of conclusions that can be drawn grows as the set 
of beliefs grows. This collection of new and previ- 
ously published papers covers formalisations of non- 
monotonic reasoning and applications in artificial in- 
telligence. KS 


Computer Science, P. Scientific Computation 
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with Automatic Result Verification. Ed: U. Kulisch, 
H.J. Stetter. Comput. Supplementum, V. 6. Sprin- 
ger-Verlag, 1988, viii + 244 pp, $73 (P). (ISBN: 
0-387-82063-9] Automatic result verification means 
that the computer produces, in place of the desired 
number, two numbers that can be rigorously shown 
to be upper and lower bounds for the desired number. 
The papers collected in this volume were for the most 
part given at the most recent conference (Fall, 1987) 
at Karlsruhe University where this topic has been a 
persevering research topic for many years. AWR 


Applications, P, L. Distance Geometry and Molec- 
ular Conformation. G.M. Crippen, T.F. Havel. Wi- 
ley, 1988, x + 541 pp, $142. (ISBN: 0-471-92061- 
4) The authors’ research on the use of distances 
and other simple geometric invariants as a means 
of describing the conformation spaces of the com- 
plex organic molecules which occur in biology. In 
two parts—one on the theoretical approach, and one 
on algorithmic methods of solving author-developed 
chemical problems. Claim is that the book is self- 
contained. Chemical examples in the mathematical 
portion. Appendices with relevant mathematics. JK 


Applications, L. Mathematics Applied to Deter- 
ministic Problems in the Natural Sciences. C.C. Lin, 
L.A. Segel. Classics in Appl. Math. SIAM, 1988, 
xxi + 609 pp, (P). [ISBN: 0-89871-229-7] This is 
an unabridged, corrected republication of the origi- 
nal 1974 Macmillan edition (TR, February 1975; Ex- 
tended Review, December 1976). It uses a “case 
study” approach to introduce ideas and methods im- 
portant in applied mathematics. AO 


Applications, P, L. Tezt, ConTezt, and HyperTezt: 
Writing with and for the Computer. Ed: Edward 
Barrett. Ser. in Inform. Syst. MIT Pr, 1988, xxv + 
368 pp, $35. (ISBN: 0-262-02275-3] A diverse series 
of papers about writing documentation, electronic 
publishing, and professional writing in the context 
of on-line media and hypertext. Topics range from 
analysis and poetry to corporate culture, from auto- 
mated writing to management training. LAS 


Applications, T7(16: 1). Non-Life Insurance 
Mathematics. Erwin Straub. Springer-Verlag, 1988, 
136 pp, $49.80. [ISBN: 0-387-18787-1] Overview 
of the main actuarial problems and their theoreti- 
cal solutions in non-life insurance (such as property 
and liability insurance). Covers such topics as pre- 
mium calculation, reinsurance, retentions, and re- 
serves. Limited set of exercises. RSK 


Applications (Economics), P. Iterative Aggrega- 
tion Theory. Lev M. Dudkin, Ilya Rabinovich, Ilya 
Vakhutinsky. Pure & Appl. Math., V. 111. Marcel 
Dekker, 1987, xiv + 273 pp, $89.75. (ISBN: 0-8247- 
7570-8] Iterative aggregation methods can be used 
to describe hierarchical systems with the problem of 
coordinating tasks with different levels of informa- 
tion. This book explores these methods in the con- 
text of centralised economic planning, with attention 
given to the more general mathematical theory un- 
derlying the methods. SM 


Applications (Economics), P. Nonlinear Prefer- 
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ence and Utility Theory. Peter C. Fishburn. Ser. 
in Math. Sci., V. 5. Johns Hopkins U Pr, 1988, 
xiv + 259 pp, $47.50. [ISBN: 0-8018-3598-4] The 
basic assumptions of expected utility models are of- 
ten violated by people’s reasoned judgments. This 
book covers developments in preference theory for 
risky and uncertain decisions. It considers alternate 
theories of rational preference that take into account 
systematic departures from expected utility. RH 
Applications (Engineering), S(15-17), L*. 
Higher Mathematics for Engineering Students: Work- 
ed Ezamples and Problems with Elements of Theory, 
Part 3: Special Courses. Ed: A.V. Efimov. Transl: 
Vladimir Shokurov. MIR (US Distr: Imported Pub), 
1988, 496 pp, $10.95. (ISBN: 5-03-001131-5] Third 
in a series of books of worked examples and problems 
with answers. Probability, statistics, partial differen- 
tial equations, and integral equations. Excellent and 
plentiful selection of problems, many non-routine. 
Each section begins with brief relevant theory and 
worked examples. Some problems require computer 
use. In terms of pages per dollar, the book is a terrific 
buy. JK 

Applications (Engineering), S(15-16), L. Work- 
ed Ezamples in Advanced Engineering Mathematics. 
L.R. Mustoe. Wiley, 1988, x + 137 pp, $21.95 
(P). (ISBN: 0-471-91951-9] Selection of worked ex- 
amples in linear algebra, eigenvalue problems, opti- 
misation, ordinary and partial differential equations, 
Fourier series, multivariable calculus, integral trans- 
formations, vector fields, complex variables, and sta- 
tistical methods. From Engineering Council exam- 
inations and exam papers set by author and col- 
leagues. Complements conventional textbooks. Brief 
collection of basic results at book’s end; some addi- 
tional explanation in text. Slim in all aspects but 
price. JK 


Applications (Fluid Dynamics), P. Annual Re- 
view of Fluid Mechanics, Volume 21, 1989. Ed: John 
L. Lumley, Milton Van Dyke, Helen L. Reed. Annual 
Reviews, 1989, 479 pp, $34. [ISBN: 0-8243-0721-6] 
Fourteen survey papers on subjects ranging from tur- 
bulent diffusion to boundary-layer separation, and 
from ocean dynamics to rarefied gases. Cumulative 
author and title index to all twenty-one volumes. An 
excellent contribution to a valuable series. LAS 
Applications (Fluid Dynamics), P. Dynamics 
of Curved Fronts. Ed: Piere Pelcé. Perspect. in 
Physics. Academic Pr, 1988, xv + 514 pp, $69.50. 
(ISBN: 0-12-550355-5] Nonlinear dynamics in hy- 
drodynamics, metallurgy, and combustion. Part I is 
an “introduction to the problem of selection and sta- 
bility of moving fronts from the flat interface to the 
complex dendrite.” Features unifying concepts. Part 
II is a compendium of over thirty relevant articles. 
For researchers and graduate students in chemical 
and mechanical engineering, physics, and mathemat- 
ics. JK 

Applications (Physics), S, L. Reality and the 
Physicist: Knowledge, Duration and the Quantum 
World. Bernard D’Espagnat. Transl: J.C. White- 
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house, Bernard D’Espagnat. Cambridge U Pr, 1989, 
280 pp, $59.50; $19.95 (P). (ISBN: 0-521-32940-X; 
0-521-33846-8] The translator has given us a very 
readable version of this philosophical text by a distin- 
guished physicist. Surprisingly, it is virtually devoid 
of mathematics. MU 


Applications (Physics), P. Nonlinear Stochastic 
Systems Theory and Applications to Physics. George 
Adomian. Math. & Its Applic. Kluwer Academic, 
1989, xx + 224 pp, $69. [ISBN: 90-277-2525-X] De- 
scribes the use of the decomposition method for the 
solution of linear and nonlinear stochastic differential 
equations to solve “real” problems. The emphasis is 
not on the theory (which is not well-understood), but 
on how to get numerical answers. AO 


Applications (Physics), S(18), P. Geometry of 
Classical Fields: Ernst Bins, Jedrsej Sniatycki, 
Hans Fischer. Math. Stud., V. 154. North-Holland 
(US Distr: Elsevier Science), 1988, xviii + 450 pp, 
$105.25. ISBN: 0-444-70544-9] Extensive intro- 
ductory presentation of basic differential geometry, 
followed by the mathematics of covariant Hamilto- 
nian dynamics. The main part of the book be- 
gins with non-relativistic theory, proceeding to Yang- 
Mills theory and relativistic dynamics. Slightly awk- 
ward wording is occasionally distracting. GG 


Applications (Social Science), L. Essays on 
Mathematical. Geography. Sandra Lach Arlinghaus. 
Institute of Mathematical Geography (IMaGe, 2790 
Briarcliff, Ann Arbor, MI 48105), (P). J, 1986, Mono. 
#3, iv + 167 pp, $25.95; IJ, 1987, Mono. #5, v + 
101 pp, $12.95. Two parts of a series of typescript 
publications from “IMaGe,” the Institute of Math- 
ematical Geography. These volumes contain a di- 
verse series of papers and reports ranging from the 
practical (graph theory applied to urban networks; 
geometry of shadows and solar energy) to the specu- 
lative (applying the Heine-Borel Theorem to Middle 
Eastern politics). Innovative, imaginative, interdis- 
ciplinary, and very unconventional. LAS 


Reviewers 


RJA: Richard J. Allen, St. Olaf; DFA: David F. Apple- 
yard, Carleton; SB: Steve Benson, St. Olaf; RB: Richard 
Brown, Carleton; JNC: Judith N. Cederberg, St. Olaf; LC: 
Laura Chihara, St. Olaf; BC: Barry Cipra, St. Olaf; CEC: 
Clifton E. Corsatt, St. Olaf; CE: Christopher Ennis, Car- 
leton; SG: Steven Galovich, Carleton; GG: George Gilbert, 
St. Olaf; BH: Bruce Hanson, St. Olaf; RH: Rhonda Hatcher, 
St. Olaf; TH: Timothy Hesterberg, St. Olaf; JJ: Jason Jones, 
St. Olaf; RSK: Richard S. Kleber, St. Olaf; JK: Joseph Kon- 
hauser, Macalester; LCL: Loren C. Larson, St. Olaf; SM: Steve 
McKelvey, St. Olaf; RM: Richard Molnar, Macalester; RWN: 
Richard W. Nau, Carleton; GN: Gail Nelson, Carleton; AO: 
Arnold Ostebee, St. Olaf; SP: Samuel Patterson, Carleton; 
MR: Matthew Richey, St. Olaf; AWR: A. Wayne Roberts, 
Macalester; JS: John Schue, Macalester; SS: Seymour Schus- 
ter, Carleton; JAS: J. Arthur Seebach, Jr., St. Olaf; KS: 
Kay Smith, St. Olaf; LAS: Lynn Arthur Steen, St. Olaf; 
MS: Myriam Steinback, Macalester; MU: Milton Ulmer, Car- 
leton; TAV: Theodore A. Vessey, St. Olaf; MW: Martha Wal- 
lace, St. Olaf; LW: Lynne Walling, St. Olaf; PZ: Paul Zorn, 
St. Olaf. 
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Then, introduce yourself to the 
overhead display for the HP-28S. 
It allows you to project your 
calculations on an HP-28S for 
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room. In fact, two ways. purchase a total of 30 HP-28S 
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Graded Orders 


L. le Bruyn, M. Van den Bergh, 
and F. Van Oystaeyen 


In a clear, well developed presentation 
this book provides the first systematic 
treatment of structure results for algebras 
which are graded by a group. For all 
researchers and graduate students with 
an interest in non-commutative algebra. 


1988 / Softcover / 208 pages / 
0-8176-3360-X / $25.00 


Introduction to Commutative 
Algebra and Algebraic Geometry 


Ernst Kunz 


This book fills a long-standing need for an 
introduction to commutative algebra and 
algebraic geometry that emphasizes the 
concrete elementary nature of the objects 
with which both subjects began. It is par- 
ticularly valuable for students, because 

it contains material that is not available 

in any other textbook or monograph. 


1985 / Hardcover / 237 pages / 
0-8176-3065-1 / $35.95 


Available at your local scientific bookstore 
or order directly from the publisher: 


Birkhauser Boston 

c/o Springer-Verlag 
Distribution Center 

P.O. Box 2485 

Secaucus, NJ 07096-2491 
(201) 348-4033 


Mathematical Modeling in Ecology 
A Workbook for Students 
Clark Jeffries 


This book introduces the student to the 
study of deterministic ecosystem models, 
particularly patterns of organization asso- 
ciated with mathematical stability. The 
basic notions of dynamical systems are 
couched in nonmathematical terms so 
that the student whose main interest is 
in ecosystems, not in mathematics itself, 
will be led without undue mystery into 
the world of large-scale but well behaved 
models. With numerous exercises and 
solutions, this book can serve as a text 
for a one semester course on ecosystem 
modeling for beginning graduate students 
and as a stepping stone to more advanced 
study. 


1989 / Hardcover / 193 pages / 
0-8176-3421-5 / $29.95 


Linear Representation of Groups 
Ernst B. Vinberg 


This text provides a comprehensive and 
detailed exposition of the fundamentals 
of the representation theory of groups, 
especially of finite groups and compact 
groups. The exposition is based on the 
decomposition of the two-sided regular 
representation. It is for students of 
mathematics and theoretical physics, 
in particular quantum mechanics. 


June 1989 / Hardcover / approx. 150 pages / 
0-8176-2288-8 / $44.50 (tent.) 


A History of Algebraic and 
Differential Topology 
1900-1960 


Jean Dieudonné 


This work traces the history of algebraic 
topology beginning with its creation by 
Henri Poincaré in 1900 and describing in 
detail the important ideas introduced 

in the theory before 1960. Written by a 
world-renowned mathematician, this 
book will make exciting reading for 
anyone working in topology. 


1989 / Hardcover / 625 pages / 
0-8176-3388-X / $79.00 


Textual Studies in Ancient 
and Medieval Geometry 
Wilbur R. Knorr 


An important new study of the problems 
of documentation in ancient technical 
texts. It presents a survey of the primary 
Greek evidence on cube duplication 
together with a selection of medieval 
Arabic texts on cube duplication and 
angle trisection, comparing the various 
versions and describing the changes 
which occurred as the works were trans- 
mitted from one generation to the next. 
Also an in-depth look at Archimedes’ 
Dimension of the Circle. 


June 1989 / Hardcover / approx. 640 pages / 
0-8176-3387-1 / $89.00 


The Non-Euclidean Revolution 
Richard Trudeau 


In a lively, entertaining and highly 
accessible style, Trudeau discusses the 
non-Euclidean Revolution—a scientific 
revolution every bit as significant as the 
Copernican revolution in astronomy and 
the Darwinian revolution in biology. 

The reader is introduced to the theory of 
Hyperbolic geometry, an alternative to 
the traditional Euclidean geometry, which 
is as logically consistent as Euclid’s, and 
has as much claim to being true as Euclid’s, 
yet extensively contradicts Euclid's. 


1987 / Hardcover / 268 pages / 
0-8176-3311-1/ $39.00 


Norbert Wiener 
1894—1964 


Pesi R. Masani 


This biography provides an incisive look 
into the life, work and times of one of the 
great American mathematicians of this 
Century. Starting with Wiener’s child- 
hood fascination for electricity and his 
early training in mathematical logic with 
Russell, it traces his profound under- 
standing of the commonality of the 
functioning of the mind and the com- 
puter—to his conception of the subject 
of cybernetics—to his penetrating insight 
into the impending age of automation in 
all its ramifications. Wiener's contribu- 
tions to philosophy, science and 
engineering are documented and stress 
is laid on his considerable interaction 
with other great minds of the times. 


June 1989 / Hardcover / approx. 340 pages / 
0-8176-2246-2 / $56.50 (tent.) 


Newton to Aristotle 

Towards a Theory of Models 

for Living Systems 

Mathematical Modeling Series, Vol. 4 
John Casti and Anders Karlqvist, eds. 


Newton rejected Aristotle's causal theory 
of scientific events and replaced it with 
the idea of forces and mechanisms acting 
upon a collection of material particles. 
Newton to Aristotle examines the man- 
ner in which “Aristotelian causation” can 
be used to fill the modeling gaps left by 
the Newtonian framework. Using the 
tools of modern systems theory and 
mathematics, several internationally 
renowned scientists demonstrate the 
advantages of reintroducing the Aristo- 
telian worldview from the perspective of 
economics, biology, linguistics and other 
areas of the life and behavioral sciences. 


May 1989 / Hardcover / approx. 250 pages / 
0-8176-3435-5 / $45.00 (tent.) 
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STUDIES IN 
THE HISTORY OF MATHEMATICS 


Esther R. Phillips, Editor 


Esther Phillips has brought together a col- 
lection of articles showing the sweep of re- 
cent scholarship in the history of mathemat- 
ics. The material covers a wide range of 
current research topics: algebraic number 
theory, geometry, topology, logic, the rela- 
tionship between mathematics and comput- 
ing, partial differential equations, and alge- 
braic geometry. 


320 pp., 1987, ISBN 0-88385-128-8 
List: 36.50 MAA Member: $28.00 
Catalog Number MAS-26 


This is an excellent book! It is a 
very interesting and exciting book to 
read. The author does an extremely 
nice job of bringing together most, if 
not all, the mathematicians that were 
involved in a particular area of mathe- 
matics. The sources listed at the end of 
each section give the reader an oppor- 
tunity to look up other resources per- 
taining to the particular subjects, a fea- 
ture that is definitely lacking in many 
history books. The content of the book 
is choice. The professional mathemati- 
cian would definitely want to have a 
copy of this book. 
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formulas anywhere on the screen. MathCAD 
formats your equations as they’re typed. 
Instantly calculates the results. And displays 
them exactly as you're used to seeing them — 
in real math notation, as numbers, tables 
or graphs. 

MathCAD is more than an equation 
solver. Like a scratchpad, it allows you to add 
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text anywhere to 
support your work, 
and see and record 
every step. You can 
try an unlimited 
number of what-ifs. 
And print your 
entire calculation as 
an integrated docu- 
ment that anyone 
can understand. 
Plus, MathCAD 
is loaded with powerful 
built-in features. In addition to the usual trig- 
onometric and exponential functions, it 
includes built-in statistical functions, cubic 
splines, Fourier transforms, and more. It also 
handles complex numbers and unit conver- 
sions in a completely transparent way. 
Yet, MathCAD is so easy to learn, you'll 
be using its full power an hour after you begin. 


Requires IBM PC® or compatible, 512KB RAM, graphics card. 


IBM PC® International Business Machines Corporation 
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But don’t take our word for it — just ask the 
experts. 

PC Magazine recently gave MathCAD 
their Editor's Choice Award. They described it 
as “everything you have ever dreamed of in 
a mathematical toolbox.” And when compared 
to the competition, it was “MathCAD by a mile.” 

But we didn't stop there. MathCAD 2.5 is a 
dramatically enhanced version of MathCAD 2.0. 
MathCAD 2.5 has improved numerical analysis, 
three-dimensional plotting, and HPGL file import 
from most popular CAD programs, including 
AutoCAD? And for Macintosh® users, there’s a 
MathCAD version 2.0 just for you. 

See MathCAD at your local software dealer, 
or call MathSoft. For information, or a free demo 
disk, call 1-800-MATHCAD (in MA, 617-577 
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6/16/89, and get a FREE version 2.5 upgrade 
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A Problem of Leo Moser About Repeated Distances on the Sphere 


PAUL ERDOS, DEAN HICKERSON, AND JANOS PACH 


PAUL ERpOs: I was born on March 26, 1913. My parents were both 
mathematics teachers and I learned a great deal of elementary mathematics 
from them. I received my Ph.D. in 1934 with Professor L. Fejér. I was in 
Manchester with Professor Mordell from 1934-38 and from 1938 to 1954 I 
was in the United States. Since then I have constantly travelled around the 
world: Hungary, the Anglo-Saxon countries, Israel, and Europe. 

I have written about 1200 papers and have more than 250 coauthors. My 
principal subjects are number theory, set theory, combinatorics, geometry, 
probability, and some branches of analysis. 


DEAN HICKERSON: I received my B.S. in Math from the University of 
California at Davis in 1973, and my Ph.D. from the University of California 
at Berkeley in 1980. Since then I have worked as a proofreader of mathemati- 
cal texts and have authored, with Tony Barcellos, the solutions manuals for. 
the calculus textbooks by George Simmons and Sherman Stein. My main 
research interests are in partitions and in algebraic and combinatorial aspects 
of geometric tiling problems. 


JANOS PACH: I was born in Budapest, Hungary, in 1954. I received my Ph.D. 
from E6tvés University in 1980 under the supervision of Professor M. 
Simonovits. Since 1977 I have worked at the Mathematical Institute of the 
Hungarian Academy of Sciences, and held visiting positions at University 
College London (1981-82), McGill University, Montreal (1984), SUNY at 
Stony Brook, (1985-86), and Courant Institute, NYU (since 1986). My main 
fields of research are combinatorics, convexity, discrete and computational 
geometry. 


Abstract. We disprove a conjecture of Leo Moser by showing that (i) for every natural number n and 
0 < a < 2 there is a system of n points on the unit sphere S* such that the number of pairs at distance a 
from each other is at least const - n log* n (where log* stands for the iterated logarithm function) (11) for 
every n there is a system of n points on S? such that the number of pairs at distance ¥2 from each other 
is at least const - n*/3, We also construct a set of n points in the plane in general position (no 3 on a line, 
no 4 on a circle) such that they determine fewer than const - n'°83/!°82 distinct distances, which settles a 
problem of Erdés. 


1. Points in the plane. In most extremal problems in combinatorial and discrete 
geometry the configurations, arrangements, packings, coverings, etc. which are 
expected or proved to be optimal, are symmetric in one sense or another. In fact, it 
is a major obstacle in the way of the research in this field that very few symmetric 
patterns using a large number of objects are known. Perhaps this is one of the 
reasons why “latticelike” configurations have attracted so much attention in recent 
years, and two leading geometers devoted the last couple of years to writing a 
monograph about “Tilings and Patterns” [GSh]. In spite of the fact that applica- 
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tions in crystallography and coding theory also inspired extensive computer searches 
for symmetric configurations, the lack of constructions still remains a general 
characteristic of the field. 

Under these circumstances it is no surprise that so little is known about one of 
the oldest and most important unsolved problems in discrete geometry: Whether or 
not the regular lattice packing is the densest packing of equal balls in 3-dimensional 
Euclidean space. In one of his papers C. A. Rogers made the ironic remark that 
“many mathematicians believe, and all physicists know” that the answer to this 
question is affirmative [R]. The “knowledge” of the physicists originates in their 
belief (so often emphasized by Einstein) that the laws of Nature must be simple, and 
if there existed more economical configurations, then Nature would surely have 
“invented” them. 

In this article we will be concerned with variants of the following questions: 


1. What is the minimum number of distances which a set of n points can 
determine? 
2. How many times can a given distance a occur among 7 points? 


We first consider these questions for sets of points in the plane. Beliefs similar to 
those of the physicists mentioned above led the senior author, more than 40 years 
ago, to state the following conjectures [E1]: 


(i) Every set of n points in the plane determines at least c,n/ ylogn distinct 
distances (for some constant c, > 0); 

(ii) The number of times a given distance can occur among n points in the plane 
is at most ni *¢2/!8!08” (for some c, > 0). 


Both bounds are attained for the point system 
{(x, y):0 <x, y < yn, x and y are integers}, 


i.e., for a Vn by yn piece of the integer grid, one of the few known truly symmetric 
configurations in the plane. In the past many serious attempts were made to attack 
these problems (see, e.g. [M1], [Ch], [JSz], [BS], [SSzT], [ChSzT], [EGS] or the 
surveys [E2], [EP], [MP]), but the gaps between the existing lower and upper bounds 
are still enormous. (Erdés offered 500 dollars for a proof or disproof of (4) or (41) 
several times.) 

Due to the small number of known instances of regular point systems in the 
plane, fighting against these problems is a little bit like shadow boxing: You do not 
know exactly where the enemy is. The known results in this field reflect the strength 
(and limits) of the weaponry of combinatorics rather than throw any light on the 
geometric structure behind. On the other hand, for similar reasons, we must admit 
that beyond the belief there is very little real evidence supporting the above 
conjectures. 

Even less is known about question 1 under the restriction that the points are in 
general position, i.e. there are no 3 of them on a straight line and no 4 on a circle. 
We shall need some notation. 

Given a set P = { pj, pPo,.--, p, } Of n distinct points and a positive number a, 
let 


f(P, a) = # pairs (p,, p;), i <j, at distance a from each other, a) 


g(P) = # distinct distances determined by pairs of points of P. 
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Using this notation, let G(n) = min g(P), where the minimum is taken over all 
n-element point sets P in the plane in general position. Erdés has asked many times 
(see, e.g. [E3]) the following questions: Is it true that 


li > = @ 
lim Gln) = 0? (b) 


n— oo n 


(Our ignorance in this area is really shocking!) Szemerédi [Sz] observed that 
G(n) > (n — 1)/3. Cin fact, he conjectures G(n) > (n — 1)/2, which would gener- 
alize a theorem of Altman [A]). Our next result answers question (b) in the 
affirmative. 


THEOREM 1. For every natural number n, G(n) < (3/2)n'83/182 < (3/2)n)°® 


Proof. First consider the case n = 2*, and let P be the set of all vertices of the 
unit cube in R*, ie. all (0,1)-sequences x = (x,, x5,...,x,) of length k. Since 
x — x’ is always a (0, +1, —1)-sequence, the pairs of distinct points belonging to P 
determine 3* — 1 different vectors. These occur in (3 — 1)/2 pairs of opposite 
vectors. 

One can obviously choose a 2-dimensional plane TJ ¢ R* such that the orthogo- 
nal projection of P onto I] is in general position. The projection set P’ also 
determines at most (3 — 1)/2 pairs of opposite vectors, and hence at most this 
many different distances. Thus G(2*) < 3*/2. 

Now let n be arbitrary. Pick k so that 2*~'<n<2*. Since G is clearly 
nondecreasing, we have G(n) < G(2*) < 3*/2. But k < 1+ log n/log2, so G(n) 
< (3 /2)3%8 n/log2 — (3/2) noe 3/o8 2 


Note that the same construction was used in [DG] for different purposes. Since 
the points of P’ determine a large number of parallelograms, one cannot resist 
asking the following question: Does there exist a set P of n points in the plane in 
general position, such that P does not contain all the vertices of a parallelogram, 
but g(P), the number of distinct distances determined by P, is 0(n7)? 


2. Points on the sphere. What happens if, instead of point systems in the plane, 
we consider point systems on the sphere? The situation here differs from that in the 
plane in two important respects. First, there is nothing analogous to the integer 
lattice, so there are no obvious candidates for the sets which answer questions 1 and 
2. Second, the answer to question 2 will depend on the particular distance a. 

Let S4—! denote the surface of the d-dimensional unit ball, ice., 


St t= {(X1,-+25%y)! XP tee 4x5= 1}. 


More than 20 years ago Leo Moser [M2] (see also [Gu], [MP]) conjectured that 
there exists a constant c such that among any n points on the unit sphere S* the 
same distance can occur at most cn times, L.e., 


f(P,a) <n (2) 


for any n-element set P C S* and for any 0 < a < 2. This conjecture was partly 
motivated by a well known result conjectured by Vazsonyi and proved indepen- 
dently by several authors ({G], [H], [St]), which states that if P = { p,,..., p,} is the 
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vertex set of a 3-dimensional convex polytope and a = max, <;< ;<,|P; — p,|, then 
f(P, a) < 2n — 2. 

However, our next theorem shows that Moser’s conjecture is false. Let log*n 
denote the minimum integer r such that, starting with n, one has to iterate the 
logarithm function r times to get a value smaller than or equal to 1. 


THEOREM 2. There exist c, C, > 0 such that 

(i) for every natural number n and for every 0 < a < 2 one can find n points in S* 
with the property that each is at distance a from at least c,log*n others; 

(ii) for every natural number n one can find n points in S? with the property that 
each is at distance v2 from at least con’ 3 others. 


Proof. (i) Given any e > 0, let 
S.= {(x, y,z): x? +y? +z? = and |z| < e}. 


S, is the equator of S*, and S, is called a strip of radius e around the equator. 
Let 0 < a@ < 2 be fixed. We also fix a small positive ¢ such that 


2y1 —e? >a, (3) 


i.e., the diameter of the two circles bounding S, is larger than a. 

For each k > 1 we shall construct a point set P on the sphere in which each 
point is at distance a from at least k others. Our construction will be recursive. For 
k = 1, let P consist of 2 points on the equator, at distance a from each other. 

To motivate the recursive step, consider the analogous situation in the plane. 
Given a set P in the plane in which each point is at distance a from at least k 
others, let P* = P-U w(P), where 7 is a translation by a vector of length a, chosen 
so that P 1 a(P) is empty. Then P* provides the desired set for k + 1. This 
doesn’t work on the sphere because there is no isometry which moves every point 
the same distance. Instead, we will replace 7 by a set of rotations about a fixed axis, 
one for each point of P. 

So suppose that for some k we have a set P = { py, P2,.-- Py(,) } Such that each 
p; is at distance a from at least k others. Assume further that all points of P are in 
a narrow strip around the equator, 1.e., P C S,/,) for some e(k) < e. Let u and vu be 
two antipodal points on the sphere such that u is at distance 6 from the north pole 
(0,0, 1) for some small 6 which will be specified later. We turn S? around the axis 
uv So as to bring p, into a new position p; such that |p, — p;{| = a. (Note that, in 
view of (3), this is possible if 6 is sufficiently small.) The rotation of S* which takes 
P, into p; and keeps u and vu fixed, is denoted by 7y. 

Let P® = P, P® = 7,P©. If the sets P, P,..., P“~» have already been 
determined for some 1 < i < n(k), then we define P“ as follows. Let 7, denote a 
rotation of S* around the axis wv for which | p, — 7,( p,)| = a. Set 


P= a,(P® UPYU... UPG-D)., 
Finally, let 
P* = POY PAY... YPM. 
It is now clear that, for a proper choice of 6 and the axis wv, (a) the above 


definitions are correct, i.e, all 7/s exist; (b) the sets P®, P®,..., P%% are 
pairwise disjoint; (c) there is an e(k + 1) < e such that P* C S444). 
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Set n(k + 1) = n(k)2"“. According to (b), we have [P| = 2)“ Pp) for 
1 <i < _n(k), hence |P*| = n(k + 1). 

It is now a straightforward matter to show that every point of P* is at distance a 
from at least k + 1 others, which establishes Theorem 2(i) for the numbers n(k). 
The result then follows easily for all n. 

The figure below shows this construction for k= 1. Here P® = { pi, a} is 
obtained by applying 7, to P® = P= { p,, p,}. Then P® = {b, pj,c, d} is 
obtained by applying 7, to P© U P®), The following pairs of points are at distance 
Q: Py Pr» Pi Pi P14, Pr Pr, bp}, be, cd, ad. 


(ii) By a construction due to Erdos (see, e.g., [Ed Thm. 6.18]), there exists a 
positive constant c, such that one can pick n/2 points and n/2 lines in the plane, 
with the property that each of the points lies on at least c,n'/? of the lines and each 
of the lines contains at least c,n'/? of the points. Let O be a point outside the plane 
supporting this construction. 

To each point P of the construction we assign the unit vector pointing from O to 
P. To each line L of the construction we assign one of the two unit vectors 
perpendicular to the plane determined by O and L. This gives n vectors with the 
property that each of them is perpendicular to at least c,n!/° others. The endpoints 
of these vectors lie on the unit sphere centered at O and meet the requirements 
of (11). 

Note: It follows by the methods used in [EGS] that the bound n)/? in Theorem 
2(ii) cannot be improved. 


Had Moser’s conjecture (2) been true, it would have implied that any n-element 
point set P on the sphere S* determines at least const - n different distances. That 
is, using our notation (1), 

g(P)>c'n (4) 
with an absolute constant c’. It is an intriguing open question to decide whether this 
weaker version of Moser’s conjecture is true. 


However, it is not hard to show that (4) cannot hold for all n-element subsets of 
any higher dimensional spheres. 
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THEOREM 3. For every d > 4, there exists a constant c, with the property that for 
infinitely many n one can find an n-element point set P C S¢~! determining 


——_ ifd=4 
g(P) < “410g log n f 


cnr) ifd>4 
different distances. 


We close with some questions suggested by Theorem 2. 

Our result for /2 is stronger than that for other distances, since n!/> grows faster 
than log*n. Is ¥2 really special, or is there a construction which gives a similar 
result for every 0 < a < 2? Lacking that, are there such constructions for other 
particular values of a? (Since ¥2 is the edge length of a regular octahedron 
inscribed in the unit sphere, perhaps the edge lengths of the other Platonic solids are 
worth investigating.) 


We wish to thank Herbert Edelsbrunner for some valuable comments. 
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1. Introduction. Let a,, a,, and a, be three positive real numbers such that 
a, + a, + a, = 7, and let w be the unique real number in (0, 7) such that 


cot w = cota, + cota, + cot a3. 


If a,, a, and a, are interpreted as the three vertex angles of a triangle 
(T) = A,A,A,, then w is called the Brocard angle of (T) and there is a point Q 


interior to (T) such that 
w = ZNA,A, = 20A,A, = 204,49. 


The point {2 is called a Brocard point of (J) and it may be constructed as 


follows: 
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The circle (C) is drawn passing through A,, A, and tangent to A,A, at A,. If the 
parallel from A, to A,A, meets (C) in B, then A,B intersects (C) in the Brocard 
point 2. If perpendiculars A,D and BE (not shown in the diagram) are dropped 
onto A,A,, then one sees immediately that 


cot w = A,E/BE = A,E/A,D = (A,D + DE)/A,D 
= (A,D + DA, + A,E)/A,D 
= cot a, + cota, + cot a, 


where one uses the fact (from the diagram) that a, = 2A,A,A, = 2A,BA, to 
obtain cot a, = A,E/ A,D. 

If the circle is drawn through A, and A, but tangent to A,A, at A,, then another 
point YQ’, also called a Brocard point of (7), may be similarly obtained. But, because 
of (1), no new Brocard angle is obtained. Thus a triangle has only one Brocard angle 
w given by (1) and two Brocard points 2 and Q’. Since 


LQA,A, = 2A, A, = w, 


the lines 2.4, and (’A, (called Cevians) will be symmetric with respect to the 
bisector of the vertex angle a,. The same is true of the lines QA, and ’A, relative to 
a, for i= 2,3. This makes 2 and Q’ a pair of isogonal points, or isogonal 
conjugates. Other examples of pairs of isogonal points in the triangle are: the 
circumcenter and the orthocenter; the centroid and the Lemoine point. The incenter 
is obviously its own isogonal conjugate. 

The Brocard points were first noticed in 1816 by Crelle [6] but they did not catch 
the attention of mathematicians of that period for long. In 1875 they were rediscov- 
ered by H. Brocard.and a considerable amount of work was done on them (see [8, p. 
263]). The designation 2 might suggest that they were regarded as the “last” 
remarkable points to be discovered. But then in 1964, Yff [17] discovered a 
remarkable analogue of the Brocard points and a corresponding length, which he 
called u, related to the three sides a, of a triangle by the equation 


u> = (a, — u)(a, — u)(a, — u). (2) 
Y ff [17] proved that 
8u> < a,a,a; 
and, on the strength of the analogy between u and w, conjectured that 
8? < a,a503. (3) 


Recognized as a gem of elementary geometry, “many mathematicians... tried in 
vain to prove (3),” as one of them, O. Bottema [5] proclaimed. Eleven years were to 
elapse before a proof of (3) would be found by Abi-Khuzam [1]. Describing this 
proof as “short, elegant and ingenious,” Bottema [5] was not completely satisfied 
with the argument leading to the inequality 


3 
sin a, SiN a, sina, < |3v3 /(27)| O05, (4) 


which was used in the proof of (3). He confirmed the inequality (4) using Lagrange 
multipliers. Shortly after, using the concavity of log(sin x/x), Klamkin [9] gave an 
extension of (4). The original proof in [1] of (3) and (4) suggested and made it 
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possible to establish in [2] the inequality 


w < (a, — w)(a, — w)(a3 — «), (5) 
which is finer than (3), meaning (5) implies (3). (To see that (5) implies (3), multiply 
both sides of (5) by 64w° and use the algebraic inequality 4w(a, — w) < a?.) There 
followed a series of papers ([16], [10], [15]) repeating the proofs of (3) and (5) but 
with some variations on the proof of (4), and occasional confusion ({10]). For 
example, the inequality 


8(a, — w)(a, — w)(a; — w) < aya,a;, 


which was posed as a problem in [2], is stated as fact in [10]; it remains, as far as we 
know, unresolved. 

Thus, a certain activity arose around the inequalities (3) and (5), and it was 
recognized that analysis methods, at least for the present, were indispensable in 
their treatment. It was a matter of time before efforts would be focused on the 
problem of improving (3) and (5). A natural approach was to write (3) in the form 


3 
20 < 04403 , 


exposing the geometric mean of a,, a,, and a,, and to ask whether a similar 
inequality involving their harmonic mean, 1.e., 


2w < 3/(a;p1+az1+a;1), (6) 


holds true. If valid, (6) would, of course, be a refinement of (3), since the harmonic 
mean of three positive numbers does not exceed their geometric mean. 

This question arose in a different context in works of Stroeker [14] and Stroeker- 
Hoogland [15], who posed (6) and 


3(2w)~° <a,?+a;*+a;’, (7) 


along with other inequalities, as conjectures. 

A proof of (6) by Mascioni [11] appeared at about the same time as submission of 
this article. A proof of (7), also by Mascioni [12], appeared a year later. Both proofs 
use the method of Lagrange multipliers. 

In this article, we shall present proofs of refined versions of (6) and (7) along 
with some generalizations. We shall also show that all the theory, including 
identities and inequalities, of the Brocard angle may be derived from the single 
equation (1). Our main results are summarized below. 


THEOREM 1. Let a,, a, and a, be three positive real numbers such that a, + a, + 
a, = 7, and let w € (0, 7) be defined by (1). Then 


w+ 3a7'<ap)t+ay)t+ay;z’ (8) 
8 

< 3(2w) 1 — (2cosw — V3) (3sin2w)”'; 
3(2w) “<a, ?+a;*+0a;? <w?— 90. (9) 


In each of the above four inequalities, equality holds if and only if w = 1/6 if and only 
if a, = a, = a, = 7/3. 
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THEOREM 2. Let a,, Q@, &,, and w be as in Theorem 1. If a,, a,, and a, are not 
all equal, then there exists a unique B € (1,2) such that 


a+ az*+az* < 3(2w) * forall d & [0, B]; (10) 


ap *+az*+az;*>3(2w) * forall d € (0, B). (11) 
In each case, equality holds if and only if X = 0 or X = B. 


Further inequalities may be derived from (11) by first rewriting it in the form 
3 
» (w/a;)" 2 3(2~*) 
i=l 


and, noting that w <a, (to be proved in Section 4), integration with respect to A 
over the interval [A, 00), A > B, immediately yields 


3 
Y a; */(log a, — log w) = 3(2) “/log2 for all X > B. 
i=l 


Whereas, summation over A, A = 2,3,4,..., gives 
32 = F329) < YE ¥ (w/a) 
A=2 A=2 i=1 


(w/a;) = FE (a — 0) ta, 


i 
Ms 


> 
l 


2 


em, 


whence we get 


3(2w?)  < VY (a,- 0) es. (12) 


ite 


em 


The inequality 
3 
“is L (a, - 0), (13) 
i=] 


which corresponds to (5) and involves the harmonic mean of (a, — w), (a, — w) 
and (a, — w), was obtained by Abi-Khuzam [3]. Now, (13) readily follows from (9): 


3 3 3 
Y) (a; - w)? =w )) (a, — w)*@} >w )) 4a;? > 3w7!; 
i=1 


i=] i=] 
while (12) can also be derived from (8) and (13): 


E (a) - 0) fay? = 08 SE [la 0) t= a 


> w [307 ! — 3(2@) "| = 3(2@2) 


It is also possible to obtain reverse inequalities complementing those in (10) and 
(11). An example of such an inequality for (11) is 


a, + +az,*+az*<w *— 34(130~4), (14) 
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whose proof is indicated in the proof of Theorem 1 in Section 5. However, these 
questions will not be taken up in this article. 


2. The existence of w and preliminary identities. We now proceed to derive all 
properties of w from (1). Let us then recall that a,, a,, and a, are positive real 
numbers satisfying a, + a, + a, = 7 and that w is the unique real number in (0, 7) 
defined by (1). 

Using elementary trigonometry and our assumptions on a, a,, and a3, it is easy 
to show that 


cot a, cot a, + cot a, cot a, + cot a,cot’a, = 1, (2.1) 

and 
cot a, + cot a, + cot a, = cot a, cot a, cot a, + csca,csca,csca,. (2.2) 
Since sina, > 0, i = 1,2,3, and 1 + cosa, cos a,cos a, > 0, it follows from (2.2) 


that ?_,cot a, > 0; thus, since cot x decreases steadily on (0, 7) and cot(7/2) = 0, 
there exists a unique real number w © (0, 7/2) such that 


cot w = cot a, + cot a, + cot ay. (2.3) 
Squaring (2.3) and using (2.1) and 2 cot a; cot a; < cota, + cota j we deduce that 


cot*w > 3, whence 
0<w<7/6. 


Similarly, we readily have 
csc’w = csc’a, + csc*a, + csc*a3, (2.4) 


which is a differentiated version of (2.3). To obtain more identities, note that, by 
(2.1), (2.2), and (2.3), we have the following identity for all x € (0, 7): 


3 3 


| [ (cot x — cot a,) = cot?x + cot x — cot wesc?x + [[csca,. (2.5) 
ixt ixi 


Putting x = w in (2.5), an easy reduction then gives 
sin(a, — w)sin(a, — w)sin(a, — w) = sin’w, (2.6) 


which is a special case of Ceva’s Theorem [8, p. 147]. 

Of course (2.6) is not an integrated version of (2.3) but it is reasonably close to 
being so. It therefore appears plausible to seek identities analogous to (2.3) and (2.4) 
but involving higher derivatives of the cotangent. Guided by a method of finding 
the sum of nth powers of the roots of an algebraic equation in terms of its 
coefficients, we may start from (2.5), put x = a, and sum over i to obtain 


3 3 3 3 
Y> cota, + 5 cot a, — cot w )) csc’a, + 3 | [ese a, = 0. (2.7) 
i=] i=1 i=l i= 


Since the derivative of csc*x is —2cot x csc?x, we use (2.4) to rewrite (2.7) in the 
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form 
3 3 
2 3 
dX cot a; csc*a, = Y (cot3a, + cot a; ) 
i=] i=l 


3 3 
cot w ), csc’a, — 3] [ csca, (2.8) 
i=1 i=] 
3 


cot wcsc’w — 3] [esc a, 
i=1 


and this gives us the identity analogous to (1), but involving the second derivative of 
cot x. 

To obtain the next identity, we multiply (2.5) by cot x, put x =a, in the 
resulting equation and sum over /. The result is 


3 3 3 
>* cot’a, + )) cota, — cot w )) cot a, csc?a, + 
i=1 i=l i=l 


If (2.8) and (2.3) are used in (2.9), we arrive at 
3 


>) cot7a, csc7a, 
i=l 


3 


i= 


3 
y cot 7 
i=1 


csca, = 0. (2.9) 
1 


3 
» (cot*a, + cot?a; ) 
i=l 


; (2.10) 
= cot*w csc*w — 4cot w | | csc a,. 
i=l 
The next step is immediate from (2.4) and (2.10): 
3 3 
Y csc4a, = YL (csc?a, + cota, csc7ar; } 
i=1 i=] 
3 
= csc’w + cot*wcsc’w — 4cot w | | csc a, (2.11) 


i=1 
3 


esc4w — 4cot w | [csc a,. 
ix] 


Noting that the derivative of cot x csc?x is —csc*x — 2 csc*x cot?x, we may multi- 
ply (2.10) by 2 and add the result to (2.11) to obtain 


3 
Y (csc4a, + 2 csc?a, cot a, ) 
j=] 
| , (2.12) 
= csc“w + 2csc*w cot?w — 12 cot w | | csc a,. 
i=] 

This is the identity analogous to (1) involving the third derivative of cot x. 

It is time now to collect our identities in one compact form that will simplify our 
proofs later on. As usual, cot“*)x stands for the kth derivative of cot x. Thus, 
cotx = cot x, cotx = —csc2x, cot™x = 2 csc*x cot x, etc. For the sole purpose 
of making the form of the next identity simple, we adopt the unusual convention 
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that (cot w)*~? should be taken to be zero for k = 0 or 1. With these conventions, 
the reader will easily verify that for k = 0, 1, 2, 3 and 4, we have: 


3 3 
YY cota, = cotw — (—1)*(k +1)! (cot w)*~* T] esca,;. (2.13) 
i=1 i=] 

Indeed, for k = 0, 1, 2 and 3, the formula (2.13) is equivalent to (2.3), (2.4), (2.8), 
and (2.12), respectively. We trust that the reader will be able to supply a proof of 
(2.13) for k = 4 along the same lines of the previous proofs. 


3. The function cot x — x~'. We recall that a function g defined on an interval 
(a, b) is said to be concave if for 0 < A < 1 and a < x < y < b we have 


Ag(x) + (1—-A)g(y) s g[Ax + (1 —A)y]. 
Using the Mean Value Theorem, it is easy to show that when g” exists on (a, b) 


then g is concave if and only if g’(x) < 0 there. Furthermore, such a concave g 
will satisfy the (more general) inequality 


n n 
n-* }' g(x,) < em X 7 
i=1 i=1 
for any set of n points x,, x,,..., x, in (a, b). 
Our proofs of theorems 1 and 2 are based on the concavity and monotonicity 
properties of the function 


f(x) =cotx— x", 0<x<q, 


and its derivatives (Lemma 1 below). The idea is to take one of the identities (2.13) 
and write it in terms of f‘*), the kth derivative of f. For example, equation (1) is 
written in terms of f as 


f(w) +0 "= L | f(@;) + a; +]. (3.1) 


The concavity of f allows us to compare L}_, f(a,) and 3f(37'X?_,a,) = 3f(2/3); 
while the inequality w < 7/6 (see Section 2) allows us to compare 3f(7/3) with 
f(w) via the monotonicity of f. This then reduces (3.1) to an inequality between w 
and ¥?_,a;', which is what we want. 

The rest of this section is devoted to establishing the concavity and monotonicity 
of f) by showing that f“ <0 for k = 0,1,2,... . Consider, for example, f’ and 
f” where 


f(x) = -csce*x + x7? 
and 
f(x) = 2(cos x — x7? sin’x)esc3x. 


Since sin x < x, trivially we have f’ < 0. But determining the sign of f’(x) requires 
a comparison of cos x and x~?sin*x on (0, 7) which is not a trivial task, as any 
worker in inequalities would know. (A proof of the inequality cos x < x~? sin’x on 
(0, 7) is given by Mascioni [11]; see also Mitrinovic [13, p. 238].) Moreover, the 
determination of the sign of the higher derivatives of f by elementary calculus is an 
even more difficult proposition. To circumvent all these difficulties, we shall treat all 
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f in a unified manner by utilizing the Euler product representation (e.g., see [4, 
p. 195]) for the sine function: 


sin x = x lI l1 — (x/kr)’| for any x. (3.2) 
k=1 


Taking logarithms on both sides of (3.2) and differentiating the resulting equation, 
we obtain the partial fraction decomposition of cot x: 


cotx=x t+ ) [(ka +x) 7) - (kn — x) I, O<x<qa. (3.3) 
k=1 


If each of the functions (ka + x)~* and (ka — x)~' is expressed as a geometric 
series in (3.3) and the order of summation is interchanged, we arrive at 


f(x) =cotx-—x }= -2x Viex*, O<x<gz, (3.4) 
k=0 


where 
c.= dv (nt) °*", kk = 0,1,2,.... (3.5) 
n=1 


The various operations leading from (3.2) to (3.4) are all justified since the involved 
series are absolutely and uniformly convergent on closed subintervals of (0, 7). 

Except for c, = £%_,(n7) * = 1/6, we shall not need the exact numerical value 
of c,. However, (3.5) tells us that c, > 0 for k = 0,1,2,... . This fact and (3.4) give 
us the following important lemma. 


Lemma 1. If f(x) = cot x — x7! where 0 < x <2, then 
f(x) <0 forO0<x<a and k=0,1,2,.... (3.6) 
In particular, the function f and all its derivatives are concave decreasing functions on 
(O, 7). 


The function log(x~'sin x) being an integral of f(x) is concave by (3.6). There 
is, however, another proof in [1] of the concavity of log(x~! sin x), which has the 
advantage of suggesting other inequalities. This is the proof that was the target of 
“the slings and arrows of outrageous fortune” in [5], [10], and [16]. It will be taken 
up in some detail in the next section. 


4. Inequalities for a,, a,, a3, and w. If (i, 7, k) is a permutation of (1, 2, 3), then 
our assumption a, + a, + a, = 7, a; > 0, quickly yields 


cot a, + cot a, = sin a, CSC a; CSC a,. 


Thus, cot a, + cot a, > 0 for i + j, whence 
cot w = cot a, + cot a, + cot a, > cota,, i= 1,2,3. 
It follows that 
WwW <Q, i= 1,2,3. 


(This corresponds to the geometric statement that a Brocard point is interior to its 
triangle.) 
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Returning to (2.5) with x = w, it reduces to 
3 
csc a, csc a, csc a, = | [ (cot w — cota,), 
i=l 
and we now have that each factor on the right is positive. Applying the inequality 


between the arithmetic and geometric means of the numbers cot w — cota,, i= 
1, 2,3, and using (2.3) we obtain 


CSC a, CSC a, CSC a, < (8Cot*w) /27. 


In the opposite direction, starting from the Euler product representation (e.g., see 
[4, p. 195]) for the sine function 


sin x = xT [1 — (x/kr)’| for any x, (4.1) 
i=1 
fix an integer N > 1 and put 
N ; N N 
Py(x) = I [1 — (x/kr) = Ta — «/en)|| TLC + «/ke)| 


If0 < B, <a, i=1,2,...,, and X?_,B, = s, then 


Ty (8) = TT in — pyen)|| TT HG + p/kn) 


= 


utilizing the arithmetic-geometric mean inequalities 


ra _ B,/ka) < po y (1 - pykn)| = (1 —s/nk)” 


and 
ia + B/kr) < y (1 + a/kn)| =(1+s/nkr)", 
we get 
[1 Py(8) < TI (1 — s/nkex)"|| TT + s/nks)"| = [Py(s/n)]”. 


Letting N — oo and using (4.1) we arrive at 


sin B, sin B, --- sin B, < B,B, --- B,[(n/s)sin(s/n)]”. (4.2) 


Taking logarithms on both sides of (4.2) we obtain the concavity of log(x~ ‘sin x) 
alluded to at the end of Section 3. 
As an application of (4.2) we have, using Ceva’s Theorem (2.6), 
3 
sin’w = sin*w | [ sin(a, — w) 
i=1 


(4.3) 
< Ta — 2) l(6/nysin( x76) 


j= 
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Since x~* sin x decreases in (0, 7/2) and w < 7/6, we have 


(w~* sin w)° > [(6/7)sin(7/6)]°. 
If this inequality is used in (4.3), we obtain (5). 


5. Proof of Theorem 1. Let f(x) = cot x — x”! where 0 < x <7, and let 


f(x) be the kth derivative of f. By Lemma 1, f(x) is a concave decreasing 
function on (0, 7). The concavity of f*) implies that 


3 3 
37} yf (a;) <s9[a y 7 = f (1/3), k =0,1,2,...; (5.1) 
i=1 i=] 


while, since f‘*) is decreasing and w < 7/6, we have 


f(2/6) < f(a), k=0,1,2,..... (5.2) 
Noting that 
f(x) = cotx — (-1)“k!x7*-1, kk = 0,1,2,..., 
and recalling (2.13) with the convention (cot w)*~? = 0 for k = 0 or 1, and using, 
(5.1) and (5.2), the following calculations are valid for k = 0, 1, 2, 3, and 4. 


cot) (2/6) — (—1)*k! (6/7) *"? 


< cot — (—1)*k!w-*"} 


3 3 
>) cota, + (—1)*(k + 1)! (cot w)*~? [ | csc a, - (—1)*klw~*} 
i=l 


i=1 
3 
= ¥ (f(a) + (+1) ‘kta; #4] 
i=] 


(5.3) 
+(—1)*(k +1)! (cot w)*~? I Lose a, — (—1)“k!a #3 


lA 


3 
3f(m/3) + YS (-1)ktay 


i=l 


3 
+(-1)*(k + 1)! (cot w)*~* T] ese a, — (—1)*k! o> *} 
i=1 
For k = 0 and k = 1, (5.3) reduces to 


and 


cot(2/6) — (6/7) < 3[cot(7/3) — (3/7)]| + La —w} 


3 
—csce?(7/6) + (6/1)” < 3| —csc?(m/3) + (3/r)’| — Yap?+w?, 
i=1 


respectively, which, in turn, immediately reduce to the first inequality in (8) and the 
second inequality in (9), respectively. Note that, in each case, if equality holds, then 
the above steps can be reversed to obtain equality in (5.2) implying w = 7/6. 
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[We note in passing that a proof of (14) may be obtained from (5.3) with k = 3 
by estimating the term involving cot w and csc a, csc a, csc a3, using cot w > y3 
and sin a, sina, sina, < (V3 /2)°; this last inequality follows from (4.2).] 

To prove the second inequality in (8), let 

g(x) = f(x) — 2f(x/2) 
=cotx-—x '- 2| cot(x/2) — (x/2)~"], O<x<zm. 


It is immediate from (3.4) that g is a concave decreasing function on (0, 7). So 


37% d a(a) S os Ya = g (1/3) S g(2w), 


which implies that 


3 3 
3) ap! < 9/(2w) + 3cot(2w) — 7cot w + 2 Y cot(a,/2), (5.4) 
i=l i=1 


and it remains to estimate the last sum in (5.4). From Cauchy’s inequality (e.g., see 
[7, Chapter II]) and (2.4) we obtain 


3 3 1/2 
awa, < 13 Yee = ¥3 csc uw, (5.5) 
i=l 


i=1 
which, together with cot(x/2) = cot x + csc x and (2.3), readily yields 


3 3 
> cot(a,/2) = cotw + > csca, < cot w + V3 csc w. (5.6) 
i=] i=1 
Now, (5.4) and (5.6) give 
3 


3¥ ap! < 9/(2w) + 3cot(2w) — Scot w + 2V¥3 csc w 
i=l 


= 9/(2w) — (2cosw — V3) /sin(20), 


and the second inequality in (8) follows. If equality holds, the above steps can be 
reversed to obtain equality in (5.5) which implies, by invoking the condition of 
equality in Cauchy’s inequality, that a, = a, = a, and w = 7/6. 

To prove the first inequality in (9), we differentiate (3.4) to obtain 


f'(x) = -ese?x +x7* = — Ye 2(2k + 1)e,x**, O<x<a. (5.7) 
k=0 
If we use cy = 1/6 and let 
h(x) = 4| csc?(x/2) ~(x/2)° - 373] — (csc*x — x~* — 374), 
then (5.7) implies that h is a concave decreasing function on (0, 7). Thus, 


37? h(a) < Ala Ya = h(1/3) < h(2w). 


i=] 


i= 
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It follows that 
3 3 
45(2w)~* < 15 Ya; ? + 13 csc*w — 3esc?(2w) — 4 ¥ cse?(a,/2). (5.8) 
i=1 i=1 

A sharp bound for the last sum in (5.8) is obtained as follows: starting from the 
identity 4csc*x = sec?(x/2) + csc?(x/2) and using (2.4), we get 

3 3 

Y) esc?(a,/2) = 4csc*w — 3 — ) tan?(a,/2). 

i=l i=l 
Since £}_,a, = 7, trigonometry yields 

tan(a,/2)tan(a,/2) + tan(a,/2)tan(a,/2) + tan(a,/2)tan(a,/2) = 1. 

Thus 


3 3 2 
B tant(ay/2) = | ¥tan(ay/2)| ~ 2, 
i=1 i=l 
and using tan(x/2) = csc x — cot x, we have: 


3 3 2 
y) csc*(a,/2) = 4cse*w — 1 — bP ian(/2) 
i=1 


i=l 


3 2 
= 4csce*w — 1 — ys (csc a, — cot a) 
i=l 


(5.9) 
3 2 

= 4csc*w — 1 - | >) esc a, — cot 
i=] 

> 4csc?w — 1 — (V3 csc w — cot w) 

= 2/3 csc w cot w, 


where again we used (5.5). Now, using (5.9) in (5.8) we obtain 


3 
45(2w) * < 15 Ya? + 13 csc*w — 3csc?(2w) — 873 esc w cot w 


i=l 
3 
= 15 ¥ a>? — (8cos w + ¥3)(2V3 cos w — 1)(2cos w — V3) /sin’(2w), 
i=l 


and since cos w > 3 /2, the first inequality in (9) follows, with w = 7/6 if equality 
holds. 
Finally, if w = 7/6, then cot w = v3 and 


3 3 
| y* cot 7 = 3) cot’a,. 
i=] i=] 
This implies, by invoking the condition of equality in Cauchy’s inequality, that 
a, = a, = a, = 7/3. Since the remaining converses are trivial, the proof of Theo- 
rem 1 is now complete. 


588 F. F. ABI-KHUZAM AND A. B. BOGHOSSIAN [August-September 


6. Proof of Theorem 2. If A < 0, then —A > 0 and, since the numbers a; are not 
all equal, the strict inequality between the arithmetic and geometric means of the 
numbers a; * gives 


3 
a;*+a;*+a;*> 3) (a,a,0,) * > 3(2w)*, 


where we have used (3) to obtain the last inequality. This proves one part of (11). 
Strict inequalities hold in (8) and (9) because the numbers a; are not all equal. 
Thus, for fixed a,, a,, and a,, the function g defined by 


g(A) = X (2/a,)” 


is a continuous function of A with g(1) < 3 and g(2) > 3. Therefore, there exists a 
number B € (1,2) such that g(8) = 3. Fix one such B and consider A > B. Let 
t= (A — B)/(A — 1) and note that t € (0,1) and B =t+A( — ¢). By Holder’s 
inequality (e.g., see [7, Chapter IT]), we have 


and using (8) we obtain 
t 
3(2w) ? < [3(2w) ~7| | a7 , 
i=] 


Since B = t + A(1 — £), we readily obtain 
3 
3(2w) *< Yaz, 
i=l 


completing the proof of (11) together with the case of equality. 
Finally, suppose that 0 < A < B. Then Hodlder’s strict inequality yields 


3 3 1/q 
Ya, < a y a 
=] 


i=l 


for any pair ( p, q) of positive numbers satisfying p-' + gq ' = 1. Since A < B, we 
may take g = B/X. This choice gives 


3 3 1/q / 
Bap <3”*| Yar] = 3'/?|3(2w) 4 , 
=1 i=1 

= 3(2w) °/4 = 3(2w) *, 


proving (10) along with the case of equality. 
The uniqueness of B being trivial, the proof of Theorem 2 is now complete. 
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Kathy O’Hara’s Constructive Proof of the Unimodality 
of the Gaussian Polynomials 


DORON ZEILBERGER*, Drexel University 


DORON ZEILBERGER received his Ph.D. degree from the Weizmann Institute 
of Science in 1976, under the direction of Harry Dym. He has been at Drexel 
University since 1983. His interest in combinatorics began when he tried to 
find combinatorial applications for his results on partial difference equa- 
tions. He then became enamored with combinatorics for its own sake. Since 
1978 he has attempted to find a constructive proof of the unimodality of the 
Gaussian polynomials. 


1. Introduction. Kathy O’Hara has recently [7], [8] solved a long-standing open 
problem in combinatorics: to find a direct combinatorial proof of the unimodality of 


the coefficients of the Gaussian polynomials. A unimodal sequence ¢p, ¢,,...,¢, 1S 
one that increases up to a point and then decreases: i.e. there is an integer r such 
that co Sc, S +++ $6,264, 2 °°: 2G. 


Combinatorialists love to prove that counting sequences are unimodal. For 
instance, the prototype of all unimodal sequences is the sequence of binomial 


coefficients 
Co) (T s(n” a(n) (1 


Many famous combinatorial sequences are unimodal: the Stirling numbers of each 
kind, for instance. But how can we prove that a sequence is unimodal? 

One way is to use analytical methods. If a polynomial has only negative real 
zeros then its coefficient sequence is unimodal, and even a little more, it is 
logarithmically convex (see, e.g., [5]). Since the binomial coefficients belong to the 
polynomial (1 + x)”, which evidently has only negative real zeroes, those coeffi- 
cients must be unimodal. Since the Stirling numbers of the first kind are the 
coefficients of the polynomial (x + 1)(x + 2)--- (x + n — 1), those numbers must 
be unimodal too. 

Combinatorialists prefer to use combinatorial methods when dealing with such 
problems, rather than the constructs of analysis. It’s often harder, but it’s somehow 
‘purer’ too. How might we prove that the binomial coefficients are unimodal in a 
purely combinatorial way? 

Here’s one method. Since the coefficients are obviously symmetric about the 


middle, it will be (necessary and) sufficient to prove that {(")} increases for 


0 < k <n/2. To do that, a fine idea would be to produce, for each fixed k < n/2, 
an injection of the k-subsets of [1,2,...,] into the & + 1-subsets. The reader is 
invited to try to invent such a family of injections, and will then appreciate how 
hard these proofs can be. 


*Supported in part by the National Science Foundation. 
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Here’s another method, that is in fact the one used in O’Hara’s proof, the main 
subject of this paper. Think of the Boolean lattice B” of all 2” of the subsets of 
[1,2,..., a], partially ordered by inclusion. Picture the lattice drawn with all (") of 
the k-subsets laid out on the same horizontal layer, for each k = 0,1,2,..., 7, as 
shown in Fig. 1(a). 


000 
001 010 100 
011 101 110 
111 
(a) B? (b) An SCD for B? 


Fic. 1 


Now the binomial coefficients count the number of subsets in each of the layers. 
Hence what we have to prove is that as we go upstairs in the building, the layers get 
fatter and then thinner. 

Well that’s a plan, anyway, but how shall we carry it out? By a chain we mean a 
linearly ordered collection of these subsets, e.g., 


§,CcS,C +--+: CS. (2) 


A chain (2) is maximal symmetric if, as we look along the chain from left to right, 
the cardinalities of the sets increase by exactly 1, and if card(S,) + card(S,) = n. 

In Fig. 1(b), maximal symmetric chains are shown as jagged lines that meet every 
layer from layer g to layer n — q, for some gq. 

Suppose we can cover the Boolean lattice with pairwise disjoint maximal sym- 
metric chains (such a covering of B? is shown in Fig. 1(b)). Then we would have 
proved the unimodality of the coefficient sequence. Indeed, we claim that we would 
then have a family of injections from the k-subsets to the k + 1 subsets, for each 
k < n/2. For, given a k-subset S: map it to the k + 1-subset S’ that is its successor 
in the unique maximal chain to which S' belongs. 

That leaves us with ‘merely’ the problem of finding a covering of the Boolean 
lattice with symmetric chains. The reader is invited to think about that one too, and 
thereby to re-appreciate how hard these proofs can be. 

The proof of O’Hara that I want to describe to you is one that results in proving 
that a certain famous sequence, one that is much more delicate than the binomial 
coefficients, is unimodal. Hers is the first combinatorial proof of this result, 
although various non-elementary (i.e., analytic or algebraic) proofs have been 


592 D. ZEILBERGER [August-September 


known for some time. The sequence in question (to be described shortly) is touchy: 
it stays constant for a while, then increases by 1, then stays constant for a while, etc. 
It is, so to speak, just barely unimodal. 

What she did was first to invent a partially ordered set in which the members of 
the given sequence count the numbers of inhabitants in the layers, and then to 
invent a maximal symmetric chain decomposition of that partially ordered set. The 
reader who tries both of our suggested exercises above will appreciate that that was 
no mean feat. 

Specifically, she proved that the polynomial in g (‘Gaussian polynomial’) 


(1 _ g?*?\(1 _ gate) a (1 _ q?*1) 3) 
(1 —q°)(1-q’"")---(1-q) 


is unimodal, i.e., its coefficient sequence is unimodal. 

For example, G(2,2) = 1+ q¢ + 2q7 + q?+ q’%, is clearly unimodal. 

The best way to learn a topic is by teaching it. Similarly the best way to 
understand a new proof is by writing an expository paper about it. That was the 
original motivation of this paper. Once written, I thought it would be nice if 
the readers of the Monthly had the opportunity to savor the elegant proof. All the 
central ideas and constructions are O’Hara’s, but I have made a few improvements 
and shortcuts that I believe will make the argument clearer. I would like to thank 
Kathy O’Hara for stimulating conversations and correspondence. 

The unimodality of the Gaussian polynomials had previously received several 
‘fancy’ proofs, the first one by Sylvester [15]. The most elementary proof before 
O’Hara’s was that of Proctor [10] who used only linear algebra. The reader is urged 
to look up Proctor’s beautiful paper [10] for the history and the significance of the 
problem. I should also mention White’s [17] elegant proof that uses Polya theory. 

The coefficients of the Gaussian polynomials G(b, a) have well known combina- 
torial interpretations, and the polynomials themselves have a number of interesting 
properties. What follows is a list of some of these. The reader who has not 
encountered these before could do no better than to consult Polya, Szegé [9], and 
follow the beautiful exercises 60.1 to 60.11 of Chapter 1, and their solutions, after 
which the properties listed below will all have been proved. 


G(b, a) = 


(a) The coefficient of g* in G(b, a), let us call it c,(b, a), is the number of 
‘zigzag walks’ in the plane (i.e., each step increases either x or y by one unit), 
from (0, 0) to (b, a), such that the area under the walk (i.e., between the path, 
the x-axis, and the line x = a) is exactly k. 

(b) c,(b, a) is the number of ‘p-vectors’ in the set 


U,.(b, a) = {( py, Pos---> Pg) OS py Spo S++ Sp, <b, pyt+-:: +p, =k} 
(4) 


(c) G(b, a) is a polynomial in g of degree ab, whose coefficients are symmetric 
about the middle, ie., c, = Cyp_x- 


In order to prove that G(b, a) is unimodal it will be enough to show that 
|U_(b, a)| < |U,4,(b, a)| for 0< k <ab/2. A direct combinatorial proof will 
consist of exhibiting an explicit injection of U,(b, a) to U,,,(b, a) for those 
values of k. 
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2. Posets. We will need some standard definitions and elementary results from 
the theory of partially ordered sets ( posets). All that we will need will be presented 
here, but the reader who wishes to know more is referred to chapter 2 of Stanton 
and White’s excellent text [14], and to Greene and Kleitman’s survey [4]. 

A poset (P, <) is a set P together with a partial order. We say that a < b if 
a<xb and a#b, and that b covers a if a <b and there is no c such that 
a<c<b. If b covers a we will write a — b. A poset is ranked if each element 
a & P has been assigned a positive integer, rank(a), such that a — b implies that 
rank(b) = rank(a) + 1. The set L, = {a © P: rank(a) = i} is called the set of rank 
i or the ith level set. 

A good way to visualize a poset P is in terms of its Hasse diagram. The vertices 
of the Hasse diagram are the elements of P and its edges are the covering relations 
of P. The Hasse diagram of a poset uniquely determines that poset, by transitivity 
of the order relation. Figs. 2(a) and 2(b) show examples of Hasse diagrams of a 
ranked and an unranked poset respectively. 


(a) a ranked poset (b) an unranked poset 


FIG. 2 


A finite ranked poset is rank unimodal if the numbers w, = |L,| are unimodal. P 
is rank symmetric if there is an integer m such that w, = 0 for i > m and w, = w,,_, 
for all i. We will call that integer m the rank of P. 

A maximal symmetric chain in a rank symmetric poset is a sequence of elements 
of P, a, >a, -:: >a, in which rank(a,) + rank(a,) = rank(P). A maximal 
symmetric chain decomposition (SCD) of a rank symmetric poset P is a covering of 
P by pairwise disjoint maximal symmetric chains. 

If a poset has an SCD then it is obviously rank unimodal, and so here is the 
strategy of the proof. 


Strategy. Define the poset U(b, a) as follows. Its elements are the p-vectors in 
the set 


U(b, a) = UUs, a) 


_ {(Pis-s+> Pa): 9 <p, < —_ <P, <b}. 


The partial order relation is simply that p’ < p’”’ means that the sum of the entries 
of p’ is less than the sum of the entries of p’’. We wish to construct an SCD for this 
poset. 

To do this we will need the following three simple facts. 
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Fact 1. If P is a rank-symmetric poset of rank m and if P is the same poset but 
with the rank defined by 


rank( p) = rank( p) + a, 


for some integer a, then P is a rank-symmetric poset of rank m + 2a. 
Indeed, w, = w,,, and w, = w,,_; imply that w,.; = Wy _jsa 
We say that P is the shift of P by a. 


Fact 2. Let P and Q be ranked posets and let 7: P — Q be a rank preserving, 
order preserving bijection from P to Q. If P has an SCD then so does Q: its chains 
are the images, under 7, of the chains of the SCD of P. 


If P and Q are posets, then their Cartesian product (P X Q, <) is the poset 
whose elements are those of the set P X Q, and in which the order relation is 
defined by (p,q) < (p’, q’) iff p < p’ and q <q’. If P and Q are ranked, then 
P X Q can be ranked by defining rank( p, g) = rank( p) + rank(q). 


Fact 3. ({3]) If P and Q are rank-symmetric ranked posets, of ranks m, m' 
respectively, and if P and Q have SCD’s, then P X Q also has an SCD, and 
it can be constructed quite explicitly from the two given SCD’s. Furthermore, 
rank(P X Q) = rank(P) + rank(Q). 


The best way to think about the proof of Fact 3 is first to picture the cartesian 
product of two chains C and D in réctangular form 


(Pi,%) (Prd) «(Ds %) 
(Pi, 2) ( Po, qx) see ( P,. 2) 
(Pisds) (Pa) (Pd): 


The chains in the SCD of P X Q that are contributed by just this one chain C from 
the SCD of P and the one chain D from the SCD of Q are the ones that are 
obtained by successively ‘peeling off’ the chain that is obtained by going from left 
to right along the top row and continuing all the way down the rightmost column, as 
shown in Fig. 3. 


3. The art of constructing symmetric chain decompositions. How does one go 
about constructing SCD’s for a family of posets such as U(b, a)? One possibility 
might have been to express U(b, a) as the cartesian product of smaller U(b’, a’). 
For example, for the Boolean lattice B”, we have B” = {0,1} X B”~', and by 
applying Fact 3 recursively we obtain an SCD for B” ((3]). This does not seem 
possible for U(b, a). 

O’Hara’s ingenuity consisted in dividing and conquering: she found a refinement 
of U(b, a), a certain doubly indexed family of subposets, U(b, a; m,d), that 
appeared to be also rank unimodal, rank symmetric, and of the same rank, ab, as 
U(b, a). She then discovered a structure theorem for these smaller subposets, that 
expressed each of them in terms of the operations ‘union’ and ‘Cartesian product’ 
of posets U(b’, a’; m’', d’) for a’ < a. 

It was therefore possible to use the three Facts in order recursively to construct 
an SCD for each of these U(b, a; m, d) in terms of those of smaller a. The base 
cases a= —1, a=0 and a=1 being trivial, this showed that each of the 
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YQ 


Cx D 


Decomposition of a product of two chains into chains. 


FIG. 3 


U(b, a; m, d) had an SCD, and by taking the union over all m and d, one had an 
SCD for U(b, a) itself. We will now present the details. 


4. O’Hara’s construction. Recall that 


U(b,a) = {p=(p,,.--, pg)s0< py < ++: <p, <b}. 
Let us make the convention henceforth that p,= 0 for i <0 and p, = 5 for 
i > a. For each p-vector in U(b, a) we define its spread and its degree, as follows. 
First, 
spread( p) = max{ p; — p;_9:2 <i<a+1}. 
Next we define M(p) to be the set of indices on which the spread is attained, 


M(p)={2<is<a+l: p;— p,;_, = spread(p)}. 
Partition M(p) into UD,, where the D; are maximal intervals (of consecutive 
integers), and define the degree of p by 
|D| +1 
deg( p) = | = 
J 

For example, for a= 13, b= 10 and p = (1,2, 2, 3, 4, 5, 6, 6, 6, 7, 8, 8,10), we 
find that spread( p) = 2, M(p) = (2,5, 6,7, 11, 13,14}, D, = {2}, D, = {5,6,7}, 
D, = {11}, D, = {13,14}, and deg( p) = 5. 

Next we define the following subposets: 


U(b, a; m,d) = { p € U(b, a): spread( p) = mand deg( p) = a}, 


and 
U(b, a; m) = { p € U(b, a): spread( p) < m}. 


We make the reasonable convention that U(b,0) contains a single p-vector, 
namely the empty vector. If a is negative then U(b, a) = &. Further, we make the 
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convention that a Cartesian product @ X P, of the empty set with a poset P, is 
isomorphic to P, and its elements will be denoted by (—, p). 
Everything would follow from 


THE O’HARA STRUCTURE THEOREM. Let a,b, m,d be positive integers. The 
mapping 
o: U(b — md, a — 2d; m—1) X U(ma + 2m — 2b, d) > U(b, a; m, a), 


to be defined below, is an order preserving bijection such that for every q © 
U(b — md, a — 2d; m— 1) andr © U(ma + 2m — 2b, d), we have 


rank(o(q,r)) = rank(q,r) + 2bd — md(d + 1). (5) 


Before we go ahead and define o, let us show that indeed ‘everything’ would 
follow from the theorem. 

We prove, by induction on a=1,2,..., the following proposition: ‘For all 
b, m,d, the poset U(b, a; m, d) has an SCD and has rank ba.’ The base case a = 1 
being trivial to verify, let a> 1 be fixed, and let us assume the truth of the 
proposition for all 1 < a’ <a. 

We claim first that for every p € U(b, a) we have deg(p) < |(a + 1)/2|. In- 
deed, for every S C {2,..., a + 1}, if we write S = UD,, where the D, are intervals, 
it is easy to check, by induction on a, that 


YB + 1)/2| < a+ 1)/2I, 


which proves the claim. 

Now, if U(b, a; m, d) # O we must have d < |(a + 1)/2|, and since a > 1, we 
have d<a. Since U(ma + 2m — 2b,d) is a union of certain U(ma + 2m — 
2b, d; m’, da’), each of which, inductively, has rank (ma + 2m — 2b)d and we know 
how to construct an SCD for it, it follows that U(ma + 2m — 2b, d) has rank 
(ma + 2m — 2b)d and we know how to construct an SCD for it. Likewise, 
U(b — md, a — 2d; m— 1) has rank (b — md)(a — 2d) and we know how to 
construct an SCD for it. _ 

Hence, by Fact 3 we can construct an SCD for the product U(b — mad, 
a — 2d;m — 1) X U(ma + 2m2b, d), and its rank is (b — md)(a — 2d) + (ma + 
2m — 2b)d. The O’Hara Structure Theorem tells us that U(b, a; m, d) is the image 
of that product poset under an order preserving bijection, which is actually rank 
preserving if U(ma + 2m — 2b, d) is shifted by 2bd — md(d + 1). By Fact 2 we 
know how to construct an SCD for U(b, a; m,d), and by Fact 3 its rank is 
(b — md)(a — 2d) + (ma + 2m — 2b)d + 2(2bd — md(d + 1)) = ab. 


In order to prove the structure theorem we have to 
(i) define the mapping o 
(ii) define its alleged inverse 7 
(iii) prove that o is well defined 
(iv) prove that 7 is well defined 
(v) prove that the composition zo is the identity 
(vi) prove that o7 is the identity 
(vii) prove that (5) is true 
(viii) prove that o is order preserving. 
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In order to make this exposition entirely self-contained, we have included 
complete proofs of these eight propositions in the Appendix. The proof of the 
unimodality of the Gaussian coefficients is now finished. 


5. Discussion. The partial ordering that we put on the set of p-vectors was the 
right one to get this proof done, but another partial ordering on the same set of 
objects has been known for some time, and it is even less well understood. In the set 
U(b, a) of all p-vectors of < a components each of which is < 5, a natural order 
to consider is the one in which p < q means that Vi: p,; < q,. Under this order 
U(b,a) is called Young’s lattice. More generally, given a partition A, the Young 
lattice Y, is defined to be the set of all p-vectors such that p < A with the same 
definition of < and rank as before. The U(b, a) are the special cases in which 
A = b% (b repeated a times). U(b, a) is rank unimodal; but what about Y, for 
general A? Of course Y, is no longer rank-symmetric, but it appears to be 
rank-unimodal for small A. For example, in Y,,, the numbers of elements of each 
rank are 1,1, 2,1. 

It was conjectured for some time that the Y,, while not rank-symmetric, are 
nevertheless rank unimodal. It came as a great surprise when Dennis Stanton [13], 
assisted by a computer, found a counterexample: for A = (4, 4, 8, 8), Y, is not rank 
unimodal. Furthermore Stanton did something that no computer can do by itself: 
he found infinite families of counterexamples, the simplest one being (4, 4,2k, 2k), 
for k > 4. 

A poset that possesses an SCD automatically enjoys the ‘Sperner property,’ 
which is to say that its largest possible independent set is obtained by taking the 
largest level set. | 

Even the existence of an SCD for U(b, a), with Young’s lattice order, is still an 
open problem. However to deduce the Sperner property, as well as rank unimodal- 
ity, you don’t quite need a symmetric chain decomposition. It is enough to have a 
maximal chain decomposition all of whose chains pass through the largest level set. 
Stanley [12], using the ‘hard Lefschetz theorem’ from algebraic geometry, proved 
the existence of such a chain decomposition for the poset U(b, a) as well as for 
some other posets, among them the poset M(n) of all partitions of integers into 
distinct parts <n, with the same rank and order relation as for U(b, a). 

Stanley’s proofs for U(b, a) and M(n) were subsequently simplified by Proctor 
[10]. Incidentally, the fact that M(n) has the Sperner property, that Stanley 
discovered almost as an afterthought, trying to apply the ‘hard Lefschetz’ hammer 
to as many nails as possible, turned out to be equivalent to a longstanding 
conjecture of Erdés and Moser. Stanley found out about it quite by accident, from 
Larry Harper, during a phone call whose original purpose was to discuss a house 
sublet during a Sabbatical leave! See Proctor [10] for more about this story. 

However, both Stanley’s proof and Proctor’s simplifications were nonconstructive 
existence proofs. It is still an open problem to find an explicit construction of an 
SCD for U(b, a) (or even that of a nonsymmetric decomposition as above). To date 
such a construction is known only when a or 5 are either 3 or 4 (see Lindstrom [6], 
West [16], Riess [10}). 

I am sure that O’Hara’s breakthrough will lead to further work in this area. It 
would be very nice to find another decomposition of U(b, a) in which the analogue 
of o would be also order preserving in the Young’s lattice order. It would also be 
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interesting to find an O’Hara-style constructive proof of Stanley’s result that the 
posets M(n) are rank unimodal. This fact is equivalent to the unimodality of the 
polynomial (1 + #1 + t7)---(1 +t"). 

More generally, Almkvist [1] conjectured that the polynomials 


n 1—-—t"” 
y=] 1-t?’ 


are unimodal when r is even and n>1 and when r is odd and n> 11. He 
developed an interesting analytical method that is capable, at least in principle, of 
proving this conjecture for every specific r. Assisted by computer, he proved his 
conjecture for 3 < r < 20 and r = 100,101. The conjecture is still open for general 
r. It is equivalent to the rank unimodality of the poset of partitions in which each 
part can appear at most r — 1 times, and whose parts are all < n. An O’Hara-style 
proof would be particularly gratifying because it would demonstrate that purely 
bijective methods are capable not only of duplicating results that have been found 
by other branches of mathematics, but of proving new ones. 


Appendix. The fine print (proofs of (i)—(viii)). It is easiest to start with the 
definition of 7. So we will perform the eight tasks in the following order: (11), (i), 


(iv), (111), (V), (vi), (vil), (vill). 
(ii) Definition of mw. 


U(b, a; m,d) > U(b — md, a— 2d; m— 1) X U(ma + 2m — 2b, d) 


Let p = (pj,.--, p,) © U(b, a; m, da). We will define 7(p) = (q(p), r(p)) = 
(q,r). Let ¢ +1 = max M(p) = max{2 <i<a+t1; p;— p;_. =m}, and define 
a new p-vector p’ = (pi,..., pi_2) by putting pj = p; if 1 <i<t-—2 and p; = 
Pj42 — m else. We will show that p’ © U(b — m, a — 2; m, d — 1) when d > 1 and 
p’ © U(b — m, a — 2;m — 1) when d = 1. 

Define qg( p) = p’, if d= 1, and, recursively, g( p) = q(p’), if d > 1. Also, let 
r'= @ if d=1, and, recursively, r’ = r(p’) if d> 1 (we will show that r’ has 
d — 1 nonvanishing components). Finally, put r, = p, + p,., + m(a — t — 1) — 2b, 
and r,=r/_, for2 <i<d. 


(i) Definition of o. U(b — md, a — 2d; m— 1) X U(ma + 2m —- 2b, d) > 
U(b, a; m, da) 

Let g € U(b — md, a — 2d; m — 1) and r € U(ma + 2m — 2b, d); we will de- 
fine o(qg,1r) = p, Say. 

Let r’ be the p-vector with d — 1 components obtained from r by deleting the 
first component. Obviously r’ € U(ma + 2m — 2b,d— 1). Next let p’=q if 
d= 1, and p’ = o(q,r’) if d> 1 (we will show that p’ has a — 2 nonvanishing 
entries). 

We will now define a certain integer t, 1 < ¢t < a. If r, = 0, let t = a. Else, let 7 
be the unique integer that satisfies 


pi, + pi -—mt<r—m(at+2)+2b<p/_,+p/_,—m(t— 1). (Al) 
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We define p = o(gq, r) by 


( Pi> 1<i<t-1 
Pp=\%— piy—m(a-t+2)+2b, i= 
Pj-2 +m, t+l<i<a. 


(iv) a is well defined. 

p’ is a genuine p-vector since p/_, = p,,; — M = P,_1 = P;—2 = P;_2. Here we 
have used the fact that ¢ + 1 © M(p), and thus p,,, — m = p,_,. Now it is readily 
seen that M(p’) = M(p)\ {t+ 1} if t € M(p), and M(p’) = M(p)\ {t,t + 1} 
if t © M(p). In either case, deg( p’) = deg( p) — 1 and spread( p’) = m, if d> 1, 
while spread( p’) < m if d= 1. 

Hence p’ € U(b—m,a-—2;m,d-—1) if d>1 and p’& U(b-—m,a-—?; 
m—1) if d=1. If d=1, clearly q € U(b — md, a — 2d; m — 1), and if d>1, 
then inductively, q belongs to U(b —- m— m(d—- 1),a—-2-—2(d-—1);m-1)= 
U(b — md, a — 2d;m-— 1). Let t’ +1 = max M(p’). Of course, t’ <t-— 2. It 
remains to show that r is a genuine p-vector in U(m(a + 2) — 2b, d). 

By the inductive hypothesis r’ belongs to U(m(a — 2 + 2) — 2(b — m), d — 1) 
= U(m(a + 2) — 2b, d — 1), and so to show that r is a bona fide element of 
U(m(a + 2) — 2b, d) we will have to show that when d > 1 we have 0 <r, < nh, 
ie, 0<7r, < rj, ie., that 


O<p,+ Piri t m(a — tt 1) — 2b Spe + Pray 


(A2) 
+m((a— 2) -t'+1)-2(b-™m), 
and when d = 1 we have to show that r, < m(a + 2) — 25, Le., 
O<p,+p,,+m(a-—t+1)—-2b<m(a+2) — 2b. 
If we make the convention that t’ = —1 when d = 1, then both of the above are 


included if we prove (A2) for alld > 1. Now the left side of (A2) is equivalent to 
(b— m)+ b— p,— p,41 < m(a — t), while the right side of (A2) is equivalent to 
Pit Piet — Ph Ppa < mt — t’). Both of these follow from the proposition be- 
low: the first by taking A = a, B = 1, and noting that p,,, = b and p,< b—™m; 
the second by taking A =?t, B= 1’, and noting that since t’ < t — 2, we have 
Po = Pp and py ay = Py +1- 

PROPOSITION. Let A => B. Then p, + py. — Pp - Ppi, < MA — B). 


Proof of proposition. If A — B 1s even then 
Pa t+ Pasi — Pp Peri [ Pa — ppl + [ Past — Paid 
_ (Ps — P4-2) tose: +( Paso — pz) 


+ [ (pass — P4-1) torts +( Ppy3 — Pp+1) 
<m(A— B)/2+m(A — B)/2=m(A — B). 
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Similarly, if A — B is odd, 
Pa + Pas. — Pa Pa+i= [ Pa — Paral + [ Pav — ppl 
= l( Pa — P4-2) tee +( Deis — Pp) 


+ (Pasi — pai) +++ +(Dps2- Ps)| 
<m(A-B-1)/2+m(A+4+1-B)/2=m(A — B). 

(i1i) o is well defined. 

Let g © U(b — md, a—2d;m-— 1) and re& U(m(a + 2) — 2b, d). We will 

prove that p = o(q, r) is a p-vector in U(b, a; m, d). 
_ Since r’ © U(m(a + 2) — 2b, d— 1) = U(ma — 2(b - m),d—- 1) and qe 
U(b — md, a — 2d; m — 1) = U((b — m) — m(d — 1), (a — 2) — 2(d — 1); m - 
1), it follows by the induction hypothesis, for d> 1, that p’ © U(b—-m,a-— 
2; m, d — 1). If d = 1, then of course p’ € U(b — m, a — 2;m— 1). 

Now we claim that p’_,+ pi —-—ma<r,—-—m(a+t+2)+2b< p',+pj- 
m(1 — 1), which, since p’, = pj =0 and p/_, = pi =b-—™m, is equivalent to 
2b — m(a+ 2) <r, - m(at 2)+2b<0. That is equivalent to 0<7r, < 
m(a + 2) — 2b, which is obvious. 

Now it is easy to see that the closed (discrete) interval [2b — m(a + 2), 0] can be 
partitioned as follows into a union of a single point and half open intervals: 


[2b — m(a + 2),0] = {2b —- m(a+ 2)} 
t=1 
U (pi, + py — mt, Pp). + Pi-1 —m(t a 1)| 
t=a 
Hence the ¢ that was defined in the definition of o was in fact well defined. 

We must also show that p, > p,_, and p,,, = p,, both of which follow easily 
from (Al). Furthermore, p, = pi_,+m<b—-—m+m=b, so p € U(b, a). Also 
t+1¢M(p). 

Now since r, — m(a + 2)+2b<7r,-— m(a—2+ 2) + 2(b — m), the ‘previous 
t, let us call it ¢’, that was obtained in the previous step out of 7,, satisfies 
t’<t—2 Gf d=1 then ¢t’ = —1). Thus M(p) = M(p’) U {t+ 1} or M(p) = 
M(p’) VU {t,t +1} Gf d=1, M(p’) = ©). If d> 1, then deg( p) = deg(p’) + 1 
=d-—1+1=d. Of course, spread( p) =m, and if d=1, deg(p) =1, since 
M(p) consists of either {7} or {7¢, f + 1}, so in either case p © U(b, a; m, d). 

(vi) zo is the identity. 

Let p = o(q,r). We have to show that 7( p) = (q, r). We have just seen that 
M(p) is obtained from M(p’) by adjoining either ¢ alone, or else both ¢ and ¢ + 1. 
In either case t + 1 = max M(p), so the ‘t obtained in doing z(p/) is the same as 
‘the ¢ obtained in doing o(q, r).’ By the inductive hypothesis, if p’ = o(q, r’) then 
a( p’) = (q, r’). Finally, ‘the 7, obtained from doing (py) is 

Pit Diz, + M(a—t +1) — 2b 
=r, —p/_,—m(a-—t+2)+2b+p/_,+m+m(a-—t+1)—-2b 
= Yh, 


as it should. 
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(v) om is the identity. 

Let (q, r) = 7(p). We have to show that o(q, r) = p. 

We have p, + p,,,; =" — m(a—t+1)+ 2b. But p,,, = p,_, +m sincet +1 
© M(p). So p, =r, -— m(a—t +2) + 2b — p,_,. Now t may or may not be in 
M(p), thus p, — p,_» < m, which yields the right side of (A2), and t + 2 € M(p), 
SO Di... — Pp; < m, which yields the left side of (A2). Thus ‘the ¢ obtained in doing 
o(m(p)y is the same as ‘the ¢ obtained in doing z(p).’ The rest follows from the 
inductive hypothesis. 


(vii) Proof that rank o(q, r) = rank(q, r) + 2bd — md — md’. 
We have 

rank o(q,r) = rank( p) = p, + --: +p, 
pits +p t (4 - py - m(a—1t + 2) + 2b) 
+(pi_y+m) +--+ +(pi_.4+m) 


rank( p’) +r, + 2(b — m). 


First, if d= 1 then p’ = q and r=n, so rank o(q, r) = rank(q) + rank(r) + 
2(b — m), which was to be shown in this case. Next, if d> 1, the inductive 
hypothesis gives 


rank o(q,r) = rank o(q,r’) +r, + 2(b — m) 
= rank(q) + rank(r’) + 2(b — m)(d — 1) 
—m(d-1)d+r,+2(b-m) 
= rank(q) + rank(r) + 2bd — md(d + 1) 
= rank(q,r) + 2bd — md(d+ 1). 


(viii) o is order preserving. 
This is immediate from part (vii) since the order on U(b, a) is the trivial one in 
which p < gq iff rank( p) < rank(q). 
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LETTERS TO THE EDITOR 
Editor: 


While I agree with Joseph Fulda (Material implication revisited, this MONTHLY, 
March, 1989, 247-250) that there is no need to revise the truth table for the 
conditional connective of propositional logic in order to explain most uses of the 
words “if” and “then,” or “implies,” I would like to suggest an alternate explana- 
tion for the widespread confusion on this point. Many sentences containing the 
words “if” and “then” should properly be interpreted as containing not only a 
conditional, but also an unstated universal quantifier. The belief that the truth table 
for the conditional cannot be used to explain the meaning of such sentences is, I 
believe, a result of failing to recognize the presence of this quantifier, and does not 
indicate any defect in the truth table for the conditional. If the truth table for the 
conditional is properly combined with the meaning of the quantifier, the resulting 
interpretation of the sentence is in complete agreement with intuition. 

For example, we all know that for sequences of real numbers, monotone and 
bounded implies convergent, although neither monotone nor bounded alone is 
sufficient to imply convergent. But according to the conditional truth table, the 
statements (M A B) > C and (M — C) V (B > C) are equivalent. (If you don’t 
believe it, make the truth tables!) Does this mean that the conditional cannot be 
used to interpret the word “implies” in this case? The problem is not with the 
conditional, but with a missing quantifier. When we say, “Monotone and bounded 
implies convergent,” what we really mean is, “For all sequences s, if s is monotone 
and bounded then s is convergent.” Inserting the missing quantifiers, we find that 
we should have been comparing the statements Vs[(M(s) A B(s)) ~ C(s)] and 
Vs(M(s) — C(s)) V Vs(B(s) — C(s)). These are not equivalent; in fact, interpret- 
ing “M,” “B,” and “C” as meaning “monotone,” “bounded,” and “convergent,” 
respectively, on the universe of sequences of real numbers gives a counterexample to 
the equivalence. I do not see how one can explain the trouble in this example, as 
Fulda suggests, by claiming that there is a confusion between “if” and “iff.” One 
need not think that all convergent sequences are monotone and bounded to be 
puzzled by this example. 

Even some nonmathematical “paradoxes” involving the conditional can be 
explained as missing quantifiers. For example, consider the sentence, “If the sun is 
shining then it must be between 2:00 and 3:00 pm.” The conditional truth table 
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seems to suggest that the sentence is true at night, or on cloudy days, when the sun 
is not shining. If you think the sentence is false at all times, you are probably 
thinking of it as a general statement, perhaps more precisely expressed as, “For all 
times /, if the sun is shining at time ¢ then time ¢ is between 2:00 and 3:00 PM.” 
Since there are times which are not between 2:00 and 3:00 Pm when the sun is 
shining, the standard truth table for the conditional can now be used to explain why 
this sentence is false at all times. Once again, the confusion was caused not by any 
peculiarity in the conditional truth table, but by the failure to recognize the presence 
of an unstated quantifier. 


DAN VELLEMAN 
Amherst College 
Amherst, MA 01002 


Editor: 


The plausibility argument given by Professor Donald Hartig for the differentia- 
tion formula for the sine (On the Differentiation Formula for sin @, this MONTHLY 
(March, 1989), 252) is hardly new. In fact, the argument appears (using infinitesi- 
mals and equalities rather than approximations) in a treatise of Roger Cotes, On the 
Estimation of Errors, published in 1721, six years after Cotes’ death, in an article 
“De planetarium stationibus” by F. C. Maier, a colleague of Euler in St. Petersburg, 
in 1727, and in the 1737 text of Thomas Simpson, A New Treatise on Fluxions. 
More details can be found in my article, “The Calculus of the Trigonometric 
Functions,” Historia Mathematica 14 (1987), 311-324. 


Sincerely, 


VICTOR J. KATZ 
University of the District of Columbia 


NOTES 


EDITED BY DENNIS DETURCK, DAVID J. HALLENBECK, AND ANITA E. SOLOW 


A Cantor Set of Nonconvergence 


DAVID R. ARTERBURN and WILLIAM DEAN STONE 
Department of Mathematics, New Mexico Institute of Mining and Technology, Socorro, NM 87801 


Introduction. Define a sequence by repeated mappings of a number by a func- 
tion. There are three “nice” classes of such sequences: sequences that converge to 
fixed points, those that are (or converge to) periodic sequences, and those that 
become unbounded or undefined. Frequently these are the only possibilities. It is 
possible, however, to have bounded sequences that do not converge at all. We 
examine the set of points that lead to such non-convergent sequences for a class of 
functions from an interval to itself. We find that Cantor-like sets, those most 
ubiquitous of pathological sets, arise quite naturally in this problem. 


A Motivating Example. The January 1986 issue of The College Mathematics 
Journal [1] poses the problem: 


For what value of x, does the sequence x, ,, = 3 — 2/x,, converge? 


Let f(x) = 3 — 2/x for x # 0. It is fairly straightforward to show that 1 and 2 are 
fixed points; f(0) is undefined; there is a sequence of points 0 = yy < y, < y, < 
--+ such that f(y,.,) = y,- For x9 any other point we get a sequence that converges 
to 2. 

A more interesting problem is obtained by leaving f the same for x > 0, then 
taking the odd extension. That is, consider the sequence x,,, = f(x,,), where 


—-3—-2/x: x <0 
f(x) = ( undefined; x =0) = sgn(x)[3 — 2/|x|]. 
3—2/x; x>0 


Whereas before the interval (— 00,0) was mapped onto (3,00), and thus under 
repeated iterations to 2, we now have sequences { f"(x)}, for x < —1, converging 
to —2; x = —1 is a fixed point. For x > 1 the sequence { f"(x)} is exactly the 
same as for our original function; for x > 1 the sequence converges to 2, 1 is a fixed 
point. What about sequences of iterates of points in the interval (— 1,1)? 


THEOREM 1. The set S of points x in (—1,1) such that the sequence of iterates 
{ f"(x)} does not converge to +2 is a Cantor-like (nowhere dense, perfect) set. 


In fact, it is a Cantor-like set of measure zero, as will be shown below. 


Proof. The interval (— 1/2, 0) is mapped to (1, oo) and thence toward 2. (0,1/2) 
goes to (— oo, —1) and thence to —2. The map is undefined at 0. (—1, —1/2) and 
(1/2, 1) are both mapped onto (—1,1). Mapping again repeats the process, taking 
the center out of the two remaining intervals. Further iteration constructs a 
Cantor-like set; a portion out of the middle of each interval remaining after n 
iterations is mapped to the interval (—1/2,1/2) and thence either it is mapped to 
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one of the fixed points or (if the mth iteration of f, f”"(x) = 0) the sequence 
becomes undefined. Since we have removed an open interval from the interior of 
each closed interval whose image after n iterations is still in [0,1], and this open 
interval does not abut the boundary of the closed interval, we have constructed a 
Cantor-like set. For each interval in the complement of this Cantor-like set there is a 
single point in the interior that is mapped (eventually) to 0 and after this further 
iterations are undefined. The interval left of this point goes to 2, the right to —2. 
We thus get a countable set of points that are mapped, after a finite number of 
iterations, to 0. Everything else in the complement of the Cantor-like set converges 
under repeated mapping to 2 or —2. 


A Piecewise Linear Example. What is the behavior of the remaining points, the 
Cantor-like set? 

To make this question more accessible let us change our mapping. Since every- 
thing outside of the interval [—1,1] eventually goes to one of the fixed points, we 
will define f*(x) =1 for x > 1, f*(x) = —1 for x < —1. We want the middle 
third (except for 0) mapped outside of (—1, 1) and the outside thirds each mapped 
onto (—1,1). A piecewise linear odd function that does all this is this: 


1; ys <x <0 
f*(x) = (0; a0 


3x +2; -l<x<-1/73 
—1; O<x<1/30rx< —-1. 


ee amma en este ee ae 
i emma eeoun reese e = a eamnew @ ee @ eee = 


By scaling we can change this function to a map of the unit interval into itself: 


3x; O<x<1/3 

1; 1a < x<1/2 
h(x) = (1/2; x=1/2 

0: 1/2<x<2/3 

3x —-2; 2/3<x<1 
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1/3 


If we express x in ternary form this works out to be: 


Oabc... abc... 
1 if first non-1 digit is 0 
ifx = (-labe..., f(x) = /1/2if all digits are 1 
0 if first non-1 digit is 2 
2abe... abe... 


Thus if the leading digit is 1, x is sent to a fixed pint, otherwise the digits are shifted 
one to the left with the first digit removed. Any point with a 1 anywhere in its 
expansion (or a tail of 000... or 222...) is sent to a fixed point after a finite 
number of iterations. This leaves precisely the Cantor middle thirds set less the 
(countable) set of all the endpoints of the intervals in the successive approximations. 
This set is uncountable and consists of all points whose ternary expansions are 
non-terminating and include no 1’s. 

What happens to these points? Sequences generated from the rational numbers in 
the Cantor set eventually become periodic with period equal to the length of the 
repeating block in the number’s ternary expansion. 


Example. 
Xq = .200220220, x, = .00220220, x5, = 022022, 


x, = .22022022, x, = .2022022, x. =x,,x,=X3, ete. 


The irrational elements of the Cantor set generate sequences that do not converge 
to fixed points or periodic solutions. For any sequence of positive integers a, b, c,... 
there exists an x, such that the sequence Xo, x,, X,,... 1s in (0,1/3) for a 
iterations, then in (2/3, 1) for b iterations, then in (0,1/3) for c iterations, etc. 


Example. lf a,b,c... =1,1,2,2,3,3,... let x = .020022000222...(in base 
three). 


Generalization. The results in this paper hold for an entire family of functions. If 
the function f is such that there are numbers a < b < c < d such that the intervals 
[a, b] and [c, d] are both mapped continuously onto [a, d] while the interval (5, c) 
is mapped (either immediately or asymptotically) to fixed points then the first 
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theorem holds: the set of points not mapped to a fixed point is a Cantor-like set. A 
counting argument shows that for each integer n > 2 there is at least one solution of 
period n (f” maps 2” disjoint subintervals continuously onto [a, d@}). 

If f’ > 1 on [a, b] and [c, d] it can be shown that there are finitely many 
periodic points of period n, and only finitely many points that are mapped to one of 
these periodic points in any given number of iterations. Thus there are uncountably 
many non-periodic, non-converging points. The proofs are left as an exercise for the 
reader. If (as in our motivating example) the derivative of f is greater than 2 a.e., we 
can also prove: 


THEOREM. 2 Let S = {x|f"(x) is an element of (a, b) or (c,d) for alln}. Then 
m(S) = 0. 


Proof. Define E to be {x in S|x > 0}. Let g:(a, b) > (a, d) be f restricted to 
(a,b). f(S) = S, with the mapping 2-to-1, and by symmetry g(£) = S, with the 
mapping 1-to-1. Again by symmetry, if m(S) = a, m(E) = a/2. Now since g~1(S) 
= E it is known [2] that for g absolutely continuous and monotone increasing, 


m(S) = J 3'(x) dx. 


If g’ > 2 ae., as it is in our problem, this gives m(S) = (2 + h)m(E), where h > 0. 
However, m(E) = m(S)/2, so we get m(S) = [(2 + h)/2|m(S), thus m(S) = 0. 
Thus, as in our piecewise linear problem we have a Cantor set of measure zero 
consisting of points which do not converge to a fixed point. 


It is, however, possible to construct a function such that theorem 2 does not hold. 
i.e., the Cantor set of nonconverging points has measure greater than zero, if the 
derivative is less than or equal to two on a set of positive measure. For an example 
let S be the Cantor set obtained from the interval [0, 1] by removing at the nth step 
a closed interval of length 1/4” from the middle of each interval; m(S) = 1/2. We 
define f to have fixed points at 0,1/2 and 1; to be continuous except at 1/2; and 
such that f(x) =1 for x in [3/8,1/2), f(x) =0 for x in (1/2,5/8]. On each 
interval [a,b] in [0,3/8] intersected with the complement of S define f by 
f(x) = 4x — (a + b)/4, that is a line segment with slope 4 and center on the line 
y = 8x/3. For intervals [c, d] in [5/8,1] intersected with the complement of S 
define f(x) = 4x — (c + d)/4 — 5/3, a line segment of slope 4 and center on the 
line y = 8x/3 — 5/3. Define f on S so that f is continuous (the slope must 
average 2 on S). 

With f defined like this f~’ (a multivalued function) maps the complement of S 
onto itself. f~1(0) = [3/8,1/2) U {0}; f-'0) =(1/2,5/8] U {1}; f-*0/2) = 
{3/16, 1/2, 13/16}. These are all in the complement of S, so points in S are never 
mapped to a fixed point. In fact one can show that the measure of the set of points 
mapped to a fixed point after n iterations will be 1/2 [1 — (1/2)"*'], and S is 
exactly the set of points never mapped to one of the fixed points. 

Further, in a manner similar to Yorke & Li’s work [3] we can prove: 


THEOREM 3. For any sequence of positive integers { a;}?2, there exists an x such 
that the sequence {x,,} is in [a, b| for the first a, terms, then in |c, d| for ay terms, 
in [a, b] for a,, in [c, d| for a4, etc. 
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Proof. Define the sequence of intervals J, by 
[a,b] n=0,1,...,a,-1 
[c, d| n=a,,a,+1,...,a,+a,—1 


[a,b] n=a,+a),...,a, + a,+a,-1 


rn 


etc. 


In other words the first a, intervals are [a, b], the next a, are[c, d], the next a, are 
[a, b], and so forth. 

Now define Q, = I,. Since f(J,) =[a,d] for all n, we have J, contained in 
f(Q,). Thus there is a closed interval Q, contained in Q, such that f(Q,) = Qo = Ip. 
If QO, _, has been defined so that f”-'(Q0,_,) = I,_}, I, isin fU,,_1) =f"(@,_1) 
so there is a Q, in Q,_, such that f"(Q,) =I,. Any x, in Q, is such that 
f"(X%9) = x, is in I,. Let Q = the intersection over n of {Q,,}. Since the Q,,’s are a 
nested set of compact intervals the intersection is not empty. If x, is in Q, then x, 
is in J, for all n, and the theorem is proved. 
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Merlin’s Magic Square Revisited 


DANIEL L. STOCK 
R. R. Software, Inc., 2145 Crooks Road, Troy, MI 48084 


In a recent article [1], Don Pelletier described a game based on a Parker Brothers 
toy called MERLIN. Although several games can be played on MERLIN, we 
consider only the one Pelletier examined, called Magic Square. Pelletier gave an 
algorithm, involving simple calculations on a certain matrix, for solving the game in 
a minimal number of moves. In this note, we use Pelletier’s result to derive a simpler 
algorithm, allowing the game to be solved in a minimal number of moves by 
inspection. 

The relevant parts of the toy are nine translucent buttons, arranged in a square 
array. The buttons are numbered from 1 to 9, with the top row labelled 1 to 3 from 
left to right, the middle row labelled 4 to 6 from left to right, and the bottom row 
labelled 7 to 9 from left to nght. Each button can be in one of two states—OFF or 
FLASHING —distinguishable by means of a light behind the button. Pushing a 
button toggles the states of certain nearby buttons, in a fixed, symmetrical way. The 
game Starts with the buttons being some pattern of independent, random states. The 
goal of the game is to push a sequence of buttons to achieve a set winning pattern of 
States. 

We shall refer to any button as being one of the four corner buttons (numbers 1, 
3, 7, and 9), the unique center button (number 5), or one of the four remaining edge 
buttons (numbers 2, 4, 6, and 8). The winning pattern consists of all the corner and 
edge buttons flashing, but the center button off. 
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To finish our description of the game, we only need to specify more precisely the 
effect of pushing any one button. The following rules apply: 

— Pushing an edge button toggles the state of that button and the two adjacent 
corner buttons; 

— Pushing a corner button toggles the state of that button, the two adjacent edge 
buttons, and the center button; and 

—Pushing the center button toggles the state of that button and all four edge 
buttons. 

Pelletier used several important observations in finding his solution. First, note 
that the order of pushing buttons is insignificant. Also, pushing any one button 
twice is equivalent to not pushing it at all. Combining these results, we see that for 
any sequence of buttons to be pushed, there is an equivalent sequence in which no 
button is pushed more than once. Since order is insignificant, one need only 
establish a set of buttons to be pushed, rather than a sequence. Pelletier showed that 
for any given starting pattern, there is a set of buttons that solves the game; 
furthermore, this set is unique, so that it represents the minimal solution. 

Pelletier offered the following algorithm for finding this minimal solution for a 
given starting pattern. Consider the following matrix A~+, which is the binary 
inverse of A = [A, ;: A; ; = 1 if pushing button j toggles the state of button i, 0 
otherwise]: 


DOROR RH ee 
RPOoOrRrFOrFROrFO 
POoOrRFPOrRF pe 
BPreOoOOrRFFO 
COrROrRrFrFOFRO 
CORP FPR OOOFRF 
See ORF OOF 
COrROrRCrRrF OF 
oo onl an ian) 


Given an initial pattern P, select a subset S, of the columns of A~! as follows: 
the fifth column is in S, iff button 5 is flashing; for n not equal to 5, the nth 
column is in Sp iff button n is off. Let Ap* denote the submatrix of A~} obtained 
by retaining only the columns of A~! whose indices belong to Sp. Then the set of 
buttons to push includes button n iff the sum, modulo 2, of the entries in the nth 
row of A;° is 1. 

The reason that button number 5 is treated oppositely from all the other buttons 
in Pelletier’s algorithm is that it is the center button, the only one that is off in the 
specified winning pattern. By treating other buttons in the same way, this algorithm 
can be modified to work for any desired winning pattern. 

We can simplify Pelletier’s algorithm by exploiting the inherent symmetry in the 
problem and by imposing an artificial sequencing on the solution. The sequencing 
allows us to use intermediate information in the toy to derive the minimal solution 
more simply. A sequencing that works particularly well is to first consider pushing 
the edge buttons, then the corner buttons, and finally the center button. The reader 
may enjoy deriving the slightly different algorithms that come about when other 
sequencings are used. 

We shall examine our sequencing in reverse order. It is easy to determine whether 
we need to push the center button. Since all the other buttons would have already 
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been pushed if needed, we push the center button iff we are not already in the 
desired winning pattern. 

It is just as simple to determine whether we need to push a particular corner 
button. The only buttons that can toggle the state of a corner button are that corner 
button and the two adjacent edge buttons. In our ordering, if we want to push the 
edge buttons, we would have done so by the time that we consider the corner 
button. Therefore, we push a corner button iff it is not already in its proper state for 
the winning pattern. 

It remains only to determine which edge buttons need to be pushed. We can use 
Pelletier’s matrix to establish this. For example, consider the edge button numbered 
2. This corresponds to the second row of Pelletier’s matrix. Since ones occur in 
columns 1 through 6 of the matrix, Pelletier’s algorithm may be interpreted as 
saying the following: we push button number 2 iff we want to change the parity of 
the number of flashing buttons among buttons 1 through 6. 

We shall call buttons 1 through 6 the dependency rectangle of button number 2. 
In general, we define the dependency rectangle of an edge button to be the edge 
button and the five adjacent buttons; these six buttons form a 2 by 3 or 3 by 2 
rectangular array. By symmetry, we see that an edge button should be pushed iff we 
want to change the parity of the number of flashing buttons in its dependency 
rectangle. Note that we may calculate in advance which edge buttons to push, or we 
may consider them in turn; pushing one edge button does not affect the parity of 
the other edge buttons’ dependency rectangles. This is as it should be, since pushing 
any edge button does not affect whether we want to push any other edge button. 

The parity arguments we have given work for any desired winning pattern. For 
the specified winning pattern, our algorithm becomes the following: 

1) For each edge button in turn, push it iff there are an even number of flashing 
buttons in its dependency rectangle. 

2) Push any corner buttons that are off. 

3) If the winning pattern is not already displayed, push the center button. 


REFERENCE 
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The Number of Words of Length n in a Graph Monoid 


DaviD C, FISHER* 
Department of Mathematics, Harvey Mudd College, Claremont, CA 91711 


Introduction. An old chestnut in combinatorics is: 


Old Problem. How many n letter words can be made from mi letters: 
1. counting permutations (e.g., caab and abac are different)? 
2. not counting permutations (e.g., caab and abac are the same)? 


Answers. 1. m” 2. (” + " ~ 1 


*Author’s current address is Department of Mathematics, University of Colorado, Denver, CO 80204 
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The problem solved here includes these as special cases. Besides allowing no 
commuting or the commuting of all letters, we allow some pairs of letters to 
commute. 


New Problem. How many zn letter words can be made from m letters if certain 
pairs commute? 


Example. How many four letter words can be made from a, b, c and d if 
ab = ba, bc = cb, bd = db and cd = dc? 

Solution to example (hard way). Do it by exhaustive search. 
aaaa aaab aaac aaad aabb aabc aabd aaca aacc aacd aada aadd abbb abbc abbd 
abca abcc abcd abda abdd acaa acac acad acca accc accd acda acdd adaa_ adac 
adad adda addd bbbb bbbc bbbd bbca_ bbcc bbcd bbda bbdd bcaa bcac bead _ beca 
becc becd bcda bcdd bdaa bdac bdad bdda bddd caaa caac caad caca cacc cacd 
cada cadd ccaa ccac ccad ccca ccce cecd ccda ccdd cdaa cdac cdad cdda_ cddd 


daaa daac daad daca dacc dacd dada dadd ddaa ddac ddad ddda dddd 
So the answer is 88. 


Answer. Form a graph with a node for each letter and edges between commuting 
letters. So the graph for the example is 


Let c, be the number of k-complete subgraphs in the graph. (A k-complete 
subgraph is a set of k nodes with an edge between each pair of nodes.) Let T, be 
the answer for a given n. We will show that for n > 0, 


[,, — Cf,-1 a Col ,-2 + C31), 3 — C4T 4 tose: 
with 7, = 1 and for n < 0, T, = 0. 


Solution to Example (Easy way). There are four 1-complete subgraphs (a, b, c, d), 
four 2-complete subgraphs (ab, bc, bd, cd), one 3-complete subgraph (bcd) and no 
higher ones. Thus T, = 4T,_, — 4T,_, + T,_, with J, = 1 and for n < 0, T, = 0. 
So T, = 4, T, = 12, T; = 33 and T, = 88. 

This note is devoted to verifying this result and solving the difference equation to 
obtain explicit formulas for 7,. While this result can be easily derived from the work 
of Cartier and Foata [1], this paper presents a more direct and less abstract 
approach. 


Properties of Graph Monoids. 


Definitions and Trivial Results. Let G be a graph with nodes V and edges E. Let 
S be the free monoid generated by V. Let © be the “null word”. Let p, q, 7, 5, t, 
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u, v, x, y © S. Then: 

1. x ~ y iff x = ab and y = ba with (a, b) EE. 

2.x = y iff x = upuv and y = uqu with p ~ 4g. 

3.x =yiffx=2z)=2, = ++: =z, =y (k may be zero, sox = x). = is the 
congruence on S generated by ~. 

4. The graph monoid, R is the monoid generated from V subject to =. 

5.x ~<yiff y=rxs. If r= 2, then x < y. (If x < y and y =z, then x < z.) 

6. |x| is the length of x. Uf x = y, then |x| = |y|.) 

7. K,(x) = {w © R such that |w| = 1 and x < w} and T, = |K,(2)|. 

The following is a string of technical lemmas necessary to prove Theorem 1. The 
reader may, without loss of continuity, skip to Theorem 1. 


LEMMA 1. Let a © V. If ras = ras with either a <% rr or a % sS, then rs = FS. 


Proof. Assume a X rf. If a * ss, the proof is similar. 

If ras ~ ras, then either r= §= © and s =F with (as) 2, ors=fr= m 
and r = § with (r, a) € E. Either way, rs = 7s. 

If ras = Fas, then ras = upu and ras = uquv. If a < u, then u = wat with a x w. 
Thus * = w and rs = wtpv = wtqu = rs. If a Xu but a << p, then since p ~ q, 
a < q. So p = wat and g = wat with wt ~ wt. Thus rs = uwtv ~ uwiv = 75. Other- 
wise, a < v and a < up, then v = wat with a a * upw = uqw. So a * uqw. Thus 
§ = t and rs = upwt = uqwt = Fs. 

If ras = ras, then ras=ty >t, = ++: = t, = Fas. Smce a<x and x=t, 
ax<t,. Sot, =r,as; with a Xr, So rs = Sq = MS, = 00+ = MS, = FS. 


LEMMA 2. If xy = xy, then y = yj. Also, if xy = Xy, then x = x. 


Proof. Only the first statement is proved. The proof the second statement is 
similar. 

This is done by induction on |x|. For |x| = 0, it is trivial. For |x| > 0, factor 

= as with a € V. By Lemma 1 with r= 2, sy = sy. Since |s| = |x| — 1, induc- 
tion gives y = jy. 


LEMMA 3. Ifaé V, a<x,t<xanda<t, then at < x and at = ta. 


Proof. Let au = x = tv. First, we need to show that a < t. Suppose not. Then 
t= ras with a <r. Then au = rasv, so Lemma 1 implies u = rsv. Thus, rasv 
= au = arsv. By Lemma 2, t = ras = ars. So a < t, which is a contradiction. 

Since a < tv and a Xt, a < v. Factor v = ras with a * r. By Lemma 1, u = trs. 
So au = atrs. Thus at < x and atrs = tras => atr = tra. 

We show at = ta by induction on |r|. For |r| = 0, it is trivial. For |r| > 0, factor 

= wb with b © V. Since a * r, a # b. By Lemma 1, atw = twa. Since |w| = |r| — 
1, induction gives at = ta. 


LEMMA 4. Let A = { a), ay,...,a,} G Vand w, = aja, -:: a,. If foralla € A, 
a <x, then w, < x and for all a, b © A, ab ~ bai.e. A is a complete subgraph. 


Proof. Suppose c, d © A with cd + dc. But since c « x, d« x and c < d this 
violates Lemma 3. So A is a complete subgraph. 

We show w, < x by induction on k. If k =0, it is trivial. For k > 0, let 
B =A — {a,}. Then by induction wz, « x. Since a, < x and a, “« wz, a,W,z = 
Wy XX. 
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LEMMA 5. For A # ©, 


A) K,(a) = [ Rebor) if A is a complete subgraph 
aGA a) otherwise 

Proof. Since K,(w,) C K,(a) for all ae A, K,(w,) ©€N,.4K,(a). Let x € 
,<4K,(a). Then by Lemma 4, A is a complete subgraph and w, « x. So 
x € K,(w,) and hence [),. ,K,(a) © K,(w,). If A is not a complete subgraph, 
then f),, < ,K,(a) must be empty. 


Lemma 6. |K,,(p)| = |Kn—ip\(2)h 
Proof. The mapping F: K,,_,,,(@) = K,,(p) with f,(x) = px is onto. By Lemma 
2, it is also one-to-one. 


Formulas for T,. Three methods for finding the number of words of length n in a 
graph monoid are given. Theorem 1 gives a difference equation for T,. This 
difference equation is solved in Corollary 2 to give two formulas for 7J,. One 
involves taking the nth derivative of a rational function, while the other is a closed 
form solution in terms of the roots of a polynomial. 


THEOREM 1. For all n > 0, T, = L%_,(—1)**'c,T,_, with Ty = 1. 


Proof. Let J be the set of nonempty complete subgraphs in G. Since n > 0 and 
using the inclusion-exclusion principle and Lemmas 5 and 6: 


- © cy 


ODACV 


LK, (a) 


acGaA 


U K, (4) 


aeV 


T, 


n 


|K,(2) = 


n 


» (-1)'4""1K,,(w4)| = » (—1)!4"1K,,_,4(2)| = » (-—1)"""¢,T,_ 4: 


Aéel Aéel k=1 


DEFINITION. Let G be a graph. Then the clique polynomial of G is f,(z) = 1 — ¢,z 
+ ¢)z* — c,z° +--+ where c, is the number of k-complete subgraphs of G. 


COROLLARY 1. fo(z)(TIy + Tz + Thz7 +--+) = 1. 
Proof. Let ay + a,z + a,z7 +--+: =fo(z\T + Tz + Thz7 + ---). Clearly, 
ay = Ty) = 1. For n > 0, Theorem 1 gives a, = T, — L%_,(-1)**'¢,T,_, = 0. 


COROLLARY 2. If 2Z,, 2Z5,..., 2, are the roots of f.(z) =90 with multiplicities 
l,, 1,,.--51,, then for n > 0: 


dq" 1 h di} z—2z.)! 
T, = | | =-— } lim —— (274) 
z=0 


n dz" n'\f,(z) jel 7% dz'~' (1, — iz" A(z) - 


Proof. The first expression follows from Corollary 1. So all that needs to be 
shown is that the second expression equals the first. 

For all n > 0, g,(z) = 1/z"**f,(z) is a rational function. Since deg(z”**f,(z)) 
> 2, the residue at oo of g,(z) is zero. So by Theorem 2.6 of Markushevich 
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[4, vol. 2], 
h 
0 = Res(g,(z)) + 2) Res(g,(z)) 
x= j=l z2=2Z, 
dq" 1 h d's} z—z.)" 
dz"\n\fo(z)},29 jarz>z a2 * (1 — 1)lz"* "fe (z) 
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On the Number of Furthest Neighbour Pairs in a Point Set 
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Department of Computer Science, University of Illinois at Urbana-Champaign, Urbana, IL 61801 


STEVEN S. SKIENA 
Department of Computer Science, State University of New York, Stony Brook, NY 11794 


Introduction. Consider a configuration N of points in the Euclidean plane, 
labeled 1,2,...,n. A point j is a furthest neighbour of i if d(i, j) = 
max, -,<,{ 4(i, k)}, where d is the Euclidean distance function. An ordered pair of 
points (i, 7), i, j © N is a furthest neighbour pair of N if j is a furthest neighbour 
of i. We let M(N) denote the number of furthest neighbour pairs defined by N. 
Each point has at least one furthest neighbour, so we have M(N) > n. Our interest 
is in M(n), the largest number of furthest neighbour pairs possible in a configura- 
tion of 2 points. Avis [1] proves M(n) = 3n — 3 for even n> 4 and 3n—-4< 
M(n) < 3n — 3 for odd n > 5. Counting furthest neighbour pairs can be general- 
ized to counting repeated distances with other restrictions, as discussed in [2]. 

This note corrects Avis’ proof for the even case and improves the result to 
M(n) = 3n — 4 for odd n > 5. Also, we show that a convex set of n > 3 points has 
at most 2n furthest neighbour pairs and that this bound is tight. Finally, we prove 
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that the number of furthest neighbour pairs of 1 points in three dimensions is 
subquadratic if no three points are collinear; this is the case if the set is convex. 


Results in Two Dimensions. First, we introduce some terminology which borrows 
from [1]. Let n, be the number of furthest neighbours of i and let m, be the number 
of points 7 such that (/, i) is a furthest neighbour pair. We use the distance r, of i 
to its furthest neighbours as a radius to define circle C, and disk D, centered at i. 
Each disk D, contains all points j © N, so N lies in (\"_,D,. Thus n, can also be 
defined as the number of points on C, and m, as the number of circles passing 
through i. 

Avis proves M(N) < 3n — 3 by considering the circles C,, i = 1,2,...,”, in 
order of non-decreasing radius, that is, 7, < r,,,. Each point that lies on C, is one of 
two types, either one which lies on a C;, j < k or one which does not. We let h, be 
the number of points of the first type and f, the number of the second type. By 
definition, 


M(N)= Life t Lihy. 
k=1 k=2 
Since each point can be intersected for the first tume only once, L7_,f, < n. This 
coupled with Lemma 1 gives M(N) < 3n — 2, which can be improved to the stated 
result. 
Unfortunately, the original proof of Lemma 1 given in [1] uses an incorrect 
argument. We present an alternate proof: 


LEMMA 1. rh, <2 fork = 2,3,...,n. 


Proof. Assume h, > 3. A point is of the first type with respect to C, only if it lies 
on the boundary B of \*_'D,. Thus C, intersects B in at least three points. Since 
r,<r, for all i<k, at each intersection at least one side of C, is outside B. 
Consequently, the intersection points divide C, into arcs at least two of which lie 
outside B. The smallest of these arcs spans an angle # < 7 with respect to k. Thus, 
there is an index i < k such that C, intersects C, in two points that belong to this 
arc. So an arc of C, spanning an angle greater than 7 must be within C;. This is a 
contradiction since 7; < /,. 


We use two results to prove our main theorem. The first is a technical lemma, the 
other a bound on M(N) for convex sets N. In this context, a set of points is said to 
be convex if each point is a vertex of the convex hull of the set. 


LEMMA 2. For a set N of 2k points on a circle C, we have M(N) < 4k. 


Proof. Assume the converse, that there exists a circular arrangement N of 2k 
points where M(N) > 4k. Since any two different circles intersect in at most two 
points, each point has at most two furthest neighbours on C. Thus M(N) = 4k. 

Let u and vu be furthest neighbours of s on C and c be the center of C. When the 
points are angularly ordered around c, u and v must be consecutive points. If there 
were to be another point w between them, either d(s,w) > d(s,v) or d(s,u) # 
d(s,v). If M(N) = 4k, a point u can be furthest neighbour of another point only if 
this other point has another furthest neighbour v. Now, v can only be the 
predecessor or the successor of u. Consequently, u is furthest neighbour of exactly 
two points. These two points, s and ¢, are also the furthest neighbours of uw. 
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Otherwise, u has a furthest neighbour , between s and ¢ which implies that wu is 
also furthest neighbour of 7, a contradiction. As a consequence, the points must be 
equally spaced around C. However, the line through s and c will intersect another 
point if an even number of points are equally spaced, so s has only one furthest 
neighbour, a contradiction. Therefore, M(N) < 4k. 


THEOREM 3. For a convex set N of n > 3 points, M(N) < 2n and the bound is 
tight. 


Proof. Label the points according to their counterclockwise order around the 
convex hull of N. If v,, v,,...,v,, are the successive furthest neighbours of point /, 
we show that only v,, can be a furthest neighbour of i + 1. Consider the perpendicu- 
lar bisector between v, and v,, which passes through ij. Point i + 1 is on the same 
side of the bisector as v,, which means d(i + 1, v,) < d(i +1, v,) and similarly 
d(it+ l,u,)< dit 1,0,,1), J < m. 

We maintain two pointers as we move around N, i and v, where v is a furthest 
neighbour of i. Initially i = 1 and v is the first furthest neighbour of i. Each step 
moves v forward until it is the n, " furthest neighbour, when i is advanced. Neither 
i nor v can retreat. We stop when i=n and vu is the n, ‘" neighbour of n, which 
must be less than or equal to the initial value of v. The situation is Shown in Figure 
1. Each step corresponds to a furthest neighbour pair, and the only pair not defined 
by a step is represented by the initial configuration. Since i is advanced n — 1 
times, and v at most n times, adding the initial pair gives M(N) <n+(n-—1)+ 
1 = 2n. 

To show that the upper bound is tight, take the vertices of an equilateral triangle 
and, for each vertex i, draw the shorter circular arc centered at i that connects the 
other two vertices. Pick the three vertices together with n — 3 arbitrary points on 
the three arcs to form N; then M(N) = 2n. 


With these results we can prove the exact value of M(n). For even n the result is 
the same as in Avis [1]. For completeness and since it is requires no extra effort we 
include this case. 


THEOREM 4. M(n) = 3n — 3 ifn > 4 is even and M(n) = 3n — 4 ifn > 5 is odd. 


Proof. We perform a case analysis on m, the number of points that are not 
vertices of the convex hull of N. 

(1) Let m = 0. The n points form a convex set. By Theorem 3, M(N) < 2n 

(2) Let m = 1. Exactly one point 7 violates convexity. In this case, i cannot be 
furthest neighbour of any other point. Either n,; = n — 1 or n,; <n — 1. The first 
possibility implies the n — 1 points lie on a circle. Thus M(N) <n — 1 +4 2(n — 1) 
which implies the result for even n. If n is odd, then by Lemma 2, M(N) <n, + 
2(n — 1) < 3n — 3. Similarly, if n, <n — 1 and the rest of the points are convex, 
by Theorem 3: 


M(N) <n, + 2(n-1)<n-—2+4+2(n—-1) < 3n- 4. 


(3) Let m > 2. A total of m points violate convexity. Since none of the m points 
can be the furthest neighbour of any other point, 


M(N)= Dm Lh Dh (n-—m)+2(n-m) < 3n-4. 
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Fic. 1. Counting furthest neighbours in a convex set. 


A point set N realizing this bound can be constructed. If n is even arrange n — 1 
points equally spaced along a circle, one point c in the center. The center point has 
n — 1 furthest neighbours, and the n — 1 points have two furthest neighbours each. 
Thus, M(N) = 3n — 3. If n is odd add a point along a radius between c and any 
other point to the construction for n — 1 points. Now, the center point has n — 2 
furthest neighbours, and again every other point has two furthest neighbours; so 
M(N) = 3n — 4. 


Extensions to Three Dimensions. In three dimensional Euclidean space, we can 
construct a set N of n points with M(N) > (n* + 2n)/4. Choose half of the points 
on a circle C and choose the other points on the perpendicular line / through the 
center of C. If n is odd, then let the number of points on C be one more than on /. 
The points on / can be picked such that for each i on / and for each j on C(i, /) is 
a furthest neighbour pair. Only the lower order terms of this construction can be 
improved (see [2]). 

Note that the above construction uses about n/2 points which are collinear. 
Interestingly, collinear points are necessary to obtain a quadratic number of furthest 
neighbour pairs. 


THEOREM 5. M(N) <c- n°’? if N is a set of n points in three dimensions such that 
no three points are collinear. 


Proof. Let r, be the distance from point 7 to its furthest neighbours and let S,; be 
the sphere with radius r, and center i. Three such spheres intersect in at most two 
points since their centers are not collinear. 

Define the 3-regular multi-hypergraph H with node set N that contains a 
hyperedge {i, j,k} m times if points i, j, and k share m common furthest 
neighbours. Since |S; S; S,| < 2, each hyperedge can occur at most twice which 
implies that H has at most 2(" hyperedges. Recall that point i is furthest 


neighbour of m, other points. Thus, i contributes ( *) hyperedges to H. This implies 


n 
3 
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By the Cauchy-Schwartz inequality (see [3]), we infer 


n 
yim, < 27? + o(n). 
i=] 
For example, if N is a convex set then no three of its points are collinear and 
therefore, M(N) = O(n°/?). It is not known whether or not M(N) can be superlin- 
ear in this case. 
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readability of this paper. 
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A Remark on Divided Differences 


E. T. Y. LEE 
Boeing Commercial Airplane Co., P.O. Box 3707, M/S 6E-27, Seattle, WA 98124 


1. Introduction. In a recent article [6] in this MONTHLY, Saff and Snader pre- 
sented a new proof of a formula due to Schneider [7], expressing the error for a 
general quadrature formula. Their proof is based on the contour integral representa- 
tion of divided differences and the use of complex variable techniques, which, in 
their words, “simplify the algebraic manipulation of divided differences, and 
provide a straightforward derivation” of the error formula. While the complex 
variable approach is illuminating, at least pedagogically, one purpose of this note is 
to point out that the same result can be obtained directly, without complex 
variables, in an even more straightforward manner. The direct proof depends on a 
simple identity, which, though not new, does not seem to belong to the familiar 
arsenal for the manipulation of divided differences. Thus, a second purpose of the 
note is to draw attention to this identity, by presenting several other examples of its 
applications. 

Schneider’s formula will be given in Section 3. The proof we constructed on 
reading [6] turns out to be essentially identical to Schneider’s original. However, 
since his thesis is not readily accessible to the general readership, a repetition of this 
short proof may not be out of place. I wish to thank Claus Schneider for sending me 
a copy of his thesis. 


2. The divided difference. Divided differences are basic in certain parts of 
numerical analysis. For instance, they are intimately connected with Newton’s 
interpolation formula. More recently, they are also directly involved in the defini- 
tion of B-splines. Among the several equivalent definitions, I prefer the following 
more conceptual one: 
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DEFINITION. The nth order divided difference, f{x,,..., X,], of a function f(x) at 
the (real or complex) points Xo,..., X,5 18 the coefficient of x" of the polynomial p(x), 


degree at most n, which agrees with (i.e., interpolates to) f(x) at x = Xo,..., X,- 


This definition, rather than the more traditional one using the recursion (2) 
below, or the more concrete one in terms of ratios of determinants, generally allows 
for more efficient and elegant developments of their properties; see for instance [1], 
[2]. The arguments in the definition need not be distinct: Two functions are said to 
agree at a point / times if and only if their values and first 7 — 1 derivatives are 
equal there. In such a situation we will assume sufficient smoothness of the 
functions at the relevant points. Behind this definition, of course, is the theorem 
that there is a unique polynomial, degree at most n, that satisfies these osculatory 
interpolation conditions, a proof of which can be found in [3, p. 29]. This interpreta- 
tion will be used throughout. Thus, for instance, f[x9, Xo] = f’(%o). 

It is immediate from the definition that f[x9,...,x,] 1s Symmetric in its 
arguments, and that if f and g agree at x,,..., x,, then 


f[xXo.---5 Xn] = Z[Xq,---5 Xp]. 


The remark of the title is the following trivial observation: If p is a polynomial 
agreeing with f at xo,..., x,, and if f is also defined at x, ,,, then (x — x,4,)p(x) 
agrees with (x — x,,,)f(x) at x = Xo,..., X,4,. (if x,,, already appears 7 times 
in the list x,,..., x,, the new functions will agree 7 + 1 times there, as is immediate 
from Leibniz’ formula for differentiation.) Hence 


f [Xo.-+05 Xn] = ((- ~ Xnait i Xoo-+ Xne+il- (1) 


The usefulness of this identity is that it allows one to expand or shrink the argument 
list in a divided difference. To illustrate, we note that the basic recurrence formula 
for divided differences, 


(x, a Xo) f[Xo,-+ + x, | = f[x1,.--, X,] — f[xo,-++5 Xy-1] (2) 


(which, as it stands, is useful only when x, # x,), results immediately upon 
subtraction of the following two applications of (1): 


fx... x, | _ ((- a Xo)f )Xo.-++5 Xn], 
f[xo.-++5 Xn—1] = ((-- Xn)f )EXo5-++ Xnl- 


It should be noted that the identity (1) is simply a special case of the Leibniz 
formula for divided differences, (see (7) below). On the other hand, this special case 
also provides a short proof of the full formula, as we will show in Section 4. This 
proof seems new. 

While preparing this article, we found that (1) also appears in [4], together with 
the same approach to (2). The argument leading to (1) is somewhat different there: 
the points x,,..., x, are distinct, and (1) follows from an examination of the 
Lagrange interpolation formula. 


3. Schneider’s Error Formula. Given a quadrature formula 


0,(f) = Y aif(x) (3) 


J 


620 E. T. Y. LEE [August-September 


for [°f(x) dx, (where xy,..., x, are distinct reals that include a, b), the error 


E,(f) = ft) dx — Q,(f) (4) 


can be expressed as a divided difference of order 2n + 1, each x, occurring twice in 
the arguments: 


THEOREM (SCHNEIDER). Let F be any primitive of f, that is, F’ = f, and let 


(x)= T(x), 


1 1 n Q, 
q(x) = m9 ~ TIT Eo). (5) 


Then the error (4) of the formula (3) is 
E,(f) = (Fq) [X05 Xo.-++5 Xn» Xn]. (6) 


Proof. E,(f) = F(b) — F(a) — Xoa;F"(x,). Repeated application of (1) gives 


07°F 
F(a) = F[a] = ((-— a)F )[a, a] = (a) [ Xo. Xo.-++5Xps Xq] 
and 
F(x) = Fl - (5 | | 
j py (-—x,) 0> X0>-++> Xn» XnJd> 


from which (5), (6) follow immediately. 


As mentioned, this proof is identical to Schneider’s. However, in [7], the identity 
(1), or rather a slightly general form of it, (with several added arguments instead of 
one), is proved using the Leibniz formula plus the general form of the divided 
difference (in terms of values and derivatives). This is perhaps what leads Saff and 
Snader to say that Schneider’s proof, “which makes use of Leibniz’s rule for divided 
differences and other identities, is algebraic in nature’, and to assert in effect that 
theirs is simpler. 


4. Leibniz’ Formula. This is a formula for the divided difference of a product of 
two functions, which reduces to the better known formula for differentiation in case 
all arguments coalesce. (Hence Leibniz’ name.) It says 


(f8)[Xo0--+5 Xn] = Y flores Xl ler-- uh (7) 


The usual proof of (7) by induction is a bit lengthy and not too exciting. In [1, p. 
5] there is an interesting argument attributed to W. D. Kammler which is, however, 
somewhat involved and, at least on first reading, not particularly easy to under- 
stand. We feel that the following short proof based on (1) is much more transparent. 
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Proof. Let p be the polynomial of degree at most n agreeing with f at 
Xo,.--, X,- In its Newton form, (see for instance [1, p. 4), 


p(x) = Y flo x, |(x — Xo) +++ (% = xy_1)- 


Since pg agrees with fg at xo,..., x,, we have 


(fg) Xo,--+5 Xn] = (ps) L%o0--+ %n] 


E flo. x4 1((- — Xo) c++ (+= X41) 8) [Xo,-++ Xp | 


» f[Xo5-- +5 Xe] BX e006 Xl, 
k=0 


the last line from repeated applications of (1). 


One might ask, what is the polynomial P of degree at most n, agreeing with the 
product fg at Xo,...,x,? Let G,_, be the polynomial, degree at most n — k, 
agreeing with g at x,,..., x,. A Slightly subtler reasoning will show that 


P(x) = X flo Xx |(% — Xo) ++ (% = Xp) Gy_ 4 (X).- (8) 


Thus we have a second proof of Leibniz’ formula: Simply read off the leading 
coefficients in (8). Once stated, (8) is easy to verify, so we shall leave it as an 
“exercise for the reader’. (I remind the reader again that the points x,,..., x,, are 
not necessarily distinct.) 


5. Another Example. The following identity is proved by Micchelli [5], as a 
preliminary step in obtaining a recurrence formula for multivariate B-splines. It says 


n 
flxo,---, X,] = » AF LE, Xoeeey Xp Xe gps Xp], 
k=0 


E= DApxe, LA, = 1. (9) 
0 0 
We note that (9) also follows easily from (1): 
flé, XQorseo Xp-ty Xt dee» x, | = ((- x,)F ILE, XQoeees Xl, 


DA. LE, XQoess> Xp-1> Mkt¢ doers Xn] = [Eac( - alg XQoeee> x,| 
0 0 


= ((-- E)f LE, Xor-++, Xq] 
= f[xo,...,X,]. 
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On (a X b) X c 


RONALD SHAW AND FRED J. YEADON 
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1. Introduction. Of the basic results in elementary 3-dimensional vector algebra, 
probably the most intricate is the identity 


(a X b) X c = (a: c)b— (b-c)a (1) 


for the repeated vector cross product. This vector-valued identity is easily seen to be 
completely equivalent to the scalar-valued identity 


(a X b) - (ec X d) = (a- e)(b- d) — (a- d)(b- ce). (2) 


In teaching vector algebra to students the problem arises of the “best” method of 
proving (1) or, equivalently, (2). In this note we list several different proofs, some 
ancient and some modern. (Just possibly the proofs D and F may he new.) After 
each proof we comment on its virtues and defects—mostly from the teaching point 
of view, but in some cases we discuss the links with more advanced mathematics. 

Before embarking upon these proofs of the identities (1) and (2), we have to 
address the definition of a X b. On the whole, from the teaching point of view, it 
seems best to adopt the traditional approach, in which a nonrigorous knowledge of 
geometry is assumed and a X b is defined via |la|| ||b|] sin @ n, with the sign of the 
unit vector n being fixed by a “right-hand rule.”” However, two algebraic definitions 
of a X b deserve mention. Let E denote a real, 3-dimensional, oriented vector space, 
equipped with inner product a - b. For the first algebraic definition (see [4, p. 129]) 
let A denote that determinant function (= trilinear alternating form) for E which 
takes the value +1 upon some (indeed, any) positive orthonormal basis: 
A(e,,e,,€,) = +1. Then a X bis defined to be that vector such that 


(a X b) - ¢ = A(a,b,c) (3) 


for all c € E. The properties of a X b then follow from those of A and of the scalar 
product. In particular the crucial bilinearity property of a X b (which is tricky to 
prove in some approaches) follows from the trilinearity of A and the bilinearity of 
a:b. 


Remark. Traditionally the logic proceeds in the opposite direction, (3) being used 
as the definition of the scalar triple product A in terms of previously defined dot and 
cross products. As one of us has argued elsewhere [8], this traditional order is surely 
misconceived, in that it induces the false belief that A is highly metrical in nature, 
being dependent upon two metrical constructs, namely the dot and cross products. 
In fact, of course, A does not depend upon notions of length and angle—as witness 
its definition (up to normalization convention) as a determinant function. (Certainly 
for dim E > 3 no one seriously considers introducing determinant functions by a 
generalization of the metrical equation (3)!) Nevertheless, for the student’s first 
encounter with vector algebra it seems best to keep clear of algebraic approaches, 
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and instead to give A a geometric definition in terms of oriented volume. This 
should be done before the introduction of the vector cross product, and the 
nonmetrical nature of volume can be stressed. The properties of A, including 
trilinearity, are very simply obtained from this geometric definition (see [8]). After 
a X b has been defined in terms of vector area, as previously, then (3) can be 
derived via the metrical result (area of base) < height = volume, and the bilinearity 
of a X b deduced. 

The second algebraic approach is the axiomatic one, in which the real inner 
product space E is equipped with a mapping E X E — E:(a,b) > a X b which 
satisfies the axioms 


(X1) a X bis a bilinear function of a and b. 
(X2) (aX b)-a=0=(aXb)-b. 
(X3) (a Xb): (a X b) = (a: a\(b- b) — (a: bd)”. 


It is not hard to check that axioms (X1)-(X3) have, for dim E = 3, only two 
solutions (“right handed” and “left handed’’)—those obtained via the two possible 
choices +A and —A of a normalized determinant function in (3). We will come 
back to this axiom system when discussing Proof F below. 


2. Proofs of the identities (1) and (2). 


Proof A. Step 1: From the geometric definition of the cross product, the vector 
(a X b) X ¢ is perpendicular to ¢c and (ignoring the trivial case when a and b are 
linearly dependent) lies in the plane of a and b; consequently 


(a X b) X c = A(a,b,c){(a- c)b — (b- c)a} (4) 


for some scalar function A (defined for those a,b,c such that (a - c)b + (b - c)a). 
Step 2: Show that A can be taken to be a constant function—whence (1) follows 
upon checking, for example, that A(e,,e,,e,) = 1. 


Comments. Over the decades innumerable proofs have been given along these 
lines (see, e.g., [1, 3]). The geometric part of the proof (Step 1) is both pleasing and 
promising, and, at first sight, Step 2 should be easy to accomplish. For, one reasons, 
surely A in (4) must be a constant function—since otherwise would not a conflict 
arise with the undoubted trilinearity of (a X b) x c? Nevertheless Step 2 does seem 
to be irritatingly difficult to clinch, and one’s pleasure in Proof A accordingly begins 
to evaporate. There is a danger, not always avoided, of trying to prove too 
much—for if in (4) one considers A as defined for all a,b,c then A is not forced to 
be a constant function. For example we could take A(a,a,c) to be any function of 
a and c. 

Many ways of passing from (4) to (1) (see, e.g., [1, 3]) appeal to special features of 
the situation in hand, for example, symmetry properties. However, these special 
features are surely irrelevant and so one cries out for a general theorem to which one 
can appeal. Such a theorem is proved in the Appendix. However, even though the 
proof of this theorem is quite elementary, it must be admitted that students may 
well view it as an alien intrusion into their studies of 3-dimensional vector algebra! 


Proof B. Since the two sides of (2) are quadrilinear functions, they must be equal 
for all a,b, c, d once we have checked that their values agree upon some orthonormal 
basis {€),€,,e,}. Setting a=e,,b=e,,c = e,,d = e, we thus “merely” have to 
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check that the 81 equations 
Len girsi — Onn O45 i” O55 Oo (5) 


I 


hold for the permutation symbol ¢; ,, and the Kronecker delta 6, ,. 


Comment. Carrying out this check is tedious and not very illuminating. Faced 
with such an unappetizing task, there is a danger that students will develop a 
life-long aversion to vector algebra (and indeed to tensors). Proof B puts the cart 
before the horse: surely it is better to prove (2) first, by other means, and then to 
deduce (5) by taking special values for a, b,c, d? 


Proof C. This assumes a familiarity with the exterior algebra AE of an inner 
product space £, and in particular with the star operator *: A ?’E > A” ?E, 
n = dim E. Using the induced inner product (|) on A ?E such that 


(a, A +++ Aa,|b) A +++ Ab,) = det(a, - b,), 


it is known that * is an isometry. In the case n = 3 we define the vector cross 
product by 


aX b= «(aA b) (6) 
and (see, e.g., [9, p. 419]) derive its usual properties. In particular the isometry 
property of * yields 

(a X b) - (ec X d) = (aA Dic A d), 
which is the desired identity (2). 


Comments. Clearly, from the viewpoint of first-time teaching, Proof C is ruled 
out, but it is well worth mentioning at a more advanced level when teaching exterior 
algebra. Incidentally one of the virtues of the definition (6), equally well shared by 
the definition of a xX b by (3), is that it makes clear that an n-dimensional 
generalization of the vector cross product exists—namely that vector cross product 
a, X a, X +++ Xa,_, of n — 1 vectors in n-dimensions defined by 


a, X a, xX zee Xa,-1 = *(a, Aa, A zee Aa,_1). 


This new product has very many properties that are direct generalizations of 
familiar 3-dimensional properties (see [10]). For a start it satisfies the obvious 
n-dimensional generalization of the axioms (X1)-(X3). It is even possible to deal 
with the equation 


a, x “ee Xa,_1Xv=b 
on lines directly analogous to the familiar treatment of the equation a X v = b in 


three dimensions (again, see [10)}). 


Proof D. Both sides of (2) are, for given a,b, bilinear functions of ¢,d. So (2) 
follows once we have checked its validity for c, d taking values from an orthonormal 
basis. This is very easily done. Noting the skew symmetry in c, d there are effectively 
only three cases to consider. If c = e,,d = e,, for example, then (2) asserts that 


(a x b)3 = a,b, — ayby, 


which is the well-known result for the third component of a X b. 
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Comments. This proof certainly has the merit of brevity. However, it has two less 
satisfactory aspects. First, it suffers pedagogically from starting out from a position 
of “knowing the answer.” Second, some people may judge it a defect that it makes 
use of a basis. On the other hand it should be pointed out that these two defects are 
shared by many other proofs, such as Proof E, which we now outline without 
further comment. 


Proof E. We may choose an orthonormal basis such that a = a,e,,b = b,e, + 
b,e,,¢ = ce, + c,e, + c,e,. Then, after an easy check, the two sides of (1) are seen 
to be in agreement. 


Proof F. On appeal to the geometric definitions of a X b and a - b we see that (2) 
holds in the special case a = c,b = d: 


(a X b) - (a X b) = (a- a)(b- b) — (a: b) (7) 


on account of the trigonometric result sin? @ = 1 — cos* @. (Alternatively, in the 
axiomatic approach, (7) is axiom (X3).) Linearizing (7) in the vector b we obtain 


(a Xx b) - (aX d) = (a a)(b- d) — (a d)(a- ), (8) 


after noting that each side of (8) is symmetric under the interchange of b and d. 
Consider now the quadrilinear form ~ defined by 


W(a,b,c,d) = (a X b) - (ec X d) — (a- c)(b- d) + (a- d)(b- ce). 


Trivially W(a,b, c,d) is zero if a = b or if ¢c = d, but we have just seen in (8) that 
(a,b,c, d) is also zero if a= c. Hence w is alternating. But the only alternating 
function of four vectors in three-dimensional space is the zero function. 


Comments. This also is quite a short proof, and it has the further merit of being 
coordinate-free (except perhaps insofar that a basis is usually employed in the proof 
of the alternating property to which the proof appeals). From the point of view of 
first-time teaching the proof is slightly sophisticated and so presumably needs to be 
delayed until alternating ideas have been encountered in the treatment of determi- 
nant functions. 

The proof has a further interest. For suppose one pursues the axioms (X1)—(X3) 
and asks whether they can be satisfied in dimension n > 3. Then, as just proved, W 
is alternating. Could it be simply related to another alternating form associated with 
the axioms (X1)-(X3), namely to the “scalar triple product” @ defined by ¢$(a, b, c) 
= a-(b X c)? One possibility stands out, namely that ~ and ¢, viewed as elements 
of A*E and A 2E, are related by y = *@—but take note therefore that the only 
hope for such a possibility to be realized is in the case dim EF = 4 + 3 = 7. 

Now it is in fact known that for n > 3 axioms (X1)—(X3) can be satisfied only in 
dimension n = 7! This surprising result has been shown (see [2, 5]) by appeal to the 
properties of composition algebras (but see also [11] for a different view). The 
exceptional nature of dimension 7 in this respect can be related to the existence of 
the (nonassociative) algebra of octonions in dimension 8, the multiplication of 
imaginary octonions being given in’ terms of the dot and cross products in 7 
dimensions by 

ab = —(a-b)l+axXb, 
in direct analogy with the well-known multiplication law for the 3-dimensional 
imaginary quaternions. 
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Furthermore it turns out (see [7, p. 116]) that the conjectured generalization of 
the 3-dimensional identity (2), namely 


(a X b) - (ec X d) = (a- c)(b- d) — (a- d)(b- cc) +: (* ¢)(a,b,e,d) = (9) 


does indeed hold in dimension 7 (for a suitably-signed star operator). What is more 
surprising still, (9) may conceivably have relevance to our understanding of the 
fundamental forces of nature! For the identity (9), at least in its coordinate form, 
has been used in two recent papers [6, 13] that deal with 11-dimensional supergrav- 
ity theories. (Of the 11 dimensions, the 7 related to the octonions are curled up 
sufficiently tightly so as to elude direct detection, leaving the familiar 4 (= 3 
space + 1 time) dimensions of more conventional theories.) For a coordinate-free 
proof of the 7-dimensional identity (9) consult [12], where it is in fact derived from 
an 8-dimensional identity for a ternary cross product a X b X c (obeying the 
obvious generalization of axioms (X1)—(X3)). 


Remark. The identity (8), which holds in 7 dimensions just as in 3 dimensions, 
entails the special case c = a of identity (1): 


(a X b) X a= (a- a)b — (a- b)a. 
In consequence the general solution of the equation 
axXv=b, (a-b=0, a + 0) 
is seen to be given in 7 dimensions by 
v=(a-a) (bXa)+Aa, (AER), 

exactly as in 3 dimensions. 

Remark. If one starts out in dimension n (> 2) with (2), or equivalently with (5), 
then one can easily prove that m must equal 3. If instead one starts out from the 
weaker version (8) of (2)—or equivalently from the corresponding weaker version of 


(5) in which a symmetrization has been applied to the indices p, r—then it is much 
harder to show that n must equal 3 or 7. 


Recommendations. Returning now to the teaching of 3-dimensional vector alge- 
bra, we believe that the following is the best approach to the identities (1) and (2). 
First motivate (1) as in Step 1 of Proof A, and note its equivalence with (2). Then 
switch to Proof D. At a later stage, when teaching determinant functions, mention 
Proof F. 


3. Appendix. We can complete Proof A by appealing to a general result on 
multilinear functions, which we have not seen explicitly stated, though it may be 
“folklore.” The geometric content of the result is that a scalar-valued multilinear 
function is determined, up to multiplication by a constant scalar, by its zero set. 


THEOREM. Let V be a vector space over a field F. Suppose that f, g are p-linear 
functions V? — F such that 


f(v,,..., 0,) = 0 whenever g(v,,..., v,) = 0. 
Then f = dg for some X & F. 


Remark. The statement of the theorem avoids the difficulty mentioned in Proof 
A, concerning the domain of definition of the function A in equation (4). 
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Proof. Let H, denote the assertion of the theorem. Then H, is equivalent to the 
statement that if f, g are p-linear and 


f(v,,...,0,) = 0 whenever g(v,,...,v,) = 0 (10) 
then 


f(%,-- »Xp _ fe Mp) (11) 


) 
B(Xy,---,Xp) BC Vay-e 2 Wp) 


whenever g(x,,...,x,) #0 and g(y,..., y,) # 0. 

We give a proof by induction on the number p of vector arguments of f and g. 
First we show that H, is true. Given g(x,) # 0 and g(y,) # 0, set z = g(x,)y, — 
£(¥1)x;. Then g(z) = g(x,)g(1) — g(1)8(%1) = 9, whence, by (10), f(z) = 0, 
that is, g(x,)f(¥1) — g(y,)f(%) = 9, so that the p = 1 version of (11) indeed 
holds. 

We now show that H, and H, together imply H,,,. To this end consider two 
(p + 1)-linear functions f, g such that 


f(v),v) =0 whenever g(vy, v) = 0. (12) 


(For convenience we adopt the abbreviated notation f(U 9, v) for f(Uo, U1,.-.,0,), 
etc.) Given also that 


B(xXo,x) #0 and g(y,y) #0 
we have to prove that 
f (Xo, x) _ f(% ¥) 
g(%o,x)  (%¥) 


We split the proof into three cases: 


(a) g(X%o, y) #9. 
(b) Z( Yo, x) # 0. 
(c) g(Xo, vy) = 0 = g(%, x). 


Case (a). Consider the p-linear functions f(X,,- ), g(Xo,° ) and the linear func- 
tions f(-, y), g(-, y). Then 


f(xo.x) _ fltoy) _ fly) 
B(X9,x) (X,Y) 8%, Y) 


(13) 


upon using first H, and second H,. 


Case (b). This goes through similarly, by applying H, to the linear functions 
f(-, x), g(-, x) and H, to the p-linear functions f(X9,- ), g(%9,° ): 


f(xo x) _ fly x) _ fe ¥) 
B(X%,x) gly. x) (0 ¥) 


Case (c). Given that g( yo, x) = 0 and g(x, y) = 0 it follows from multilinear- 
ity that 


(0 #) g(x, x) =g(xXo +, x) and g(xot+ %, y) = 8%, v)(# 9). 
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But by (12) we also have f(y, x) = 0 and f(x>, y) = 0, and hence 


f (Xo, x) =f(xo+y,x) and f(x +%,y¥) =f(%, Y). 


Consequently, 


f(xo,x) _ f(%o +o, x) _ flxot yy) _ fly y) 
B(X, x) B(Xo + %,x) = B(Xo+%¥) B(%,y)’ 


where the second equality results from applying H, to the p-linear functions 
f(Xo + Yor’ )s (Xo + YM" ). 

Thus we have proved (13) in all three cases, and so the argument by induction on 
p succeeds. 


Proof A (resumed). Define quadrilinear functions f, g: E* > R by 
f(a,b,c,d) = (a x b) - (ec x d)(= {(a X b) Xe} - d) 
and 
g(a, b,c,d) = (a- c)(b- d) — (a- d)(b-c). 
Step 1 of the proof (after forming dot products with the vector d) entails that 
f(a,b,c,d) =0 whenever g(a,b,c,d) = 0. 


Upon noting that f(e,, e), e), e))/g(e,, €>,€,,€)) = 1/1 = 1, the theorem thus yields 
the desired identity (2): 


f(a,b,c,d) = g(a,b,c,d). 
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has explicit geometric meaning. (4) The entire argument can be summarized by the 
statement, “Apply the Pythagorean Theorem to the right triangle of the figure.” 

Our proof is essentially the proof given without motivation or interpretation in 
[i, p. 61]. 
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From Experimentation to Proof 


HERVE LEHNING 
13 rue Letellier, 75015 Paris, France 


I particularly took notice of the following problem, proposed by A. Tissier in the 
MONTHLY [1]: 

“Prove that the differential equation y’ = x — 1/y has a unique solution on 
[0, 00) which is positive throughout and tends to zero at + 00.” 

Before the appearance of personal computers, this kind of problem was hard to 
assign to students because they found it difficult to see the family of solution curves 
of a differential equation without solving it by quadratures. In this paper, I would 
like to use this example to demonstrate an intuitive and experimental approach that 
not only points to the result but also gives some ideas for the proof. 


i. Research. The first idea is to sketch the family of curves by using adapted 
software (see, for example [2]). More precisely, we sketch the solution curves of 
initial value problems: 


1 
yur, y(0) = y% > 0. 


By trying a number of values for y,, we quickly notice that if y, is too large, the 
solution does not seem to be bounded and if yy is too small, it does not seem to be 
defined in all of [0, 00). More precisely, our successive trials are: 1, 2, 1.5, 1.2, 1.3, 
and 1.25. You can see the result in FIGURE 1. 

Intuitively, Tissier’s result seems correct; moreover the solution seems to be the 
limit of two sequences; the first one is increasing and the other one is decreasing. 
More precisely, we can define (in fact, for the time being, it is just a conjecture; we 
shall have to prove it) two sequences of functions f, and g, (see FIGURE 2) that 
seem to converge to the solution we are looking for. 

We also notice that a curve (which is y = 1/x according to the study of the sign 
of y’=x—1/y) divides the first quadrant into regions where the solution is 
increasing and decreasing. 

See [3, 4, 5] for other examples of this kind of approach. 


2. From research to proof. In fact, if we prove that these sequences are well 
defined, it is easy to show that f, is decreasing and g, increasing (uniqueness of the 
solution of the initial value problem); and then: |f, — g,| < 1/n because f, — g,, 1S 
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FIG. 1 


FIG. 2 


decreasing in [0, n]. We easily deduce that f, and g, converge uniformly to the 
same function /. This function is continuous, so by writing the equation in integral 
form, we can prove that it is a solution of the problem; what follows is easy because 
if y is a solution of the equation in [0, oo): 


—if y(0) > f(0) then y(0)>/,(0) for an integer nm and so according to the 
uniqueness theorem, y > f, for each x so y is not bounded. 
—if y(0) < f(O) then, for the same reason, y is not defined in the whole interval. 


In order to remain close to the main subject that we would like to stress, we shall 
not discuss here the search for the proof of the definition of f, and g, because it is 
a Classical question. As a matter of fact, it is sufficient to study the solutions of the 
initial value problem in the open set defined by the inequalities y > 0, xy <1, 
which is easy, as these solutions are necessarily decreasing (nevertheless, please note 
that in this case too, the experimental approach is useful). 


3. Subtlety. At this step, we can begin proving. Nevertheless, we see that the 
correct writing of the proof remains awkward since we must introduce some 
questions of uniform convergence. The same idea can be used in order to obtain a 
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more elementary proof. To each x > 0, we assign f(x) and g(x) as shown in 
FIGURE 3. 

Then we show that f is strictly decreasing (because there is a unique solution 
curve passing through each point, see FIGURE 4) and positive, g is strictly increasing 
and these two functions satisfy 


0< f(x) — g(x) <1/x for each x. 


f(x) 
8(x) 


FIG. 3 FIG. 4 


This allows us to conclude that f and g have a common limit / as x tends to 
infinity. Then it is easy to show that the solution of the initial value problem at 
(0, 7) is the solution we are looking for. Once these two often hidden, but essential, 
steps are completed, we can begin to write the proof in its usual baldness. Here, we 
shall present it in details in order to show that our method does not ruin the notion 
of rigor. 


4. Proof 
4.1. First step: Generalities on the solutions of the equation. 


(i) Let U be the open set of the plane defined by the inequalities: y > 0, xy < 1. 
The function (x, y) > x — 1/y is continuously differentiable in U so if (x9, yo) 
belongs to U then the initial value problem: 

1 
wax T, y(Xo) =o, (x, y)inU 


has a unique maximal solution defined in an open interval (x,, x,) where x, and x, 
can be infinite. Because x — 1/y <0, y is decreasing on (x,, x5), sO: y > yp in 
(X,,X9] and then: y’ > x — 1/y im (xX, XQ]. Integrating yields 


1 1 \? 1 \? 
Yo -y>r||x,-—]}] —|x-——]| |, whence 
2 Yo Yo 


1 x + Xo 
¥ <M t+ (X%)-x)J—- - 
Yo 2 


in (xX, Xo]. 
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If x, is finite, we deduce that y has a limit y, as x tends to x,. The solution y 
being maximal, (x,, y,) does not belong to U so either y, = 0 or x,y, = 1. But these 
two cases must be excluded because on the one hand y, > y, and on the other hand, 
if x,y, = 1, then (y — y,)/(x — x,) tends to 0 as x tends to x,. Now 


~— 
x—- X, xXx - xX, 


which leads to a contradiction when passing to the limit. Then x, = — oo. 

In the same way, as x tends to x,, y has a finite limit y, since it is decreasing 
and positive. If x, is infinite then y, = 0 since xy < 1; if x, is finite then either 
y, = Oor x,y, = 1. 

So, we have proved that if (x9, y)) belongs to U then the initial value problem 


1 
yo=x- y y(x%o) =M, (x, y)inU 


has a unique maximal solution y defined in an open interval (— 00, a) where a is 
finite or infinite and y tends to 1/a or to 0 as x tends to a. 

(11) Let V be the open set defined by the inequalities: y > 0, xy > 1, and 
(Xo, Yo) belong to V. In the same way, the initial value problem 


1 
yi=x— 7 Y(Xo) =Y%, (x, y)inV 
has a unique maximal solution y defined in an open interval (a, 00) where a > 0; 
moreover, y tends to 1/a as x tends to a and to oo as x tends to oo. 
(11) For a > O, the initial value problem 
1 1 
yrx-—, y(a) =-, 
y a 


y>0O 


has a unique maximal solution y. The derivative at point a of the function 
x > xy(x) is 1/a > 0 so there are points x) < a and x, >a that belong to the 
interval of definition of y and such that (x, y(x,)) belongs to U and (x,, y(x,)) to 
V. Applying the results obtained in (i) and (ii) at these points, we show that y is 
defined in (— 00, 00). 

(iv) So let W be the open set defined by the inequality: y > 0. If (xo, y)) belongs 
to W, then the initial value problem y’ = x — 1/y, y(x9) = %, y > O has a unique 
maximal solution y defined in (— 00, a) where a is finite or infinite. If a is finite or 
if a is infinite and the graph does not intersect the curve whose equation is xy = 1, 
the limit of y at a is 0; otherwise it is +00. 

If y,, < y2, (for the same xq) then the two associated solutions verify y, < y, in 
the common interval of definition; otherwise, according to the intermediate value 
theorem, there would be an x such that y,(x) = y,(x) and so y, = y, according to 
the uniqueness theorem, which is a contradiction. 


4.2. Second step: definition of functions f and g. Let a > 0 and y, the solution 
in (— 00, 00) of the initial value problem y’ = x —1/y, y(a)=1/a, y>0. We 
define f(a) = y,(0). Then f maps (0, 00) into itself. Let a <b. Then y,(a) < 
y,(a) =1/a since (a, y,(a)) belongs to U. Hence y, < y, so f(a) > f(b). We 
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deduce that f is strictly decreasing. In the same way, in the open set defined by 
xy — 1 < 0, the initial value problem 
y 


r 0) = 
x yl’ x(0) =a 


has a unique maximal solution x, defined in an interval containing y) > 0. The 
derivative x’ does not vanish anywhere in (0, y)) because y/(xy — 1) < 0. Thus, x, 
has an inverse function z which is the solution of the equation y’ = x — 1/y in 
[x,(%), a). According to the uniqueness theorem, the maximal solution z, of the 
initial value problem y’ =x —1/y, y(x,(0)) =y, (x, y) in U equals z in this 
interval. So z, is defined in [0, a) and tends to 0 as x tends to a. Let g(a) = z,(0). 
In the same way, we show that g maps [0, oo) into itself and is strictly increasing, 
and that f(x) > g(x) for each x. Moreover, 


Then y/ — zi > 0 and so f(a) — g(a) < 1/a. 


4.3. Third step: conclusion. The function f is decreasing and positive, so it 
converges to a limit /. Let y be the maximal solution of the initial value problem 


1 
wax, y(0) =/, y>QO; 


y is defined in (— 00, 00) since otherwise it would be one of the above functions z, 
(see first step in (iv)). In the same way, for each x, (x, y(x)) belongs to U, since 
otherwise it would be one of the functions y,, so y is positive and tends to zero as x 
tends to oo. It is the unique solution of our problem because if y is another one, let 
b = y(0). 

If b > /, then there is an a such that b > f(a) and then y > y,, so it is not 
bounded. 

If b < /, then there is an a such that b < g(a) and then y <z,, so y is not 
defined beyond a. 


5. Postscript. I described this small example in such detail because I think we do 
not distinguish enough between research and proofs in our teaching. Of course, we 
all know that mathematical activity requires an experimental phase. But, too often, 
we imitate Bourbaki’s way of writing [6], which hides the research and the trial 
phases completely. So, some students see mathematics as a dead science whereas 
mathematics is very much alive. 


REFERENCES 


A. Tissier, problem 6551, this MONTHLY, 94 (1987) 694. 

Atelier Logiciel de l’Ecole Centrale, Etude des suites, Fil, Paris, 1987. 

Michéle Artigue, Systemes Différentiels, Cedic, Paris, 1983. 

Hervé Lehning, Computers as mathematical problem solving assistants, in A Computer for Each 
Student, R. Lewis and E. D. Tagg, eds., Elsevier/North Holland, Amsterdam, 1987. 

5. , Analyse Fonctionnelle, Masson, Paris, 1988. 

6. Nicolas Bourbaki, Eléments de Mathématiques, Masson, Paris, 1939-1988. 


PeNP 


642 PROBLEMS AND SOLUTIONS [August-September 


E 3340. Proposed by Courtney Moen, U. S. Naval Academy, Annapolis, Mary- 
land. 


Suppose & is a given integer > 2. For n & N (the set of positive integers) put 
f(n) = (7 -}: phy? +n, 


where | | denotes the greatest integer function. What is the range of the func- 
tion f? 


E 3341. Proposed by P. Gritzmann, University of Siegen, West Germany, B. 
Mohar, University of Ljubljana Yugoslavia; J. Pach, Courant Institute, New York 
University and Mathematical Institute of the Hungarian Academy of Sciences; and R. 
Pollack, Courant Institute, New York University. 


Let G be a planar graph obtained from a convex n-gon by triangulating its 
interior, 1.e., by subdividing the interior into triangles using non-crossing diagonals. 
Let P be an arbitrary set of n points in the plane no three of which lie on a line. 

Show that G can be straight-line embedded on P. I.e., show that there exists a 
bijection f from the vertex set of G to P such that if (a, b) and (c, d) are distinct 
edges of G, then the open segments (f(a), f(b)) and (f(c), f(d)) are disjoint. 


E 3342. Proposed by Irving Adler, North Bennington, Vermont. 


Let S = {1,2,...,7} and define a permutation f: S > S as follows. Take n’ 
cards numbered from 1 to n? and lay them in a square array, with the ith row 
containing cards (i — 1)n + 1,(i — 1)n + 2,..., in in order from left to right. Pick 
up the cards along rising diagonals, starting with the upper left-hand corner. If card 
j is the kth card picked up, put f(j) =k. For example, if » = 3, then f(1) = 1, 
f(4) = 2, f(2) = 3, f1) = 4, FS) = 5, £3) = 6 (8) = 7, £6) = 8, (9) = 9. 

For each value of n both 1 and n? are fixed points of f. If n is odd, then 
(n? + 1)/2 is also a fixed point of f. Characterize those n for which f has a fixed 
point not in {1, n*,(n? + 1)/2}. 


SOLUTIONS OF ELEMENTARY PROBLEMS 
One Tough Area Problem 


E 2983 [1983, 54]. Proposed by E. Ehrhart, University of Strasbourg, France. 


Let ABC be an equilateral triangle of perimeter 3a. Calculate the area of the 
convex region consisting of all points P such that PA + PB + PC < 2a. 


Solution by Greg Fee, University of Waterloo, Ontario, Canada. Let 
R={P:PA+PB+PC<2a}. 
Then we shall show that 
a~* area(R) = 6227/9 — (124/9) arc sin(5V3 /9) — 20/2 /9 
= 0.65504842837277879.... 
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E 3340. Proposed by Courtney Moen, U. S. Naval Academy, Annapolis, Mary- 
land. 


Suppose k is a given integer > 2. For n € N (the set of positive integers) put 
f(n) = (1 + pi/kyi7*| +n, 


where | | denotes the greatest integer function. What is the range of the func- 
tion f? 


E 3341. Proposed by P. Gritzmann, University of Siegen, West Germany; B. 
Mohar, University of Ljubljana Yugoslavia; J. Pach, Courant Institute, New York 
University and Mathematical Institute of the Hungarian Academy of Sciences; and R. 
Pollack, Courant Institute, New York University. 


Let G be a planar graph obtained from a convex n-gon by triangulating its 
interior, 1.e., by subdividing the interior into triangles using non-crossing diagonals. 
Let P be an arbitrary set of n points in the plane no three of which lie on a line. 

Show that G can be straight-line embedded on P. I.e., show that there exists a 
bijection f from the vertex set of G to P such that if (a, b) and (c, d) are distinct 
edges of G, then the open segments ( f(a), f(b)) and ( f(c), f(d)) are disjoint. 


E 3342. Proposed by Irving Adler, North Bennington, Vermont. 

Let S = {1,2,..., 7} and define a permutation f: S — S as follows. Take n’ 
cards numbered from 1 to n? and lay them in a square array, with the ith row 
containing cards (i — 1)n + 1, (i — 1)n + 2,...,in in order from left to right. Pick 
up the cards along rising diagonals, starting with the upper left-hand corner. If card 
j is the kth card picked up, put f(j) = k. For example, if = 3, then f(1) = 1, 


f(4) = 2, f(2) = 3, f= 4, FS) = 5, £3) = 6 f(8) = 7, £(6) = 8 £9) = 9. 

For each value of n both 1 and n? are fixed points of f. If n is odd, then 
(n? + 1)/2 is also a fixed point of f. Characterize those n for which f has a fixed 
point not in {1, n*,(n? + 1)/2}. 


SOLUTIONS OF ELEMENTARY PROBLEMS 
One Tough Area Problem 


E 2983 [1983, 54]. Proposed by E. Ehrhart, University of Strasbourg, France. 


Let ABC be an equilateral triangle of perimeter 3a. Calculate the area of the 
convex region consisting of all points P such that PA + PB + PC < 2a. 


Solution by Greg Fee, University of Waterloo, Ontario, Canada. Let 
R={P:PA+PB+ PC < 2a}. 
Then we shall show that 
a~* area(R) = 6277/9 — (124/9) arc sin(5V3 /9) — 20/2 /9 
= 0.65504842837277879 .... 
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The algebraic calculations which are needed in what follows were performed on the 
computer algebra system Maple at the Symbolic Computation Group of the 
University of Waterloo, although they could certainly be forced through by hand. 

By rescaling and shifting we may take a = /3, A = (1,0), B = (—1/2, v3 /2), 
and C = (-1/2, - v3 /2). We remark that R is indeed convex: If P and P’ lie in 
R andif 0 = aP + (1 — a)P’ withO < a < 1, then Q € R by the triangle inequal- 
ity. 

The triangle ABC C R, since each of the points A, B,C © R and R is convex. 
Also, R is contained within the constant diameter “triangle” created by the 
intersection of circles centered at A, B, and C, each of radius 3. It is easy to see 
the constant diameter “triangle” is contained in the unit disc centered at the origin, 
and thus 2 lies in the unit disc. See the FIGURE. 


Let P =(x, y) denote a point on dR. Expanding the equation PA + PB + 
PC = 2y3 to eliminate radicals, we obtain the polynomial equation 
3x8 + 3y8 + 12x%y? + 18x4y4 + 12x7y® — 124(x® + y®) — 372(x4y? + x2y4) 
+1314(x4 + y*) + 2628x?y? + 512x? — 1536xy* — 3036x” — 3036y? + 1331 
= 0. 
Converting this to polar coordinates we obtain the surprisingly simple equation 
512r°cos(30) = —3r® + 124r® — 1314r4 + 3036r? — 1331. (1) 


This equation exhibits the 120° rotational symmetry of R and symmetry under 
reflection about the x-axis, the 60° line, and the 120° line. Also, we remark that the 
squaring operations introduced many spurious solutions. For example, when @ = 0, 
besides the expected double zero r = 1, there are also double zeros at r= 1 + 2/3 
and simple zeros at r= —3+4/y3. 

Since A, B,C © R and R lies in the unit disc, M = max{r: re’? € R} = 1. 
Now we show that m := min{r: re” € dR} is achieved at 0 = 7/3, 7, and 57/3. 
If we divide through (1) by r? and differentiate we obtain 


— 512 sin(36@) = f(r) (2) 


where 


f(r) = —5r® + 124r° — 438r* — 1012r? + 1331. 
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If we substitute this expression in J and let x = r’, we get 


] —] ye 5x + 11 dx 
2m? {—121 + 258x — 9x27" 
This is a standard integral; it equals 
5 ty. ~«*124 18x — 258) 1” 
— {—121 + 258x — 9x?2}'7* — — are sin’ ———— 
13 x — 9x*} 5 aresin| 1443 I 
20V2 «124 
= — 7 + > arc sin(5/(373 )) — 6277/9. 
Thus, 
, am* 10¥2 ~~ 62 5 31a 
— —— + 
| S| é 9 9 are sin 9° 


and the area of the scaled figure R is 


620 2072 #124 eo 


am + 6|S| = 37 — 3 — “3 aresin 


Finally, we multiply by a?/3 to get the claimed area of the general figure. 


No correct solutions were received before the customary deadline. The above solution was prepared 
by Mr. Fee at the request of the editors. 


A Relative Version of Turan’s Theorem 


E 3171 [1986, 732]. Proposed by Dean S. Clark, University of Rhode Island, 
Kingston. 


In a town where it would require no more than k times as many introductions as 
there are people to acquaint everyone in the town with everyone else, at least x % of 
the population belongs to a certain clique of mutual acquaintances. For a given 
positive k, find the minimum possible value of x = x(k). 


Solution by the proposer. Let f(t) = 2(t — k)/(t* +t). If k is rational, the 
answer is x(k) = 100f(|2k + 1]). If & is irrational, then 100f(|2k + 1]) is an 
unattainable infimum for x(k). Note that f(2k) = 1/(2k + 1) = f(2k + 1), so the 
expression for the answer reduces to 100/(2k + 1) when 2k + 1 is an integer. Note 
also that, using calculus, one finds a unique maximum for f(t) at t= 
k + Jk(k + 1), which is between 2k and 2k + 1. 

Suppose the town has n people, and consider the graph whose edges are the pairs 
of acquainted people. Let x, be the maximum size of a clique. To show x > 
100f(j2k + 1]), it suffices to show x, > f(J2k + 1])n. We establish a bound by 
counting non-edges. 

For any maximal clique X, each person not in X has a non-acquaintance in _X. 
Hence the members of a maximum-sized clique account for at least n — x, of the 
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If we substitute this expression in J and let x = r’, we get 


; “} pw 5x + ldx 
2 Jim? {121 + 258x — 9x2} 


This is a standard integral; it equals 


5 aor + a5ex — 9423/72 — 124 oe cin f 18% = 2581" 
3 | x — 9x*} 7%" — => aresin| | . 
20V2—s-:124 
= +> arc sin(5/(3V3 )) — 6227/9. 
Thus, 
, am 10¥2 62 °»# 5 310 
— + —., 
| | 6 9 9 are Sin 3V3 9 


and the area of the scaled figure R is 


627 20y2 &#124 (=) 


am + 6|S| = 37 — 3 — —— arcsin 


Finally, we multiply by a?/3 to get the claimed area of the general figure. 


No correct solutions were received before the customary deadline. The above solution was prepared 
by Mr. Fee at the request of the editors. 


A Relative Version of Turan’s Theorem 


E 3171 [1986, 732]. Proposed by Dean S. Clark, University of Rhode Island, 
Kingston. 


In a town where it would require no more than k times as many introductions as 
there are people to acquaint everyone in the town with everyone else, at least x % of 
the population belongs to a certain clique of mutual acquaintances. For a given 
positive k, find the minimum possible value of x = x(k). 


Solution by the proposer. Let f(t) = 2(t — k)/(t? +t). If k is rational, the 
answer is x(k) = 100f(|2k + 1]). If & is irrational, then 100f(|2k + 1]) is an 
unattainable infimum for x(k). Note that f(2k) = 1/(2k + 1) = f(2k + 1), so the 
expression for the answer reduces to 100/(2k + 1) when 2k + 1 is an integer. Note 
also that, using calculus, one finds a unique maximum for f(t) at ¢= 
k + Jk(k + 1), which is between 2k and 2k + 1. 

Suppose the town has 7 people, and consider the graph whose edges are the pairs 
of acquainted people. Let x, be the maximum size of a clique. To show x > 
100f(j2k + 1]), it suffices to show x, > f(J2k + 1])n. We establish a bound by 
counting non-edges. 

For any maximal clique X, each person not in X has a non-acquaintance in _X. 
Hence the members of a maximum-sized clique account for at least n — x, of the 
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decreasing function of r for fixed n. Thus the clique size that is forced is 
r(k,n) = min{ qs + (3p < kn} 


For the percentage of the population that must belong to a single clique, we have 
x(k, n) = 100r(k, n)/n, and x(k) = inf, x(k, n). If qs +(3)r = kn for some r 
dividing n, then the result of setting q=n/r and s=0 is r=n/(2k + 1), or 
x(k, n) = 100/(2k + 1). However, the specified equality holds if and only if 
2k + 1 is an integer, and it is difficult to use this approach to determine the 
function x(k, n) or x(k) exactly when 2k + 1 is not an integer. 


Partially solved by R. H. Jeurissen (The Netherlands). 


A Circular Concurrence 


E 3177 [1986, 811]. Proposed by Jordi Dou, Barcelona, Spain. 


Let A, B,C be three points on a circle. Let A, (respectively, B,,C,) be the 
intersection of the tangent line at A (respectively, B,C) with the line through BC 
(respectively, CA, AB). 

Prove that the circles ABB,, BCC,, CAA, and the line A,B,C, have a common 
point. 


Solution I by Helen M. Marston (retired), Douglass College, New Brunswick, NJ. 
Avoiding degeneracies, we assume that triangle ABC has angles a > 6 > y. Since 
AA. = A,C- A,B, triangles AA,C and BA,A are similar, as are the pairs 
BB,A,CB,B and CC,B, AC,C. Using this and a + B + y = 7, we find that the 
angles made by the lines of the triangle and the tangent at a vertex are a, B, y, a, B, y 
in cyclic order. 

Let R be the other intersection of circle ABB, with circle CAA,. We use the fact 
that the measure of an inscribed angle is always half the measure of the subtended 
arc to compute additional angles. With the assumption a > B > y, we have ZABB, 
= ACA, = y (otherwise one or both might be z — y), which yields ZARB, = y 
and ZARA, = 7 — y. Hence, A,, R, B, are collinear, with R between A, and B,. 

Similarly, let R’ be the intersection of circle CAA, with circle BCC,. With 
a > B> y, we have 2CAA, = 7 — Bf and ZCBC, = B£, yielding 72CR’A, = 7 — B 
and ZCR’C, = B. Hence A,, R’, C, are collinear, with R’ between A, and Cy. 

We show R = R’ by determining the angles A, RB and A,R’B. Since 2B,AB = 
a — a, we have 7B,RB =a and 2ZA,RB = 7 — a. Similarly 2C,\CB = 7 — «@ im- 
plies ZC, R'B = a and 2A,R’B = 7 — a. In order for A,RB and A,R’B to have 
equal measure, either A,, R, R’, B lie on a circle (impossible by construction) or 
R= R’. 


Solution II by O. P. Lossers, Eindhoven University of Technology, Eindhoven, The 
Netherlands. We put AA,= R,, BB,= R,,CC,= R,. The circles [, = (A), R,), 
TD, = (B,, R,), [= (CG, R,) are the Apollonian circles of AABC. The following 
facts about these circles are well-known: they have two points U and V in common 
(hence A,, B,, and C, are on a line /) and intersect the circumcircle of AABC at 
right angles. 
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If we assume a > b>c the point B, is between A, and C, and 2A,UB, = 
ZB,UC, = 7/3 (Fic. 1). Suppose that the circle CAA, meets / at S. Then the inner 
product 


(BS, BA) = (BAB) = Ri = (BB.BB). a) 


In AA,UB, we find: 2B,A,U < 7/3 = ZB,UA,. Hence B,A,> B,B and therefore 
B,S < B,A,. This means that § is between B, and A,. We conclude that AB,US is 
directly similar to AB,A,U (see (1)). 


Fic. 1 


It follows that 7B,SU = 7/3 and 2A,SU = 27/3. This implies that AC,US is 
directly similar to AC, BU and that A A,US is directly similar to AA,C,U. Therefore 
(C, S, C,B,) = Ri= (GB. C,A) and (A,S, A,C,) = R2 = (A.C, A,B). It follows that 
the circumcircles of the triangles ABB, and BCC, pass through S. This proves the 
theorem. 

We remark that if T is the point on / such that ASTU is equilateral, then it is 


easily seen that the circles BAA,, CBB,, ACC, have the point JT in common. 


Editorial comment. Daniel Hurwitz gave a proof using analytic geometry. Several 
solvers omitted the needed proof that A,, B,, C, are collinear. Jiro Fukuta suggested 
the following variant: Let A, B,C, D be four points on a circle. Let the lines BC 
and DA meet at E, AB and CD meet at F, the tangents at A and C meet at G, and 
the tangents at B and D meet at H. Prove that the circles ABE, CDE, BCF, DAF, 
ACG, and BDH have a common point on the line EFGH. 


Also solved by J. Fukuta (Japan), H. Guggenheimer, J. Heuver (Canada), P. L. Hon (Hong Kong), 
R. D. Hurwitz, W. Janous (Austria), F. Pouryoussefi (student, Iran), and the proposer. 


A Triangular Triple Product 


E 3199 [1987, 301]. Proposed by H. Guelicher, Muenster, West Germany. 


In the triangle ABC, point Q is | on the ray BA, point R is on the ray CB, and 
BQ = CR = AC. A line parallel to A 1{C through R intersects CQ in a point T. A line 
parallel to BC through JT intersects AC in a point S. Show that: 


(AC) = AQ- BC- CS. 
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Solution by Ricardo Perez Marco (student), Barcelona, Spain. We use the 
notation (XYZ) for the area of the triangle XYZ. We have 


AC OB (BOT ) - (BCQ) _ (BOT ) + (BCO) 7 (BCT ) 

AQ AQ (QAT) (QCA) (QAT)+(QCA) (ATC) 

AC CA (ATC) 

cS CS (STC) 

AC RC (CTR) (STC) 

BC BC (CTB)  (BCT)’ 
the last since STRC is a parallelogram. Multiplication of the equations gives 
AC? =AQ-BC.-CS. 


Also solved by S. Arslanagi¢ (Yugoslavia), H. D’Souza, R. Dybvik (Norway), J. Ferrer (Spain), P. L. 
Hon (Hong Kong), D. C. Khatri, O. P. Lossers (The Netherlands), R. B. Nelsen, F. Pouryoussefi (Iran), 
I. A. Sakmar (Turkey), M. A. Shayib (Kuwait), J. H. Steelman, H.-F. Yeung (Australia), Zhu H.-L. 
(China), University of South Alabama Problem Group, and the proposer. Most solvers used similar 
triangles and the law of sines. 


Incomparable Summands with Small Prime Factors 


E 3248 [1988, 51]. Proposed by Paul Erdos, Hungarian Academy of Sciences, and 
John Selfridge, Northern Illinois University, De Kalb. 


(a) Let S be the set of positive integers with no prime factors bigger than 3. 
Prove that every: positive integer is expressible as a sum of distinct elements of S 
such that no summand is a multiple of any other. For example, 19 = 9 + 6 + 4. 

(b) Let T be the set of positive integers with no prime factors other than 2, 5, or 
7. Prove that every sufficiently large positive integer is expressible as a sum of 
distinct elements of TJ such that no summand is a multiple of any other. For 
example, 62 = 49 + 8+ 5. 


Solution by Allan Pedersen, Soborg, Denmark. For either problem, we say that a 
decomposition of the type described is satisfactory. In each case we apply induction. 

(a) Note that 1 =1,2 = 2,3 = 3,4 = 27,5 =2+ 3 are satisfactory. For the 
inductive step, suppose first that n = 2m. Then m has a satisfactory decomposition, 
and we double each term of this to obtain a satisfactory decomposition of n. If n is 
odd, let m be the highest power of 3 not exceeding n, and put p = (n — m)/2. We 
use m as a Ssummand. If p> 0, then by the inductive hypothesis p has a 
satisfactory decomposition p = s,. We contend that n = m+ L(2s,) is satisfac- 
tory. We need only verify lack of comparability between m and 2s,. Because m is a 
power of three, it is not a multiple of 25,. If 2s, is a multiple of m, then 2s, > 2m, 
which contradicts n < 3m. 

(b) We prove that any positive integer other than 3, 6, and 31 has a satisfactory 
decomposition. The failure for 3 and 6 is immediate; 31 takes a bit longer. It can be 
verified by a combination of examples and inductive shortcuts that, except for these 
three numbers, all positive integers through 250 have satisfactory decompositions. 
For n > 250, assume by induction that all positive integers less than n (except the 
three exceptions) have satisfactory decompositions. If n is even, then doubling each 
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term of a satisfactory decomposition of n/2 yields a satisfactory decomposition of 
n. If n is odd, let m be the largest integer with no prime factors other than 5 and 7 
that is less than n — 62. Because 175 = 5” - 7, we have m > 175. Since n — m = 2p 
is an even integer bigger than 62, it has a satisfactory decomposition /2t,, where Lt, 
is a Satisfactory decomposition of p. We claim that m+ L2t, is a satisfactory 
decomposition of n; since 2t, is even, it does not divide m, and we need only show 
that 27; is not a multiple of m. 

If 2¢, is a multiple of m, an odd number, then 2¢, > 2m, and n > 3m. However, 
this leads to a contradiction with the choice of m. Since m is the largest product of 
5’s and 7’s bounded by n — 62, we claim 125m/49 > n — 62. Since m > 175, the 
product has at least two 5’s or at least two 7’s. For the latter case, 125m/49 is 
another such product, and for the former case 7m/5 < 125m/49 is another such 
product. The maximality of m implies 125m/49 > n — 62 in either case. With 
n > 3m, we have 3m < 125m/49 + 62, or m< 49 - 62/22 < 150, contradicting 
m > 175. 


Editorial comment. David Wells proved an analogue to (b) when the allowed 
prime factors are 2,5, 11 (the exceptional integers are then {3, 6, 12, 17, 23, 34}) and 
another analogue when the prime factors are 3,5,7 (the largest exception is then 
148). J. Suranyi showed that if only two prime factors are permitted, then for any 
pair of factors other than 2 and 3 there are infinitely many exceptions. Lorraine 
Foster showed that in part (b) every number n > 39 has at least two satisfactory 
decompositions. 

Also solved by C. K. Bailey and R. B. Richter, D. Callan, L. L. Foster, O. P. Lossers (The 


Netherlands), K. McInturff, J.-M. Monier (France), A. Riese, J. H. Steelman, J. Suranyi (Hungary), 
D. M. Wells, and the proposers. Part (a) only was solved by J. T. Ward and K. E. Lewis. 


Continuous Functions with Bounded Iterates 


E 3252 [1988, 132]. Proposed by David G. Winslow, Louisiana State University, 
Baton Rouge, LA. 


(a) Suppose that h: R — R is continuous and that h” is bounded for some 
positive integer n, where h?(x) = h(h(x)), h?(x) = h(h(h(x))), etc. Prove that 
either h or h? is bounded. 

(b) Show that for each positive integer n there is a continuous function h: 
R? — R’ such that A* is unbounded for 1 < k < n — 1 but h” is bounded. 


Solution to (a) by Adam Fieldsteel, Wesleyan University, Middletown, CT. Sup- 
pose to the contrary that h: R — R is continuous, h” is bounded for some n > 0, 
and fA is not bounded. Then A(R) is an unbounded connected subset of R. If 
h(R) = R, then h”(R) = R for all n; hence A(R) is a half-line LCR. If h 1s 
bounded on L, then h? is bounded. If / is unbounded on L, then it is unbounded 
on every half-line contained in L, because it is necessarily bounded on the bounded 
complement of this half-line in L. In particular, h is unbounded on h(L) and, by 
iteration, on h"(L) for every n, contradicting the assumptions. 


Solution to (b) by Ellen Hertz, National Highway Traffic Safety Administration. 
Using polar coordinates, let h(r, @) = (r sin(n@), 6 — 2a/n) for 27/n < @ < 27, 
and h(r, @) = (0,0) otherwise. 
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Editorial comment. Roger Eggleton (Australia) pointed out that e~* is an 
example of an unbounded h such that h? is bounded. 


Solved by the proposer and 21 others. Two partial solutions were received. 


A Variant of Touchard’s Identity 


E 3258 [1988, 259]. Proposed by Nicolae Gonciulea, Traian College, Drobeta 
Turnu Severin, Romania. 


Prove that 
“(n\,,( J 2n+1 
Ee -(ifa) “ene ) 
jao\/ Li/2| n 
where |x| is the largest integer not exceeding x. 


Composite solution I, based on solutions by David Callan, University of Bridgeport, 
CT, Ellen Hertz, National Highway Traffic Safety Administration, Washington, DC, 
Lou Shapiro, Howard University, Washington, DC, and Louis Thurston, Texas A & I 
University, Kingsville (independently). The total number of n-element subsets of a 
(2n + 1)-element set S is (2 + 1), Now suppose that S$ is partitioned into n pairs 
and a singleton. An n-element subset of S contains exactly one member from some 
jar 2.) of these 
subsets. To construct such a subset, we choose the n — j pairs and choose one 
element from each of them, which can be done in @eae ways. Next we choose 


number n — j of pairs. We show that for each j there are ( 


| ;/2| complete pairs from the j remaining pairs, which can be done in (a ways, 


and we take the singleton if n is odd. 
The same argument shows that, more generally, 


xj | [(m — Leas) - "mn ') 


where (’} is understood to be zero if i < 0 or i > /. 


Composite solution II, based on the solutions of many readers. Since the constant 


term in (1 + x)(x7! + x)/ is ( ), the sum is equal to the constant term in 


wm 
y (5 )2"0 + x)(x7* + x)’ =(14+ x)(2+ x '+ x) 


= (1+ x)(2x + 1+ x2) °/x’ 
=(1+ xr x”, 
which is (2"+1). 
Editorial comment. Many solvers observed that the identity in question can be 


obtained by adding the cases r = 0 and r = 1 of the following identity (equivalent 
to a special case of Vandermonde’s identity) 


Y(94". _ Janae 2k "| _ 2", (1) 


k 
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which they proved in various ways. George Andrews noted the paper by numerous 
authors “On Kemmer’s identity in combinatory functions,” Mathematics Student, 
15 (1947) 93-100 devoted to this identity. 
Several solvers noted that by combining the terms j = 2k and j = 2k +1, 
Gonciulea’s identity can be reduced to Touchard’s identity 
r| M2" Cy _ Crap 
where C, is the Catalan number (2* /(k + 1). Touchard’s identity may be obtained 
from (1) by setting r = 1, replacing n with n + 1, and dividing both sides by n + 1. 
Other extensions of Touchard’s identity may be found in H. W. Gould, “Gener- 
alization of a formula of Touchard for Catalan numbers,” J. Combinatorial Theory, 
(A) 23 (1977) 351-353. 


Solved by more than 30 readers and the proposer. 


ADVANCED PROBLEMS 


6606. Proposed by Daniel B. Shapiro, Ohio State University, Columbus. 


Suppose k is a field containing an element i with i? = —1 and suppose k is the 
algebraic closure of k. Suppose F and K are fields with k C FC K and [K: F] 
finite. 

(1) If k cK, prove that in fact kK CF. 

(2) More generally, if L is an algebraically closed field with k C L C K, does it 
follow that L Cc F? 


6607. Proposed by Ira Gessel, Brandeis University, Waltham, MA. 


The Laguerre polynomials are defined by 
n—k 


L(x) =(-9"E (-O(" 5) 


where a is an arbitrary parameter and n is a non-negative integer. Show that for 
each non-negative integer k there exists a polynomial q, of degree |k /2| depending 


only on k such that 
nk 


L(x +n+a) = (- 1)" Lan +a) k)t 


For example q)(u) = 1, q,(u) = 0, q.(u) = —u/2, q,(u) = —u/3, q4(u) = 
u?/8 — u/4. 


6608. Proposed by Oliver D. Anderson, University of Western Ontario, London. 
Let S be the set of all points (x,,..., x,,) in R” such that 


n—k n 
xX, = EB itnal Ee (k =1,2,...,n), 
j=0 j=0 


where t, = 1 and ¢,,...,¢, are arbitrary real numbers. It is easy to see that S is 
bounded and contains the origin as an interior point. 
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(a) When n = 2 prove that S is the convex hull of the set consisting of the point 
(0,— +) and the points of the ellipse 2x7 + (4x, — 1)? = 1. 

(b)* Is S convex for all n? 

(c)* Is S closed for all n? 


SOLUTION OF ADVANCED PROBLEMS 
A Continued Fraction for a Quotient of Bessel Functions 


6541. Proposed by Carl W. Helstrom, University of California, San Diego. 


Derive the continued fraction 
K(x) 1 Qu ui 3u  3u (Qk+1)u (2k+1)u 


K(x) 1+ 1+1+41+41 +4 1 + 1. +? 
where K,(x) and K,(x) are modified Bessel functions of the second kind and 
u= 1/(4x). 


Composite solution by Otto G. Ruehr, Michigan Technological University, 
Houghton, and Richard A. Askey, University of Wisconsin, Madison. We shall prove 
that, for Rey > —1/2 and x © C \ (— ©, 0], 


K,(x) 1 2(2»+1)u (1-2vr)u (204+ 3)u 
Kyi(x) 1+ 1 + 1 + 1 
, (3 ee , mall wos (1) 


where u = 1/(4x). The proposed problem, with no domain of convergence indi- 
cated, is the special case v = 0 of (1). 
Let 


woe “y2—! du 


I(a,b;z) = J (+ my)’ 


where Rea > 0, 6 is arbitrary, and z € C \ (— 00,0]. Then [1, p. 352] 


I(a, b; z) 1 az bz (atil1)z (b+1)z 
I(a,b-1;z) 1+1+1+ #1 + +1~ ‘4 


Letting a=v+1/2, b=1/2 — »v, and z = 2u, we find that, for Rev > —1/2, 


1 1 
ily + —,—pt 520 


,) 1 (2Qv+1)u (1-2p)u 
; i 1 ; 1+ 1 + 1 
—_ — — —i Zu 
vt FP 53 


(2y+3)u (3 -—2v)u 
+ 1 + 1 +4 


(2) 
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Kjyi(x) P+ 1 + 1 + 1 
, (3 ae , eee co (1) 
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Let 
oe “yu?! du 
(1+ zu)?” 


I(a,b;z) = if 


where Rea > 0, b is arbitrary, and z € C \ (— 00,0]. Then [1, p. 352] 
I(a, b; z) 1 az bz (atil1)z (b+1)z 
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Letting a=v+1/2, b=1/2 — », and z = 2u, we find that, for Rev > —1/2, 


] ] 
ily + art 520 


(Qy+1)u (1-2r)u 
a ae an a ee ee ee 
i[> + an 520 


1 
t+ 1 + 1 


(2v+3)u (3 -—2v)u 
+ 1 + 1 + 


(2) 
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Also solved by Thomas N. Delmer. A heuristic solution was provided by the proposer. 


6550 [1987; 559]. Proposed by Walther Janous, Ursulinengymnasium, Innsbruck, 
Austria. 


Let n and k be integers with 0 < k < n. Determine the minimum value of 


[Pra QV ae 


where P, , runs through the set of polynomials with real coefficients and degree at 
most n such that the coefficient of x* is 1. 


Solution by Ian McGee and Cecil Rousseau, University of Waterloo, Canada. The 


minimum value is 
2 2 
2k\{(n+k+1 
(ak + (7) | 2k +1 
Let [x*]P(x) denote the coefficient of x* in the polynomial P. To minimize 


[? (P, 4 (x)}?w(x) dx over polynomials P,, k of degree at most n that satisfy 
[x* \P. _,(x) = 1, form the orthogonal expansion 


P,ulx) = Le cj)(%), 
j=0 


where {¢,(x)} denotes the sequence of orthonormal polynomials on (a,b) with 
weight function w. Our problem is then to minimize L”_ c; subject to L”_9¢,q; j = 1, 
where q = [x"]9, (x). By Cauchy’s inequality, it follows that the desired minimum 
=(x" "-09;) and that this minimum is obtained when c, = Kq, for i = 
0,. , n. In the present case w(x) = 1 and $(x) = y2j +1 P(2x — 1), where P, 
denotes the Legendre polynomial of degree j. From Rodrigues’ formula, we have 


y2j+1 d/ 


,(x) = 7 © (x(x — DY, 
: mies 
Thus 


peteay (ssn) 
2k+1 2k+1 


= ey (2k + 1) y 


jJ=k 


_ (2) (2k + an a (1) 
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d/ | 
oy(x) = PF be vy, 


j! 
Ye) 
_ ; __4\J7k °K jtk 
qj y2j+1(-1) (7; ' 2k | 
Thus 


peteay (sen) 
2k+1 2k+1 


= “ey (2k + 1) y 


J=k 


- pale + a a (1) 
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(Denmark), John Henry Steelman, Douglas B. Tyler, and the proposer. One anonymous solution was also 
received. 


6551 [1987, 694]. Proposed by A. Tissier, Montfermeil, France 
Prove that the differential equation 


1 
yor x — 
y 
has a unique solution on [0, + 00) which is positive throughout and tends to zero at 


+ oO. 


Solution I by Richard J. Driscoll, Loyola University, Chicago, Illinois. Set f = 
f(x, y) =x —y'. Then f and f, are continuous in the upper half plane, so for 
any a > 0 the differential equation with the initial condition y(a) = y, > 0 has a 
unique local solution. For the conditions peculiar to the present problem, a key to 
both existence and uniqueness is provided by the following exponentiated integral 
formula. 

Say y = g(x) and y = h(x) are positive solutions of the differential equation for 
x € I where either J = [0, 7] or [0, 00). Since 


g’ —h’=(g—h)/(gh), 
for any a > 0 we have 


© (a(x) — Waperp| = f"(a(A(o) ae) = 0 


and, hence, 


g(x) = h(x) = (a(a) ~ h(a))erp| f"(e(eya(e)) "a 


for x,a ET. 

Uniqueness is almost immediate, for if g(x) and A(x) are two distinct solutions, 
without loss of generality g(a) > h(a) for some a > 0 and hence g(x) — h(x) is 
strictly increasing for x > a. Thus one of them is not tending to 0 at infinity. 

For existence, we also introduce certain loci, namely, 


C, = {(x, y): xy -1=0} 
and 


C,= {(x, y): ye +txy-1=0}. 


Here C, is the locus of points where solutions to the differential equation have 
y’ = 0 while C,, which lies between the x-axis and Cj, is the corresponding locus for 
y” =. These loci cut the first quadrant into three regions 7, B and M (top, 
bottom, and middle) in a useful way, since above C, (in T) we have y’ > 0 and 
y” <0, below C, (in B) we have y’ < 0 and y” <0, and between C, and C, (in 
M) we have y’ < Oand y” > 0 (the behavior we are looking for). A solution to the 
differential equation that passes through a point above C, is defined on [0, 00) since 
the growth rate is positive but bounded by x + K for some constant K. A solution 
that passes through a point below C, cannot be extended to [0, 00) since the graph 
of the solution is decreasing and concave and passes through a point on the x-axis. 
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Let y = y(x) = g(x; b) denote a solution (and also the corresponding solution 
curve) of the differential equation satisfying y(0) = b, and set 


S, = {b: b> Oand g(x; b) enters T } 
and 
S, = {b: b> Oand g(x; b) enters B}. 


Clearly these are disjoint nonempty sets. Will a sufficiently slight change in b 
preserve the property of entering T (resp. of entering B)? The solution curve 
“enters” before (if indeed ever) it touches the x-axis, so the exponentiated integral 
remains finite at least for a while after entry. Now the exponentiated integral 
formula says |g(x; b,) — g(x; b,)| will be arbitrarily small provided that |g(0; b,) 
— g(0; b,)| = |b, — b,| 1s sufficiently small. Hence S, and S, are disjoint nonempty 
open sets. Hence some by > 0 is not in their union, and y = g(x; bp) is the solution. 


Editorial Comment. The majority of our solvers used methods more or less similar 
to the above. (Driscoll and several others also indicated more constructive ap- 
proaches to the existence problem.) Howard Morris got some results for certain 
y’ = x*—y* in this manner, while Preben Alsholm (Denmark) extended it to 
treat a family of differential equations of the form 


dy _ hy — FO) 


dx = -y— g(x) 


Solution II by P. J. Bushell, University of Sussex, Brighton, England. lf a 
solution exists it is unique. For suppose that y, and y, are solutions and w = 
(y, — y,)*. Then w’ = 2w/(y,y,) > 0 and w is nonnegative, nondecreasing, and 
tends to zero at infinity. Hence it is identically zero, that is y, = yp. 

The solution we seek is an integral curve of the plane autonomous system 


X=y, yp=xy-l 
with (x, y) = (0, a) at ¢ = 0, where a > 0. Plainly, X = xx — 1 and 


2 
X= 7x" —-(l- a), 
=x? — (t~a) 
a simple Riccati equation for x. 
The unique solution of the problem is given in parametric form by 


z(t) 1 00 
x(t) 2) , y(t) ned z(s)s 

where z(t) = Ai(p(t — a@)). Here Ai(x) is the Airy function that tends to zero as s 
tends to infinity, 1 = 2~'”? and —ya is the first negative zero of Ai’(s). (For an 
account of the Airy functions see §10.4 of M. Abramowitz and I. A. Stegun, 
Handbook of Mathematical Functions, Dover, New York, 1970.) To see this, insert 
the parametric form of x(t) above into the Riccati equation to obtain 
Z—(1/2)\(t — a)z = 0, an equation that is simply the differentiated form of 
Zz? — (1/2)(t — a)z* = (1/2) f,z(s)? ds (since both Ai(x) and Ai‘(x) tend to 0 at 
infinity, the constant of integration is zero). But this last equation is easily seen to 
be (d/dt)(—22/z) = (1/z)*{%z? ds if we express 7 in terms of z. 
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The qualitative nature of the phase portrait can be deduced by considering the 
signs of x, y, y’, and y”. We see that if —p/, is the first negative zero of Ai(s), 
then the solution path given by the parametric solution, with a = ft) < t < oo, is the 
separatrix between two families of solution paths with very different behaviour. 


Editorial Comment. The proposer and J. Bethéry were aware of the explicit 
approach, and even remarked that the unique solution would pass through (0, 07/2) 
= (1.157233... ,0.669594...) where o = (12)'/7T(2/3)/IT(1/3). Greg Fee of the 
Maple Symbolic Computation Group at the University of Waterloo (Canada) 
verified this to about 50 significant digits (at the request of a skeptical editor) and 
also determined y(0) = 1.2835987104635995 ..... to 50 significant digits. Various 
planar diagrams of solutions and direction fields, some done on computers and 
some by hand, were provided by Felix Albrecht, P. J. Bushell (U.K.), Greg Fee, R. I. 
Raichinov-Simeonov (Bulgaria), and Richard C. Swanson. Fee’s graph of the 
solution is given as FIGURE 1. 


In particular, David V. V. Wend considered the plane as mapped stereographi- 
cally onto the Riemann sphere and studied the configuration at oo. He noted that 
“the image of the separatrix y(x, y*) [here y(x, yo) 1s the solution with y(O) = yp] 
starts out at infinity tangent to the y-axis and returns to infinity tangent to the 
x-axis. Trajectories such as y(x,2) above y(x, y*) map onto loops inside the image 
of y(x, y*) and are ‘pinched’ at infinity—tangent to the y-axis at both ends. 
Trajectories such as y(x,1) below y(x, y*) also start out tangent to the y-axis but 
return tangent to the image of the negative x-axis.” Christine Nowak (Austria) 
found it convenient, in fact, to start her solution by letting x = 1/z and to then 
study the equation dY/dz = (1/z)*(1/Y — 1/z); in other words, to work near 
x = oo rather than near x = 0. 


Also solved by Felix Albrecht, Preben Alsholm (Denmark), David Eberly, Kee-Wai Lau (Hong 
Kong), O. P. Lossers (The Netherlands), L. E. Mattics, Howard Morris, Chr. Nowak (Austria), R. I 
Raichinov-Simeonov (Bulgaria), Lou Thurston, David V. V. Wend, and the proposer (jointly with J. 
Bethéry). 


REVIEWS 


EDITED BY JOSEPH KONHAUSER 
Department of Mathematics, Macalester College, St. Paul, MN 55105 


The Shape of Space. By Jeffrey R. Weeks, Marcel Dekker, Inc., New York, 1985. 
xX + 324 pp. 


ALAN H. DURFEE 
Department of Mathematics, Mount Holyoke College, S. Hadley, MA 01075 


Many of the more spectacular mathematical advances of the twentieth century 
have occurred in the field of topology. Recently, much progress has been made in 
the area of three- and four-manifolds; other active areas are knot theory, algebraic 
topology, singularity theory, and dynamical systems, just to name a few. Fields 
medals have been given to Thurston, Donaldson, and Freedman. An interesting 
aspect of much recent work is that essential use is made of methods outside the 
field. Donaldson’s work in four-manifolds, for example, uses results from mathe- 
matical physics; knot theory derives inspiration from representations of operator 
algebras; and three-manifold theory uses differential geometry. 

Unfortunately, few undergraduate topology texts reflect recent activity. Most of 
these are on general topology and were, perhaps, written under the assumption that 
this foundational subject should be studied first. However, why recommend that an 
undergraduate mathematics major take general topology rather than, say, non- 
Euclidean or differential geometry, number theory, mathematical modeling or a host 
of other interesting courses? These subjects make an attractive end for an under- 
graduate education whereas general topology is the beginning of graduate work. 
Although general topology leads to the beautiful results of algebraic topology, the 
preparation is long and technical, and early applications are usually intuitively 
obvious and, hence, anticlimatic. Also, these results do not lead in the new 
directions mentioned above. Of course, the reliance of these new investigations on 
outside results also presents a special challenge to the author of an undergraduate 
text. 

Even the most obscure topological proof usually has a simple geometric idea 
behind it, and a student who wants to prove such a theorem first needs to 
understand this geometry. However, visual intuition comes with experience, is 
usually not well developed in the typical undergraduate, and, hence, needs to be 
conveyed in the classroom. This can be tricky. A colleague of mine, for example, 
once gave as an examination question a complicated map of the surrounding area to 
be pasted together with various identifications. The result was supposed to be a 
two-holed torus, but he had made a mistake and instead a Klein bottle came out. 
Unfortunately, the Klein bottle had not yet been discussed in class. 

Teaching topological intuition thus poses an interesting challenge. A good place 
to begin is with two-dimensional surfaces. The Shape of Space, for instance, starts as 
a sequel to Flatland: The scene is a two-dimensional universe in which lies a town 
called Flatsburgh. The inhabitants are plane figures, among them the protagonist, 
“A Square.” Unlike the others who had not ventured far from town, A Square 
wanted to discover what lay beyond the horizon. One day he set off to the east. 


660 


662 JAMES V. RAUFF [August-September 


encourage students to buy such a costly book, even though they would enjoy owning 
it. (The publishers apparently offer class discounts, though.) 

Weeks’ book on topology is highly recommended for a college mathematics 
course at any level. 


Native American Mathematics. Edited by Michael P. Closs, University of Texas 
Press, Austin, 1986. 431 pp. 


JAMES V. RAUFF 
Department of Mathematical and Computer Sciences, Millikin University, Decatur, TL 62522 


Standard texts and reference materials on the history of mathematics give only a 
perfunctory discussion of the development of mathematical thought in the pre- 
Columbian era ([4], for example). The Maya bar and dot notation is mentioned in 
most of these texts, and in some, a few remarks are made concerning Incan quipus. 
In general, however, the student of the history of mathematics is given a decidedly 
Eurocentric view of mathematical thinking, practice, and evolution. Recently, with 
the success of the decipherment of the Maya hieroglyphic writing [5] and advances 
in New World archeoastronomy [3] a serious examination of the mathematics of 
Native Americans has begun. Native American Mathematics, edited by the mathe- 
matician Michael P. Closs, is the first book to present the results of a wide range of 
this new research. 

Native American Mathematics is a collection of papers ranging, mathematically, 
from counting to sophisticated calendrical computations, and ethnographically from 
the Inuit to the Inca. Although not all of the papers are completely successful in 
avoiding the ethnocentrism usually present in discussions of non-Western mathe- 
matics (see [1] for an excellent discussion of this problem), they are accessible to the 
mathematician and to the anthropologist and to students in both areas. 

The 13 papers in Native American Mathematics may be grouped into seven 
categories: 

(1) numeral systems as revealed by the spoken language (3 papers), 

(2) counts recorded in rock art (1 paper), 

(3) Mathematics and culture (3 papers), 

(4) geometry and architecture (1 paper), 

(5) Maya mathematics (2 papers), 

(6) Aztec mathematics (2 papers), 

(7) Inca mathematics (1 paper) 

Here I will remark on only a sample of the 13 papers to give a general notion of 
the scope and feel of the collection. 

J. Peter Denny, in his contribution “Cultural Ecology of Mathematics: Ojibway 
and Inuit Hunters,” presents a detailed examination of counting, arithmetic, and 
geometry in these hunting societies from the point of view of the cultural context 
within which they are framed. Concerning counting, Denny argues that “counting is 
of less utility for hunters because most objects are known individually” (p. 137). 

Marcia Ascher succinctly summarizes her work and that of Robert Ascher in 
“Mathematical Ideas of the Inca.” The Aschers’ [2] important analysis of the quipu 
is explained in a way that gets directly to the main insights of their work and also 
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tempts the reader towards further study. One unfortunate aspect of this paper is an 
editorial error. The rendering of the Guamon Poma de Ayala sketch of a purported 
Incan counting board given in Figure 10.1 of the Ascher paper is incorrect. 

Michael Closs’ survey of the intricacies of Maya calendrical calculations 
(“Mathematical Notation of the Maya’) is perhaps the best short introduction to 
this fascinating area of study to date. Anyone beginning a study of Maya hiero- 
glyphics and calendrics should start here. 

On the other hand, A. Seidenberg’s “The Zero in the Mayan Numerical Nota- 
tion” is not so much a contribution to the history of mathematics as a polemic for 
diffusionism. The independent invention versus diffusion argument in anthropology 
has waxed and waned over the years and contemporary anthropologists generally 
consider the debate an oversimplification of rather complex processes. Regardless of 
the validity or advisability of Seidenberg’s argument, this paper is out of place in 
this collection. 

Finally, I would mention the short survey of the research in Mesoamerican 
geometry presented by Francine Vinette (“In Search of Mesoamerican Geometry’). 
Vinette clearly delineates the problems associated with uncovering ancient geometri- 
cal knowledge and outlines the progress made so far. The examples in this paper 
would be particularly useful for spicing up a class in plane mensuration geometry. 

From Herbert Harvey and Barbara Williams’ exciting discussion of Aztec area 
computation (“Decipherment and Some Implications of Aztec Numerical Glyphs’) 
to Madison Beeler’s report on “Chumash Numerals,” Native American Mathematics 
takes the reader on a stimulating tour of the mathematics of the New World. 
Students of the history of mathematics, teachers of mathematics at all levels, and 
mathematicians interested in the interplay of mathematics and culture will find 
Native American Mathematics to be a treasure of examples, applications, interesting 
facts, and thought-provoking discussion. Every school and college library should 
have a copy of this splendid volume, and I am certain that more than a few teachers 
of mathematics will want their own personal copy. 
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The Book of Prime Number Records. By Paulo Ribenboim, Springer-Verlag, 1988. 
476 + xxiii pp. 


CARL POMERANCE 
Department of Mathematics, University of Georgia, Athens, GA 30602 


There is something about records of extremes that fascinates nearly everyone. On 
the evening weather broadcast, it is somehow comforting to find out that the 
miserable conditions outside are setting a new record. Think of how little would be 
left of a baseball telecast if statistics and talk of records were left out. In finance we 
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(“Mathematical Notation of the Maya”) is perhaps the best short introduction to 
this fascinating area of study to date. Anyone beginning a study of Maya hiero- 
glyphics and calendrics should start here. 

On the other hand, A. Seidenberg’s “The Zero in the Mayan Numerical Nota- 
tion” is not so much a contribution to the history of mathematics as a polemic for 
diffusionism. The independent invention versus diffusion argument in anthropology 
has waxed and waned over the years and contemporary anthropologists generally 
consider the debate an oversimplification of rather complex processes. Regardless of 
the validity or advisability of Seidenberg’s argument, this paper is out of place in 
this collection. 

Finally, I would mention the short survey of the research in Mesoamerican 
geometry presented by Francine Vinette (“In Search of Mesoamerican Geometry’’). 
Vinette clearly delineates the problems associated with uncovering ancient geometri- 
cal knowledge and outlines the progress made so far. The examples in this paper 
would be particularly useful for spicing up a class in plane mensuration geometry. 

From Herbert Harvey and Barbara Williams’ exciting discussion of Aztec area 
computation (“‘Decipherment and Some Implications of Aztec Numerical Glyphs’’) 
to Madison Beeler’s report on “Chumash Numerals,” Native American Mathematics 
takes the reader on a stimulating tour of the mathematics of the New World. 
Students of the history of mathematics, teachers of mathematics at all levels, and 
mathematicians interested in the interplay of mathematics and culture will find 
Native American Mathematics to be a treasure of examples, applications, interesting 
facts, and thought-provoking discussion. Every school and college library should 
have a copy of this splendid volume, and I am certain that more than a few teachers 
of mathematics will want their own personal copy. 
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The Book of Prime Number Records. By Paulo Ribenboim, Springer-Verlag, 1988. 
476 + xxill pp. 


CARL POMERANCE 
Department of Mathematics, University of Georgia, Athens, GA 30602 


There is something about records of extremes that fascinates nearly everyone. On 
the evening weather broadcast, it is somehow comforting to find out that the 
miserable conditions outside are setting a new record. Think of how little would be 
left of a baseball telecast if statistics and talk of records were left out. In finance we 
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hear of the best and worst days on Wall Street, the richest people, the most 
expensive work of art, etc. In fact, one of the most successful books published (the 
Bible holds the record for the most successful) is the Guinness Book of World 
Records. This book even has a small section on mathematics, giving the largest 
number proved prime, the largest perfect number known, and a few other tidbits. 

In fact, the Guinness Book just skims the surface. The entire subject of prime 
numbers is filled with records. For example, what is the largest known pair of twin 
primes? What is the least even number exceeding 2 not yet shown to be a sum of 
two primes? Or, what is the largest k such that there exist k primes forming an 
arithmetic progression? In his authoritative and charming book, Paulo Ribenboim 
answers these questions and many similar ones. We also find nine-and-a-half proofs 
that there are infinitely many primes, a discussion of possible functions represe.:ting 
primes, and problems, results and records concerning Mersenne primes, Fermat 
primes, regular primes, Sophie Germain primes, Wieferich primes, Wilson primes, 
and NSW primes (named for D. J. Newman, Daniel Shanks, and Hugh Williams). 

Of course, not every mathematical statement is conveniently described in terms 
of a record. But the subject of prime numbers plays an unusual role within number 
theory and mathematics. There is a shadow side of the subject made up of heuristic 
arguments, giving prime number theory the flavor of an experimental science. With 
a few simple arguments from probability theory one is quickly led to heuristics for 
the twin prime conjecture, Goldbach’s conjecture, the conjecture that there are only 
finitely many Fermat primes, the conjecture that there are infinitely many primes p 
with 2? = 2 (mod p’), and the conjecture that lim sup(p,,, — p,)/log?n = 1 
where p, denotes the nth prime, just to.name a few. Yet every single one of these 
statements remains a very deep unsolved problem. Thus each may become the 
subject of a record, somehow measuring how close we have come to proving the 
conjecture. 

For example, concerning the latter problem dealing with the maximal order of 
the gaps between consecutive primes, we do not even know that between consecu- 
tive squares there is always a prime. However, it is known that between all 
sufficiently large consecutive cubes there is a prime. What then is the record 
theorem? That is, what is the infimum of the set of @ for which it has been proved 
that (*)p,., — p, <p?® for all sufficiently large n (depending on the choice of 4)? 
Ribenboim reports that this record is held by C. J. Mozzochi who in 1986 showed 
(*) for 6 = 11/20 — 1/384 = .5473958.... But alas, glory is fleeting, and this 
record has already been broken by S.-t. Lou and Q. Yao, who have shown (*) for all 
6 > 6/11 = .545454.... Again one is reminded of track records to the nearest 
hundredth of a second for 100 meters or the mile. 

In the introduction Ribenboim writes that if he were to read in the newspaper of 
a brawl that had broken out in a local pub concerning the largest known pair of 
twin primes, he would find this highly civilized. He wryly suggests that his book 
might help settle such disputes more amicably. Of course, the publication of any 
book of records is a great stimulus to readers to try and break a record so as to get 
one’s name in the book. 

The subject of prime numbers is not merely a collection of interesting problems 
and results. It is a coherent theory. Ribenboim does an admirable job of synthesis in 
presenting a unified subject. Two central issues occupy more than half of the book. 
One of these is the subject of primality testing, i.e, how does one effectively 
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distinguish prime numbers from composite numbers? The other is the distribution 
of the prime numbers within the set of all natural numbers. Here the central result is 
the prime number theorem which shows that from a distant perspective, the prime 
numbers obey a very regular law. However, Ribenboim never lets us forget the 
apparent unpredictability and randomness of the primes when viewed close up. 

The book is remarkably free of typographical errors and most of those remaining 
are innocuous. For example, on page 174 we see the set “{n < l|p(n) < x}” where 
gm is Euler’s function. It is clear from the context that the first inequality is 
backwards. Of a more serious nature (there are really very few examples!), it is 
reported on page 79 that Bob Silverman had checked every prime p < 150,000 to 
see if M, = 2? — 1 is prime and after p = 86,243 had found only p = 132,049. In 
fact, Silverman did not do this search. In 1988, shortly after the book was published, 
W.N. Colquitt and L. Welsch, Jr. performed an exhaustive search up to the lower 
limit 132,049 and they did, in fact, discover a new Mersenne exponent! Namely, for 
p = 110,503, M, is prime. 

The book does not contain proofs of major theorems nor even of most minor 
theorems. However, there are some proofs given “to break the rhythm,” as 
Ribenboim puts it, and there are 100 pages of references. The level of the book is 
not very uniform. In some sections, class numbers of algebraic number fields are 
freely mentioned, while other sections are accessible to the proverbial bright high 
school student. This is not a book of exclusion; the reader is often prodded to skip 
around and find something else of interest if the current part gets too sticky. There 
are many levels on which this book may be enjoyed. 

The Book of Prime Number Records takes now a firm place within the gallery of 
excellent elementary introductions to research in number theory including Solved 
and Unsolved Problems in Number Theory. by D. Shanks, Unsolved Problems in 
Number Theory by R. K. Guy, and Elementary Theory of Numbers by W. Sierpinski. 
Ribenboim writes in his introduction that “Prime numbers are like cousins, mem- 
bers of the same family, resembling one another, but not quite alike.” So too are 
these wonderful books. Thank you, Professor Ribenboim, for introducing us to a 
new cousin. 
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Elementary, T(138: 1), S, L. Plane Trigonometry, 
Sizth Edition. E. Richard Heineman. McGraw-Hill, 
1988, xix + 297 pp, $35.95. [ISBN: 0-07-027935- 
7| Acomprehensive, pre-calculus-level introduction 
to trigonometry, logarithms, and complex numbers, 
with a strong classical flavor. Combines time-tested 
and modern viewpoints—e.g., both interpolation in 
tables and use of calculators are treated. Emphasizes 
analytical, rather than computational, aspects: log- 
arithms, e.g., are treated mainly as functions, not as 
computational devices. Many results, such as addi- 
tion formulas, are proved using classical trigonomet- 
ric techniques. Extensive appendices include answers 
to exercises, remarks on power series expansions, de- 
tailed tables of function values. (Fourth Edition, TR, 
December 1974.) PZ 


Mathematics Appreciation, §(16-18), P*, L*. 
From Cardinals to Chaos: Reflections on the Life 
and Legacy of Stanislaw Ulam. Ed: Necia Grant 
Cooper. Cambridge U Pr, 1989, 319 pp, $75; $24.95 
(P). (ISBN: 0-521-36494-9; 0-521-36734-4] A beau- 
tifully produced tribute to Stanislaw Ulam (1909- 
1984) and his wide-ranging contributions to math- 
ematics, physics, and even biology. Buy two copies: 
one for the office, and one for the coffee table. BC 


Precalculus. Algebra and Trigonometry, Fourth 
Edition. Dennis T. Christy. Wm C Brown, 1989, 
xix + 668 pp [ISBN: 0-697-05322-9]; Fundamen- 
tals of Algebra and Trigonometry, xvii + 621 pp 
[ISBN: 0-697-05323-7]; College Algebra, xvii + 476 
pp. [ISBN: 0-697-05324-5] Continues the spiral ap- 
proach of previous editions published as Essentials of 
Precalculus Mathematics ( Third Edition, TR, Febru- 
ary 1987). This edition includes a full chapter on sys- 
tems of equations (including Gaussian elimination, 
matrix algebra, nonlinear systems, and linear pro- 
gramming), and a discrete algebra chapter (math- 
ematical induction, counting techniques, and prob- 
ability). Fundamentals permutes chapters and sec- 
tions of the previous text to provide comprehen- 
sive coverage of algebra before trigonometry. Col- 


lege Algebra merely eliminates the two chapters on 
trigonometry from Fundamentals. JNC 


Precalculus, T(13: 1). Algebra and Trigonome- 
try with Applications, Fourth Edition. Bernard J. 
Rice, Jerry D. Strange. Brooks/Cole, 1989, xvi + 
552 pp, $36. [ISBN: 0-534-10194-1] This edition 
retains the emphasis on functions, graphing, and the 
presentation of mathematical concepts in real-world 
situations. Changes include condensation of the re- 
view of basic algebra, new emphasis on calculators, 
and new sections on matrix algebra and polar coor- 
dinates. (First Edition, TR, January 1978.) INC 


Precalculus, T(13: 1). Before Calculus: Func- 
tions, Graphs, and Analytic Geometry, Second Edi- 
tion. Louis Leithold. Harper & Row, 1989, xviii + 
776 pp. (ISBN: 0-06-043911-4] This edition incor- 
porates several revisions, e.g., chapter one has been 
condensed and complex numbers added, zeroes of a 
polynomial are now covered in one chapter, and the 
exercises have been revised and graded according to 
difficulty. (First Edition, TR, December 1985.) JNC 


Precalculus, T(13: 1). College Algebra and 
Trigonometry, Third Edition. Robert Ellis, Denny 
Gulick. Harcourt Brace Jovanovich, 1989, vii + 632 
pp, $29. [ISBN: 0-15-507932-8] Changes from ear- 
lier editions include the earlier introduction of lin- 
ear equations and complex numbers, the elimination 
of discussion of the use of tables, a new section on 
compound and continuous interest, and some textual 
rewriting. (First Edition, TR, August-September 
1981; Second Edition, TR, December 1984.) JS 


Precalculus, T*(13: 1). College Algebra: A Func- 
tions Approach, Fourth Edition. Robert J. Mer- 
gener. Kendall/Hunt, 1989, viii + 372 pp, $28.95 
(P). (ISBN: 0-8403-4968-8] Emphasizes functions 
(polynomial, rational, radical, logarithmic, and ex- 
ponential) and their graphs. Lots of exercises, se- 
lected solutions in back. Begins with a pre-test fol- 
lowed by complete solutions. Workbook format in- 
cludes trial problems, all solved in back. Many ex- 
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amples. Each chapter ends with applications section. 
Includes notes on calculator uses and abuses. Also 
includes sections on sequences and series, mathemat- 
ical induction, conic sections, and elementary linear 
algebra. SB 


Precalculus, S. Mathematical Challenges: Puz- 
zles and Problems in Secondary School Mathemat- 
ics. Mathematical Education on Merseyside. Jan- 
son, 1989, ix + 59 pp, $17.50 (P). A collection of 
problems that have been used in high school compe- 
titions in northwest England. JNC 


Precalculus, T(18). Plane Trigonometry, Third 
Edition. R. David Gustafson, Peter D. Frisk. 
Brooks/Cole, 1989, xv + 442 pp, $35.25. [ISBN: 0- 
534-09822-3] Changes from previous edition (TR, 
December 1982) include expanded function discus- 
sion, more emphasis on general solutions to trigono- 
metric equations, an analytic geometry chapter, 
more applications. Covers standard trigonometry 
material as well as appendices covering geometry, ex- 
ponential and logarithmic functions, and linear inter- 
polation. Written at a fairly elementary level. Intro- 
duces trigonometric functions as “degree” functions, 
then introduces radian measure. Many exercises; se- 
lected solutions in back. SB 


Finite Mathematics, T(18). Finite Mathemat- 
ics with Applications. David E. Zitarelli, Raymond 
F. Couglin. Saunders College, 1989, xx + 563 pp, 
$33. (ISBN: 0-03-011292-3] A text covering bits of 
linear algebra, linear programming, set theory, and 
probability and statistics. Abounds in applications 
of these subjects to modern, everyday life. ES 


Finite Mathematics, T. Mathematics in Business 
Administration. Yves Nievergelt. Irwin, 1989, xvii + 
494 pp, $34. [ISBN: 0-256-06914-X] Designed for ex- 
ecutives entering an MBA program. Covers mathe- 
matical skills required and used in graduate quantita- 
tive business courses: geometry and algebra review, 
functions (with emphasis on graphs, slopes, and 
areas), algebraic geometry of linear and quadratic 
equations, mathematics of finance, differential calcu- 
lus for optimization. Includes actual case-study ap- 
plications from The Wall Street Journal. End of each 
section includes self-test with solutions and answers 
to all exercises. SB 


Education, T*, P*, L. Secondary Mathematics 
Instruction: An Integrated Approach. Margaret A. 
Farrell, Walter A. Farmer. Janson, 1988, xix + 
360 pp, $42.50 (P). [ISBN: 0-939765-26-8] Revised 
1980 edition of Systematic Instruction in Mathemat- 
ics for the Middle and High School Years. Designed 
for both in-service and pre-service teachers. Inter- 
active format. Integrates theory, practice, and re- 
search. New edition includes references to research 
which supports specific suggestions or results. Each 
chapter begins with an introductory “advanced orga- 
nizer” section with college students in mind, followed 
by an introductory activity (mostly laboratory or in- 
terview tasks, but some paper-and-pencil activities), 
ends with summary and set of simulation or practice 
activities, and suggested further readings. Chapters 
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include modes of instruction, feedback, adolescent 
reasoning patterns, structure and learning of mathe- 
matics, design and evaluation of instructional strate- 
gies, resources, and disciplines. SB 


Education, P*, L. Fantastiks of Mathematiks: Ap- 
plications of Secondary Mathematics. Cliff Sloyer. 
Janson, 1986, xi + 143 pp, $13.95 (P). [ISBN: 0- 
939765-00-4] Forty problems and discussion guides 
designed to motivate students and teachers to work 
on a variety of mathematical applications. Before 
each problem is stated, the mathematics background 
required is listed. Although designed for teachers 
of secondary mathematics, these notes could also be 
useful for teachers of “non-technical” college math- 
ematics. These nonstandard, interesting applica- 
tions could be very helpful in generating student 
discussion on problem solving strategies. Subjects 
range through algebra, inequalities (e.g., arithmetic- 
geometric mean), systems of equations, graphing, 
combinations, probability, geometry, trigonometry, 
sequences and series, calculus, and elementary lin- 
ear programming. SB 


Education, L. Nonroutine Problems: Doing Math- 
ematics. Robert London. Janson, 1989, iv + 60 
pp, $18.50 (P). [ISBN: 0-939765-30-6] Ten prob- 
lems concerning area calculation, pi, infinity, func- 
tions, and optimization designed to develop problem 
solving strategies for students with two years of col- 
lege preparatory mathematics. Includes pedagogi- 
cal notes to help teachers structure the assignments, 
generate class discussion, and evaluate results. Each 
problem also includes suggestions for further investi- 
gation and examples of student solutions. The prob- 
lems are intended to require at least a few hours work 
over a two-week period. SB 


Education, T(13-17), S, L. The Complete Prob- 
lem Solver, Second Edition. John R. Hayes. 
Lawrence Erlbaum Associates, 1989, xvii + 357 pp, 
$59.95; $24.95 (P). [ISBN: 0-89859-782-X; 0-8058- 
0309-2] Not everyone who is able to solve a prob- 
lem is equally adept at explaining their thinking. 
This book is concerned with thinking about thinking. 
It is designed to help readers improve their general 
problem solving abilities, and to provide informa- 
tion about the psychology of problem solving (e.g., 
how does the mind work?). Divided into four parts: 
Problem Solving (representation, planning, evalua- 
tion); Memory and Knowledge Acquisition; Decision 
Making; and Creativity and Invention. Especially 
valuable for teachers. (First Edition, TR, February 
1983.) LCL 


Education, §, P. LOGO: Theory & Practice. Den- 
nis Harper. Brooks/Cole, 1989, xviii + 409 pp, 
$33.75 (P). [ISBN: 0-534-09720-0] Presents Logo to 
students and in-service teachers and summarizes the 
views of researchers, teachers, educational leaders, 
and children; includes explanations, hints, projects, 
and activities. JNC 


History, $(16), L*. Unrolling Time: Christiaan 
Huygens and the Mathematization of Nature. Joella 
G. Yoder. Cambridge U Pr, 1988, xi + 238 pp, 
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$42.50. [ISBN: 0-521-34140-X] Case study of the 
inter-relationship between mathematics and physics 
in the work of Christiaan Huygens (1629-1695): on 
Huygens’ research on the pendulum clock, the con- 
stant of gravitational acceleration, centrifugal force, 
and the theory of evolutes: his relationship with 
other scientists; priority disputes: the Horologium 
Oscillatorium; his role in the rise of applied mathe- 
matics: his work pattern and dependence upon out- 
side stimuli; his consistent appeal to and his trust 
in mathematics. Adheres to original derivations and 
avoids the finished propositions. Original drawings 
supplemented by redrawn versions for sake of clar- 
ity. Modern notation introduced in some geometric 
arguments. Copious notes. Numerous references. JK 


Foundations, T*(14-15: 1). Introduction to 
Mathematical Structures. Steven Galovich. Harcourt 
Brace Jovanovich, 1989, xii + 484 pp, $27. [ISBN: 0- 
15-543468-3] What every student should know be- 
fore taking upper-level courses in mathematics and 
computer science. Goal is to provide an introduction 
to mathematical structure and mathematical think- 
ing. Minimal prerequisite is one-variable calculus. 
Familiarity with multivariable calculus and linear al- 
gebra is helpful but not absolutely necessary. Clear 
and readable. Readers are encouraged to engage 
“yourself with the book.” Loaded with insightful re- 
marks. Chapter-end comments, historical remarks, 
and references add perspective and provide direction 
for further study. Excellent exercise and problem 
sets—routine though challenging. JK 


Graph Theory, P. Graph Theory in Memory of 
G.A. Dirac. Ed: Lars Dgvling Andersen, et al. An- 
nals of Disc. Math., V. 41. North-Holland (US Distr: 
Elsevier Science), 1989, xiv + 517 pp, $122. [ISBN: 
0-444-87129-2] Forty-two papers from participants 
(and others) of a meeting at Sandbjerg, Denmark, 
June 1985, in memory of the graph theorist G.A. 
Dirac. Includes a list of sixteen problems posed at a 
problem session. LC 


Discrete Mathematics, T(14: 1). Discrete Math- 
ematics with Applications. William Barnier, Jean B. 
Chan. West, 1989, xiv + 488 pp, $44.50. [ISBN: 
0-314-45966-9] Covers sets, algorithms and logic, 
directed graphs and relations, relations and func- 
tions, combinatorics and finite probability, logic and 
proof, integers and binary numbers, Boolean algebra, 
graphs and trees, recurrence relations, and automata 
theory and formal languages. Each chapter includes 
an application and optional programming notes and 
exercises (using Pascal). JNC 


Discrete Mathematics, T*(13: 1). Introduc- 
tion to Discrete Mathematics. Robert J. McEliece, 
Robert B. Ash, Carol Ash. Random House, 1989, 
xv + 514 pp, $37.50. [ISBN: 0-394-35819-8] Uses 
a unifying theme of algorithms to present chapters 
on set theory, combinatorics, graphs, propositional 
calculus, Boolean algebra, models for computing ma- 
chines, formal languages, mathematical games, dis- 
crete probability, and finite difference equations. In- 
cludes chapter overviews and summaries, and histor- 
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ical footnotes. Test bank available. JNC 


Discrete Mathematics, T(13-14: 1). An Intro- 
duction to Discrete Mathematics, Second Edition. 
Steven Roman. Harcourt Brace Jovanovich, 1989, 
x + 469 pp, $33. (ISBN: 0-15-541730-4] Additions 
to the First Edition (TR, October 1986; Extended 
Review, June-July 1987) include the strong form of 
induction, second order linear recurrence relations, 
and elementary probability theory. LC 


Number Theory, P*. Number Theory, Trace For- 
mulas and Discrete Groups. Ed: Karl Egil Aubert, 
Enrico Bombieri, Dorian Goldfeld. Academic Pr, 
1989, xx + 510 pp, $69.95. [ISBN: 0-12-067570-6] 
Eight survey articles and twenty-one research sum- 
maries from a symposium held July 14-21, 1987 in 
Oslo. Honoring Atle Selberg’s seventieth birthday, 
the papers focus on automorphic forms and trace 
formulae, and on prime numbers and the Riemann 
zeta function. They demonstrate Selberg’s profound 
influence in these areas. GG 


Number Theory, T**(14-16: 1). Elementary 
Number Theory, Second Edition. David M. Bur- 
ton. Wm C Brown, 1989, xvii + 450 pp. [ISBN: 
0-697-05919-7] Second edition of a very thorough, 
readable text which introduces many ideas in their 
historical context. Includes historical sketches on 
early number theory and some of its major contrib- 
utors. No formal prerequisites; accessible to stu- 
dents with or without knowledge of abstract algebra. 
Main changes from the 1980 Revised Printing (TR, 
December 1980; First Edition, TR, March 1976): 
new sections on cryptography, Merten’s conjecture, 
primes in arithmetic progression, absolute pseudo- 
primes, amicable numbers; expanded Ferrnat primes 
section including recent numerical updates; 150 new 
exercises. SB 

Linear Algebra, T*(14-15: 1, 2), L. Linear Alge- 
bra, Second Edition. Stephen H. Friedberg, Arnold 
J. Insel, Lawrence E. Spence. Prentice-Hall, 1989, 
xiv + 530 pp. [ISBN: 0-13-537102-3] A refinement 
of the 1979 First Edition (TR, October 1979) with 
lots of minor but careful changes in the exposition. A 
book which emphasizes structure rather than compu- 
tation. Chapter titles show this: vector spaces, lin- 
ear transformations and matrices, elementary matrix 
operations and systems of linear equations, deter- 
minants, diagonalization, inner-product spaces, and 
canonical forms. JAS 


Linear Algebra, T(13-14: 1), L. Elementary Lin- 
ear Algebra. William L. Perry. McGraw-Hill, 1988, 
xiii + 495 pp, $35.95. [ISBN: 0-07-049431-2] In 
terms of topics chosen and organization, the book 
is very much in the spirit of the new linear algebra 
texts aimed at the sophomore level. Distinctive fea- 
tures include earlier and more extensive discussion 
of numerical methods and some attention to the ge- 
ometrical properties of linear transformations. Com- 
plex numbers are used. JS 


Algebra, P. Deformation Theory of Algebras 
and Structures and Applications. Ed: Michiel 
Hazewinkel, Murrav Gerstenhaber. NATO ASI Ser. 
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C, V. 247. Kluwer Academic, 1988, viii + 1030 
pp, $199. [ISBN: 90-277-2804-6] Based on the ad- 
vanced study institute held in 1986 at I] Ciocco, 
Castelvecchio-Pascoli, Italy. Contains nineteen pa- 
pers, one nearly a book, on deformations for many 
kinds of algebras over general fields, as well as special 
cases of Lie algebras, and the algebras of functional 
analysis. JAS 


Algebra, T(18: 1, 2), P. Field Theory: Class:- 
cal Foundations and Multiplicative Groups. Gregory 
Karpilovsky. Pure & Appl. Math., V. 120. Mar- 
cel Dekker, 1988, viii + 551 pp, $99.75. [ISBN: 0- 
8247-8029-9] Extensive summary of classical results 
in field theory along with many relatively recent re- 
finements and extensions concerning multiplicative 
groups of fields. Assumes one-year graduate algebra 
course. SB 

Algebra, T(18: 1, 2), P. Topics in Field The- 
ory. Gregory Karpilovsky. Math. Stud., V. 155. 
North-Holland (US Distr: Elsevier Science), 1989, xi 
+ 546 pp, $144.75. [ISBN: 0-444-87297-3] Follow- 
up to first-year graduate algebra course. Covers 
separable algebraic extensions, transcendental exten- 
sions, derivations, purely inseparable extensions, Ga- 
lois theory, Abelian extensions and radical exten- 
sions, Including co-galois theory. Small overlap with 
author’s Fseld Theory: Classical Foundations and 
Multiplicative Groups (see TR above), but has dif- 
ferent emphasis. SB 


Algebra, P. Lecture Notes in Mathematics-1348: 
Categorical Algebra and its Applications. Ed: F. 
Borceux. Springer-Verlag, 1988, viil + 375 pp, 
$32.90 (P). [ISBN: 0-387-50362-5] A selection of 
twenty-eight papers presented at the first Louvain- 
la-Neuve Conference on Categorical Algebra and Its 
Applications, held in the summer of 1988. List of 
participants. JS 


Algebra, T(15-16), L. A First Course in Abstract 
Algebra, Fourth Edition. John B. Fraleigh. Addison- 
Wesley, 1989, ix + 518 pp, $40.80. (ISBN: 0-201- 
16847-2] Fairly extensive revision from earlier edi- 
tions. Includes a more traditional organization into 
eight longer chapters, some use of linear algebra and 
matrices in examples, functions written to the left of 
the argument, and addition of some brief historical 
notes. (First Edition, TR, August-September 1969; 
Third Edition, TR, January 1983.) JS 


Algebra, T(18), P. Lectures on the Asymptotic 
Theory of Ideals. D. Rees. London Math. Soc. Lect. 
Note Ser., V. 113. Cambridge U Pr, 1988, ix + 
202 pp, $24.95 (P). [ISBN: 0-521-31127-6] An ex- 
position of developments through the early-to-mid 
1980’s. Important topics include Matijevic’s theo- 
rem, various valuation theorems, and the theory of 
mixed multiplicities. SG 


Calculus, T?(13-14:; 1-3). Basic Technical Math- 
ematics with Calculus, Second Edition. Peter Kuh- 
fittig. Brooks/Cole, 1989, xxii + 1076 pp, $43.25. 
[ISBN: 0-534-10062-7] Ambitious text attempting 
to cover algebra, linear algebra, trigonometry, ana- 
lytic geometry, single variable calculus, infinite series, 
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differential equations, and Laplace transforms. Nice 
use of two-color graphics, but many sections seem 
short and rushed. Fairly routine exercises. Empha- 
sizes techniques and applications over concepts and 
rigor. (First Edition, TR, January 1985.) SB 


Calculus, T(13). Calculus with Applications. Clau- 
dia Dunham Taylor, Lawrence Gilligan. Brooks Cole, 
1989, xiv + 700 pp, $40.50. [ISBN: 0-534-10272-7] 
Calculus for students majoring in biology, business, 
economics, and the social sciences. Most of the appli- 
cations are business-oriented. Aside from basic cal- 
culus the text includes chapters on differential equa- 
tions and probability. SG 


Calculus, T(13). Calculus with Analytic Geom- 
etry: Late Trigonometry Version, Third Edition. 
Howard Anton. Wiley, 1989, xviii + 1393 pp, $57.68. 
[ISBN: 0-471-62211-7] No mention of trigonomet- 
ric functions until Chapter 8. Identical to standard 
Third Edition except for placement of trigonometry 
material. Problems in first seven chapters modi- 
fied accordingly. (First Edition, TR, April 1981; 
Second Edition, TR, November 1984; Extended Re- 
view, March 1986; Third Brief Edition, TR, Febru- 
ary 1989.) SB 


Calculus, T(13: 3). Calculus with Analytic Geom- 
etry. Leonard I. Holder. Wadsworth, 1988, xviii + 
964 pp. [ISBN: 0-534-08202-5] A pleasantly concise 
and readable presentation of traditional topics which 
introduces concepts intuitively and relegates proofs 
to end of sections and chapters; avoids an extended 
review of precalculus, and incorporates trigonomet- 
ric functions early. Includes a section on probability 
density functions and chapters on vector field theory 
and differential equations. JNC 


Calculus, T(13: 1, 2), S. Guide to Analysis. F. 
Mary Hart. Macmillan Education, 1988, xi + 202 
pp, £8.95 (P). [ISBN: 0-333-43788-8] Written to ac- 
company a first-year course at a British university. 
Starts with the study of sequences and series, then 
turns to limits, continuity, and derivatives. Closes 
with topics related to differentiation such as maxima 
and minima, power series. Does not cover integra- 
tion. GN 


Calculus, T(13: 1). Calculus with Applications. 
Raymond F. Coughlin, David E. Zitarelli. Saun- 
ders College, 1989, xvii + 601 pp, $34. [ISBN: 0- 
03-011283-4] An applications-oriented calculus text 
with an impressive number of in-depth case studies, 
applied examples and exercises, especially from busi- 
ness/economics, but also biology, ecology, and the 
social sciences. These are cataloged in a separate 
index for easy reference. Chapters 1-7 constitute a 
basic core in the differential-integral calculus of poly- 
nomial and exponential functions, with latter chap- 
ters on multivariable calculus, differential equations, 
trigonometric functions, Taylor series, and probabil- 
ity via calculus. Referenced case studies include de- 
mographic effects on the social security system, and 
reliability analysis in the space shuttle disaster. CE 


Real Analysis, T(14). After Calculus: Analysis. 
David J. Foulis, Mustafa A. Munem. Dellen, 1989, 
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xvii + 556 pp, $35. (ISBN: 0-02-339130-8] Intended 
as a text for the transitional course from “cookbook” 
freshman calculus to “more rigorous and sophisti- 
cated” upper-level mathematics courses. The text 
covers logic, basic set theory; relations; algebraic, 
order, and topological properties of the reals, dif- 
ferentiation, integration, and series. Historical notes 
and annotated bibliography included after each chap- 
ter. SG 


Complex Analysis, S(18), P. Lecture Notes in 
Mathematics-1345: Holomorphic Dynamics. Ed: X. 
Gomez-Mont, J. Seade, A. Verjovski. Springer- 
Verlag, 1988, 321 pp, $28.60 (P). [ISBN: 0-387-50226- 
2] Seventeen research papers—a few in French—on 
complex dynamical systems, from the Second Inter- 
national Colloquium on Dynamical Systems held in 
Mexico in July 1986. One long paper, by Branner 
and Douady, describes the technique of “surgery” on 
parameter spaces which arise from viewing holomor- 
phic polynomials as dynamical systems. PZ 


Complex Analysis, S(18), P. Several Complez 
Variables III: Geometric Function Theory. Ed: 
G.M. Khenkin. Ency. of Math. Sci., V. 9. Springer- 
Verlag, 1989, 261 pp, $59. (ISBN: 0-387-17005- 
7| Seven long research-expository papers, by So- 
viet mathematicians, summarizing history and re- 
cent developments in various research areas of sev- 
eral complex variables: entire functions, value distri- 
bution theory, invariant metrics, holomorphic map- 
pings, complex geometry. With extensive bibliogra- 
phies. PZ 


Complex Analysis, S(18), P. Lecture Notes 
in Mathematics-1351: Complez Analysis, Joensuu 
1987. Ed: I. Laine, S. Rickman, T. Sorvali. Springer- 
Verlag, 1988, xv + 378 pp, $32.90 (P). [ISBN: 0- 
387-50370-6] Thirty-five research papers on com- 
plex analysis in one variable; partial proceedings of 
the XIIIth Rolf Nevanlinna Colloquium held in Fin- 
land in 1987. The volume honors, and many pa- 
pers reflect, the work of Lars V. Ahlfors. Topics in- 
clude extremal functions, quasiconformal mappings, 
Teichmiller spaces, and complex dynamics. PZ 


Differential Equations, T(14-15: 1). Elemen- 
tary Differential Equations, Seventh Edition. Ear] 
D. Rainville, Phillip E. Bedient. Macmillan, 1989, 
xili + 546 pp, $34. [ISBN: 0-02-397860-0] An old 
friend back for another round. Still without frills. 
Its popularity rests in large part on its direct style. 
Covers all the basic methods of solving ordinary dif- 
ferential equations. Plenty of examples and mostly 
routine exercises (with answers to almost all that ask 
for one). Additions include a derivation of Kepler’s 
laws from those of Newton. Flexible. Also, chap- 
ter 1-16 (through nonlinear equations but not power 
series) appear separately in a brief version. (Fourth 
Edition, TR, June-July 1969; Fifth Edition, TR, De- 
cember 1974; Sizth Edition, TR, August-September 
1981.) JK 


Differential Equations, S(18), P. Ezponential 
Type Calculus for Linear Delay Equations. S.M. Ver- 
duyn Lunel. CWI Tract, V. 57. Mathematisch Cen- 
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trum, 1989, 125 pp, Dfl. 19 (P). [ISBN: 90-6196-364- 
8] Central theme is the asymptotic behavior of the 
solutions of linear delay equations, and, more gen- 
erally, linear autonomous (translation invariant) sys- 
tems with some aspect of age taken into account. In- 
cludes a “short course” on Riemann-Stieltjes integral 
and methods of the Laplace transformation. Covers 
exponential type calculus for a class of entire func- 
tions useful in the derivation of convergence criteria 
for Fourier type expansions. A few examples at the 
end; over 40 references, several to recent works. JK 


Partial Differential Equations, P. Navier-Stokes 
Equations. Peter Constantin, Ciprian Foias. Lect. in 
Math. Ser. U of Chicago Pr, 1988, ix + 190 pp, 
$14.95 (P); $34.95. [ISBN: 0-226-11549-6; 0-226- 
11548-8] Studies classical topics such as existence, 
regularity and uniqueness results, vanishing viscosity 
limits, analyticity, backward uniqueness, and eigen- 
value asymptotes. GN 


Numerical Analysis, P. Domain Decomposition 
Methods. Ed: Tony F. Chan, et al. SIAM, 1989, 463 
pp, $49.50 (P). [ISBN: 0-89871-233-5] Contains the 
proceedings of the Second International Symposium 
on Domain Decomposition Methods held at UCLA 
in January 1988. The book is divided into four parts: 
theory, algorithms, parallel implementation, and ap- 
plications. SM 


Numerical Analysis, T(16), L. The Numerical 
Solution of Ordinary and Partial Differential Equa- 
tions. Granville Sewell. Academic Pr, 1988, xii + 
271 pp, $39.95. [ISBN: 0-12-637475-9] Covers some 
of the more common finite difference methods for 
solving both ordinary and partial differential equa- 
tions. The final chapter introduces some of the basics 
of the finite element method. Assumes some knowl- 
edge of numerical analysis but not necessarily a back- 
ground in ordinary or partial differential equations. 
Examples include programs written in Fortran. GN 


Operator Theory, P. Introduction to the Spectral 
Theory of Polynomial Operator Penctls. A.S. Mar- 
kus. Transl. of Math. Mono., V. 71. AMS, 1988, iv 
+ 250 pp, $95. [ISBN: 0-8218-4523-3] A translation 
from the 1986 Russian edition, this monograph cen- 
ters on work of Keldysh on multiple completeness of 
the eigenvectors of a pencil of operators and asymp- 
totic behavior of its eigenvalues. An introductory 
chapter is followed by chapters on Keldysh pencils, 
factorization, and self-adjoint pencils. Comments on 
the literature, bibliography. JS 


Functional Analysis, P. Modular Function Spaces. 
Wojciech M. Kozlowski. Pure & Appl. Math., V. 
122. Marcel Dekker, 1988, viii + 252 pp, $89.75. 
[ISBN: 0-8247-8001-9] An introduction to the the- 
ory of modular function spaces, i.e., function spaces 
defined by certain linear functionals which are not 
norms. Extends work by Orlicz, Nakano, Luxem- 
burg, and others. Applications to theory of summa- 
tion of integrals; finding maximal domains of conti- 
nuity for nonlinear operators; and analytic extension 
of functions of several complex variables. ES 


Functional Analysis, T(17-18: 1), P. Lec- 
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ture Notes in Mathematics-1364: Convez Functions, 
Monotone Operators and Differentiability. Robert R. 
Phelps. Springer-Verlag, 1989, ix + 115 pp, $14.30 
(P). (ISBN: 0-387-50735-3] An up-to-date account 
of results on the differentiability of convex functions 
on infinite dimensional spaces, related in ways ex- 
plained in the Preface to J. Giles, Convez Analysis 
with Application to Differentiation of Convez Func- 
tions, Pitman, 1982, and R. Bourgin, Geometric As- 
pects of Convez Sets with the Radon-Nikodym Prop- 
erty, Springer-Verlag, 1983. AWR 


Functional Analysis. Analyse Fonctionnelle: Avec 
Ezercices. Hervé Lehning. Math. Supérieures et 
Spéciales, V. 5. Masson, 1988, 248 pp, (P). [ISBN: 
2-225-81226-8] A text intended for students in the 
first three years of study in a French university and 
thus roughly corresponds to a first year graduate 
text in the United States. Main themes are function 
spaces, functions defined by series to integrals, and 
differential equations. Many interesting, extended 
exercises. SG 


Functional Analysis, T(16-17: 1). Elements of 
Functional Analysis, Second Edition. I.J. Maddox. 
Cambridge U Pr, 1988, xii + 242 pp, $59.50; $22.95 
(P). [ISBN: 0-521-35350-5; 0-521-35868-X] Under- 
standable introduction to functional analysis with 
lots of interesting examples and exercises. Covers ba- 
sic topology and analysis plus standard results con- 
cerning maps between normed linear spaces, dual- 
ity, Banach algebras, and Hilbert space. Ends with 
a chapter on applications to differential equations 
and summability (First Edition, TR, May 1970; Ex- 
tended Review, March 1971). ES 


Functional Analysis, P. Lecture Notes in Mathe- 
matics-1344: Potential Theory, Surveys and Prob- 
lems. Ed: J. Kral, et al. Springer-Verlag, 1988, viii + 
270 pp, $24.30 (P). (ISBN: 0-387-50210-6] Proceed- 
ings of a conference in Prague, July 1987. Concerns 
potential theory and its applications to the theory 
of functions, differential equations, and probability 
theory. Contains a list of eighteen open problems in 
the field with commentary by their proposors. ES 


Functional Analysis, P. Lecture Notes in Mathe- 
matics-1363: Tsirelson’s Space. Peter G. Casazza, 
Thaddeus J. Shura. Springer-Verlag, 1989, viii + 204 
pp, $21.10 (P). {ISBN: 0-387-50678-0] Tsirelson’s 
Space is a reflexive Banach space with monotone un- 
conditional Schauder basis and no embedded copies 
of co or Jy. These notes collect what is known about 
this space. LC 


Functional Analysis, P. Banach Space Theory. 
Ed: Bor-Luh Lin. Contemp. Math., V. 85. AMS, 
1989, xiv + 521 pp, $48 (P). [ISBN: 0-8218-5092- 
x] Proceedings from a workshop on Banach Space 
Theory held at the University of Iowa, July 5-25, 
1987. LC 


Functional Analysis, S(18), P. Lectures.on Inte- 
gral Transforms. N.I. Akhiezer. Transl. of Math. 
Mono., V. 70. AMS, 1988, v + 108 pp, $45. [ISBN: 
0-8218-4524-1] A series of lecture notes concern- 
ing various types of integral transforms (especially 
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the Fourier) on spaces of integrable and square- 
integrable functions of several variables. Applica- 
tions to the theory of harmonic and analytic func- 
tions, the moment problem, orthogonal polynomials, 
and problems in mathematical physics. ES 


Functional Analysis, P. Lecture Notes in Math- 
ematics-1356: Multiparameter, Eigenvalue Problems 
and Ezpansion Theorems. Hans Volkmer. Springer- 
Verlag, 1988, vi + 157 pp, $16.30 (P). [ISBN: 0- 
387-50479-6] Summary of classical results in mul- 
tiparameter eigenvalue theory for Hermitian matri- 
ces, compact Hermitian operators, and semibounded, 
self-adjoint operators. Accessible to readers familiar 
with one-parameter eigenvalue problems for compact 
Hermitian operators. Extends several theorems by 
weakening “definiteness” requirements. Supplements 
Atkinson’s book on same subject. ES 


Analysis, P. Lecture Notes in Mathematics-1365: 
Topics in Calculus of Variations. Ed: M. Gi- 
aquinta. Springer-Verlag, 1989, x + 196 pp, $21.10 
(P). (ISBN: 0-387-50727-2] Survey lectures on maps 
with singularities (H. Brezis), free boundary prob- 
lems (L.A. Caffarelli), minimal foliations on a torus 
(J. Moser), nonlinear problems (L. Nirenberg), to- 
tal scalar curvature (R.M. Schoen), and Teichmiiller 
theory (A.J. Tromba). BC 


Algebraic Geometry, T(18: 1, 2), P*. Lecture 
Notes in Mathematics-1358: The Red Book of Va- 
rieties and Schemes. David Mumford. Springer- 
Verlag, 1988, v + 309 pp, $28.60 (P). [ISBN: 0- 
387-50497-4] Reprint of notes distributed in mid- 
1960’s by Harvard mathematics department. Quick, 
informal introduction to basics of algebraic geometry. 
Very readable reference, especially for non-algebraic 
geometers to learn the basic definitions in the lan- 
guage of schemes. Assumes understanding of Galois 
theory, separability, transcendence, ring localization, 
ideal decomposition in Noetherian rings and integral 
dependence. SB 


Differential Geometry, P. Theory of Multicodi- 
mensional (n + 1)-Webs. Vladislav V. Goldberg. 
Math. & Its Applic. Kluwer Academic, 1988, xxi 
+ 466 pp, $139. [ISBN: 90-277-2756-2] The first 
text on the subject written in English. The au- 
thor presents the basic theory and many applica- 
tions. The results presented in the book were for 
the most part originally proved by the author. SG 


Algebraic Topology, P. Algebraic Homotopy. 
Hans Joachim Baues. Cambridge U Pr, 1988, xix 
+ 466 pp, $89.50. [ISBN: 0-521-33376-8] A presen- 
tation of an axiomatic framework for homotopical al- 
gebra via the concept of a cofibration category. JAS 


Algebraic Topology, T(17), P. Topological Fields. 
Witold Wiestaw. Pure & Appl. Math., V. 119. Mar- 
cel Dekker, 1988, vii + 309 pp, $99.75. [ISBN: 0- 
8247-7731-X] “Presents most of the known results 
dealing with topological fields.” Begins with funda- 
mentals and later discusses Krull valuations, topolo- 
gies of type V, locally compact fields, connected 
fields, connections of arithmetic and topology, and 
extensions of topologies. Extensive bibliography. BH 
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Algebraic Topology, P. The Homology of Hopf 
Spaces. Richard M. Kane. Math. Lib., V. 40. North- 
Holland (US Distr: Elsevier Science), 1988, xv + 479 
pp, $105.25. [ISBN: 0-444-70464-7] An exposition 
of the theory of finite H-spaces which has developed 
over the last thirty years. This book brings together 
many topics previously found only in the research 
literature. RB 


Differential Topology, P. Lecture Notes in 
Mathematics-1366: Grassmannians and Gauss Maps 
in Piecewtse-linear Topology. Norman Levitt. 
Springer-Verlag, 1989, v + 203 pp, $21.10 (P). 
[ISBN: 0-387-50756-6] An extension to the PL case 
of a number of bundle-oriented tools of differential 
topology. JAS 


Topology, P. Partition Problems in Topology. Stevo 
Todorcevic. Contemp. Math., V. 84. AMS, 1989, 
xi + 116 pp, $22 (P). (ISBN: 0-8218-5091-1] Deals 
with a topological version of the Ramsey problem 
for the uncountable. Simple cases of this problem 
include, for example, the famous Souslin problem 
and the well-known problem from topological mea- 
sure theory asking if all regular Radon measures are 
o-finite. JAS 


Topology, C, P, L. Computers in Geometry and 
Topology. Ed: Martin C. Tangora. Lect. Notes in 
Pure & Appl. Math., V. 144. Marcel Dekker, 1989, 
viii + 317 pp, $99.75 (P). [ISBN: 0-8247-8031-0] A 
collection of papers ranging from fun graphics to 
studies of computational complexity and REDUCE 
algorithms for computing the cohomology of nilpo- 
tent groups. JAS 


Topology, T*(15-16: 1), L. Principles of Topol- 
ogy. Fred H. Croom. Saunders College, 1989, xi 
+ 312 pp. ISBN: 0-03-012813-7] Very readable 
text; nice use of graphics; many examples. Begins 
with an intuitive, historical introduction along with 
various prerequisite material. Then covers topolog- 
ical concepts beginning with R! and R?, then met- 
ric spaces, emphasizing Euclidean space and Hilbert 
space. Covers standard topology syllabus: basis, 
subbasis, topological equivalence, topological invari- 
ants, separability, connectedness, compactness, com- 
pactification, product and quotient spaces, mani- 
folds, separation axioms, and metrizability. Final 
chapter introduces algebraic topology and includes 
an introduction to groups in the appendix. Each 
chapter ends with historical notes of interest and sug- 
gested further reading. Each section begins with an 
introductory paragraph for motivation and ends with 
a number of exercises. SB 


Topology, T(16-17: 2). Topology: A Geometric 
Account of General Topology, Homotopy Types and 
the Fundamental Groupoid. Ronald Brown. Math. 
& its Applic. Halsted Pr, 1988, xviii + 460 pp, 
$59.95. [ISBN: 0-470-21217-9] A thorough revi- 
sion of a 1968 McGraw-Hill text Elements of Mod- 
ern Topology (TR, January 1969; Extended Review, 
May 1969). Begins, as before, with about 100 pages 
of standard point set topics followed by almost an- 
other hundred pages on cell complexes and appropri- 
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ate topological tools and examples. The distinguish- 
ing feature of this book is the development of the 
fundamental groupoid. It is this last part that has 
been most revised to reflect suggested improvements 
in the exposition and deeper insights resulting from 
more recent research. JAS 


Operations Research, S(17), P. Logic-Based De- 
cision Support: Mized Integer Model Formulation. 
Robert G. Jeroslow. Annals of Disc. Math., V. 40. 
North-Holland (US Distr: Elsevier Science), 1989, 
xv + 222 pp, $78. [ISBN: 0-444-87119-5] Based on 
ten lectures given by the author at the Advanced 
Research Institute on Discrete Applied Mathematics 
at Rutgers University. Discusses the connections be- 
tween mixed integer programming problems, decision 
support systems, and intelligent systems. SM 


Operations Research, T(16), S, P, L. Coop- 
erative Games, Solutions and Applications. Theo 
Driessen. Theory & Decision Library, Ser. C. Kluwer 
Academic, 1988, xiv + 222 pp, $74. [ISBN: 90-277- 
2729-5] Focuses on the theory of cooperative games 
in characteristic function form. The theoretical as- 
pects of both modeling and solution are detailed. 
The r-value and k-convex games are discussed. In- 
troductory first chapter, with examples from various 
disciplines. No exercises. SM 


Operations Research, T(15-17: 1), L. Intro- 
duction to the Mathematics of Operations Research. 
Kevin J. Hastings. Pure & Appl. Math., V. 128. 
Marcel Dekker, 1989, viii + 407 pp, $99.75. [ISBN: 
0-8247-8039-6] Develops the mathematics of oper- 
ations research before presenting the applications. 
Therefore, the emphasis is on the mathematics rather 
than on presenting a string of techniques tailored to 
specific applications. The mathematical rigor here 
exceeds that found in typical undergraduate opera- 
tions research texts. Plenty of exercises, no solutions 
given. Expensive. SM 


Operations Research, T(15: 2), L. Linear Pro- 
gramming. James Calvert, William Voxman. Har- 
court Brace Jovanovich, 1989, xi + 655 pp, $34. 
[ISBN: 0-15-551027-4] Usual basic topics: exam- 
ples, simplex method, tableau, revised simplex, du- 
ality, sensitivity, integer programming, and trans- 
portation models. Emphasizes examples and how 
to formulate LP’s rather than abstraction and rigor. 
Newer methods mentioned but not shown. Software 
available. TH 


Optimization, P. Theory of Suboptimal Decisions: 
Decomposition and Aggregation. A.A. Pervozvan- 
skii, V.G. Gaitsgori. Math. & Its Applic. Kluwer 
Academic, 1988, xvii + 384 pp, $99. [ISBN: 90- 
277-2401-6] Develops mathematically rigorous pro- 
cedures for the composition and aggregation of math- 
ematical programs where the resulting decomposi- 
tions or aggregations are not fully equivalent to the 
original program. This leads naturally to the use of 
perturbation methods for the approximate solution 
of deterministic mathematical programs, stochastic 
programs, and optimal control problems. SM 


Control Theory, T(17: 1), S, P, L. An Introduc- 
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tion to Hankel Operators. Jonathan R. Partington. 
Math. Soc. Stud. Texts, V. 13. Cambridge U Pr, 
1988, 103 pp, $12.95 (P). [ISBN: 0-521-36791-3] A 
readable treatment of Hankel operators, which crop 
up in control theory as well as functional analysis. 
Includes a lovely quote from John Dickson Carr: “I 
am a mathematician, sir. I never permit myself to 
think.” BC 


Control Theory, S(18), P. Lecture Notes in Con- 
trol and Information Sciences-118: Singular Control 
Systems. L. Dai. Springer-Verlag, 1989, ix + 332 
pp, $44 (P). (ISBN: 0-387-50724-8] Sums up the de- 
velopment of singular control system theory. Linear 
algebra and linear systems theory are assumed. Pre- 
requisites are briefly covered in the appendices. SM 


Systems Theory, P, L. Lecture Notes in Con- 
trol and Information Sciences-116: Abstract Systems 
Theory. M.D. Mesarovic, Y. Takahara. Springer- 
Verlag, 1989, viii + 439 pp, $56 (P). [ISBN: 0-387- 
50529-6] Abstract systems theory seeks to identify 
and formalize concepts common to a vast range of 
systems—biological, political, mechanical, etc. It 
can be thought of as a “system theory of systems 
theories.” Reasonably self-contained. Includes new 
results. SM 


Probability, P. Lecture Notes in Statistics-51: Ez- 
treme Value Theory. Ed: J. Hisler, R.-D. Reiss. 
Springer-Verlag, 1989, x + 279 pp, $29.70 (P). 
[ISBN: 0-387-96954-3] Twenty-two papers from De- 
cember 1987 conference in Oberwolfach, West Ger- 
many. Extremes of special stochastic processes, rate 
of convergence and finite expansions, probabilistic 
aspects concerning records, extremes of dependent 
random variables, role of point processes, inference 
about domain of attraction, models for univariate 
and multivariate extremes. TH 


Probability, P. Lecture Notes in Mathematics- 
1862: Ecole d’Eté de Probabilités de Saint-Flour XV- 
XVII, 1985-87. P. Diaconis, et al. Springer-Verlag, 
1988, 459 pp, $45.10 (P). [ISBN: 0-387-50549-0] Six 
series of lectures from the years 1985-1987. JAS 


Probability, S$(17-18), P, L. Gibbs Measures and 
Phase Transitions. Hans-Otto Georgii. Stud. in 
Math., V. 9. Walter de Gruyter, 1988, xiv + 525 
pp, DM 178. [ISBN: 3-11-010455-5] A clearly writ- 
ten, readable treatment of Gibbs measure, which 
describes the equilibrium states of physical systems 
with a large number of interacting components. Mo- 
tivated by physics (phase transitions correspond to 
non-uniqueness of the measure), the theory leads to 
interesting questions in probability. BC 


Stochastic Processes, P. Probability Approzima- 
tions via the Potsson Clumping Heuristic. David Al- 
dous. Appl. Math. Sci., V. 77. Springer-Verlag, 1989, 
xv + 269 pp, $44. [ISBN: 0-387-96899-7] “Prob- 
lems about random extrema can often be translated 
into problems about sparse random sets which resem- 
ble i.i.d. random clumps.” This heuristic is exploited 
to discuss a large number and variety of problems in 
theoretical and applied probability. A lot of ideas 
and information packed tightly together. Contains 
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an extensive bibliography. TAV 

Stochastic Processes, S(18). Statistical Infer- 
ence from Stochastic Processes. Ed: N.U. Prabhu. 
Contemp. Math., V. 80. AMS, 1988, xv + 386 pp, 
$38 (P). [ISBN: 0-8218-5087-3] A collection of sev- 
enteen papers from invited speakers at the Joint 
Summer Research Conference on Statistical Infer- 
ence from Stochastic Processes held at Cornell Uni- 
versity, summer 1987. Papers presented covered five 
broad topics: foundations, counting processes and 
survival analysis, likelihood, applications to statis- 
tics and probability models, and processes in eco- 
nomics. JJ 

Statistics, P? Mathematical Statistics with A ppli- 
cation in Flood Hydrology. J. Reimann. Akademiai 
Kiado, 1989, 330 pp, $34. [ISBN: 963-05-4832-1] 
Intermediate level mathematical statistics: distribu- 
tions, estimation, hypothesis testing, confidence in- 
tervals, Markov chains, regression. Examples from 
a Hungarian river system. Missing hydrology top- 
ics such as extreme value distributions and simula- 
tion. TH 


Computer Literacy, T. Inside Data Processing: 
Computers and their Effective Use in Business. 
Alastair de Watteville. Chartwell-Bratt, 1988, ix 
+ 173 pp, (P). [ISBN: 0-86238-181-9] An introduc- 
tory text for business students in a technical insti- 
tute. A strictly expository treatment of such topics 
as “What is a computer?” and “What is a program- 
ming language?” (examples cited: COBOL, Fortran, 
and RPG’s, as well as BASIC and Pascal). JAS 


Programming, S. Advanced Programming with Mi- 
crosoft QuickC. Keith Weiskamp. Academic Pr, 
1989, xiii + 549 pp, $49.95. [ISBN: 0-12-742684-1] 
Intermediate programming with lots of examples for 
a compiler that supports the ANSI standard in a PC 
world. JAS 

Programming, C*, P*, L*. C Traps and Pitfalls. 
Andrew Koenig. Addison-Wesley, 1989, xi + 147 pp, 
$16.25 (P). [ISBN: 0-201-17928-8] A lovely collec- 
tion of enticing puzzles (with explanatory solutions) 
which really explain the inner workings of C. If you 
can laugh at yourself over a silly mistake which kept 
you up until three a.m., you will see the humor in 
this delightfully written little book. If you program 
in C, you need this book—even if you won’t see the 
humor. JAS 

Programming, C, P, L. C Programming in a 
UNIX Environment. Judy Kay, Bob Kummerfeld. 
Intern. Comput. Sci. Ser. Addison-Wesley, 1989, 
xii + 340 pp, (P). (ISBN: 0-201-12912-4] A sys- 
tematic introduction—with exercises—to C and its 
UNIX Version 7 (System V, 4BSD) environment in- 
cluding libraries, the preprocessor, make, and lint. 
Treats ANSI standards in an appendix. JAS 
Programming, T(13-14: 1, 2), C. ADA from 
the Beginning. Jan Skansholm. Intern. Com- 
put. Sci. Ser. Addison-Wesley, 1988, xiii + 617 pp, 
$29.25 (P). (ISBN: 0-201-17522-3] An extensive in- 
troduction to programming with ADA assuming no 
previous programming experience. Also suitable as 
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a “soft” introduction for people with some program- 
ming experience. Does not cover the parallel pro- 
gramming aspects of ADA. Appears to be a leisurely, 
clear exposition. JAS 

Algorithms, T*(16: 1), S, L*. Algorithmics: 
Theory and Practice. Gilles Brassard, Paul Brat- 
ley. Prentice-Hall, 1988, xvi + 361 pp. [ISBN: 0-13- 
023243-2] A readable, yet detailed, examination of 
the algorithms of classical computer science, includ- 
ing searching, sorting, trees and graphs, matrix mul- 
tiplication, and number theory. Later chapters on 
preconditioning, probabilistic algorithms, and com- 
plexity. Sections begin with general description of 
particular algorithms, then interlace examples of ap- 
plications with exercises. GG 


Computer Science, P. Translating Programs into 
Delay-Insensitive Circuits. J.C. Ebergen. CWI 
Tract, V. 56. Mathematisch Centrum, 1989, x + 216 
pp, Dfl. 33 (P). (ISBN: 90-6196-363-X] It is shown 
that the design of delay-insensitive circuits can be re- 
duced to the design of programs. A syntax-directed 
translation of programs into delay-insensitive con- 
nections of basic elements. Includes many examples 
to illustrate this technique. CEC 


Computer Science, T*(14-16: 1, 2), L. Data 
Structures. Rick Decker. Prentice-Hall, 1989, xiv 
+ 417 pp. (ISBN: 0-13-198813-1] A nicely written 
introductory text using Pascal. Emphasizes abstract 
data types and presents the material in a way suit- 
able for a second course in computer science, imme- 
diately following any of a number of common intro- 
ductory courses. JAS 

Applications, T(15-16: 1), S, L*. Mathemati- 
cal Models and Their Analysts. Frederic Y.M. Wan. 
Harper & Row, 1989, xvi + 394 pp. [ISBN: 0- 
06-046902-1] Following a one-chapter introduction, 
each of remaining fourteen chapters is devoted to 
one of ten independent problems, ranging over many 
non-stochastic techniques. Prerequisites are calcu- 
lus, a touch of linear algebra, ordinary differential 
equations, and, for a few chapters, partial differen- 
tial equations. First model for a problem is often 
simple, with its flaws used to develop more sophisti- 
cated models. Chapters conclude with related com- 
putational exercises. GG 


Applications (Biological Science), L*. The Ge- 
ometry of Genetics. A.M. Findley, §.P. McGlynn, 
G.L. Findley. Mono. in Chemical Physics. Wiley, 
1989, xi + 156 pp, $44.95. [ISBN: 0-471-05617- 
0] An interdisciplinary search for “hidden symme- 
tries” in molecular genetics. Mappings, groups, and 
morphisms are tools for study of structure—the ge- 
netic code; linear and metric spaces for statics— 
the replication of DNA; and differential geometry 
for dynamics—the evolution of genes. All nec- 
essary mathematics and biology is introduced as 
needed. LAS 

Applications (Economics), P. Lecture Notes in 
Economics and Mathematical Systems-322: The Ra- 
tional Ezpectations Equilibrium Inventory Model: 
Theory and Applications. Ed: Tryphon Kollintzas. 


TELEGRAPHIC REVIEWS 


[August-September 


Springer-Verlag, 1989, xi + 269 pp, $30.30 (P). 
[ISBN: 0-387-96940-3] Six papers at the research 
level on aggregate inventory behavior. Four are 
from a June 1987 meeting held at Wesleyan Univer- 
sity. GG 

Applications (Engineering), P. Generation and 
Application of Pseudorandom Sequences for Random 
Testing. V.N. Yarmolik, S.N. Demidenko. Wiley, 
1988, vii + 167 pp, $49.95. (ISBN: 0-471-91999-3] 
Translation from Russian. Generation of pseudoran- 
dom numbers for testing of complex engineering sys- 
tems, particularly digital electrical apparatus. Em- 
phasis is on hardware solutions and testing of phys- 
ical apparatus, not computer modeling. Circuit dia- 
grams are provided. TH 


Applications (Engineering), P. Systems with 
Hysteresis. M.A. Krasnosel’skii, A.V. Pokrovskii. 
Trans: Marek Niezgédka. Springer-Verlag, 1989, 
xviii + 410 pp, $79. [ISBN: 0-387-15543-0] Devel- 
ops new general methods for describing and analyz- 
ing systems with hysteresis nonlinearities. The ap- 
proach is based on the concept of the hysteron, a 
deterministic transducer of input (e.g., deformation) 
into output (e.g., stress), as the elementary carrier of 
hysteresis effects in more complex systems. Careful 
attention is given to the physical origin of the models 
studied. CE 


Applications (Physics), §(18). Lecture Notes in 
Statistics-48: Bayesian Spectrum Analysis and Pa- 
rameter Estimation. G. Larry Bretthorst. Springer- 
Verlag, 1988, xii + 209 pp, $23.40 (P). [ISBN: 
0-387-96871-7] An extensive revision of author’s 
Ph.D. dissertation concerning the parameter estima- 
tion model in spectral analysis (frequencies, chirp 
rates, decay rates, signals). Uses Bayesian estima- 
tion techniques to include prior information on es- 
timates. Discusses designing experiments, collecting 
data, and analyzing data. Several applications for 
physicists, economists, and engineers. Background 
required: mathematics needed in graduate physics, 
probability, and statistics. JJ 


Reviewers 


RJA: Richard J. Allen, St. Olaf; DFA: David F. Apple- 
yard, Carleton; SB: Steve Benson, St. Olaf; RB: Richard 
Brown, Carleton; JNC: Judith N. Cederberg, St. Olaf; LC: 
Laura Chihara, St. Olaf; BC: Barry Cipra, St. Olaf; CEC: 
Clifton E. Corgatt, St. Olaf; CE: Christopher Ennis, Car- 
leton; SG: Steven Galovich, Carleton; GG: George Gilbert, 
St. Olaf; BH: Bruce Hanson, St. Olaf; RH: Rhonda Hatcher, 
St. Olaf; TH: Timothy Hesterberg, St. Olaf; JJ: Jason Jones, 
St. Olaf; RSK: Richard S. Kleber, St. Olaf; JK: Joseph Kon- 
hauser, Macalester; LCL: Loren C. Larson, St. Olaf; SM: Steve 
McKelvey, St. Olaf; RM: Richard Molnar, Macalester; RWN: 
Richard W. Nau, Carleton; GN: Gail Nelson, Carleton; AO: 
Arnold Ostebee, St. Olaf; SP: Samuel Patterson, Carleton; 
MR: Matthew Richey, St. Olaf; AWR: A. Wayne Roberts, 
Macalester; JS: John Schue, Macalester; SS: Seymour Schus- 
ter, Carleton; JAS: J. Arthur Seebach, Jr., St. Olaf; KS: 
Kay Smith, St. Olaf; LAS: Lynn Arthur Steen, St. Olaf; 
MS: Myriam Steinback, Macalester; MU: Milton Ulmer, Car- 
leton; TAV: Theodore A. Vessey, St. Olaf; MW: Martha Wal- 
lace, St. Olaf; LW: Lynne Walling, St. Olaf; PZ: Paul Zorn, 
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THREE IMPORTANT BOOKS ON 
MATHEMATICS EDUCATION 


RESPONSES TO THE CHALLENGE: 
KEYS TO IMPROVED INSTRUCTION 

BY TEACHING ASSISTANTS AND PART- 
TIME INSTRUCTORS 


The Committee on Teaching Assistants 
and Part-Time Instructors, 
Bettye Anne Case, Chair 


The committee that prepared this volume 
has been gathering information on policies, 
practices, successes, failures, and goals 
connected with the use of teaching assis- 
tants and part-time instructors. In this vol- 
ume the committee presents and analyzes 
data showing who these teachers are, the 
extent and nature of their teaching duties, 
and the efforts made to assimilate them into 
the faculties. This volume will help you 
to see how your department compares na- 
tionally, to decide what steps you and your 
school should take, and to understand what 
additional resources might be needed. 


280 pp., 1988, ISBN-0-88385-061-3 
List: $15.00 
Catalog Number NTE-11 


GUIDELINES FOR THE CONTINUING 
MATHEMATICAL EDUCATION 
OF TEACHERS 


Committee on the Mathematical Education 
of Teachers 


These guidelines will be very useful to 
school teachers and supervisors, to college 
administrators who plan continuing edcu- 
cation programs, to the college teachers 
who design and teach courses for teach- 
ers, and to school administrators who must 
think about requirements for continuing ed- 
ucation of teachers. The guidelines are rich 
in specifics on course content, giving clear 
objectives for all courses. Teachers who 
want to dig out material for themselves or 
in order to enrich their classes will find the 
more than 500 references provided here un- 
der various topics an invaluable aid. 


90 pp., 1988, ISBN-0-88385-060-5 


List: $8.00 
Catalog Number NTE-10 


Order from: 
The Mathematical Association of America 


THE USE OF CALCULATORS IN THE 
STANDARDIZED TESTING OF MATH- 
EMATICS 


John W. Kenelly, Editor 


The calculator is a universal tool for all those 
involved in quantitative work from science 
and engineering to business. Routine use 
of calculators is part of the training and test- 
ing of students headed for these fields. But 
this is not yet the case in mathematics. This 
symposium, jointly sponsored by the MAA 
and The College Board, sets out clearly the 
theoretical and practical issues that must be 
addressed as calculators are brought more 
fully into the mathematics curriculum. This 
is a practical group concerned with specific 
tests and test items. General theoretical 
considerations are set off by the specifics 
of individual test items and students’ suc- 
cess rates on them. The Ohio Early College 
Mathematics Placement Test is reported on 
in detail by Joan R. Leitzel and Bert K. 
Waits. James W. Wilson and Jeremy Kil- 
patrick examine the theoretical issues in 
the development of calculator-based tests. 
John Harvey, now Chair of the MAA’s Com- 
mittee on Placement Examinations looks at 
the issues surrounding calculator use on 
placement examinations, as well as giving 
an overview of the symposium and a survey 
of developments through 1988. 


vi + 50 pp., 1989, Copublished by the MAA 
and The College Board. LC No. 88-064- 
100 
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Raise the level 
of teaching by raising 
your overhead. 
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Then, introduce yourself to the HP-28S calculator free. (A $235 
overhead display for the HP-28S. retail value.) 


It allows you to project your To learn more, and 
; get free cur- 
calculations on an HP-28S for riculum materials, call (503) 


everyone in the classroom to see. 757-2004 between 8am and 3pm 
Now there's a better way to teach A scholastic offer for you. PT. Offer ends October 31, 1989, 


algebra and calculus in the class- If your department or students There is a bet ter way. 


room. In fact, two ways. purchase a total of 30 HP-28S 
tor that offers symbolic algebra HP-288 absolutely free. (A $500 GQ HEWLETT 


First, introduce your students to calculators, we'll give you a class- 
the HP-28S. It’s the only calcula- room overhead display for the 

and calculus. retail value.) Plus, your very own PACKA RD 
Calculator Support, Hewlett-Packard, 1000 NE Circle Blvd., Corvallis, OR 97330 
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Anmation. On your PC or Macintosh. 
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Mathematical Models of 


Chemical Reactions 


Theory and Applications of Deterministic and 
Stochastic Models e Péter Erdi and Jainos Toth 


Chemical kinetics may be considered as a prototype of nonlinear science. This 
volume surveys the mathematical models of chemical kinetics—their algebraic 


structure, mass action deterministic models, continuous time, discrete state stochastic 
models, and spatial effects mediated by diffusion. Further, the metalanguage of 
chemical kinetics is used to describe behavior in systems of interacting components, in 
neurochemistry, population biology, and ecology. 

Nonlinear Science: Theory and Applications e Arun V. Holden, Editor 

Cloth: $59.50 ISBN 0-69 1-08532-3 

Not available in the United Kingdom and Europe. 


AT YOUR BOOKSTORE OR 


Princeton University Press 


4] WILLIAM ST, ¢ PRINCETON, NJ 08540 ¢ (609) 452-4900 « ORDERS 800-PRS-ISBN (777-4726) 


THE MATHEMATICAL 


With new editions of past classics and 
new titles destined to be future classics, 


SYMBOL FOR QUALITY 


we proudly introduce our 1990 list. 


COMING 


90! 
ELEMENTARY ALGEBRA: STRUCTURE AND USE, 5/e 
INTERMEDIATE ALGEBRA: STRUCTURE AND USE, 4/e 


CALCULUS AND ITS APPLICATIONS 
Farlow and Haggard 


Barnett and Kearns CALCULUS: AN INTEGRATED APPROACH 

BUSINESS MATHEMATICS TODAY Small and Hosack 

Boisselle, Freeman, and Brenna EXERCISES IN MULTIVARIABLE AND VECTOR CALCULUS 
COLLEGE ALGEBRA, 10/e Curjel 

Rees, Sparks, and Rees A BOOK OF ABSTRACT ALGEBRA, 2/e 

COLLEGE ALGEBRA, 2/e; TRIGONOMETRY, 2/e; Pinter 

ALGEBRA AND TRIGONOMETRY, 2/e COMPLEX VARIABLES AND APPLICATIONS, 5/e 

Zill and Dewar Churchill and Brown 

APPLIED FINITE MATHEMATICS INTRODUCTION TO PROBABILITY AND STATISTICS, 2/e 
Hoenig Milton and Arnold 

CALCULUS WITH APPLICATIONS MULTIVARIATE STATISTICAL METHODS, 3/e 

Burgmeier Boisen, and Larsen Morrison 


Order your complimentary copies today by contacting your local sales representative or writing: 
McGraw-Hill Publishing Company PO. Box 446 Hightstown, New Jersey 08520 
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Equations Made Easy 


To create typeset quality equations with Expressionist 2.0 
all you do is... 


Word Processor 


This 1s equievlent to stating Cauchy's integral formula es 
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If you perform 
calculations, the answer 
is obvious. 

MathCAD 2.5. 

. It’s everything 
you appreciate about 
working on a scratch- 
pad—simple, free-form 
math—and more. More 
power. More accuracy. 
More flexibility. 

Just define your 
variables and enter your 
formulas anywhere on the screen. MathCAD 
formats your equations as they’re typed. 
Instantly calculates the results. And displays 
them exactly as you're used to seeing them — 
in real math notation, as numbers, tables 
or graphs. 

MathCAD is more than an equation 
solver. Like a scratchpad, it allows you to add 


© 1989 MathSoft, Inc 


sti, 
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text anywhere to 
support your work, 
and see and record 
every step. You can 
try an unlimited 
number of what-ifs. 
And print your 
entire calculation as 
an integrated docu- 
ment that anyone 
can understand. 
Plus, MathCAD 
is loaded with powerful 
built-in features. In addition to the usual trig- 
onometric and exponential functions, it 
includes built-in statistical functions, cubic 
splines, Fourier transforms, and more. It also 
handles complex numbers and unit conver- 
sions in a completely transparent way. 
Yet, MathCAD is so easy to learn, you'll 
be using its full power an hour after you begin. 


Requires IBM PC® or compatible, 512KB RAM, graphics card. 


IBM PC® International Business Machines Corporation 
MathCAD® MathSoft, Inc 


or ours? 


But don’t take our word for it— just ask the 
experts. 
PC Magazine recently gave MathCAD 

their Editor’s Choice Award. They described it 

as “everything you have ever dreamed of in 

a mathematical toolbox.’ And when compared 

to the competition, it was “MathCAD by a mile.” 

But we didn’t stop there. MathCAD 2.5 is a 
dramatically enhanced version of MathCAD 2.0. 
MathCAD 2.5 has improved numerical analysis, 
three-dimensional plotting, and HPGL file import 
from most popular CAD programs, including 
AutoCAD? And for Macintosh® users, there’s a 
MathCAD version 2.0 just for you. 

See MathCAD at your local software dealer, 
or call MathSoft. For information, or a free demo 
disk, call 1-800-MATHCAD (in MA, 617-577- 
1017). Buy MathCAD 2.0 between 5/1/89 and 
6/16/89, and get a FREE version 2.5 upgrade 
(regular upgrade cost is $99 through 6/30/89, 
and $149 thereafter). 


MathCAD 


MathSoft, Inc., One Kendall Sq., Cambridge, MA 02139 


USA MATHEMATICAL OLYMPIADS 


Every year 100 of the most mathemati- 
cally talented high school students in the 
country compete in the USA Mathemati- 
cal Olympiad (USAMO). The USAMO is 
the third stage of a three-tiered mathe- 
matical competition for high school stu- 
dents in the United States and Canada 
that begins with the AHSME taken by over 
400,000 students, continues with the Amer- 
ican Invitational Mathematics Exam involv- 
ing 2,000 students, and culminates in the 
100-contestant USAMO. 


Order from: 
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USA MATHEMATICAL OLYMPIADS 
1972-1986, PROBLEMS AND 
SOLUTIONS 


Compiled by Murray S. Klamkin 


People delight in working on problems “be- 
cause they are there, ” for the sheer plea- 
sure of meeting a challenge. This is a 
book full of such delights. In it, Murray 
S. Klamkin brings together 75 original USA 
Mathematical Olympiad (USAMO) problems 
for years 1972-1986, with many improve- 
ments, extensions, finger exercises, open 
problems, references and solutions, often 
showing alternative approaches. The prob- 
lems are coded by subject and solutions 
are arranged by subject as an aid to those 
interested in a particular field. Contains 
a glossary of frequently used terms and 
theorems, and a comprehensive bibliogra- 
phy with items numbered and referred to 
in brackets in the text. The problems are 
intriguing and the solutions elegant and in- 
formative. Students and teachers will en- 
joy working these challenging problems. In- 
deed all those those who are mathemat- 
ically inclined will find many delights and 
pleasant challenges in this book. 


180 pp., 1988, ISBN-0-88385-634-4 
List: $13.50 MAA Member: $12.50 
Catalog Number NML-33 
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Stochastic Processes in the Neurosciences 


Henry ©. huckwell 


This monograph is centered on quantitative analysis of 
nerve-cell behavior. The work is foundational, with many 
higher order problems still remaining, especially in con- 
nection with neural networks. Thoroughly addressed 
topics include stochastic problems in neurobiology, and 
the treatment of the theory of related Markov processes. 


Contents. Deterministic theories and stochastic phenom- 
ena in neurobiology; synaptic transmission; early sto- 
chastic models for neuronal activity; discontinuous Markov 
processes with exponential decay; one-dimensional dif- 
fusion processes; stochastic pde’s; statistical analysis of 
stochastic neural activity; channel noise; Wiener kernel 
expansions; stochastic activity of neuronal populations. 


126 pages, softcover ISBN 0-89871-232-7 
CBMS/NSF Regional Conference Series in Applied 
Mathematics 1989 

List Price $24.50 SIAM/CBMS Member Price: $19.60 
Order Code CB56 


Combinatorial Algorithms: An Update 


Hlerbert S. Walf 


This volume focuses on some of the exciting, vigorous 
new work being done in this field, including recent devel- 
opments in algorithms for generating combinatorial ob- 
jects such as partitions, Gray codes, and trees. It 1s acom- 
prehensive update of Wilf and Albert Nijenhuis’ book, 
Combinatorial Algorithms, which was first published in 
1975 and revised in 1978. This new monograph is based 
ona series of ten lectures given by Wilf at the CBMS-NSF 
Conference on Selection Algorithms for Combinatorial 
Objects held in 1987 at Colorado College. 


Contents. Preface; The Original Gray Code; Other Gray 
Codes; Variations on the Theme; Choosing 2-Samples; 
Listing Rooted Trees; Random Selection of Trees; Listing 
Free Trees; Generating Random Graphs; Bibliography. 


56 pages, softcover, ISBN 0-89871-231-9 
CBMS-NSF Regional Conference Series in Applied 
Mathematics 1989 


List Price $12.00 SITAM/CBMS Member Price 9.60 
Order Code CB55 


Mathematics Applied) to Deterministic 


Problems tn the Natural Sctences 
CC. hin and boN. Sevel 


*...The words ‘applied mathematics’ decorate 
the covers of many books these days, but precious little of 
the practice of applied mathematics seeps through into the 
pages bound between those covers. Of the select few that 
do indeed introduce the reader to applied mathematics, 
this book may well be the best. I know of none better.” 

— Paul Davis, American Mathematical Monthly, 1975 
review of the original printing. 


This reprint includes multipart exercises and an annotated 
bibliography, corrects all known misprints, and updates 
the original printing with remarks and references. 


Contents. Overview -- What is Applied Mathematics? 
Deterministic Systems and Ordinary Differential Equa- 
tions; Random Processes and Partial Differential Equa- 
tions; Superposition, Heat Flow, and Fourier Analysis; 
Further Developments in Fourier Analysis; Some Funda- 
mental Procedures -- Simplification Dimensional Analy- 
sis and Sealing, Regular Perturbation Theory; Illustration 
of Techniques on a Physiological Flow Problem; Intro- 
duction to Singular Perturbation Theory; Singular Pertur- 
bation Theory Applied to a Problem in Biochemical 
Kinetics; Three Techniques Applied to the Simple Pendu- 
lum; Continuous Fields -- Longitudinal Motion of a Bar; 
The Continuous Medium; Field Equations of Continuum 
Mechanics; Inviscid Fluid Flow; Potential Theory. 


609 pages, softcover, ISBN 0-89871 -229-7 

Classics in Applied Mathematics Series 1988 

List Price: $24.00 SIAM Member Price: $19.20 
Order Code CLO1 


An Algorithmic Theory of Numbers, 


Graphs and Convevity 
Laszlo Lovasz 


This book is a study of how complexity questions in 
computing interact with classical mathematics in the 
numerical analysis of issues in algorithm design. Two 
algorithms are studied in detail -- the ellipsoid method and 
the simultaneous diophantine approximation method. 
Algorithmic designers concerned with linear and nonlin- 
ear combinatorial optimization will find this volume 
especially useful. 


91 pages, softcover, ISBN 0-89871-203-3 

CBMS-NSF Regional Conference Series in Applied 
Mathematics 1986 

List Price $14.00 SIAM/CBMS Member Price $11.20 
Order Code CB50 
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and order code of book(s) you wish to purchase circled) to SIAM, Dept. BKAM89, P.O. Box 


7260, Philadelphia, PA 19101-7260. CBMS discount applies to members of: ALMATC, AMS, ASA, ASL, ASSM, 
AWM, IMS, MAA, NCSM, NCTM, ORSA, SIAM, SOA, and TIMS. Please circle the group(s) of which you are a member. 


MATHEMATICS & BIOGRAPHY 


ATHEMATICS 
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ERIC TEVIPLE BELL 


MATHEMATICS: 
QUEEN AND | 
SERVANT OF SCIENC 


E.T. Bell 


An absorbing account of pure and applied 
mathematics from the geometry of Euclid to 
that of Riemann and its application in Ein- 
stein's theory of relativity. The twenty chap- 
ters treat such topics as: algebra, number 
theory, logic, probability, infinite sets and 
the foundations of mathematics, rings, ma- 
trices, transformations, groups, geometry, 
and topology. Republished in 1987 with cor- 
rections and an added Foreward by Martin 
Gardner. 


454 pp., ISBN 0-88385-446-3 
Paperbound 


List: $15.95 MAA Member: $11.95 
Catalog Number QAS 


The book deserves a place in today’s 
market. It is amuch more popular work 
than most histories of the subject, and 
that is exactly what makes it acces- 
sible to students as well as to non- 
mathematicians. It is rewarding read- 
ing for. . . teachers and students at 
all mathematical levels. 


Morris Kline of The Courant Institute 
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| WANT TO BE A MATHEMATICIAN 
An Automathography in Three Parts 


Paul R. Halmos 


This is a book to be read with interest 
by all those who know, or might want to 
know, what mathematicians and mathemat- 
ical careers are like. Paul R. Halmos be- 
gins with his school days and carries the 
reader swiftly through a career that has sus- 
tained itself at a high level since his first 
post-doctoral days at the Institute for Ad- 
vanced Study in 1939, where he worked 
with John von Neumann among others. Still 
going strong in 1988, Halmos has con- 
tributed much to logic, operator theory, er- 
godic theory, and the literature in general. 


442 pp., 1988, Paper, ISBN 0-88385-445-7 
List: $18.00 MAA Member: $15.00 
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It is a truly unique book, which nobody 
but Paul Halmos could have written. 
| think it will be a classic. 


Constance Reid 
The book is exciting, witty, and well 
worth the time invested in its study. It 


communicates what it means to be a 
mathematician. 
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Pi, Euler Numbers, and Asymptotic Expansions 


J. M. BORWEIN, P. B. BORWEIN, and K. Ditcuer’, Dalhousie University, Halifax, Canada 


JONATHAN M. BORWEIN was an Ontario Rhodes Scholar (1971) at Jesus 
College, Oxford, where he completed a D. Phil. (1974) with Michael Demp- 
ster. Since 1974 he has worked at Dalhousie University where he is professor 
of mathematics. He has also been on faculty at Carnegie-Mellon University 
(1980-82). He was the 1987 Coxeter-James lecturer of the Canadian Mathe- 
matical Society and was awarded the Atlantic Provinces Council on the 
Sciences 1988 Gold Medal for Research. His research interests include 
functional analysis, classical analysis, and optimization theory. 


PETER B. BORWEIN obtained a Ph.D. (1979) from the University of 
British Columbia, under the supervision of David Boyd. He spent 1979-80 as 
a NATO research fellow in Oxford. Since then he has been on faculty at 
Dalhousie (except for a sabbatical year at the University of Toronto) and is 
now Associate Professor of Mathematics. His research interests include 
approximation theory, classical analysis, and complexity theory. 


KARL DILCHER received his undergraduate education and a Dipl. Math. 
degree at Technische Universitat Clausthal in West Germany. He completed 
his Ph.D (1983) at Queen’s University in Kingston, Ontario with Paulo 
Ribenboim. Since 1984 he has been teaching at Dalhousie, where he is now 
Assistant Professor. His research interests include Bernoulli numbers and 
polynomials, and classical complex analysis. 


1. Introduction. Gregory’s series for 7, truncated at 500,000 terms, gives to forty 
places 


500,000 (_1)*~? 


4 y Oko = 3.141590653589793240462643383269502884197. 
k=1 . 


The number on the right is not 7 to forty places. As one would expect, the 6th 
digit after the decimal point is wrong. The surprise is that the next 10 digits are 
correct. In fact, only the 4 underlined digits aren’t correct. This intriguing observa- 
tion was sent to us by R. D. North [10] of Colorado Springs with a request for an 
explanation. The point of this article is to provide that explanation. Two related 
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examples, to fifty digits, are 


7 50,000 (_1)*-1 
me) 
2 po, 2k -1 


1.5707863267948976192313211 9163975205 20985833147388 
1 —1 5 — 61 
and 
50,000 ( _ 1) k+1 
k=1 k 
6931371806 5994530939 723212147417656804830013446572, 


log 2 


1 —1 2 — 16 272 


where all but the underlined digits are correct. The numbers under the underlined 
digits are the numbers that must be added to correct these. The numbers 1, —1, 5, 
—61 are the first four Euler numbers while 1, —1, 2, —16, 272 are the first five 
tangent numbers. Our process of discovery consisted of generating these sequences 
and then identifying them with the aid of Sloane’s Handbook of Integer Sequences 
[11]. What one is observing, in each case, is an asymptotic expansion of the error in 
Euler summation. The amusing detail is that the coefficients of the expansion are 
integers. All of this is explained by Theorem 1. 

The standard facts we need about the Euler numbers { E;}, the tangent numbers 
{T,}, and the Bernoulli numbers { B,}, may all be found in [1] or in [6]. The numbers 
are defined as the coefficients of the power series 


= pL, 2” 
SCC Z = Ld Qn)!’ (1.1) 
00 T,, gontl 
tan Zz = Y (1 pe and Ty = 1, (1.2) 
Z 0 Biz" 
e*7—1 ~ noo (7! (1.3) 
They satisfy the relations 
“(2 
(3) Bs = 0, Fyn+1 = 9, (1.4) 
—nl, 1 
B= 2"(2"— 1) n>1, (1.5) 


and 


("42 ,= 0. (1.6) 


k=0 


These three identities allow for the easy generation of { £,,}, {7,,}, and {B,}. The 
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first few values are recorded below. 


a ee eee 
eee 


si — 
42 30, 


It is clear from (1.4) that the Euler numbers are integral. From (1.5) and (1.6) it 
follows that the tangent numbers are integers. Also, 


4"*1(2n)! 2(2n)! 
qentl (27) 


as follows from (5.1) and (5.2) below. The main content of this note is the following 
theorem. The simple proof we offer relies on the Boole Summation Formula, which 
is a pretty but less well-known analogue of Euler summation. The details are 
contained in Sections 2 and 3 (except for c] which is a straightforward application of 
Euler summation). More complicated developments can be based directly on Euler 
summation or on results in [9]. 


|E,,| ~ 


THEOREM 1. The following asymptotic expansions hold: 
7 ee (-1)"" Eom 


bth ea Be 


» 
k=1 m=0 
1 1 5) 61 
~ N N32 NS N? 
N/2(-1)"* Tym-1 
b] log2- )) ———-~~—+ } —> 
k=1 k N m=1 N? 
1 1 2 16 272 
~ N N2° N4* No" NB 
and 
a =i 1 1 co COB; 
c} [-Da-gt Lah 
1 1 1 1 1 


=—+—-54+—54-=—-5+ = 
N 2N* 6N? 30N°  42N’ 

From the asymptotics of { ,} and { B,} and (1.5) we see that each of the above 
infinite series is everywhere Neen the correct interpretation of their asymptotics 


1S 
K E,,, . Fema 


ye L N2™ (aN )?**? 
, ~ Tm 1 K Tym-1 (2K + 1)! 
b’] dyin =e am + Ol aa 
. 0 | BS KB, (2K +1)! 
c’] » N2m™t1 = » N2mt1 + 0 2K+1 ]? 
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where in each case the constant concealed by the order symbol is independent of N 
and K. In fact, the constant 10 works in all cases. 


2. The Boole Summation Formula. The Euler polynomials E(x) can be defined 
by the generating function 


Qe” foe) t” 
4] = LE, (x) (|t| < 7); (2.1) 
n=0 ° 


(see [1, p. 804]). Each E(x) is a polynomial of degree n with leading coefficient 1. 
We also define the periodic Euler function E(x) by 


E(x +1) = -E,(x) 
for all x, and 
E(x) =E,(x) for 0<x <1. 


It can be shown that E,(x) has continuous derivatives up to the (n — 1)st order. 
The following is known as Boole’s summation formula (see, for example, 


[9, p. 34]). 


LEMMA 1. Let f(t) be a function with m continuous derivatives, defined on the 
intervalx <t <x+w.ThenforO<h<1 


m—1 wk 1 
f(x + ho) = YL Sa (h) 5(f(x + 0) + /(2)) + Ry 
k=0 ™° 


where 


f(x + wt) dt. 


This summation formula is easy to establish by repeated integration by parts of 
the above integral. It is remarked in [9, p. 26] that this formula was known to Euler, 
for polynomial f and without the remainder term. Also note that Lemma 1 turns 
into Taylor’s formula with Lagrange’s remainder term if we replace h by h/w and 
let w approach zero. 

To derive a convenient version of Lemma 1 for the applications we have in mind, 
we set w = 1 and impose further restrictions on ff. 


LEMMA 2. Let f be a function with m continuous derivatives, defined on t > x. 
Suppose that f(t) > 0 ast > © for allk = 0,1,...,m. Then forO <h<1 


¥ (-1)"f(x +h +0) = > FA) 6 (x) + Rn 
v=0 k=0 2k! 


where 


R = sf E,—(h — t) 


(m — 1)! fo (x + t)dt. 
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3. The Remainder for Gregory’s Series. The Euler numbers £, may also be 
defined by the generating function 


2 


e’+e7 


t” 


—_—__. - Le , (3.1) 


Comparing (3.1) with (2.1), we see that 


2,2, ") 62) 


The phenomenon mentioned in the introduction is entirely explained by the next 
proposition—if we set n = 500,000. It is also clear that we will get similar patterns 
for n = 10”/2 with any positive integer m. 


PROPOSITION 1. For positive integers n and M we have 
*° (-1)' 


4 ("y+ RM), (3.3) 
= —_— — _ —_______ + . 
kan 2K + I k=0 Gn 
where 
2| Eau 
[RCM ) | < ana: 
Proof. Apply Lemma 2 with f(x) = 1/x; then set x =n and h = 1/2. We get 
2 ("ot (1/2) (-1)*e! 34) 
woot tut+1/2 7 bag. 2K! nktl m? (3. 
with 


tf E,-4(h—t) (-1)"m! 

m= ah oT oem tt 

249 (m—-1)! (x+1)""" 

We multiply both sides of (3.4) by 2(—1)”. Then the left-hand side is seen to be 
identical with the left-hand side of (3.3). After replacing m by 2M + 1 and taking 
into account (3.2) and the fact that odd-index Euler numbers vanish, we see that the 


first terms on the right-hand sides of (3.3) and (3.4) agree. To estimate the error 
term, we use the following inequality, 


|Eau(x)| < 2-*"|Eyy| for0<x <1 


(see, e.g., [1, p. 805]). Carrying out the integration now leads to the error estimate 
given in Proposition 1. O 


4. An Analogue For log 2. Lemma 2 can also be used to derive a result similar to 
Proposition 1, concerning truncations of the series 


log2 = y — (4.1) 


In this case the tangent numbers 7, will play the role of the E, in Proposition 1. It 


686 J. M. BORWEIN, P. B. BORWEIN, AND K. DILCHER [October 


follows from the identity 
1/ 2e2iz 

tan z = — | Sz 4] — 7 

together with (1.2) and (2.1) that 
T, = (-1)"2"E, (1) (4.2) 
as in [9, p. 28]. The 7,, can be computed using the recurrence relation 7) = 1 and 
y (1 )eeT amt +T,=0 forn>1. 
k=0 
Other properties can be found, e.g., in [8] or [9, Ch. 2]: 
PROPOSITION 2. For positive integers n and M we have 

© (— yer 


-(-petig 5 Pelham 4 
need Sh eR), (43) 


k=n+1 


where 


| Eo a | 
|Ro(M)|< Qnypet 
Proof. We proceed as in the proof of Proposition 1. Here we take x = n and 
h = 1. Using (4.2) and the fact that 7) = 1 and 7,, =0 for k > 1, we get the 
summation on the right-hand side of (4.3). The remainder term is estimated as in the 
proof of Proposition 1. O 
Using Proposition 2 with n = 10”/2 one again gets many more correct digits of 
log 2 than is suggested by the error term of the Taylor series. 


5. Generalizations. Proposition 1 and 2 can be extended easily in two different 
directions. 
i). The well-known infinite series (see, e.g., [1, p. 807]) 


x (-1)" _ |E,| 
hoo (2k m 1)7"*? 22"*2(2n)! 


§ 
‘ 


gent (n=0,1,...), (5.1) 
and 
-—_ = (1 — 2!-2") ¢(2n) 


|Ban| 
(2n)! 


= (22"-1 _ 4) 2n (n= 1,2, ...) (5.2) 


can be considered as extensions of Gregory’s series and of (4.1). These series admit 
exact analogues to Propositions 1 and 2; one only has to replace f(x) = 1/x by 
f(x) = x~@"*), respectively x~@”, in the proofs. 
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We note that the Euler-MacLaurin summation formula leads to similar results for 


J2n-l 


x 72" _ [Bane on (5 3) 
ko] (2n)! 


where multiples of the Bernoulli numbers B,, take the place of the E, and T, in 
Propositions 1 and 2. 


ii). A generalization of the Euler-MacLaurin and Boole summation formulas was 
derived by Berndt [3]. This can be applied to character analogues of the series 
(5.1)-(5.3). The roles of the EF, and 7, in Proposition 1 and 2 are then played by 
generalized Bernoulli numbers or by related numbers. 


6. Additional Comments. The phenomenon observed in the introduction results 
from taking N to be a power of ten; taking N = 2-10” also leads to “clean” 
expressions. References [1], [5], [6], and [9] include the basic material on Bernoulli 
and Euler numbers, while [8] deals extensively with their calculation, and [2] 
describes an entertaining analogue of Pascal’s triangle. Much on the calculation of 
pi and related matters may be found in [4]. Euler summation is treated in [5], [6], 
and [9], while Boole summation is treated in [9]. Related material on the computa- 
tion and acceleration of alternating series is given in [7]. 


Added in Proof. A version of the phenomeon was observed by M. R. Powell 
and various explanations were offered (see The Mathematical Gazette, 66 (1982) 
220-221, and 67(1983) 171-188). 
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The William Lowell Putnam Mathematical Competition 


LEONARD F. KLOSINSKI, Santa Clara University 
G. L. ALEXANDERSON, Santa Clara University 


LOREN C. LARSON, St. Olaf College 


The following results of the forty-ninth William Lowell Putnam Mathematical 
Competition, held on December 3, 1988, have been determined in accordance with 
the governing regulations. This annual contest is supported by the William Lowell 
Putnam Prize Fund for the Promotion of Scholarship, left by Mrs. Putnam in 
memory of her husband, and is held under the auspices of the Mathematical 
Association of America. 

The first prize, $5,000, was awarded to the Department of Mathematics of 
Harvard University. The members of the winning team were: David J. Moews, 
Bjorn M. Poonen, and Constantin S. Teleman; each was awarded a prize of $250. 

The second prize, $2,500, was awarded to the Department of Mathematics of 
Princeton University. The members of the winning team were: Daniel J. Bernstein, 
David J. Grabiner, and Matthew D. Mullin; each was awarded a prize of $200. 

The third prize, $1,500, was awarded to the Department of Mathematics of Rice 
University. The members of the winning team were: Hubert L. Bray, Thomas M. 
Hyer, and John W. McIntosh; each was awarded a prize of $150. 

The fourth prize, $1,000, was awarded to the Department of Mathematics of the 
University of Waterloo. The members of the winning team were: Frank M. 
D’Ippolito, Colin M. Springer, and Minh-Tue Vo; each was awarded a prize of 
$100. 

The fifth prize, $500, was awarded to the Department of Mathematics of the 
California Institute of Technology. The members of the winning team were: William 
P. Cross, Robert G. Southworth, and Glenn P. Tesler; each was awarded a prize of 
$50. 

The five highest-ranking individual contestants, in alphabetical order, were David 
J. Grabiner, Princeton University; Jeremy A. Kahn, Harvard University; David J. 
Moews, Harvard University; Bjorn M. Poonen, Harvard University; and Ravi D. 
Vakil, University of Toronto. Each of these students was designated a Putnam 
Fellow by the Mathematical Association of America and awarded a prize of $500 by 
the Putnam Prize Fund. 

The next six highest-ranking individuals, in alphabetical order, were William P. 
Cross, California Institute of Technology; Serge Elnitsky, Carleton University; Karl 
M. Westerberg, Carnegie-Mellon University; Glen T. Whitney, Harvard University; 
Sihao Wu, Yale University; and Joshua R. Zucker, Stanford University. Each was 
awarded a prize of $250. 

The following teams, named in alphabetical order, received honorable mention: 
Brown University, with team members Peter H. Golde, Kevin S. McFarland, and 
David J. Morin; University of California, Berkeley, with team members I-Lin Kuo, 
Jordan Lampe, and David P. Moulton; Carnegie-Mellon University, with team 
members Petros I. Hadjicostas, Joseph G. Keane, and Karl M. Westerberg; 
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Stanford University, with team members John C. Loftin, John A. Overdeck, and 
Joshua R. Zucker; and Yale University, with team members Moses G. Klein, 
Robert S. Manning, and William N. Nelson. 

Honorable mention was achieved by the following thirty-eight individuals named 
in alphabetical order: Thomas R. Amoth, Oregon State University; Tibor Beke, 
Armand Hammer United World College; Daniel J. Bernstein, Princeton University; 
David T. Blackston, Massachusetts Institute of Technology; Hubert L. Bray, Rice 
University; Jackson A. Bross, Massachusetts Institute of Technology; Timothy K. 
Callahan, University of Chicago; William Chen, Washington University, St. Louis; 
David Cook, Harvard University; Matthew M. Cook, University of Illinois, 
Urbana-Champaign; Peter H. Golde, Brown University; Thomas R. Hagedorn, 
Princeton University; Graydon H. Hazenberg, University of Waterloo; Thomas M. 
Hyer, Rice University; Joseph G. Keane, Carnegie-Mellon University; Moses G. 
Klein, Yale University; Matthew A. Klimesh, University of Michigan, Ann Arbor; 
Tal N. Kubo, Harvard University; John W. McIntosh, Rice University; Christopher 
J. Monsour, University of Maryland, College Park; David P. Moulton, University of 
California, Berkeley; Matthew D. Mullin, Princeton University; Du Nguyen, Uni- 
versity of Ottawa; John A. Overdeck, Stanford University; David L. Petry, Univer- 
sity of Oregon; Edward R. Ratner, California Institute of Technology; Raymond M. 
Sidney, Harvard University; Stephen A. Smith, University of Waterloo; Robert G. 
Southworth, California Institute of Technology; Colin M. Springer, University of 
Waterloo; Constantin S. Teleman, Harvard University; John S. Tillinghast, Univer- 
sity of California, Davis; Minh-Tue Vo, University of Waterloo; Eric K. Wepsic, 
Harvard University; Christopher S. Wilson, Stanford University; David Bruce 
Wilson, Massachusetts Institute of Technology; John H. Woo, Harvard University; 
and Japheth L. M. Wood, Washington University, St. Louis. 

The other individuals who achieved ranks among the top 104, in alphabetical 
order of their schools, were: Baylor University, Adrian Tanner; University of British 
Columbia, Wayne J. Broughton; Brown University, David J. Morin; California 
Institute of Technology, Ian Agol, Earl A. Hubbell, Russell A. Manning, Glenn P. 
Tesler; California Polytechnic State University, Daniel L. Krejsa; University of 
California, Berkeley, I-Lin Kuo, Jordan Lampe; University of California, Davis, 
Rudolf Von Bunau; University of Chicago, Andrew S. Yeh; Cornell University, 
Scott S. Benson; Emory University, Charles D. McDonell; Georgia Institute of 
Technology, Jeffrey W. Herrmann; Harvard University, Todd A. Brun, Duff G. 
Campbell, Leigh Chao, Roland B. Drier, Daniel D. Lee, David M. Maymudes, 
Michael D. Mitzenmacher, Daniel S. Sage, Michael E. Zieve; Hofstra University, 
Michael Cole; Iowa State University, Brad W. Michael; Knox College, Peter F. 
Schultz; Massachusetts Institute of Technology, Erik Ordentlich, Deniz Yuret; 
Michigan State University, Steven D. Fischer, Jacob R. Lorch; University of 
Michigan, Ann Arbor, Robert B. Doorenbos; University of Pennsylvania, Michael 
Albert; Princeton University, Emory F. Bunn, Timothy Y. Chow, David C. Fox, 
Rahul V. Pandharipande; Reed College, Nathaniel J. Thurston; University of 
Rochester, Daniel B. Finn; St. Olaf College, James S. Larson; Stanford University, 
Thomas H. Chung, John C. Loftin; Swarthmore College, Robert E. Marx; Univer- 
sity of Texas, Austin, Douglas S. Hauge; University of Toronto, Edward J. 
Doolittle; Washington University, St. Louis, Peter S. Shawhan; University of 
Waterloo, Paulina Chin, Frank M. D’Ippolito, Michael Glaum, Simon H. Lee, 
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David N. C. Tse; University of Wisconsin, Madison, David G. Radcliffe; Yale 
University, Robert S. Manning, William M. Nelson; and Yeshiva University, Philip 
T. Reiss. 

There were 2096 individual contestants from 360 colleges and universities in 
Canada and the United States in the competition of December 3, 1988. Teams were 
entered by 257 institutions. 

The Questions Committee for the forty-ninth competition consisted of Abraham 
P. Hillman (Chair), Paul R. Halmos, and Gerald A. Heuer; they composed the 
problems listed below and were most prominent among those suggesting solutions. 


PROBLEMS 


Problem A-1 
Let R be the region consisting of the points (x, y) of the cartesian plane 
satisfying both |x| — |y| < 1 and |y| < 1. Sketch the region R and find its area. 


Problem A-2 

A not uncommon calculus mistake is to believe that the product rule for 
derivatives says that (fg) = f’g’. If f(x) = e*, determine, with proof, whether 
there exists an open interval (a, b) and a nonzero function g defined on (a, b) such 
that this wrong product rule is true for x in (a, b). 


Problem A-3 
Determine, with proof, the set of real numbers x for which 


of] 1 * 
> [ese — i 
non 


n=1 


converges. 


Problem A-4 

(a) If every point of the plane is painted one of three colors, do there necessarily 
exist two points of the same color exactly one inch apart? 

(b) What if “three” is replaced by “nine”? 

Justify your answers. 


Problem A-5 
Prove that there exists a unique function f from the set R* of positive real 
numbers to R* such that 


f(f(x)) = 6x — f(x) and f(x) >0 forall x > 0. 


Problem A-6 

If a linear transformation A on an n-dimensional vector space has n+ 1 
eigenvectors such that any n of them are linearly independent, does it follow that A 
is a scalar multiple of the identity? Prove your answer. 
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Problem B-I1 

A composite (positive integer) is a product ab with a and b not necessarily 
distinct integers in {2, 3,4,...}. Show that every composite is expressible as xy + xz 
+ yz + 1, with x, y, and z positive integers. 


Problem B-2 
Prove or disprove: If x and y are real numbers with y >0 and yp(y+1)< 
(x + 1)’, then p(y — 1) < x’. 


Problem B-3 

For every n in the set Z*= {1,2,...} of positive integers, let 7, be the minimum 
value of |c — dy3| for all nonnegative integers c and d with c + d = n. Find, with 
proof, the smallest positive real number g with r, < g for all n in Z*. 


Problem B-4 
Prove that if L°°_,a,, is a convergent series of positive real numbers, then so is 
y,° (a,)"7r, 


n=1 

Problem B-5 

For positive integers n, let M, be the 2n + 1 by 2n + 1 skew-symmetric matrix 
for which each entry in the first n subdiagonals below the main diagonal is 1 and 
each of the remaining entries below the main diagonal is —1. Find, with proof, the 
rank of M.,. (According to one definition the rank of a matrix is the largest k such 
that there is a k X k submatrix with nonzero determinant.) 

One may note that 


-1 -l 1 1 


0 
0 -1 1 1 0 -1 -1 1 
M, = 1 0 1 and M, = 1 1 0 -1 -1 
—] 1 0 —] 1 1 0 1 
—-1 -1l 1 1 0 
Problem B-6 


Prove that there exist an infinite number of ordered pairs (a, b) of integers such 
that for every positive integer ¢ the number at + b is a triangular number if and 
only if ¢ is a triangular number. 

(The triangular numbers are the t, = n(n + 1)/2 with n in {0,1,2,...}.) 


SOLUTIONS 


In the 12-tuples (119, N9,..-,; Mo, 4-1) following each problem number below, n, 
for 10 > i > 0 is the number of students among the top 208 contestants achieving i 
points for the problem and n_, is the number of those not submitting solutions. 


A-1, (202, 0, 0, 0, 0, 0, 0, 0, 4, 2, 0, 0) 

The part of R in the first quadrant is bounded by x = 0, y = 0, x — y = 1, and 
y = 1. This part is a trapezoid with vertices (0,0), (1,0), (2,1), and (0,1) and area 
3/2. Since (+x, ty) is in R when (x, y) is in R, the parts of R in the other 
quadrants are obtained using symmetry about both axes, and consequently, the area 
of R is 6. 
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A-2. (174, 1, 7, 1, 0, 0, 0, 3, 3, 0, 15, 4) 

The function defined by g(x) = e*¥2x — 1 has the property desired for 1/2 < a 
<x <b and g(x) = e*yl — 2x has the property for a < x <b < 1/2. 

To derive that result, consider the equation ( fg)’ = f’g’ and rewrite it in the 
successive forms 


f'(x)a(x) + f(x)a’(x) = f(x) 8'(x), 
g(x) -f'(®)/f(x) 
g(x) 1 —f"(x)/f(x) 
If f(x) = e* then we have 
g’(x) —2x 
g(x) ~ 12x 
log|g(x)| = x + 4log/l — 2x| + C, 
where C is an arbitrary constant. If 1/2 < a < x < b, this has the form 
g(x) = Ae*V2x — 1, 
where A is an arbitrary positive real number. If a < x < b < 1/2, it has the form 
g(x) = Ae*y1 — 2x. 
A-3. (42, 17, 10, 0, 0, 0, 0, 6, 5, 3, 34, 91) 


Let 
1 1 
a, = —esc— —1. 
n n 
Then 
1 ‘ 1 
a,= ——T 1 = 7} 
n sin — n ee le ey a 
n n 6n 120n° 
1 
= 1 1 — 1 
+. 
6n* = 120n4 
1 1/1 
=1]+ én? + >g(n)-1= az + a(n), 
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where g(n) — 0 as n > oo. Hence, there exist positive real numbers c, d, and N 
such that 
1 


nz 


Cc <a,.<d-—, forn>N. 
n 


Using the comparison and the p-test, one finds that La* converges for x > 1/2 and 
diverges for 0 < x < 1/2. But it is easy to see that the series also diverges for x < 0. 
Hence the answer is {x: x > 1/2}. 


A-4. (45, 29, 2, 2, 1, 25, 11, 0, 3, 3, 25, 62) 

(a) The answer is yes. For the proof let A be an arbitrary point in the plane and 
let ABC be an arbitrary equilateral triangle with side length 1 (where the units are 
inches, of course) that has A as one of its vertices. If any two of A, B, and C have 
the same color, the construction is finished. If not, let A’ be the point obtained by 
reflecting A through the line BC. If A’ has the same color as either B or C, the 
construction is finished. If not, then A and A’ have the same color. Note that the 
distance between A and A’ is y3, and that, in fact, any two points at distance v3 
from one another can be obtained by making one of them a vertex of an equilateral 
triangle of side length 1 and then reflecting it through the side opposite it. 

The result so obtained implies that, for any initial point A, either the reflected 
equilateral triangle argument finishes the desired construction for some B and C, or 
else that every point at distance ¥3 from A has the same color as A. The set of 
points such as A’, at distance V3 from A, is a circle of radius 73; any chord of 
length 1, of that circle, yields a pair of points of the same color exactly one inch 
apart. 

(b) The answer is no. For the proof, pave the plane with squares whose common 
side length is chosen so that the diagonals are nearly 1 but not equal to 1; the 
diagonal length 0.9 will do. If that length is used, then the side length of each square 
is 0.9/ ¥2, which is somewhat greater than 0.63. Color one square with color #1, 
color the eight squares adjacent to it with colors #2-#9, and then repeat, 
throughout the plane, the coloring scheme of the large square (consisting of nine 
small squares) so obtained. (For present purposes it doesn’t matter what consistent 
convention is followed for the boundaries of the squares; one possibility is to let the 
bottom and left boundaries of each square have the same color as the interior.) 

The result is a nine-coloring of the plane in which no two points of the same 
color are exactly one inch apart. Indeed, for any point at all, the points of the same 
color are either within 0.9 inches from it or else farther than 2 X .63 = 1.26 inches. 


A-5. (32, 8, 4, 0, 0, 0,0, 1, 7, 96, 9, 51) 

For arbitrary x > 0, let ao;a,, a5,... be defined by a, = x and a,,, = f(a,). 
Then a,,,+4,,, — 6a, =0 for n =0,1,2,.... The characteristic roots of this 
difference equation are —3 and 2. Hence a, = (—3)"c + 2”k for some constants c 
and k. As a,,, = f(a,) > 90 for all n, we must have c = 0 and so f(x) = 2x. This 
unique f satisfies the conditions since it gives f( f(x)) = f(2x) = 4x = 6x — f(x) 
and 2x > 0 for x > 0. 


A-6. (59, 14, 10, 7, 0, 0, 0, 0, 5, 0, 21, 92) 
Yes, A must be a scalar multiple of the identity. Suppose that x,,x,,...,X,,4 are 
eigenvectors of A such that any n of them are linearly independent, with corre- 
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sponding eigenvalues Aj, A5,...,A,4,- Let B; = {X,,X5,.--,X,41} \{x;}. Then B; 
is a set of n linearly independent vectors in an n-dimensional vector space, so B; is 
a basis. With respect to B,, the transformation A is represented by a diagonal 
matrix, diag(A,,A5,-.-,A;_1, Ajaz---> A,,)- Thus, trace(A) = S — X,, where S is 
the sum of the eigenvalues, S =A, +A,+--: +A,4,. But the trace of a linear 
transformation is independent of the basis chosen. Thus, 


S-—A,=S—A,_ for alli, 7 
A, =A, foralli, j 


Let A be this common value. Then with respect to any of the bases B,, A 
corresponds to diag(A, A,..., A), which is A times the identity. 


B-1. (176, 25, 0,0, 0,0, 0,0, 1, 1, 1, 4) 
Letting z = 1, we have 


xytuztyztl=xyt+xt+yt+1=(x4+1)(y +1) 


and this gives us all the composite positive integers when x and y range over all the 
positive integers. 


B-2. (88, 38, 30, 0, 0, 0, 0, 0, 26, 4, 18, 4) 

The desired conclusion is true for 0 < y <1, so suppose y > 1. If (x + 1)? > 
y(y + 1) then we may assume that x > 0, and therefore x > yy(y +1) -1 
> yy(y — 1), and the result follows. (The last inequality follows from the easily 
verified fact that for positive numbers a and b, Vab + 1 < \(a + 1)(b + 1).) 


B-3. (20, 16, 17, 2, 0, 0, 0, 0, 52, 33, 27, 41) 

Let g = (1 + ¥3)/2. Since for each fixed value of n the sequence n,n — 1 
— ¥3,n— 2 — 2y3,..., —ny3 is an arithmetic progression with —2g as common 
difference, there is a unique term x, in it with —g < x, < g. Clearly r, = |x,]|. Let 
e > 0. By the pigeonhole principle, there exist a and b with a # b and |x, — x,| < «. 
Let t = |a — b|. In the sequence 7,, r,,, r5,,... there is an r,, such that g —e<1r,,< 
g. Hence g is the desired least upper bound of the r,. 


B-4. (17,1,0,0,0,0,0, 0, 3, 2, 73, 112) 
Let S = {n: a"/"*! <2a,}. If n€S, a"/"*! > 2a,, or equivalently 1/2 > 
qi-(n/n+l) = g/n+1 which is the same as 1/2” > a”/"*1. It follows that 


ore) 
y qn/ntl < y qn/ntl 4 y 1/2" < 0. 
n=1 nes n€éS 


B-5. (9,0, 10, 1, 0,0, 0, 0,1, 2, 45, 140) 

Let u be a primitive kth root of 1, where k = 2n +1. For 1 <i<k, let L, 
denote the column vector (1, ui}, u—),..., u*&"~DE-D), The k by k matrix 
whose ith column is L, is a Vandermonde matrix, so the L; are linearly independent 
over the complex numbers. For 1 <i < k we have M,L, = c,L;, where c, is the 
scalar dot product of L, with the first row of M,. Note that c,= 0, but for 
2<i<k,c, = —LytjuV- VOY + Liu" YY # 0. It follows that the vec- 
tors {c,L,,...,c,L,}, and hence the vectors {M,L,,...,M,L,}, are linearly 
independent. But M,L, = c,L, = 0, soM,, has rank 2n. 
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B-6. (38, 9, 4, 4, 24, 8, 0, 5, 5, 1, 17, 93) 

Solution 1. It is easy to see that ¢,,,,=1+ 91, and that ¢,,=1,,,,= 
0 (mod 3). This implies that (9,1) is one of our ordered pairs. If the numbers a,, 
and b,, are defined by 

f(x) =9x+1, f(9x+1)=a,x4+b,,..., 
f(a, + bn) = Am41% + Dnt 

an easy induction on m shows that (a,,, b,,) has the desired properties for m = 
2,3,.... 


Solution 2. We show that the ordered pairs (8t, + 1, t,) have the desired proper- 
ties. Let T = (0,1,3,6,...} be the set of triangular numbers and Q = 
{1, 9, 25,49,...} be the set of squares of odd integers. The equality (2n + 1)* = 
8((n* + n)/2) + 1 implies that 

t isin T if and only if 8¢ + 1 isin Q. ( * ) 

Let t, = r(r + 1)/2 be in T and gq = 8t, + 1. 

For the “if” part, let t be in T. Since Q is closed under multiplication and 8t + 1 
is in Q by (*), we see that 

g(8t + 1) = 8qt + gq = 8gt + 8t, +1 = 8(gt+t,) +1 
is in Q and hence gt + t, is in T by (*). This proves the “if” part. 
For the “only if” part, let ¢ be an integer and qt + t, be in T. Then 
8(qi +t.) +1 =8[(81,+1)¢+2,] +1 = (82, + 1)(8¢ + 1) 


is in Q. Since 8t + 1 is an integer and is the quotient of squares in Q, it follows that 
8t + 1 itself is in Q. Then (*) tells us that ¢ is in 7. This completes the proof. 


Geometry of Continued Fractions 


M. C. IRWIN 


MICHAEL CHARLES IRWIN wrote his Ph.D. thesis (Cambridge University, 
U.K., 1962) on “Embeddings of Polyhedral Manifolds,” and his early papers 
were concerned with piecewise linear topology, but from about 1970 onwards 
his research was mainly on dynamical systems. His most recent publications 
included work on invariant paths for Anosov diffeomorphisms. He was the 
author of the book Smooth Dynamical Systems published by Academic Press 
in 1980. He taught at the University of Liverpool, U.K., from 1961 until his 
death on March 11, 1988. 


The representation of real numbers by continued fractions dates back to Bombelli 
in the 16th century. In the 17th century Huygens used them in constructing a model 
of the solar system; he had to approximate the ratios of periods of planets by ratios 
of numbers of teeth on corresponding gear wheels, keeping the latter within 
reasonable bounds. The nice thing about the continued fraction process is that, 
being completely intrinsic, it brings out very strongly the personality of each 
individual number a. The digits in the decimal expansion of a are much less 
revealing since they relate to the arbitrary choice of 10 as basis. On the other hand, 
the great defect of continued fractions is that it is virtually impossible to use them 
for even the simplest algebraic computation involving two or more numbers. 

There are several books devoted entirely to the subject of continued fractions 
(e.g., [1], [2], [3], [5]), and many books on number theory give an elementary 
introduction to the subject. The proofs are not difficult, but they are usually 
algebraic, and I find that when I read them I have a tendency to lose sight of where 
they are leading. ‘The following geometrical treatment of the easiest results may be 
of some help to readers who, like myself, need a picture of what is going on. Harold 
M. Stark has already given such a treatment in his book [4], but I think that the 
version below produces the main results with greater economy. 

The idea of continued fractions comes from the observation that (i) any number 
between 1/3 and 1/2 (say) can be written as 1/(2 plus a remainder), and (11) the 
remainder, being between 1/(n + 1) and 1/n for some n, is susceptible to the same 
treatment as the original number. More formally, we can express any real number a 
as the sum of an integer [a], the integral part of a, and a number {a} with 
0 < {a} <1, the fractional part of a. If we define inductively a) = a and a, = 
1/{a@,_,} for n = 1, we obtain a sequence of integers a, = [a,,], with a, > 1 for 
n > 1. Of course the process terminates if {a,,} = 0, and, in this case, a is rational 
and has the value 


1 
ot ——_1 = a) 
° q 
a, + 7 " 
+ 
O2 a, : 
+ — 
a 
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say, where p,,/q,, 1S in its lowest terms. If {a, } # 0, then the rational number p,,/q,, 
of (1) is intuitively some sort of approximation to a, since we get it by ignoring the 
remainder in 1/(a, plus a remainder). We write 


Pn/ Qn = [ao; G1, Q44,.--5 a,]. 


It is called the nth-order convergent or approximant of a. If a is irrational, then we 
find that p,/q, — a aS n — oo, and we write 


1 


a= ay + = [ ao; ay, Ay, A3,...,,y,... |. 
a, I 
+ 
O2 a, + ° 
Example 1. 
2 
1+- 
2 
and 
2 1 
3 ~ [051,1,1]=——4—, 
1+ 7 
1+— 
1 


the continued fraction process for 2/3 giving the former expression. In general, we 
have the trivial equality 


[ a9; Gy,---5 4,1, 4, ] = [G93 ay,---, 4,1, 4, — 1,1). 


Example 2. The golden ratio (1 + y5)/2 has continued fraction expansion 
[1;1,1,...], since both the ratio and the continued fraction are positive numbers 
satisfying the quadratic equation derived from x = 1 + 1/x. 

We begin by examining in what sense the convergents of a approximate a. We 
say that a fraction p/q (q > 0) is a best approximation to a if, for all fractions 
p'/q with 0 < q’ < q, |qa — p| <|q’a — p’| unless g = q’, p = p’. At first sight, it 
would be more natural to use the inequality |a — p/q| < |a — p’/q’|, which, written 
in the form ; 


L | 1 
—|qa — p| < s|qg’a — p', 
q q 


is clearly weaker. This would allow more fractions to be called best approximations, 
but the relation with continued fractions is more complicated (see {2]). Convergents 
of a number a are characterized as best approximations to a in the following way: 


THEOREM 1. (i) Jf {a} < 1/2, then the best approximations to a are precisely the 
convergents p,/q, forn = 0. 
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(ii) If {a} > 1/2, then the best approximations to a are precisely the convergents 
Pr/Qn for n = 1. 


Note (i). If {a} > 1/2 then trivially the integral best approximation to a is 
[a] + 1. Since 1 < 1/{a} = a, < 2, a, = 1, and we have two integral convergents 
Of a, Po/Fo = 4p = [a] and p,/qg, = 4, + 1/1 = [a] + 1, of which only the latter 
is a best approximation. 

(ii) If {a} = 1/2, then a has no integral best approximation, since [a] and 
[a] + 1 are equally good. Thus the first convergent p)/q) = [a] is not strictly 
speaking a best approximation. Of course p,/q, = a is a best approximation. 


Proof of Theorem 1. The outline of the proof is as follows. We associate 
geometrically best approximations to a with points in the plane, which we call best 
approximation points. We describe a geometrical construction which, when applied 
repeatedly, picks out in succession all best approximation points. Finally we 
compute the coordinates of the best approximation points to show that the best 
approximations to a are the given convergents. We shall also find that several 
further properties of convergents of a emerge immediately from this proof (see 
Corollaries 3 to 5 below). 


Notations and definitions. Following Stark, we use the same notation P = (b, a) 
for points in the plane and for vectors. The Jattice generated by two vectors P and 
Q is the set of all points mP + nQ where m and n are integers. The (closed) 
positive (P, Q)-cone with vertex U is the set of points U + aP + bQ for all numbers 
a>0OQand b= 0. The distance from a point A to a line | in the direction P (not 
parallel to /) is the length of the line segment joining A to the unique point A + aP 
on /. The ratio 


(distance from A to /)/(distance from A’ to /) 


is independent of the direction P in which it is measured, so we are free to order 
distances from points to / using any direction that suits us. See FIGURE 1 for an 
illustration of the above ideas. 


OW 


positive (P, Q)- 
with vertex U 


\ 


S 


Fic. 1. 
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Geometrical interpretation of best approximation. Let / be the line y = ax. The 
geometrical interpretation of p/q being a best approximation to a is that. amongst 
all points (q’, p’) of the integer lattice Z? (the lattice generated by (1,0) and (0, 1)) 
with x-coordinate satisfying 0 < g’ < q, (q, p) is uniquely the nearest to /. Here we 
use the fact that |g’a — p’| is the vertical distance from (q’, p’) to / (ie., in the 
direction (0, 1)). We call (q, p) a best approximation point for I. 


The outpoint construction. Consider the construction illustrated in Fic. 2: We 
are given a real number a, and two integer lattice points A, B. We wish to construct 
the point C in FIG. 2, which we will call the outpoint of A, B and will denote by 
C = C(A, B; a). 


\ 


NX 
WN 


j 


Hy. , oN 
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CK 
La ; 
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O 


FIG. 2. 


The outpoint construction is the following. Let / be the line y = ax. Suppose / 
meets parallelogram OBFA in the origin O, and in a point P that is interior to the 
side BF. Let / meet the extension of AF in the point Q. 

Then, P = 0A + B for some 0,0 < 6 < 1, and clearly Q = A + (1/0)B. Hence 
O lies on the lattice edge between C = A + [1/0]B and G= B+ C. This com- 
pletes the construction of the outpoint C = (A, B; a). O 


To what extent is C a good lattice approximation to a point of /? Apart from 0 
and — C, the reflection of C in 0, C is nearer to / than is any lattice point outside (1) 
the positive (A, B)-cone K with vertex at C and (ii) the reflection of K in 0. This is 
because the distance from any such lattice point to / in the B-direction is at least a 
positive integral multiple of |B|, whereas the distance from C to / in this direction is 
g|B|, and g < 1. Moreover we can get away with a half-open cone for K, since any 
point on the A-edge of K other than C has distance greater than |A| from / in the 
A-direction. We also comment that, outside the two cones, the next nearest lattice 
points to / after 0,C and —C are B and —B, since these have distance 0|A| and |B| 
in the A- and B-direction respectively. 


Repeating the outpoint construction. We are going to iterate the outpoint con- 
struction, and in doing so, it is important to observe two facts. First, the lattice 
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generated by A and B is precisely the same as the lattice generated by B and C 
(because C = A + [1/0]B, A = C — [1/6]B and [1/68] is an integer). Second, at 
any vertex, the positive (A, B)-cone, open along the A-edge, contains the positive 
(B,C)-cone, open along the B-edge (because C = A + [1/0]B and [1/64] = 1). 
Begin with a real number a and two integer lattice points V_, = (0,1) and 
V, = (1, ay), where a) =[a]. Then for each n =1,2,3,... let V.=C(V,_), 
V1 &). O 


Fic. 3 illustrates the construction of V,, V,, V,; when a = V5 —1=[0;1,1,1,...]. 

Trivially, if {a} < 1/2, po/qo = [a] is a best approximation for a. For n > 1, 
using the observations about lattices and positive cones, we can say that if (q’, p’) is 
a point of Z* with q’ > 0 and if / is no further from (q’, p’) than from V,, then 
(q’, p’) is in the positive (V_,, V,)-cone with vertex V,, open along the V_,-edge. 
Thus, by the geometrical interpretation, p,/q, is a best approximation to a. Also, 
by the next-nearest property of B and —B, / is closer to V,_, than to any point of 
Z* with x-coordinate between g,_, and q,. Thus there is no best approximation 
P/q with q,_1<q<q,. We deduce that there are no best approximations other 
than p,/q,, nm = 1, and po/q, for {a} < 1/2. 


Fic. 3. 


Best approximations as convergents. It remains to show that our p,/q,, satisfy 
(1). Let /’ be the line y =(p,/q;>)x. First note the important fact that, for 
0 <r<_vn, the inductive sequence of constructions yields precisely the same points 
V, and integers a, for the line /’ as for the line / (but, of course, unless / = /’ we get 
a new sequence of numbers @/ replacing @.). This is because, for O<r<n, I’ 
intersects the interior of the line segment joining V, to V, + V,_,. For certainly / 
does so. Thus if /’ does not, then one of the lattice points V, or V, + V,_, separates / 
and /’ in the half-plane x > 0. Since either point has x-coordinate < q,,, it is nearer 
to / than V, is, and this contradicts the fact that p,/q,, is a best approximation to a. 

Let d’ denote the vertical distance from V, to /’. Then d//d/_, = 0 (This is 
because the distance ratio CQ/OB equals @ in the basic geometrical construction). 
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Hence, 
dy _4/a/_; = 1/6?_, — a, + 6” — a, + df/a/_, 


for 1 <r<n, and so 

dy_,/d;_, = 1/(a, + d//dj_,). 
Now dj/d’, = {P,/d,}, and d? = 0. By substituting successively for the ratios 
d{/dj,...,d;_,/d;_», we obtain { p,/q,,} = [0; a,,...,a,], and hence p,/q, = 
[a; a,,..., a@,]. This completes the proof of Theorem 1. 


We can easily deduce several basic properties of continued fractions from the 
above proof. 


COROLLARY 2. 


Qn ~ 4nQn-1 + Qn—-2 forn > 1. 
Pn _ ay Pn-1 + DP, 


Proof. Immediate from (2). In practice, one uses these relations to compute q,, 
and p, inductively. The pair q,, p,, so obtained has H.C.F. 1, by the definition of 
best approximation. In the case of irrational a, we deduce that the sequence q,, 
n > 0, tends to oo at least as fast as the Fibonacci sequence 1, 1,2, 3,5,8,... (since 
Gn = In-1 + Yn—2). A Ctuder estimate is g, > 2”/* for n > 2 (since g, > 0, g, = 
g,—, and thus q, > 2q,_>). 


COROLLARY 3. If a #p,/q,, then a is between p,_,/q,-, and p,/q,. The 
sequence p,/q, increases for even n and decreases for odd n. 


Proof. Immediate from the geometrical construction. 
COROLLARY 4. DP, 19, — PrQn-1 = (— 1)" forn = 0 


Proof. The left-hand side is the oriented area of the parallelogram with vertices 
0,V,,V, + V1 V,_1. The result follows from the value +1 when n = 0, and the 
observation that, in the basic geometrical construction, the parallelograms OBFA 
and OCGB have the same base and height but opposite orientations. 


Corollaries 2 and 3 give that, for a irrational, 


PAA Gr a a < |Pn/ Qn 7 Pn—1/4n-1 _ 1/QnQn—1> 
which shows that p,/q, — a as n — oo, as we asserted in the introduction. 
COROLLARY 5. Py_>9n — Pn4n—2 = (—1)"~ "a, 


Proof. This follows from Corollary 4 with n — 1 replacing n, and the observation 
that, in the basic geometrical construction, the parallelograms OBFA and OCHA 
(where H = A + C) have the same base OA and their heights are in the ration 
OB/AC, which is 1/{1/6]. 

Two numbers a and 8B are said to be (rationally) equivalent if, for some integers 
a, b,c, d with ad — bc = +1, 


Geometrically, the second condition can be interpreted as a linear map f with 
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matrix 


ba) 

b a 

taking (1, a) to a multiple of (1, 8), or, equivalently, taking the line y = ax onto the 
line y = Bx. The determinant condition ad — bc = +1 is precisely the condition 
for f to take the integer lattice Z* onto itself. It is also the condition for f to induce 
a homeomorphism of the two-dimensional torus (which is obtained from the plane 
by identifying all points that differ by vectors in Z”), so the idea is important, for 


example, when studying dynamical systems on the torus. Any rational number 
a = p/q (in its lowest terms) is equivalent to 0, since mp + ng =1 for some 


integers m and n, and thus 
(? | q\_ (0 
nm }\p 1} 


Hence any two rational numbers are equivalent. We finish this article with a 
well-known characterization of equivalence for irrational numbers. We shall say that 
the two continued fraction expansions [dp, a,, a,,...] and [by; b,, b,,...] are even- 
tually identical if for some M = 0 and N > 0, ay,; = by4; for all i = 1. 


THEOREM 6. Two irrational numbers are equivalent if and only if their continued 
fraction expansions are eventually identical. 


Proof. Let a and B have continued fraction expansions as in the above definition 
of eventual identity. We prove that a is equivalent to y, where y = 
(0; Gaya» u4r>---]. The similar result for 8 then gives a equivalent to B. Let / be 
the line y= ax and let V, be the associated best approximation points, as 
constructed in Theorem 1. Let f be the linear map that takes V,,_, and Vj, to (0, 1) 
and (1,0) respectively. By Corollary 4, f has determinant +1. Let /’ = f(/) be the 
line y = yx and let W, = f(V;,,;) for i = —1. Since f is linear, it takes parallelo- 
grams to parallelograms, interior intersections to interior intersections, and linear 
sums A + OB to f(A) + Of(B). Thus it preserves the basic geometrical construction 
of Theorem 1. Hence it is clear that W,, i= 1,2,... are the best approximation 
points for /’, and hence that y has continued fraction expansion [0; ay,41, dy42>---] 
as required. 

Conversely, suppose that a = [a); a), a5,...]is equivalent to B = [b); by, b5,...]. 
By the preceding paragraph, we can assume that a, = 0. Let f be a linear map 
taking Z? onto itself and the line /, y = ax, onto the line m, y = Bx. Again let V, 
be the best approximation points for /, and, this time, let W, = f(V,,). We can 
assume that the line W_,W, intersects m in some point R lying in the half-plane 
x > 0 (otherwise, consider —/f). By our comment of the preceding paragraph, W,, is 
the sequence of points obtained by applying the inductive geometrical construction 
to the line m, beginning with the pair W_, and W,, and a,, is the corresponding 
sequence of integers obtained. Now let d,, denote the distance from W,, to m in the 
direction of the line W_,W,. As in Theorem 1, 


d,—2 — d, + a,d,—15 
whence d,_, >d, and so d,_, >2d,. Thus d, - 0 as n > oo. Now the line 


through W,, parallel to W_,W, intersects m on the opposite side of R to 0, so such 
intersections have a positive minimum distance from the half-plane x < 0. Thus, for 
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large enough n, W,, has a positive x-coordinate. This implies that, for large enough 
n, the positive (W,,_,, W,,_,)-cone at W,, lies to the right of W,. Hence, by the lattice 
approximation property of the basic geometrical construction, we recognise such W,, 
as successive best approximation points of m. We deduce that the corresponding a,, 
are successive terms in the continued fraction expansion of 8, and this completes 
the proof of the theorem. 
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The Editor’s Corner: The White Screen Problem 


HERBERT S. WILF 


I bought my first home computer about nine years ago. I remember opening the 
carton, following the setup instructions minutely, and finally getting the thing 
working on my dining room table. Then I had to explain to myself why I had just 
spent all of that money, and the way to do that was to get it to do Something 
Interesting. 

So I wrote a little Basic* program that would display a random walk on the 
screen. Precisely, it was the following. First, a pixel in the middle of the screen was 
lit up. Then one of the four directions N,E,S,W was selected uniformly at random, 
using the random number generator, and the walk proceeded one step in the chosen 
direction. That new pixel was lit up on the screen, and the process was repeated 
from the new point, etc. 

The beauty of that was that it kept the computer working for a very long time 
and made a rather pretty, or anyway interesting, pattern on the screen, for the price 
of just a few program instructions. What sort of pattern emerged? 

For a while, near the start of such a program, the walk is almost always quickly 
visiting pixels that it hasn’t visited before, so one sees an irregular pattern that 
grows in the center of the screen. After a while, though, the walk will more often 
visit pixels that have previously been visited. Since they have already been lit up, 
and once lit up they are never turned off, the viewer sees no change on the screen. 

Hence there are periods of time when the screen seems frozen, and then suddenly 
the walk will visit some new pixel in another corner of the pattern, and more of 
them will be lit up. 

After quite a long while, when the screen is perhaps 95% illuminated, the growth 
process will have slowed down tremendously, and the viewer can safely go read War 
and Peace without missing any action. After a minor eternity, every cell will have 
been visited, the screen will be white, and the game will be over. Any mathematician 
who watches this will want to know how long, on the average, it will take before, for 
the first time, all pixels will have been visited. 

To translate the question into more precise mathematical language, we consider a 
grid of MN lattice points 


G={(i,j)|0<i<M-1,0<j<N-1} 


and we regard them as being the vertices of a graph. The edges of the graph join 
(i,j) to (i,j + 1), 7 -— 1), - 1, /),(i+ 1,7), in which the first coordinate is 
interpreted modulo M and the second coordinate modulo N, because the screen was 
a ‘wraparound’ type where, for example, a point in the top row, if it walked up one 
unit, would appear on the bottom row (this graph is a lattice on a torus). 

On that graph we take the random walk described above. The average epoch at 
which, for the first time, all vertices of the graph will have been visited at least once, 
we will call the white screen time of the graph G, and will denote it by w(G). 


*I’m still a closet Basic user. 
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Having gone so far, of course, we can define the notion on any connected graph 
G. Start at some vertex v. In general, having arrived at a vertex w, if w has exactly 
d(w) neighbors, choose one of them, with a priori probability 1/d(w), and go there 
next. The white screen time of the graph G in this more general situation may 
depend not only on G but also on the starting vertex v, and so we will then call it 
w(G; Vv). 

There’s no need to stop there. The idea is perfectly natural not only on a 
connected graph, but on any irreducible Markov chain (i.e., one where every state 
can be reached from every other state in finitely many steps, with probability > 0). 
Then we would define the white screen time of the chain to be the expectation of the 
first epoch at which all states have been visited at least once. It would depend on the 
chain and on the initial state, in general. 

Up to now we have followed a well-known mathematical strategy: if you can’t 
solve it, generalize it. To continue with that strategy, let’s solve some easier special 
cases of the more general problem. Here are three examples of finding the white 
screen time, each of which is well-known classical folklore. 


Example 1. Consider the graph P,,, the n-path, that consists of n points arranged 


in a line, with the ith point connected to the (i + 1)st, for each i = 1,...,n — 1 (no 
wraparound). If we begin a walk at point /, then what is w(P,; /)? 
To solve this we first consider a slightly different question. For each j = 1,...,n, 


let x; be the average number of steps that a walk will take if it starts at vertex j of 
P,, until for the first time it visits vertex n (without necessarily having visited all 
vertices). Then clearly 


1 
x)= 7 (xj + xj-1) +1 (2<j<n-1), 


and we have the boundary conditions x, = 0, x; = x, +1. 
It is easy to check that 
x,=n?—2n+2j-j* (j=1,2,...,2) 


satisfies these equations, and since the solution is unique, that must be it. 
In particular x, = (n — 1)’. But that means that we now have a partial answer to 
our original question, because 


w(P,;1) =x, = (n-1)’. (1) 
What about w(P,; j) for other 7? If y, denotes that quantity then 


1 
y= 5 (at +yy~¥+1 (fj =2,3,...,2-1) 


along with the end conditions y, = y, =(n — 1)? by (1). This system has the 
solution 


. 5 5 nti 2 
y= OP, J) = Zr 1) -[7- 5 | (j=1,2,...,n), 


SO we now know the answers in the case of a path. & 


Example 2. Connect the two endpoints of an n-path and you have the n-cycle C,. 
Here w(C,,) is independent of the starting point. 
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To find it, fix an integer j,1 <j < n — 1. Consider the instant when, for the first 
time, our walk on the n-cycle has visited exactly j vertices. Then these j vertices are 
contiguous, and the walk is at an endpoint of that contiguous block at that moment. 
How long will it take before it visits a new point? 

Consider the collection of j already-visited points plus one new vertex adjoined 
at each end, as a path of j + 2 vertices, with the walk now sitting at vertex 2. We 
are asking how long it will take before the walk visits either vertex 1 or vertex 
j + 2. More generally, if we start at vertex r of a (j + 2)-path, how long does it 
take, on average, to reach an endpoint for the first time? Call that z,. Then, as 
before, 


1 1 
z= 5(4-1 +1) + 5 (441 t 1) (2<r<j+1), 


with end conditions z, = z;,, = 0, and with solution 
z,=(j+3)r—r*?-(j+2)  (r=1,2,..., 7+ 2). 


In particular, z, = j, which is the one we were interested in. 

Therefore, for each j = 1,2,..., — 1, if we have, for the first time, visited / 
distinct points on the n-cycle, it takes an average of j steps before a new point is 
encountered. Hence the white screen time of the n-cycle is (independent of the 
starting point and equal to) 


o(C,) =1+2+ ++: +(n-1)=(5)-m (2) 


Example 3. Consider n points, every pair of which are connected, and in which 
also each point is connected to itself. This is K,, the ‘complete graph with loops.’ At 
each step, with probability 1/n the walk stays put, and otherwise it goes to some 
other vertex, all with equal probabilities. 

The determination of the average number of steps required to visit all vertices in 
this case is called the coupon collector’s problem, and is well known to probabilists. 
It can be restated as follows. If we repeatedly and independently select random 
integers from the set 1,2,...,n, how long will it take, on average, before we have 
for the first time selected every one of those n integers at least once? 

The answer is that an average of 

~ 1 1 1 1 
w(K,,) nfl+>t+ qt qtoct (3) 
steps are needed. Indeed if we have already selected / distinct integers then the 
probability that our next choice is a new one is (n — j)/n, so the average number of 
trials until we choose a new one is n/(n —/), and the answer is the sum of 
n/(n — j) from j = 0 to n — 1, as claimed. & 


It turns out that problems of this type have been studied, under the name of 
cover time, by a number of authors (see [2] for the state of the art as of 1988). A few 
of the more recent results are that we know the order of magnitude of the white 
screen time of the n-cube [5], and that every connected graph G of n vertices has 
w(G) > Cn log n [1]. Further, for every connected G of n vertices and E edges we 
have [3] 


w(G) < 2nE. (4) 
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Hence in particular w(G) = O(n?) for all G. The barbell graph B,, consisting of 
two copies of the complete graph K,, that are joined by an n-path, has w(B,) ~ Cn’, 
so the order of magnitude is best possible. 

Here are a few things that we (or at any rate, I) don’t know about this problem. 


(a) Among all connected graphs G of n vertices which one has the largest 
max, #(G; v)? The smallest min, w(G; v)? The former is conjecturally 
a barbell. The latter is not the complete graph K,, since if we adjoin a 
‘tail’ to K,_, we can do better. 

(b) It isn’t immediately obvious that, given G, we can compute w(G) in a 
finite amount of time. But there is a finite algorithm, based on 
inclusion-exclusion, that does so in time Cn*2”" for graphs of n 
vertices. Is the problem that hard really, or is it just that the algorithm 
isn’t the best one? 

(c) Is there a fast algorithm for computing w(T) for a given tree T? There 
may well be, for Dr. David Aldous informs me that there is one for the 
closely related question of finding the mean time to cover and return 
to the starting point. 

(d) I nearly forgot. What is the white screen time of the M xX N toroidal 
lattice Ty, y? It has recently been shown by Zuckerman [6] that 
w(Ty y) lies between K,N* log* N and K,N* log* N. No wonder I 
had time to catch up on Tolstoy. 


My thanks to Drs. David Aldous and Peter Matthews for a number of helpful comments on this writeup. 
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LETTERS TO THE EDITOR 


To the Editor: 


It appears that Oscar A. Campoli, the author of “A Principal Ideal Domain 
which is not a Euclidean Domain”, Amer. Math. Monthly 95 (1988), 868—871, is 
unaware of the paper with the same title by Jack C. Wilson, which appeared in 
Math. Mag. 46 (1973), 34-38. 

The techniques used seem to me to be similar, any differences perhaps being 
explained by the fact that Wilson uses the standard definition for a Euclidean 
domain (the definition used by Campoli would not permit one to use the degree of a 
polynomial as a Euclidean norm for a polynomial ring over a field). 


Yours sincerely 


SHEILA OATES-WILLIAMS 
University of Queensland 


Australia 


To the Editor: 


Readers of D. H. Lehmer’s article, ““A New Approach to Bernoulli Polynomials” 
(this MONTHLY, December 1988), may be interested to know that the functional 
equation 


Slr 


¥ 3,» + 4 = m-"B, (mx) (1) 


which forms the basis for Lehmer’s article enters significantly in the modern theory 
of cyclotomic fields, as treated in Cyclotomic Fields by Serge Lang (Graduate Texts 
in Mathematics, vol. 59, Springer-Verlag, 1978). Lang calls (1) the “distribution 
relation,” because it allows the B, to be interpreted in a way analogous to the theory 
of distributions on R”. 

The distribution relation is also directly related to another important role of the 
Bernoulli polynomials, namely in the Euler-Maclaurin Summation Formula, one 
version of which may be formulated as follows: 

For any k > 1 there is a bounded, (k — 2) times continuously differentiable 
function J, on R, with period 1, such that for any C® function f of compact 
support on R, one has 


E p(n) = f° Ho) a= f% JC) FO(0) (2) 


n=— 


Moreover the restriction of J, to the interval [0, 1] may be taken to be a polynomial 
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of degree k, such that 


RAG dt = 0. 


Subject to these normalizations, J, 1s unique. 
The polynomials J, are simply multiples of the B,: 


B, = (-1)* ‘kl. 


This result is easily established by induction on k, using the Fundamental 
Theorem of Calculus for k = 1, and integration by parts for k > 1. The distribution 
relation follows by an obvious change of variables t — mt in (2). Thus equation (2) 
provides a seventh, or perhaps a 63th, approach to the B.. 


Sincerely, 


ROGER E. HOWE 
Yale University 


Editor: 


I am, by profession, a computer software engineer, and, alas, only a very amateur 
historian of mathematics. As you are probably aware California has a significant 
Hispanic population. In the course of tutoring some high school students I was 
asked if there had ever been a famous Hispanic mathematician. I had some vague 
recollection and managed to track down a book I had read some years previously. 
Peter Beckmann, now an emeritus professor of engineering at Colorado, had written 
a history of pi, and mentioned a fifteenth century Spanish mathematician named 
Valmes. It seems that Valmes was alleged to have been burnt at the stake by Tomas 
de Torquemada in 1486 because the mathematician had asserted that he had solved 
the general quartic equation. 

Besides providing me the example of a Spanish mathematician, the story aroused 
my interest. If Valmes had actually preceded Lodovico Ferrari’s published solution 
of the quartic equation by some fifty years, it seemed only fair that Valmes get some 
credit for a feat that cost him his life. Even if Valmes’ solution had been deficient I 
felt that mathematics owed a debt. But I could find no mention of Valmes in any 
history of mathematics, or in any history of the Spanish Inquisition. 

I wrote to Professor Beckmann. He was very gracious and promptly sent a reply 
that his source for the story about Valmes was a Russian textbook titled Tales About 
Mathematics (Rasskazy O Matematike) by one Ivan I. Depman. Alas, there were no 
bibliographical references or footnotes about Valmes. The book was published in 
Leningrad by Gosdetizdat in 1954. The Soviet consulate here in San Francisco was 
kind enough to provide Gosdetizdat’s address and I sent off a letter that had been 
professionally translated into Russian. I was optimistic that there might be some 
indication as to whether Depman, his editor or a student might still be alive. 
Unfortunately, there has been no reply. I also wrote to Henry Kamen in care of his 
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publisher. I am told that he is the foremost contemporary historian of the Spanish 
Inquisition. So far there has been no reply there either. 

Is there a Russian mathematical journal whose editor and readers might be able 
to shed some light on Ivan Depman and his sources? Similarly, is there a Spanish 
mathematical journal that I could contact? 

My last hope is that you might be able to print some or all of my letter and that 
one of my fellow readers might be able to point out that my problem has a known 
solution. 

Many thanks for your time. I am 


Sincerely yours, 


Peter F. Zoll 
P.O. Box 66 
Port Costa, CA 94569 


NOTES 


EDITED BY DENNIS DETURCK, DAVID J. HALLENBECK, AND ANITA E. SOLOW 


Fifty Years of Putnam Trivia* 


JOSEPH A. GALLIAN 
Department of Mathematics and Statistics, University of Minnesota, Duluth, MN 55812 


Many of us eagerly await the announcement of the annual Putnam competition 
every March. We pore over the data looking for names of people we know and 
names that we recognize. We look to see how many Harvard entrants placed in the 
top 10 this year and how the team competition turned out. We are curious to see 
how previous winners did and what score it took to be a winner. 

In 1988 there were two perfect scores. Two perfect scores! That is unbelievable. 
How many perfect scores have there been in the history of the competition? In 1987, 
and 1988, Harvard placed three in the top five. Incredible! Has any school ever had 
more? In 1988 Bjorn Poonen was a winner for the fourth time. How many times has 
that been done? In 1980 and 1982 Irwin Jungreis finished among the top ten while 
in 1985 and 1986 his brother Douglas was a Putnam Fellow. What a pair! Has one 
family ever produced two Putnam Fellows? 

If you have ever asked yourself such questions then for you I have drawn up the 
following list of Putnam trivia questions. Enjoy. 


1. Name two Putnam Fellows (top five finishers) who have won Nobel Prizes. 
2. Name three Putnam Fellows who have won Fields Medals. 
3. Name two Nobel Prize winners who have received Honorable Mention in the 
Putnam competition. 
4. Has there ever been a team that had both a Nobel Laureate and a Fields 
Medalist? 
5. Name a three-time Putnam Fellow who became President of the American 
Mathematical Society. 
6. Name the first recipient of the Putnam Scholarship at Harvard. 
7. Name the person who was a three-time winner of the USA Mathematical 
Olympiad and a three-time Putnam Fellow. 
8. Besides Bjorn Poonen, who are the only other four-time Putnam Fellows? 
9. How many contestants have been Putnam Fellows three times or more? 
10. Which of the following have been Putnam Fellows: George Mackey, Felix 
Browder, R. G. Swan, Robin Hartshorne, Barry Simon, Alfred Hales? 
11. Name the only person ever to have been designated a Putnam Fellow at two 
schools. 
12. Six schools have had Putnam Fellows ten or more times. Name them. 
13. Which of the following schools have never had a Putnam Fellow: Armstrong 
State College, Carleton College, College of St. Thomas, Fort Hays State 


*This article is based on the Putnam competitions from 1938 to 1988. 
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10. All of them. 

11. Arthur Rubin 

12. Harvard 59, MIT 28, Cal Tech 17, Toronto 17, Berkeley 14, Princeton 11. 
13. Carleton, Stanford 

14. 3 (Harvard 1949, Harvard 1986, Harvard 1987) 
15. 0 

16. Harvard 14, Cal Tech 9, Toronto 4. 

17. Second by Oberlin in 1972. 

18. Four by Harvard, 1985-1988 

19. Toronto, Queen’s, Waterloo 

20. Fourth 

21. Polytechnic Institute and Brooklyn College 

22. California, Davis 

23. Stanford: one fourth place finish. 

24. Each has won three times. 

25. Michigan State University 

26. Michigan State University 


Fixed Points of the Twisted Cyclic Shift Operator 


LARRY W. CUSICK AND PETER TANNENBAUM 
Department of Mathematics, California State University, Fresno, CA 93740 


The cyclic shift operator S(a,,..., a,,) = (a5,..., 4,, @,) appears in many differ- 
ent mathematical contexts. It is, perhaps, the most natural representation of the 
cyclic group of order n, Z,. While attempting to solve a topological problem (see 
application 1) one of us has found useful a slight generalization of this operator. We 
felt that this new operator was interesting enough in its own right and that others 
might profit from its exposure. This generalization has also appeared elsewhere (see, 
for example, [3] and [4]). 

Henceforth, we will suppose A is a set with an involution. (An involution on a set 
A is a function t: A — A that satisfies t?(a) = a. Complex conjugation is a simple 
example of an involution. From now on we shall use @ in place of 7(a), even when 
the involution is not complex conjugation.) 


DEFINITION. The twisted cyclic shift operator is the operator T: A" — A” given by 
T(a,,. Para a,,) = (a5,. ee 9 ano a,). 


The exponent of the twisted cycle shift operator is 27, ie., T°” = identity, so we 
will find it convenient to think of T as generating a cyclic group of order 2n. In 
studying the dynamics of any operator one is often led to the fixed point sets of its 
powers, 


Fix(T*) = {vy € A"|T*(v) = 7}. 


Our main result is a complete determination of the fixed point sets of powers of the 
twisted cyclic shift operator. Before we state the result we would like to introduce a 
little notation. The fixed points of the involution on A will be denoted by 
R(A) = {a € Ala = a} and if u = (a,,..., a,,) then u = (@,..., @,). 
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24. Each has won three times. 

25. Michigan State University 

26. Michigan State University 


Fixed Points of the Twisted Cyclic Shift Operator 


Larry W. CUSICK AND PETER TANNENBAUM 
Department of Mathematics, California State University, Fresno, CA 93740 


The cyclic shift operator S(a,,..., a,,) = (@5,..., 4,, @,) appears in many differ- 
ent mathematical contexts. It is, perhaps, the most natural representation of the 
cyclic group of order n, Z,. While attempting to solve a topological problem (see 
application 1) one of us has found useful a slight generalization of this operator. We 
felt that this new operator was interesting enough in its own right and that others 
might profit from its exposure. This generalization has also appeared elsewhere (see, 
for example, [3] and [4]). 

Henceforth, we will suppose A is a set with an involution. (An involution on a set 
A is a function t: A — A that satisfies t*(a) = a. Complex conjugation is a simple 
example of an involution. From now on we shall use a in place of 7(a), even when 
the involution is not complex conjugation.) 


DEFINITION. The twisted cyclic shift operator is the operator T: A" — A” given by 
T(a,,...,4,) = (@5,..-, ,, 4). 


The exponent of the twisted cycle shift operator is 2n, ie., T°” = identity, so we 
will find it convenient to think of T as generating a cyclic group of order 2n. In 
studying the dynamics of any operator one is often led to the fixed point sets of its 
powers, 


Fix(T*) = {vy € A"|T*(v) =r}. 


Our main result is a complete determination of the fixed point sets of powers of the 
twisted cyclic shift operator. Before we state the result we would like to introduce a 
little notation. The fixed points of the involution on A will be denoted by 
R(A) = {a € Ala = a} and if u = (a,,..., a,,) then u = (@,..., ,). 
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MAIN THEOREM. Let k be any positive integer and d = gcd(k,2n). Then 


{(u,...,u) e A"\u € R(A)*} if 2n/d is even, 


Fix(T*) = 
{(u,U,...,u,u,u) €A"ju Ee A*”?} if 2n/dis odd. 
Before we prove the theorem we would like to illustrate the result with an example. 
(It would have been more honest to begin the article with the example since that 
would have better reflected the chronology of events. Indeed, the statement of the 
main theorem was inspired by the output of a computer program that calculated 
fixed point sets.) 


EXAMPLE. Let A = {0,1} with the involution 0 =1 and 1=0 and n= 9. 
Fix(T*) depends only on d = gcd(k, 18). We will restrict k to the values 0 through 
17. There are six possible values for d: the six divisors of 18, which are 1, 2, 3, 6, 9, 
and 18. The result is summarized in the following table: 


d k Fix(T*) 
1 1, 5,7, 11, 13,17 DB 
2 2,4, 8, 10,14, 16 {(010101010), (101010101)} 
3 3,15 DB 
6 6,12 {(000111000), (001110001), (010101010), 
(100011100), (111000111), (110001110), 
(101010101), (011100011)} 
9 9 D 
18 0 A? 


Proof of the Main Theorem. The first step is to note that Fix(T*) = Fix(T%). 
This follows since T* and T? generate the same subgroup of (T) = Z,,. (See, for 
example, [2]). . 

Case 1. 2n/d is even, so d divides n. Write the elements of A” as vectors 


v = (uy,..., U,,/q) where each u, is a vector in A*. Then T(r) = (up,..., Uy pgs Uy) 
and T“(v) = v implies u, =u, = +--+ =u, /q = U,. On the other hand, it should be 
obvious that any vector of the form v = (u,...,u) with each u & R(A)4 is left 
fixed by T? 

Case 2. 2n /a is odd, so d is even. let 2p + 1 = 2n/d. Write the elements of A” 
as vectors v = (u,,...,Uy,4,) Where each u, € A*/?, Then T4%(v) = 
(u3,... Mapa ,,u,) and T“(v) =» implies u, = u,= --- = Maps =i, and 
Uy =U, = *** =U, = U,. And clearly any vector in the form v = (u, U,..., U, U) 


Pp 
where u € A?/? is left fixed by T*. O 


An action by a group G on aset _X is called free if for every g € G \ {1}, g(x) #x 
for all x € X. An involution may be thought of as an action by the group Z,. 
Assume that the involution is free. In this case R(A) = @ so that Fix(T“) = @ 
whenever 2n/d is even. Consequently, if n is a power of 2 then Fix(T“) is empty 
for any positive k less than n. The converse is true as well, for suppose n = 
27(2m + 1) with m > 1 and let k = 27*', then 2n/d = 2m + 1. This gives us the 
following: 


COROLLARY. If the involution on A is free then the resulting action of (T) = Z 
on A” is a free action if, and only if, n is a power of 2. 


2n 
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Application 1. There is a classical result in the topology of group actions that says 
the only nontrivial finite group that can act freely on an even dimensional sphere is 
Z.,. (By an even dimensional sphere we mean any topological space homeomorphic 
to S$?" = {y € R2”*" ||| = 1}.) The proof of this result is both simple and instruc- 
tive. The Euler characteristic, y(X), plays a part in topology similar to that of 
cardinality in set theory. This is particularly striking when discussing group actions. 
For example, if a finite group, G, acts freely on a finite set, X, then the cardinalities 
of X and the orbit set, X/G, are related to the order of G by the formula 
|X/G| - |G| = |X|. Now suppose X is a “reasonable” compact topological space 
with a free action by G. (By “reasonable” we might mean that X is a manifold or a 
polyhedron, and we assume the action preserves whatever structure we impose on 
X; in particular, the action should be continuous.) The Euler characteristics of X 
and the orbit space X/G now take the place of the cardinalities in the above 
formula: 


x(X/G) - |G| = x(X). 


It is well known that when X is an even dimensional sphere its Euler characteristic 
is 2. Now, we plug this into the above Euler characteristic formula to obtain 
x(S2"/G) - |G| = 2, from which we may conclude that |G| divides 2. All that is 
left to do is to construct an actual free action of Z, on S?”. In fact, any sphere 
admits a free involution via the antipodal map, » = —», thus proving the result. We 
would like now to suggest a generalization. Suppose that X is homeomorphic to a 
cartesian product (S”)* and that G is a finite group acting freely on X. Using the 
formula x(A X B) = x(A)- x(B) and the fact x(S?”") = 2, we conclude x(X) = 
2*. Using the same reasoning as above we get that |G| must divide 2*. Note that the 
above condition on G is necessary, but as we shall momentarily see, it is not 
sufficient. If G is also assumed to be abelian then a further restriction on G can be 
found. Any finite abelian 2-group is isomorphic to a direct product 


G= I] Z 4», 
j=l 


for some sequence of natural numbers b,,..., b,,. In [1] and [4] it was proven that 
the above G acts freely on (S?”)* if, and only if, 


k> ¥ 227), 
j=l 


The “only if” part of the proof involves some representation theory which we will 
not go into here. The “if” part, though, is given by the above corollary. We need to 
show that if 


k= y 25-1 
j=l 


then we can construct a free action of G on the cartesian product of k copies of the 
2n-sphere. The construction is done in two steps. First, the twisted cyclic shift 
operator provides us with a free action of Z.», on each 


(s2ry?" 
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(use the antipodal map on the spheres for the involution). We now build up the 
action inductively using the following observation. If the groups G, and G, act 
freely on spaces A, and A, respectively, then the action of G, X G, on A, X A, 
given by (2), 22) ° (@;, 4) = (8141, 84>) 1s also free. In this way we obtain a free 
action of Z», X --- XZ>», on 


(S27 x ee K( S27", 


Application 2. This application originates in the design of digital circuits, an area 
where many interesting mathematical questions are submerged under heavy layers 
of nonmathematical terminology. 7 7 

Here A = Z, = {0,1} with the natural involution 0 = 1 and 1 = 0. It is custom- 
ary to write the elements of A” as n-bit strings rather than the more conventional 
vector notation and for the purposes of this example we will find it convenient to 
adhere to this custom. 

In order to store an n-bit string (usually representing a specific piece of 
information such as a number or a character code) a device called a register is used. 
Registers are schematically represented as a collection of n boxes each correspond- 
ing to an individual binary switch. The contents of the box describe the state of the 
switch (0 = off, 1 = on). 


1} Lo] fo] 2 2] fo} J 


Fic. 1. An 8-bit register containing the string 10011011. 


Since registers by themselves are static and would be of little use except as a 
permanent storage device, logic is added in the form of circuitry and a discrete 
clock. The combination of storage device and logic circuitry gives rise to a device 
often known as a counter and the contents of the counter at a particular clock time i 
is called the state of the counter at time i. Mathematically, a counter is just an 
operator C: Z5 — Z5 and the state of the counter at time i is C'(a) where a is the 
state of the counter at time 0. 


Fic. 2. The cyclic shift counter representing the cyclic shift operator S. 


The sequence of binary strings generated by the consecutive states of a counter is 
called a count sequence. Count sequences are used to control sequences of opera- 
tions and/or commands and in a rather simplistic sense a program is essentially a 
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Fic. 3. The twisted cyclic shift counter or “Moebius counter” representing the operator T. The binary 
adder ® performs the involution by adding the constant bit 1. 


conglomeration of complex count sequences. The name of the game in logic design 
is to design a counter that generates a given count sequence in a way that minimizes 
the complexity of the circuitry. 

One of the best known and widely used count sequences is a Gray code sequence. 
In a Gray code sequence the state of the counter at clock time (i + 1) differs from 
the state of the counter at clock time / in a single bit position. For obvious reasons, 
Gray code sequences are known as minimal change sequences. Although it is possible 
to generate a Gray code sequence of 2” states using an n-bit counter the logic 
circuitry needed to implement it is quite complicated [3]. A much simpler design can 
be obtained by using an (n + 1)-bit twisted cyclic shift counter as illustrated in 
FIGURE 4. 


Clock Time State 
0 0000 = 0 
1 0001 = 7(0) 
2 0011 = T7(0) 
3 0111 = 73(0) 
4 1111 = 7%(0) 
5 1110 = T°(0) 
6 1100 = 7°(0) 
7 1000 = T (0) 


Fic. 4. An eight state Gray code sequence generated by a 4-bit twisted cyclic shift counter. 


One of the questions raised by this paper can be phrased as follows: given that 
the counter is in an initial state a, what is the longest possible Gray code sequence 
that it can generate? Using the terminology of our paper this is equivalent to asking 
what is the smallest power of the operator T which fixes a? The answer to this 
question is given by the main theorem. 
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Fubini’s Theorem for Null Sets 


Eric K. vAN DOUWEN! 
Mathematics Department, North Texas State University, Denton, TX 76203 


For a subset A of the plane R? and for x € R the set 
A.={yER: (x, y) € A} 


is called the x-section of A. We let A denote (Ainear) Lebesgue measure in R and let 
q denote (7lanar) Lebesgue measure in R?. 
Fubini’s theorem for null sets is: 


THEOREM A. For a measurable subset A of R? the following are equivalent: 
(a) A is a null set of R?; 
(b) A, is a null set for almost all x © R, i.e., the exceptional set 


E(A) = {x ER: A, is not a null set of R} 
is a null set of R. 


Oxtoby gives a simple proof of (a) = (b), [1, p. 53]. Concerning the reverse 
implication he states that “[t]he usual proof depends on properties of the Lebesgue 
integral” [1, p. 54]. The purpose of this note is to give an unusual proof of the 
reverse implication that is quite in the spirit of [1]. 

Fubini’s theorem for null sets does not give much information about the 
exceptional set E(A) if A is a measurable set that is not a null set. It leaves open 
the possibility that E(A) has cardinality less than c (this requires the negation of 
the Continuum Hypothesis, of course). Our method of proof allows us to prove 
“Fubini’s Theorem for Sets of Positive Measure”: 


THEOREM B. For.a measurable subset A of R? the following are equivalent: 

(a) A is not a null set; 

(b) there are y>0O and a measurable GCR of positive measure such that 
\(A,.) > y for all x © G. 


As an application of Theorem B we give a variation of an example of Sierpinski, 
[2], that “measurable” is essential in Theorems A and B: There is a subset A of R? 
that is not measurable, yet no vertical line in R? contains more than one point of A. 
A similar example is also constructed by Oxtoby, [1, p. 55], who used CH to keep 
things simple. Since we have Theorem B available, we can do a simple construction 
without using CH. 


1. Compact sets in products. The key to our proof is the following simple result 
about compact sets in products: 


Fact. Let A C R? be compact, let x € R and let T be open in R with A, C T. 
Then x has a neighborhood U such that 


AN(UXR)CUXT, ie., such that A, C T forall y € U. 


Professor Eric K. van Douwen died in his sleep July 28, 1987. He was 41 years old. 
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To prove the fact note that 
F={AN ([a,b] X (R\T)):a<x <b} 
is a collection of closed subsets of the compact set A with 
NF=AN({x} x (R\T)) = {x} x (4, N (R\T)) = 2. 


Since ¥ is closed under finite intersection, it follows that @ © ¥; hence there are 
a,b © R with a < x < b such that A ([{a, b] X R) C [a, b] x T. 


This proof works in any product X <x Y with X Hausdorff. Therefore, the two 
Fubini Theorems we prove also hold in a more general context. We leave it to the 
reader to elaborate. 


2. Proof of Fubini’s Theorem for Null Sets. Since (a) = (b) has an easy proof, 
[1, p. 53], we only have to prove (b) = (a). We first reduce the proof to the special 
case of compact sets with empty exceptional set: Let A be a measurable subset of 
R? whose exceptional set E(A) is a null set. Since E(A) X R is a null set, we prove 
A is a null set if we prove A \ (E(A) X R) is a null set. To this end, it suffices to 
prove for each compact K C A \ (E(A) X R) that K is anull set. As E(S) C E(T) 
whenever S C T C R°, this completes the reduction. We may assume without loss 
of generality that E(A) = © and that A is compact. 

Since A is compact, so is its projection on the x-axis, 1.e., So 1S 


L={xER:(x, y) €A for some y € R}. 


Consider an arbitrary 6 > 0; we prove 7(A) < 6. As L is compact, there is an open 
S in R with L C S such that A(S) < oo. Let e¢ > 0 be such that A(S)-e < 6. Call 
U Cc R e-good if there is an open set V in R with A(V) < « such that 


AN(UXR)CUxX VD, 


and let Y be the collection of e-good open sets G in R with GCS. Since 
E(A) = ©, the Fact of Section 2 implies that Y covers L. As L is compact, it 
follows that Y has a finite subcover, which we enumerate as (G,: k =0,...,n). 
From this finite open cover of L by e-good open sets we produce a pairwise disjoint 
cover (S,: k =0,...,n) of L by e-good measurable subsets of R: Define 


S,=G,\ UG, fork =0,...,n. 


i<k 


Each S, is e-good since it is a subset of the e-good set G,. Also, for each x € L, if 
m is minimal with x € G,,, then x € S,. Hence the S,’s cover L. 
For each k = 0,..., we can find an open V, in R with A(V,) < e such that 


AN (S, XR) CS, X V;,. 


Since (S,: k = 0,...,) is pairwise disjoint and satisfies 


LCE Us, cS, 
k=0 
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since it has a countable base.) Hence there is a well-order < on FY such that every 
member of # has fewer than c predecessors. 

We construct A by choosing ap = (xp, yp) © P for P&M as follows: Let 
Q & #, and assume a» chosen for P < Q. Because of (b) we can choose x9 © R \ 
{xp: P < Q} such that the vertical line {x9} < R intersects Q, and next choose 
Yo = R such that ag = (Xg, Yo) © Q. Obviously no vertical line contains more 
than one point of the resulting set A = {ap: PEP}. 

Of course (b) also holds with “|P,| = c” instead of “P, # ©.” The reader may 
use this version of (b) to construct a subset R* which contains exactly two points of 
every line in R’, yet which is not a null set since, again, it meets every member of F. 
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An Optimization Problem 


RICHARD BASSEIN 
Department of Mathematics and Computer Science, Mills College, Oakland, CA 94613 


Some years ago, I played with a computer game called “Lunar Lander,” of which 
there are several forms in existence. The one I used simulated the following 
situation. You are piloting a lunar excursion module which has a given amount of 
fuel and is hurtling towards the surface of the moon. You must decide when and 
how hard to fire. your retrorockets to slow your vehicle to a gentle landing. After 
much experimentation and consultation with other “simu-astronauts,” I found that 
the best strategy was to wait as long as possible before firing the rockets, then blast 
away with the maximum force allowed. (That strategy is, in fact, an example of the 
so called “bang-bang” principle of optimal control; advanced treatments using 
functional analysis may be found in the references.) This article presents an 
elementary proof that such a strategy is indeed the best. 

To make the central ideas most apparent, let’s first consider a simple model in 
which the change in weight of the remaining fuel is negligible compared to the total 
weight of the vehicle. Let 


x(t) = the height of the vehicle above the surface of the moon 
v(t) = the downward velocity of the vehicle; thus v(t) = —x’(t) 
f(t) = the cumulative amount of fuel consumed; thus f(0) = 0 

g = the acceleration of gravity near the moon’s surface 

T = the time at which the vehicle lands; thus x(T) = 0. 


Our goal is to minimize f(T) while making v(T) = 0, for a gentle landing. 
Let us assume that the force applied by the retrorockets is proportional to the 
rate at which fuel is consumed. If c is the constant of proportionality and m is the 
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Some years ago, I played with a computer game called “Lunar Lander,” of which 
there are several forms in existence. The one I used simulated the following 
situation. You are piloting a lunar excursion module which has a given amount of 
fuel and is hurtling towards the surface of the moon. You must decide when and 
how hard to fire. your retrorockets to slow your vehicle to a gentle landing. After 
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the best strategy was to wait as long as possible before firing the rockets, then blast 
away with the maximum force allowed. (That strategy is, in fact, an example of the 
so called “bang-bang” principle of optimal control; advanced treatments using 
functional analysis may be found in the references.) This article presents an 
elementary proof that such a strategy is indeed the best. 

To make the central ideas most apparent, let’s first consider a simple model in 
which the change in weight of the remaining fuel is negligible compared to the total 
weight of the vehicle. Let 


x(t) = the height of the vehicle above the surface of the moon 
v(t) = the downward velocity of the vehicle; thus v(t) = —x’(t) 
f(t) = the cumulative amount of fuel consumed; thus f(0) = 0 

g = the acceleration of gravity near the moon’s surface 

T = the time at which the vehicle lands; thus x(T) = 0. 


Our goal is to minimize f(T) while making v(T) = 0, for a gentle landing. 
Let us assume that the force applied by the retrorockets is proportional to the 
rate at which fuel is consumed. If c is the constant of proportionality and m is the 
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mass of the vehicle (including fuel) then Newton’s Law says the following about 
the downward velocity v(t). 
mv'(t) = mg — cf’(t) (1) 
By choosing the appropriate units for f(t) we can make c = m and this equation 
takes the following simpler form. 
v(t)=g—f(t) 

The use of f’(t) when the force, and therefore the rate of fuel consumption, is 
changed deserves some discussion. While in reality such changes in f’(t) may be 
rapid but continuous, it will be simpler, and not terribly inaccurate, to model them 
as discontinuous. The problem is that f’(t) will be undefined at such moments. The 
easiest way to deal with this difficulty is to assume that f(t) is continuous and 
piecewise differentiable and integrate the above equation. 

Integrating v(t) + f(t) = g gives v(t) + f(t) = C + gt, for some constant C. If 
the initial velocity of the vehicle is vu, = v(0), we get C = uv, since f(0) = 0. Thus, 

v(t) + f(t) = v9 + gt (2) 
If v(T) = 0, then f(T) = v, + gT. Our first observation is that to minimize f(T), 
we need to minimize 7. 
Fig. 1 illustrates equation 2 geometrically. 


Fic. 1. Meeting a straight line. 


Note that the shaded area, between the graph of f(t) and the line v, + gt, is the 
integral of v(t) from t = 0 to t = T, hence is the distance travelled toward the 
moon. To land, this area must be equal to x, the starting height. 

Therefore, what we must choose is a graph for f(t) which minimizes T and 

(1) starts at f(0) = 0, since no fuel has been consumed at time ¢ = 0, 

(2) is nondecreasing, since fuel cannot be unconsumed, 

(3) meets the line uv, + gt at t = T in order to reach v(T) = 0, and 

(4) encloses, between it and the graph of vu, + gt, an area of xo. 
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Let us denote by M the maximum rate at which fuel can be consumed. In other 
words, f’(t) < M (when /’(t) is defined). Let’s see that the graph which minimizes 
T and satisfies conditions (1) through (4) above is f(t) = 0 from t = 0 to some time 
t = T, and then is a straight line of slope M from t = T, to t = T, as shown in Fig. 
2. This corresponds to waiting as long as possible before firing the rockets, then 
blasting away at the maximum rate. 


v 


qT, 


Fic. 2. Holding off, then blasting away. 


First note that there is at most one graph of the form described in the previous 
paragraph which satisfies condition (4), since the area enclosed by such a graph is 
an increasing function of T,. (If the choice 7, = 0 already encloses an area larger 
than x,, then we don’t have enough fuel to slow down to v(T) = 0 before we crash 
into the moon.) Suppose the graph of a different function g(t) also satisfies 
conditions (1) through (4) with ¢’(t) < M and meets uv, + gt at the same time 7, as 
shown in Fig. 3. (If it meets the line even earlier, we can just continue it along the 
line to the point where t = T.) 


0 


Fic. 3. A different solution? 
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Fic. 4. Maximum firing. 
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A Characterization of a Class of Composition Operators 


R. E. LEWKOWICZ 
Department of Mathematics and Statistics, Wright State University, Dayton, Ohio 45435 


A composition operator, or substitution operator, as it 1s sometimes called, is an 
operator T on a function space F(X) induced by a transformation ¢ of the 
underlying space X. 


Tf(x) = f(t(x)). 

If the function space F(X) is an algebra as well as a vector space and if 7 
preserves the multiplicative properties of F(X) and ¢ is a byection, then T is an 
algebra automorphism. 

In particular, if F(K ) is the space of all real or complex valued functions on a 
compact Hausdorff space K endowed with pointwise operations and with the 
topology of pointwise convergence, and h is a homeomorphism of K, then the 
composition operator H defined by Hf(x) = f(h~*(x)) is (1) a continuous auto- 
morphism of F(K ) and (2) preserves the subalgebra of all continuous functions in 
F(K ). The converse is also true: 


THEOREM. If H is a continuous automorphism of F(K) and H preserves the 
subalgebra of all continuous functions in F(K ), then there exists a homeomorphism h 
of K such that 


Hf (x) = f(h-*(x)) 
for all x in K. 
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Fic. 4. Maximum firing. 
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algebra automorphism. 

In particular, if F(K ) is the space of all real or complex valued functions on a 
compact Hausdorff space K endowed with pointwise operations and with the 
topology of pointwise convergence, and hf is a homeomorphism of K, then the 
composition operator H defined by Hf(x) = f(h~'(x)) is (1) a continuous auto- 
morphism of F(K ) and (2) preserves the subalgebra of all continuous functions in 
F(K ). The converse is also true: 


THEOREM. If H is a continuous automorphism of F(K) and H preserves the 
subalgebra of all continuous functions in F(K ), then there exists a homeomorphism h 
of K such that 


Hf (x) = f(A-(x)) 
for all x in K. 
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Proof. If x , is the characteristic function of the subset EF of K, then by virtue of 
the multiplicative property of H, the function Hx, is an idempotent and as such is 
the characteristic function of a unique subset h(E) of K. In particular, for each 
x © K, the image of the characteristic function of the singleton {x} is itself the 
characteristic function of a unique singleton { y}. Indeed, since h({x}) # @, there 
exists an element y in K such that h({x}) = {y} U P, where {y} M7 P= @. By 
linearity, invertibility, and the multiplicative property, we find that 


-1 -1,, 
H Xt} + HX p = X {x}. 
Hence, if z © K and z # x, then 
H~*x ,,,(z) =0 and H'x,(z) =0, 
while if z = x, then either 
or 
H~'x,,,(z) =1 and HA™*yx p(z) =0. 
Accordingly, either H-'xp=x (x) or else H “ty (yy = Xexy- Since the first of these 
relations implies that x,,, = 0, the second must hold, implying that P = ©. 
Define the bijective point function 4:K > K by h(x) =y, so that Hx,,) = 
X {n(x} It remains only to show that Hf = f° h~' and that h is a homeomorphism. 
(Since K is compact, it will be sufficient to show that h~! is continuous). The very 
short and elegant version to be presented here of the remaining part of the proof is 


due to Eric Nordgren (Private Communication). 
For arbitrary f © F(K) and x € K, we have fx,,, = f(*)x,x}- Hence 


(AP) X cave) = (Hf )( Hx.) — H( fx ,x3) 
= H( f(x) x;x5) = f(x) AX >.) = f(X)X cacy}: 


Evaluation at h(x) now yields (Hf)(h(x)) = f(x) or, equivalently, Hf = foh7'. 
Since H preserves continuity, then f° 7! is continuous whenever f is. Since K is 
compact Hausdorff, this implies that h~+ is continuous. 
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Introduction. In a first course the case of two coupled linear differential 
equations tends to fall between two stools. The teacher’s unrequited love for 
eigenvalues drives him into the complex domain, a maze in which he seldom finds 
the simple, real solutions of the original problem. And even if the complex numbers 
can be avoided he has difficulty returning through the coordinate transforms. It 
would seem that if the students had an adequate basis in algebra, everything would 
be easy. However, on the one hand, it is too much to include all that algebra. On the 
other hand, that particular subject is not something that can be used now and 
explained later. 

Hence, it is tempting to look for a simple, direct solution, which works in the real 
domain and only requires straightforward ideas. 


The problem. We want to analyze an initial value problem: a couple of linear 
first-order differential equations with constant real coefficients in order to find the 
real solutions. The system is 


X, = ax, + bx, (1) 
Xy = cx, + dx, (2) 
where a, b,c, d © R, and x,, x, are functions with initial values 
x1(0) = xy (3) 
X2(0) = x3 (4) 


with x?, x? © R. We shall prefer to write it in matrix form. We define vectors 
x = x? = 
X> x? 


A= (¢ A (5) 


and coefficient matrix 


c 

Then we may replace (1), (2) by (6) and (3), (4) by (7): 
x = Ax (6) 
x(0) = x°®. (7) 
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Motivation. In the traditional search for solutions we argue along the following 
lines: If A should happen to be a diagonal matrix, i.e., b = c = 0, then the system 
consists of two independent equations, namely 


X, = ax,, X,=dxy, 
with independent inital values 


x(0) = xp, x2(0) = x3. 


If A is not diagonal, we look for a coordinate transformation 


x = Sy 
which changes the equation to 
y =S‘ASy. (8) 
If the new matrix 
B=S"'AS 


happens to be diagonal, then we are through. Unfortunately, we might need to 
extend the problem into the complex domain in order to obtain this diagonalization, 
and even so, as the matrix 


shows, not all matrices can be diagonalized. In spite of the large amount of algebra 
employed we have hardly succeeded in finding the real solutions. 


Alternative analysis. The idea to be explained below is to argue slightly differ- 
ently: If A? should happen to be diagonal, then the system is easy to solve, even as 
an initial value problem. If A? is not diagonal, then we are able to transform the 
problem, such that the new one has a coefficient matrix with diagonal square. As a 
matter of fact, neither of the above features needs complex numbers, and further, 
there are no exceptions to the procedure or even to the formulas for the solutions of 
the inital value problem. 


The solution with trace zero. If A is not already a diagonal matrix, then A? is 
diagonal if and only if the trace A is zero. As we shall see, we can always transform 
the problem to the case where the trace of the new coefficient matrix is zero, even 
when A is diagonal. Hence we shall restrict our analysis to the case of trace zero. 


THEOREM 1. If A has trace zero, then — A? is the determinant of A times the unit 
matrix, i.e., AZ = AE with A = a? + be. 


THEOREM 2. If A? is diagonal, then either A is diagonal or the trace of A is zero. 


Proof. Elementary. a 


Under this assumption we shall analyse the solution of (6) and (7). Let x be a 
solution of (6)—(7). Then by Theorem 1 


x = AEx. (9) 
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Let 6 be the solution of the initial value problem 
5 = Ad; (10) 
5(0)=0, 6(0) =1. (11) 
Note that 6 solves (10), but not (11). Then 6 is not proportional to 6 and hence the 


couple (6, 6) constitutes a basis for the solution of (10). Because x solves (9), it must 
take the form 


x = dv + bw (12) 
where v and w are vectors in R’. As x satisfies (6), we have 
x = bv + dw = Ax = dAv + OAw. 
Using (10) we get the equation 


Sw + dAv = SAv + SAw. 
At t = 0 we have, because of (11), 


w = Ay. (13) 
Substitution of (13) in (12) yields 
x = (SE + SA)v. 
As x Satisfies (7), we have 
x? = x(0) = (1E + OA)v = v. (14) 
Hence the solution of (6) and (7) is of the form 
x = (SE + 6A)x°®. (15) 


This ends the analysis. 
Now we can substitute (15) in (6) and (7) for verification. In the latter case we get 
(14), and in the former (using (10)) 


x = (OE + 6A)x° = (SAE + 8A)x°®, 
while using Theorem 1 yields 
Ax = A(6E + 5A)x° = (6A + 5A?)x° = (6A + SAE)x°®. 
The general case. Without any assumptions about A we shall transform the 
equations (6) and (7) to the case of zero trace. This proves much easier than the 


transformation (8). Let © € R be a constant, and @ the solution of the initial value 
problem 


6 = o9: 6(0) =1 (16) 


(i.e., the exponential function 6(t) = e®'). 
We consider the coordinate transformation 


x = 6&. 
Now (6) and (7) for x imply certain equations for &. (7) is simple: 


x" = x(0) = 8(0)€(0) = &(0) 
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by (16). (6) is nicer: 
Kk = 6& + 6& = Ax = OAE. 
Using (16) we get 


6& + @bE = BAE. 
Because 0 # 0, we can divide by it, hence, 
—E= (A — OE)E. 
Now, if we choose © correctly, the new matrix will have trace zero. We define © as 
at+d 
= 
half of the trace of A. Then the system gets the matrix 
a-—d 
5 b 
B = (A — @E) = d—a 
° 2 


so & solves the initial-value problem: 


€=Bé; §(0) = x° (17) 
of the type of trace zero. (17) is then solved by (15), where 6 solves (10), (11) with 


A ava)", 
-(S] °. 


Conclusion. We can write down the solution of (6) and (7) explicitly. Let the 
half-trace © and the discriminant A of the matrix A be defined as 


atd 
Q= , (18) 


n= (3*) 406 (19) 


Let @ be the solution of the initial-value problem 
6=@06; 6(0)=1. 
Let 6 be the solution of the initial-value problem 
5=Ad; 68(0)=0; 6(0) =1. 
Then the solution of (6) and (7) is: | 
x = 6(SE + 8(A — OE))x°. (20) 


In coordinates this becomes 
Qa — 


d 
x, = 0 x + bx3) 8 , 


x96 + | 


os d-a , 0 
x, = 8) x56 + 5 x5 + cxy {6}. 
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The functions @ and 6 can be explicitly written down. They are 


ata 
6(t) =e =e a; 
1 . 
Ty sinh(VA7) for A > 0, 
d(t)=(¢t for A = 0, 


1 
Joe il At) for A < 0. 


Afterthought. From a higher point of view, the methods applied here are exam- 
ples of more sophisticated analytic methods in algebraic disguise, to be compared 
with the standard sophisticated algebra. If Sophus Lie could have asked Jean B. J. 
Fourier to solve the equations, he would have done so as follows: 

The system (1)—(2) should be transformed into one equation of second order, 1.e., 


¥—(at+d)x+ (ad — bc)x = 0. 
Fourier, of course, would have transformed the operator to a polynomial, 
£?— (a+ d)&+ (ad — bc); 
then he would have translated this by the distance © (from (18)), say 
n= €-9, (21) 
and, hence, obtained 
n — 0° + (ad- be) =7° -A 


with A defined by (19). 
By the inverse Fourier transformation, 7 is transformed into y, satisfying 
y =Ay 
and related to x by the transform of (21), 1.e., 
y=x-e %, 
Further, he would have formulated the results of his efforts in the form of (20). 
For then Sophus Lie could have extracted the matrix 


C(t) = 0(t)(6(t)E + 8(t)(A — @E)), 
which is a handy representation of the Lie group of the flow of solutions of (1)-(4). 
Hence C(t) must satisfy the relation 
C(t + s) =C(t)C(s). 


We know this relation from the theory of Lie groups, but we shall leave 
verification by the elementary trigonometric formulas for addition and their ana- 
logues as an exercise. 
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Irrationals and the Fundamental Theorem of Arithmetic 
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Recent issues of the MONTHLY contain articles [1, 2] that discuss approaches to 
the irrationality of the square roots of nonsquare natural numbers using arguments 
designed to avoid any mention of unique factorization. The argument in [2] is 
incomplete but, as the article points out, the important objective when introducing a 
topic such as the existence of irrationals is to present arguments that the students 
find convincing and many students have difficulty with reasoning involving the 
unique factorization aspect of the Fundamental Theorem of Arithmetic. The follow- 
ing discussion is designed to give students some appreciation of the significance of 
the property of unique factorization by considering the “irrationality” of square 
roots in systems where this property does not hold. Ideally it should come immedi- 
ately after the presentation of a plausibility argument such as that in [2] showing the 
students that square roots of primes are irrational. 

Given a subset A of the natural numbers that is closed under multiplication, we 
say an element c of A is A-composite provided c = ab where a and b are elements 
in A with a #1 and b #1. An element c in 4A is called A-prime provided c # 1 
and c is not A-composite. For example, if A is the set of all multiples of 4, then 16, 
48 and 80 are A-composites and 4, 40 and 100 are A-primes. 

We say a real number x is A-rational provided x can be expressed in the form 
a/b where a and b are elements of A. Note that each element c in A is A-rational 
since c can be expressed as c’/c. This is analogous to the fact that every natural 
number is rational.- However, there are properties of the natural numbers that do 
not extend to any set A. For example, let A be the set of all multiples of 4 and let 
c = 100. Since c is an A-prime, by analogy with the natural numbers its square root 
should not be A-rational, but Vc = a/b where a = 40 and b = 4. Such a situation is 
possible since in the set A the number a can be factored into A-primes as either 
a-aorc:b-b. 

There is nothing special about the multiples of 4 in the above example. A useful 
exercise is to have each student pick a subset of the natural numbers that is closed 
under multiplication and investigate the “irrationality” of roots in this system. This 
serves to illustrate the rarity of the unique factorization property and the crucial role 
played by this property in the study of algebraic irrationals. 
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Prove that two of these three fields R, S, T are equal and that the remaining one 
is a proper subfield of the other two. 


E3346. Proposed by Dean S. Clark, University of Rhode Island, Kingston. 


Call a subset T of Zmodn sum-free if the sum of two distinct elements of T is 
not in T. Let s(n) be the maximum cardinality of a sum-free subset of Z mod n. 

(a) Prove that s(n) = n/2 if n is even. 

(b) If n is odd, prove that s(n) > |[n/3] + 1. 

(c)* If n is odd, is s(n) = |[n/3| + 1? 


E3347. Proposed by Vlastimil Dlab, Carleton University, Ottawa, Canada. 


Given an arbitrary natural number N, show that every rational number between 
0 and 1 can be written as a finite product of numbers of the form 


n(n + 3) 


= > N. 
"(nt 1)(n+2)> - 


E3348. Proposed by Alfred Witkowski, University of Wroctaw, Poland. 
(a) Suppose k is a given nonnegative integer. If n > k and 
P,(x) = [] (x -J), 
j=0 
let x, ,, be the zero of P/ in the interval (k, k + 1). Find lim 


the speed of convergence. 
(b) If n > 0 and 


and estimate 


n— oo Xkon 


Q,(x) = I —j*), 


let ¢,, be the zero of Q/ in the interval (0,1). Find lim 
of convergence. 


and estimate the speed 


n- oo l, 


SOLUTIONS OF ELEMENTARY PROBLEMS 
4 
Lobachevskian Altitudes 


E 3185 [1987, 71]. Proposed by Raymond E. Spaulding, Radford University, 
Radford, VA. 


Let P be a point in the interior of an equilateral triangle, and let S be the sum of 
the perpendicular distances to the three sides of the triangle from P. In Euclidean 
geometry, the sum S always equals the altitude of the triangle. In Lobachevskian 
geometry, prove that S is less than any altitude. In addition, find the position of P 
which would give a minimum value for S. 
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Solution by the proposer. 


LEMMA 1. If ABCD is a quadrilateral with A, B, C having measure 1/2, and P is 
any point in the interior with perpendiculars to AD and BC at A’ and B’, then 
AB < PA’ + PB’ < DC. 


Proof. Drop a perpendicular from A’ to BC. The foot B” will be between B and 
B’, since otherwise a triangle with angle sum exceeding 7 will be formed. Exercise 
1.9 of Basic Concepts of Geometry by Prenowitz and Jordan (p. 86) states that 
AB < A’B” < DC. By using triangles, it is easy to show that A’B” < PA’ + PB’ < 
DC, and the result follows. O 


Given a triangle ABC and a point P on its perimeter or interior, let d( P) denote 
the sum of the perpendicular distances from P to the sides of the triangle. 


LEMMA 2. In a triangle ABC with ZA < 1/2 and AB = AC, let Py be the foot of 
the perpendicular from A. If P, is any point between B and C other than P,, then 
d( P,) < d(P,) <h, where h is the distance from B to side AC. 


Proof. Reflect A through BC to A’, obtaining A A’BC congruent to A ABC. For 
i © {0,1}, let B; and C, be the feet of the perpendiculars from P; to AC and AB, 
respectively, and extend B,P, to meet BA’ at D,. Let B,,C, be the feet of the 
perpendiculars from B to AC and C to BA’, respectively. Then AP) BoC = AP) D)B 
by ASA, AP,C,B = AP,D,B by AAS, and a BB,C = ACC,B by AAS. Thus CC, = 
BB,. By Lemma 1, D)B, < D,P, + P,B, < CC,, which means that P,C) + Py By < 
P,C, + P,B, < BB. O 


Now let ABC be an equilateral triangle with altitude 4A), and let P,; be a point 
inside ABC on the C side of AA,. Suppose the perpendicular from P, to AA, meets 
AA, at P, and AB at P,. For i € {0,1,2}, let A;, B,C, be the feet of the 
perpendiculars from P, to BC, AC, AB, respectively. By Lemma 2, P,C) + P) By < 
P,C, + P,B, < P,B,. By the exercise previously quoted, P,A, < P,A, < P,A>. 
Summing these yields P,\C, + P)By + PyAy < PiC, + PB, + PA, < P,B, + PA. 
By Lemma 2, P,B,+ P,A, is less than any altitude of equilateral triangle ABC. 
This proves that S = d(P) is less than any altitude for any P in the triangle, and 
also that S is minimized uniquely by the intersection of the altitudes from the three 
vertices. 


No other solutions were received. 


3-Player Blackjack 
‘ 


E 3186 [1987, 71]. Proposed by I. A. Sakmar, University of Western Ontario. 


On a current TV game show, three contestants for the final showcase prizes 
compete by spinning a wheel, which is divided into twenty equal sections numbered 
in steps of 5 from 5 to 100. The aim is to get as close to 100 as possible without 
exceeding a sum of 100 in two spins. Each contestant completes one or both spins 
before the next contestant’s turn, and if either the 1st or 2nd contestant exceeds 100, 
that contestant is out of contention. In case of a tie, the first contestant to attain 
that score is chosen. 
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Solution by the proposer. 


LEMMA 1. If ABCD is a quadrilateral with A, B,C having measure 1/2, and P is 
any point in the interior with perpendiculars to AD and BC at A’ and B’, then 
AB < PA’ + PB’ < DC. 


Proof. Drop a perpendicular from A’ to BC. The foot B” will be between B and 
B’, since otherwise a triangle with angle sum exceeding a will be formed. Exercise 
1.9 of Basic Concepts of Geometry by Prenowitz and Jordan (p. 86) states that 
AB < A’B” < DC. By using triangles, it is easy to show that A’B” < PA’ + PB’ < 
DC, and the result follows. O 


Given a triangle ABC and a point P on its perimeter or interior, let d( P) denote 
the sum of the perpendicular distances from P to the sides of the triangle. 


LEMMA 2. In a triangle ABC with ZA <a/2 and AB = AC, let P, be the foot of 
the perpendicular from A. If P, is any point between B and C other than P,, then 
d( P,)) < d(P,) <h, where h is the distance from B to side AC. 


Proof. Reflect A through BC to A’, obtaining A A’BC congruent to AABC. For 
i © {0,1}, let B; and C, be the feet of the perpendiculars from P; to AC and AB, 
respectively, and extend B,P, to meet BA’ at D,. Let B,,C, be the feet of the 
perpendiculars from B to AC and C to BA’, respectively. Then AP) B,C = AP) D)B 
by ASA, AP,C,B = AP,D,B by AAS, and ABB,C = ACC,B by AAS. Thus CC, = 
BB,. By Lemma 1, D,)B, < DP, + P,B, < CC,, which means that PoC, + P)By < 
P,C, + P,B, < BB. O 


Now let ABC be an equilateral triangle with altitude 4A,, and let P, be a point 
inside ABC on the C side of AA,. Suppose the perpendicular from P, to AA, meets 
AA, at Py and AB at P,. For i€ {0,1,2}, let A;, B,C, be the feet of the 
perpendiculars from P, to BC, AC, AB, respectively. By Lemma 2, P,C, + P)By < 
P,C, + P,B, < P,B,. By the exercise previously quoted, P)A, < PA, < P,A>. 
Summing these yields P,;C, + Pj By + PyAg < PC, + P,B, + P,A, < PB, + PA. 
By Lemma 2, P,B, + P,A, is less than any altitude of equilateral triangle ABC. 
This proves that S = d(P) is less than any altitude for any P in the triangle, and 
also that S is minimized uniquely by the intersection of the altitudes from the three 
vertices. 


No other solutions were received. 


3-Player Blackjack 
‘ 


E 3186 [1987, 71]. Proposed by I. A. Sakmar, University of Western Ontario. 


On a current TV game show, three contestants for the final showcase prizes 
compete by spinning a wheel, which is divided into twenty equal sections numbered 
in steps of 5 from 5 to 100. The aim is to get as close to 100 as possible without 
exceeding a sum of 100 in two spins. Each contestant completes one or both spins 
before the next contestant’s turn, and if either the 1st or 2nd contestant exceeds 100, 
that contestant is out of contention. In case of a tie, the first contestant to attain 
that score is chosen. 
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Spinning again increases the probability of winning if and only if x < 13, so the 
first player stops on the first spin if she spins at least 14. Her probability of winning 
1S 


20 


1 
> = max{ f,(i), F,(i)} = .341771. 
j=1 20 


Editorial comment. One can consider the more general game with n successive 
players. For n = 2, the optimal stopping value for the first player is 11, as computed 
above, and the win probability is £72 ,(1/20)max{ f,(i), F\(i)} = .482437. As n 
increases, the optimal stopping value for the first player increases to 20, and her win 
probability decreases to (1/20) + (19/20)(1/20) = .0975. 

Most solvers assumed without comment that a player would not stop on the first 
spin if and only if she did not exceed all previous players that did not exceed 20. 
Because the correct stopping value for the first player is above that of the second 
player, this does not affect the computation of the stopping value, but it gives too 
small a win probability for the first player. Such an assumption is considered a 
partial solution. It is also possible to argue more globally that the stopping values 
form a decreasing sequence in order to justify the use of f,(x) = x*/400 in the 
range of interest. In order to win, the first player needs a value high enough to give 
a reasonable chance of beating both of the others. In general, it will have to be 
higher than that required to beat only the last player. 

David Bloom commented on the replacement of 20 by m and let m approach 
infinity, obtaining polynomial equations for the optimal stopping values in the case 

= 3. This analysis is equivalent to that of the continuous game proposed by Peter 
Griffin. Each contestant draws a random number uniformly in [0, 1], with the option 
to draw again, losing if the sum of the two draws exceeds 1. For n = 3, reasoning as 
for the discrete game yields f,(y) = y* and F,(y) = fy t * dt = (1 — y?)/3, yielding 
a critical value for B of y) = .532089 as the solution to y? + 3y* = 1. For A, we 
then have f,(x) = x* if x > yo, and f,(x) = x7(yf + x7)/2 if x < yp. Comparing 
this with F. (x) = = Iv f,(t) dt yields a critical value for A of x) = .648655 as the 
solution to x° + 5x* = 1. The probability that A wins is {*°F,(t) dt + f: Jolt) dt = 
(1 + x) — x~)/5 - x9/30 + y°/24 = .305227. The probability that the first player 
wins the 2-person’ game is .453802. In each case this is less than the probability 
when m = 20, showing the effect of the rule about ties. 


Also solved by M. Orlowski and M. Pachter (South Africa) and John Lawrence. Partially solved by D. 
Callan, T. E. Elsner, P. Griffin, M. O. Marchand, J. H. Steelman, O. P. Lossers (The Netherlands), and 
the proposer. Two incorrect solutions were received. 


A Sufficient Condition for Similarity 


E 3193 [1987, 181]. Proposed by Andrew Lenard, Indiana University. 


Let @ be an (undirected) acute angle. Show that if a one-to-one mapping T of the 
Euclidean plane E onto itself has the property that whenever points P and Q 
subtend the angle @ at the point R then also the points 7(P) and T(Q) subtend the 
angle @ at the point 7(R), then T is a similarity transformation of E. 
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Composite solution by L. E. Mattics, University of South Alabama, the proposer, 
and the editors. 


Let X’ denote the image under T of any point or point set X. We prove first that 
T preserves betweenness. Suppose A, B,C are collinear with B between A and C. 
Along the perpendicular bisector of AC, locate symmetric points M and N such 
that the four angles MAC, MCA, NAC, and NCA all equal @. This is possible 
because @ is acute. Note that AMCN is a rhombus, and that the four angles MAB, 
MCB, NAB, and NCB also equal @. By the hypothesized property of T, .A’M’C’'N’ 
must also be a rhombus, and B’ must lie on the segment A’C’. 

Next we show that T takes lines to lines and preserves parallelism. If P lies off 
line L, choose Q and R on L so that angle POR measures 0. The angle P’Q’R’ 
must also be @ and P’ does not lie on the line through Q’ and R’. Since T is 
one-to-one, each point on this line must therefore be the image of a point on L, and 
so L’ is the entire line through Q’ and R’. Also, if L, and L, are parallel, then L} 
and L‘4 are disjoint and therefore parallel. In particular, note that the image of a 
parallelogram is a parallelogram. 

Next we show that T scales distances uniformly on any given line, i.e., given a 
line L, there is a number a(L) such that |A’B’| = a(L)|AB| for each A, B € L. 
First consider segments of a fixed length, say 1. Let A, B, C, D be points on L and 
R,S be points on a line parallel to L such that |AB| = |CD| = |RS| = 1. Then 
ABRS and CDRS are parallelograms (provided the points are named in the correct 
order). Therefore, A’B’R’S’ and C’D’R’S’ are also parallelograms, and |A’B’| = 
|R’S’| = |C’D’|. Thus |A’B’|/|AB| is independent of the positions of A and B, but 
perhaps depends on |AB|. Let a =|A’B’|/|AB| for |AB| = 1. To show |P’Q'| = 
a|PQ| for arbitrary P,Q € L, let n be an integer. If |PQ| = n, divide PQ into unit 
segments. If |PQ| = 1/n, concatenate n copies of PQ. If |PQ| is rational, combine 
these operations. If |PQ| is irrational, trap it between two sequences of rational 
lengths approaching it from above and below, and use the betweenness property 
established above. 

Finally, we show that a(L) is independent of L. By the parallelogram construc- 
tion above, a(L,) = a(L,) if L, and L, are parallel. Otherwise, let 4 = L, 9 Ly. 
Choose B on L, and Con L, so that |AB| = 1 and angle ABC = 6. Also choose D 
on L, and E on L, so that |AD| = 1 and angle ADE = @. Note that |AC| = | AE|; 
let d be their common value. Triangles A’B’C’ and A’D’E’ are similar, because they 
have a common angle at A’, and angle A’B’C’ = angle A’D’E’ = 6. Hence 
|A’E"|/|A’C’| = |A’D'|/|A’B’|. Substituting for these values in terms of d and the 
scaling constants for L, and L, yields d-a(L,)/{d-a(L,)} = a(L,)/a(L}). 
Since the a’s are positive, this yields a(L,) = a(L,). 


No other solutions were received. 


The nth Mean Value Theorem 


E 3214 [1987, 548]. Proposed by Guo Qiang Zhang, University of Cambridge, 
England. 


Let f be a real function with n + 1 derivatives on [a, b]. Suppose f(a) = 
f(b) = 0 for i = 0,1,..., n. Prove that there is a number é in (a, b) such that 


fO(E) = f(E). 
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Composite solution by L. E. Mattics, University of South Alabama, the proposer, 
and the editors. 


Let X’ denote the image under T of any point or point set X. We prove first that 
T preserves betweenness. Suppose A, B,C are collinear with B between A and C. 
Along the perpendicular bisector of AC, locate symmetric points M and N such 
that the four angles MAC, MCA, NAC, and NCA all equal @. This is possible 
because @ is acute. Note that AMCN is a rhombus, and that the four angles MAB, 
MCB, NAB, and NCB also equal 8. By the hypothesized property of T, A’M’C’N’ 
must also be a rhombus, and B’ must lie on the segment A’C’. 

Next we show that T takes lines to lines and preserves parallelism. If P lies off 
line L, choose Q and R on L so that angle POR measures 8. The angle P’Q’R’ 
must also be 8 and P’ does not lie on the line through Q’ and R’. Since T is 
one-to-one, each point on this line must therefore be the image of a point on L, and 
so L’ is the entire line through Q’ and R’. Also, if L, and L, are parallel, then Lj 
and L‘ are disjoint and therefore parallel. In particular, note that the image of a 
parallelogram is a parallelogram. 

Next we show that T scales distances uniformly on any given line, i.e., given a 
line L, there is a number a(L) such that |A’B’| = a(L)|AB| for each A, BE L. 
First consider segments of a fixed length, say 1. Let A, B, C, D be points on L and 
R, S be points on a line parallel to L such that |AB| = |CD| = |RS| = 1. Then 
ABRS and CDRS are parallelograms (provided the points are named in the correct 
order). Therefore, A’B’R’S’ and C’D’R’S’ are also parallelograms, and |A’B’| = 
|R’S’| = |C’D’|. Thus |A’B’|/|AB| is independent of the positions of A and B, but 
perhaps depends on |AB|. Let a =|A’B’|/|AB| for |AB| = 1. To show |P’Q"| = 
a|PQ| for arbitrary P,Q € L, let n be an integer. If |PQ| = n, divide PQ into unit 
segments. If |PQ| = 1/n, concatenate n copies of PQ. If |PQ| is rational, combine 
these operations. If |PQ| is irrational, trap it between two sequences of rational 
lengths approaching it from above and below, and use the betweenness property 
established above. 

Finally, we show that a(L) is independent of L. By the parallelogram construc- 
tion above, a(L,) = a(L,) if L, and L, are parallel. Otherwise, let A = L, ON L,. 
Choose B on L, and Con L, so that |AB| = 1 and angle ABC = 86. Also choose D 
on L, and E on L, so that |AD| = 1 and angle ADE = @. Note that |AC| = |AE|; 
let d be their common value. Triangles A’B’C’ and A’D’E’ are similar, because they 
have a common angle at A’, and angle A’B’C’ = angle A’D’E’ = 0. Hence 
|A’E’|/|A’C’| = |A’D'|/|A’B’|. Substituting for these values in terms of d and the 
scaling constants for L, and L, yields d-a(L,)/{d-a(L,)} = a(L,)/a(L,). 
Since the a’s are positive, this yields a(L,) = a(L,). 


No other solutions were received. 


The nth Mean Value Theorem 


E 3214 [1987, 548]. Proposed by Guo Qiang Zhang, University of Cambridge, 
England. 


Let f be a real function with n + 1 derivatives on [a, b]. Suppose f(a) = 
f(b) = 0 for i= 0,1,..., . Prove that there is a number € in (a, b) such that 


FOO (E) = (8). 
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G’ yields a number c between x, and x, such that G’(c) = 0, ie, f*tP(c) = f(c). 
(For the Intermediate Value Theorem for Derivatives see R. P. Boas, Jr., A Primer 
of Real Functions, §21.) O 


Editorial comment. 25 solvers obtained the result by applying Rolle’s Theorem to 
h(x) = e7*d"_,f (x). B. G. Klein and A. L. Holshouser jointly obtained the same 
stronger result as Levine. Several generalizations were supplied. M. Falkowitz 
proved that whenever a polynomial cy + cir + --- ¢,447"*! has a real root, the 
given conditions on f imply a solution to cyf(z) + --- +¢,4,;f@*P(z) = 0 in 
(a,b). T. Jager and D. E. Manes (independently) obtained a special case of this 
generalization. M. S. Klamkin and A. Meir proved that, if f satisfies the conditions 
of the problem and g has n + 1 derivatives on [a, b], then there is a solution to 
a(z) fOr D(z) = (- 1)" g%*Y(z) f(z) in (a, b). 

The continuity and differentiability assumption given in the first sentence of the 
problem can obviously be weakened to the assumption that f, f’,..., f%~), f™ 
are continuous on the closed interval [a, b] and that f*) exists on the open 
interval (a, b). However, Levine remarks that we can get by with the following still 
weaker assumption: 

(i) f is Continuous on the closed interval [a, b], 

(ii) f’, f”,..., f™ are continuous on the half-open interval [a, b), 

(iii) f+) exists on the open interval (a, b). 

To see this we need only note that the proof of Taylor’s Theorem given by J. Wolfe, 
this Monthly 60 (1953) 415 gives (* *) under the conditions just stated. 


Solved also by 34 other readers and the proposer. One incorrect and one partial solution were 
received. 


Never an Integer 


E 3249 [1988, 131]. Proposed by Toma Albu, University of Bucharest, Romania. 


Show that, for all primes p and all natural numbers m, the sum 
m k 


» 


kay 1+ k(p- 1) 
is not an integer. 


Solution by Saeid Zakeri (student), University of Tehran, Iran. Let A, = 
(p" —1)/(p — 1). We note first that when k = A, the kth denominator 1 + 
k( p — 1) equals p”, while for A,,< k < A,41 the kth denominator is not divisible 
by p”. To see the second statement, suppose that for some A,, < k < A,,, we have 
1 + k(p — 1) = hp", where necessarily 2 < h < p— 1. This can be rewritten as 
k = [(h — 1)p” + p” — 1]/(p — 1), which is impossible because p — 1 cannot di- 
vide (h — 1) p”. 

This being so, the maximal power p” divides exactly one denominator, that of the 
kth term where k = A, and A, <m<A,,,. Since A, = 1 (mod p), the terms of 
the sum can be combined into a single rational fraction whose numerator is not 
divisible by p but whose denominator is divisible by p”. 


Editorial comment. Stephen Gagola noted that the same argument applies to any 
sum D7_, f(k)/(1 + k(p — 1)) where f:Z*— Z” is any function with f(k) # 0 
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(mod p) whenever k = 1 (mod p). Several readers noted that 
(p-1) Lk/1+k(p-l)=m- List k(p-—1)) 
k=1 k=1 


and proceeded to show that the right-hand sum cannot be an integer. In general, the 
sum L7"_,1/(a + kd) cannot be an integer for any positive integers a and d. Chris 
Caldwell gave the references T. Nagell, “Eine Eigenschaft gewissen Summen,” 
Skrifter Oslo, 13 (1923) 10-15, and T. Nagell, Introduction to Number Theory, 
Wiley, 1951, p. 125 (Problem 51), and Kee-Wai Lau mentioned a paper in Chinese 
by Z. Shan in Shuxue Tongxun (Communications in Mathematics ), 1 (1985) 30-31 
and 26. 

Solved also by S.-J. Bang (Korea), C. K. Caldwell, D. Callan, S. M. Gagola, Jr., F. Gillespie, W. 
Janous (Austria), H.-S. Ki (Korea), Y. H. H. Kwong, K.-W. Lau (Hong Kong), O. P. Lossers, D. E. 
Manes, L. E. Mattics, K. McInturff, D. Neuenschwander (Switzerland), A. Pedersen (Denmark), R. 
Persky, A. J. Schwenk, L. Thurston, the George Washington University Problem Group, and the 
proposer. 


A Subset Not Generating a Group of Orthogonal Matrices 


E 3261 [1988, 351]. Proposed by Detlef Laugwitz, Technische Hochschule, 
Darmstadt, West Germany. 


Let G be the group of 3 by 3 orthogonal matrices with rational entries. Let S be 
the subset of G consisting of the six 3 by 3 permutation matrices and all matrices of 
the form 


a/c b/e 9 
—b/ce afc Of], 
0 0 1 


where a, b,c are integers with a* + b* = c? > 0. Does S generate G? 


Solution by Jim Delany, California Polytechnic Institute, San Luis Obispo, CA. 
The matrix below is not in the group generated by S. 


2/3 2/3 1/73 
2/3 -1/3 -2/3 
1/3 -2/3 2/3 


Every matrix in G has the form M/c, Where c is an integer and M is a matrix with 
integer entries. For the permutation matrices, c = 1. For the other matrices in S$ 
(with a* + b? = c*), we may assume that the fractions a/c and b/c are reduced 
and that a, b, c is a primitive Pythagorean triple. In that case, a and b are relatively 
prime. It is known that an integer of the form a* + b? with a and b coprime 
cannot have a prime divisor of the form 4n + 3 [see An Introduction to the Theory of 
Numbers, G. H. Hardy and E. M. Wright, Fourth edition, Oxford, Theorem 367]. 
Thus c? can have no such divisor, so neither can c. 

The denominators of the matrices in S have no prime factors of the form 4n + 3, 
so the denominators of products of matrices in S cannot have such factors. 
Therefore the matrix displayed above is not in the group generated by S. 
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Editorial comment. Christoph Soland proved that in fact the group generated by 
S has infinite index in G. In a letter to the editor of the MONTHLY [1987, 757] John 
Cremona described how to obtain all elements of G. 


Also solved by H. Aboutaleb and P. Daugherty, D. Callan, C. Soland (Switzerland), J. Ferrer (Spain), 
and the proposer. One incorrect solution was received. 


An Elusive Set of Natural Numbers 


E 3266 [1988, 456]. Proposed by John C. Turner, University of Waikato, Hamil- 
ton, New Zealand. 


Let N be the set of natural numbers. If SCN and neEN, let S+tn= 
{s +n: s © S}. Define a sequence of sets S,, S,, S;,... recursively by putting 
S, = {1} and S, =(S,_,+k)U (2k —-1} for k =2,3,4,.... What is N — 

aye 
k=1"”k 


Solution by David M. Wells, Penn State University, New Kensington, PA. The 
integers omitted by all S, are the positive powers of 2. Since (5) +k= (* 5 ‘| and 


2k -1=(*31) —(*>%), it can be shown inductively that, if k > 2, 
S.=((f2) - (st <i <k} ={(k+j\(kK+1-j)/2:1<j<k}. 


Thus a positive integer n belongs to some S, if and only if 2n = (k + j)(k +1-—-J) 
for some j, k with j < k. The two factors on the right have opposite parity, so n 
cannot be a power of 2. When n is not a power of 2, there are integers p > 2 and 
gq > 2 of opposite parity such that 2n = pg. Then 2n = (k +j)(k + 1—/) for 
k=(pt+q-1)/2and j= (|p - 4|+1)/2. 


Editorial comment. It follows by induction that S, is the set of integers express- 
ible as a sum of consecutive integers j + (j+1)+--- +k with j < k. Thus, as 
noted by Jerrold Grossman, this problem is equivalent to determining the natural 
numbers not expressible as a sum of consecutive integers, which is a problem in §1.3 
of Niven and Zuckerman’s Introduction to the Theory of Numbers and has a similar 
easy solution described by Melfried Olson in “Sequentially So,” Math. Magazine, 
52 (1979) 297-298. 


Also solved by 48 other readers and the proposer. Three incorrect solutions were received. 


4 
ADVANCED PROBLEMS 


6609. Proposed by Doug Bowman and Tad White, University of California at 
Los Angeles. 


For each positive integer n let g(n) be the number of digits greater than 4 in the 
decimal expansion of 2”. Is it true that 


e g(r) 2 
renee 


n=1 
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6610. Proposed by A. W. Goodman, University of South Florida, Tampa. 


Suppose the sequence x,, x,,... is defined by x, = 1 and x, = x,_, + kx, 
for n > 1, where k and c are given positive constants. Find an asymptotic formula 
for x,,. 


6611. Proposed by O. Hajek and D. Singer, Case Western Reserve University, 
Cleveland, OH. 


Suppose X is a compact metric space with metric d and suppose T: X > X isa 


homeomorphism of X. If d(x, y) = d(Tx, Ty) for all x, y in X, prove that T is an 
isometry (1.e., d(x, y) = d(Tx, Ty) for all x, y in X). 


SOLUTIONS OF ADVANCED PROBLEMS 
A Nonvanishing Determinant 


6543 [1987, 387]. Proposed by A. S. Cavaretta, Jr. and C. R. Selvaraj, Kent 
State University, Kent, OH. 


Let m,,m,,...,m, be distinct odd integers. Show that the determinant 
1 2m 3m 4m 5m wee (rr +1) 
1 2" 3% 4m 5 ee ($1) 
1 0 —-1 9QO 1 vee d44 


is nonzero, where the /th entry in the last row is 
d, = sin(7j/2), j=1,2,...,r4+1. 


Solution by the proposers and T. N. T. Goodman, University of Dundee. Let 
(s,,...,5,) be a sequence of real numbers. The number of sign changes in the 
sequence, written S~(s,,..., 5,), is the number of blocks (Sj, Sj44+++) 5,) in which 
5,8, < Oand s,; = 0 for 7 <i < k. Clearly this is unaltered by the arbitrary insertion 
or deletion of terms equal to zero. Laguerre’s generalization of Descartes’ Rule 
of Signs states that, if m, <m,< --- <m,, then the number of positive zeros of 
the function s5,x + 5.x +--+ +%,x is bounded above by S~(s,,...,5,)- 
(See Problem 77, Part V in G. Polya and G. Szegé6, Problems and Theorems in Anal- 
ysis II, Springer, 1976.) The generalized Vandermonde matrix is [x/"], where m, < 

- <m, and 0<x,< --: <x,. If the rows of this matrix were dependent, 
there would exist {c;}, not all zero, so that Lexi =0 for 1<j <n. This 
contradicts Laguerre’s Theorem, because S$“ (c,,...,c¢,) <n — 1; thus, the general- 
ized Vandermonde has nonzero determinant. (In fact, since it is a continuous 
function of the x,’s, by letting x, — oo and induction, we see that it is positive.) 

We need one other nontrivial fact. The matrix [a, ;] is called totally positive if 
every minor has nonnegative determinant. I. J. Schoenberg proved in 1930 that 
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totally positive matrices have a variation diminishing property. That is, if s/ = La;/5;, 
then S(s/,...,5,) < S”(s,,..., 5,). (See S. Karlin, Total Positivity, Stanford Univ. 
Press, 1968, or S. Karlin, “Total positivity and variation diminishing transforma- 
tions” pp. 269-273 in I. J. Schoenberg, Selected Papers Vol. 2, Birkhauser, Boston, 
1988.) We shall need one of the first totally positive matrices introduced by 
Schoenberg: a; ; = (", , where m, <m,< --- <™m,. 

Let A be the matrix as given in the problem and suppose that det A = 0, so the 
rows are dependent. The argument of the first paragraph shows that the first r rows 
of A are independent, and so the last row is a linear combination of the first r. In 
other words, there exist {c,, } so that Lic,, 7 =d;,,1<j<r-+ 1. (Define c, = 0 
if k is odd and k is not one of the m,’s.) Define the polynomials p(x) = Lic,” 
and ¥(x) = g(x + 1) + (x — 1), so that p(j) = 4; forl <j <r+1 and (J) 
= d,_,+4,,, = 0 for 1 <j <r. (It is easy to see that p(0) = 0 = dy.) We have 


W(x) = o(x +1) + o(x - 1) = D n(x +1)" +(x- 1)”") 


=2) en y (7 )4| =2), | y em (“ef = Yo chx*, 
i=1 k odd kodd \i=1 k odd 
It is easy to see that ~(x) has degree equal to that of p(x). By Schoenberg’s 
theorem on variation diminishing transformations and the suitable deletion of zero 
terms, we see that S'(cj,...,C),) < S (Cy, ---5 Cm) = S CCyys e+ +> Cm,) SP — 1; 
but (x) has r positive zeros, and this violates Laguerre’s Theorem. 


Also solved by L. E. Mattics. 


A Function Induced by the Cantor Set 


6554 [1987, 799]. Proposed by Boo Rim Choe (student), University of Wisconsin, 
Madison. 


Let E be the Cantor set. It is well-known that E + E = [0,2], where E + E = 
{x+y: x& E,y & E}. (Cf. R. P. Boas, Jr., A Primer of Real Functions, §20.) 
Define h : [0,1] — [0,1] as follows: 


h(s) =sup{y: y+x=2s;x, ye E}. 


(1) Prove that h is a Borel function and compute its mean value. 

(2) Given s € E, determine the value of h(s) in terms of its ternary expansion. 
(3) Find all points of continuity of h. 

(4) Prove that / is not of bounded variation. 


Solution by O. P. Lossers, University of Technology, Eindhoven, The Netherlands. 
We shall show the following. Let s have the ternary expansion 0.5,5,5,..., in which 
the “tails” 0222... and 2000... are forbidden, 1.e., are replaced by 1000 and 1222, 
respectively. Then h(s) has the ternary expansion 0.2,2z,2z,, where z, = 0 if s; = 0 
and z, = 2 if s; # 0. Thus h(s) € E. Note that, in the ternary expansions obtained 
for h(s), the tails 10000... and 12222... do not occur. 

First suppose that 1/3 < s < 2/3. Observe that 


w|— 


xE€EFE and x< 
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totally positive matrices have a variation diminishing property. That is, if s' = La; ;s;, 
then S“(sj,..., 5%) < S”(5),..., 5,). (See S. Karlin, Total Positivity, Stanford Univ. 
Press, 1968, or S. Karlin, “Total positivity and variation diminishing transforma- 
tions” pp. 269-273 in I. J. Schoenberg, Selected Papers Vol. 2, Birkhduser, Boston, 
1988.) We shall need one of the first totally positive matrices introduced by 
Schoenberg: a;; =("'}, where m, < m,< +--+ <™m,. 

Let A be the matrix as given in the problem and suppose that det A = 0, so the 
rows are dependent. The argument of the first paragraph shows that the first r rows 
of A are independent, and so the last row is a linear combination of the first r. In 
other words, there exist {c,, } so that Lic,, 7 =d,,1 <j <r-+ 1. (Define c, = 0 
if k is odd and k is not one of the m,’s.) Define the polynomials p(x) = Lic, x” 
and W(x) = 9(x + 1) + o(x — 1), so that p(j) =d; forl <j <r+1 and y(/) 
=d,,+4,,,=0 for1 <j <r. (It is easy to see that p(0) = 0 = do.) We have 


W(x) = o(x +1) + o(x -1) = Yen (x +1) +(x - 1)”") 


=2) en y (7) =2), | y em("e) fs = Yo cx", 
i=1 k odd kodd \i=1 k odd 
It is easy to see that (x) has degree equal to that of p(x). By Schoenberg’s 
theorem on variation diminishing transformations and the suitable deletion of zero 
terms, we see that S(cj,...,c¢),) < S-(€y,---5 Cm.) = SCC ++ +9 Cm,) SP 1; 
but W(x) has r positive zeros, and this violates Laguerre’s Theorem. 


Also solved by L. E. Mattics. 


A Function Induced by the Cantor Set 


6554 [1987, 799]. Proposed by Boo Rim Choe (student), University of Wisconsin, 
Madison. 


Let E be the Cantor set. It is well-known that E + E = [0,2], where E + E = 
{xt+y: xE€ E,y & E}. (Cf. R. P. Boas, Jr., A Primer of Real Functions, §20.) 
Define h : [0,1] — [0,1] as follows: 


h(s) =sup{y: y+x=2s;x,yEE}. 


(1) Prove that h is a Borel function and compute its mean value. 

(2) Given s € E, determine the value of h(s) in terms of its ternary expansion. 
(3) Find all points of continuity of h. 

(4) Prove that h is not of bounded variation. 


Solution by O. P. Lossers, University of Technology, Eindhoven, The Netherlands. 
We shall show the following. Let s have the ternary expansion 0.5,5,5,..., 1m which 
the “tails” 0222... and 2000... are forbidden, 1.e., are replaced by 1000 and 1222, 
respectively. Then h(s) has the ternary expansion 0.2,z,z,, where z, = 0if 5; = 0 
and z, = 2 if s,; # 0. Thus hA(s) € E. Note that, in the ternary expansions obtained 
for h(s), the tails 10000... and 12222... do not occur. 

First suppose that 1/3 < s < 2/3. Observe that 


1 
x EE and x<q 
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We remark further that / is not differentiable at any point of (0,1). To see this, 
consider first an s with a ternary expansion that contains infinitely many zeros but 
does not consist solely of zeros from some point on. Then, if the Nth digit is a zero, 

h(s + 3-%) — h(s) h(s+2-3°-%)—-h(s) 
ay 2, oe FN 
3 2-3 
If s has a ternary expansion with infinitely many ones, then, if the Nth digit is a 
one, 


h(s + 3-*%) —A(s) -_ h(s — 3-%) — h(s) _5 


3-N —37N 


If the ternary expansion of s contains infinitely many twos but does not consist 
solely of twos from some point on, then, if the Nth digit is a two, 


h(s — 3-*%) —h(s) ; h(s-—2-3°-%)—h(s) 


37% —2-3°% 
Thus in each of the above three cases h is not differentiable at the point s. In the 


remaining cases the ternary expansion of s has a tail 10000... or a tail 12222... 
and then s is a point where h has already been proved to be discontinuous. 


Solved also by Abraham Shimron (Israel) and the proposer. 


A Tangential Series 


6560 [1987, 1010]. Proposed by Ambati Jaya Krishna (student), John Hopkins 
University, Baltimore, MD, A. Murali Mohan Rao, Iona College, New Rochelle, 
NY, and Gomathi S. Rao, Baltimore, MD. 


If x and y are odd positive integers, evaluate 


oO 6] nv nv 
> -stan( ~ )tan{ “* ) 
n=1 x y 

Solution by Stan Philipp, Penn State University (Altoona Campus). Let S(x, y) 


denote the given sum and g the greatest common divisor of x and y. We shall show 
that 


S(x, y) = 1?(g? — 1)/(2xy). 
Define ; 
f(t)=(-1",  -a<tK<z, 


where here and henceforth the square brackets shall denote the greatest integer 
function. Observe that f, is even, and constant on each interval 


ju (j+1)7 
— <t < ——— 
Xx 


, jJ=90,1,...,x —1. 


Since for odd integers x we have 


x-1 


L (—1)/ cos(2j7+1)s =(1 + cos2xs)/(2coss), 


j=0 
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We remark further that h is not differentiable at any point of (0,1). To see this, 
consider first an s with a ternary expansion that contains infinitely many zeros but 
does not consist solely of zeros from some point on. Then, if the Nth digit is a zero, 

h(s + 3-%) —h(s) h(s+2-37-%) —h(s) 
or? 2, as 
3 2:3 
If s has a ternary expansion with infinitely many ones, then, if the Nth digit is a 
one, 


h(s + 3-*%) —A(s) _ h(s —3-%) —h(s) _5 
3-N 7 —3-% a 


If the ternary expansion of s contains infinitely many twos but does not consist 
solely of twos from some point on, then, if the Nth digit is a two, 


h(s — 3~%) —h(s) ; h(s —2-3°-%)—h(s) 


37% —2.3°% 
Thus in each of the above three cases h is not differentiable at the point s. In the 


remaining cases the ternary expansion of s has a tail 10000... or a tail 12222... 
and then s is a point where h has already been proved to be discontinuous. 


Solved also by Abraham Shimron (Israel) and the proposer. 


A Tangential Series 


6560 [1987, 1010]. Proposed by Ambati Jaya Krishna (student), John Hopkins 
University, Baltimore, MD, A. Murali Mohan Rao, Iona College, New Rochelle, 
NY, and Gomathi S. Rao, Baltimore, MD. 


If x and y are odd positive integers, evaluate 


oO 6] nv nv 
y <tan( ~ Jtan{ “). 
n=1 n x J 

Solution by Stan Philipp, Penn State University (Altoona Campus). Let S(x, y) 


denote the given sum and g the greatest common divisor of x and y. We shall show 
that 


S(x, y) =2?(g? — 1)/(2xy). 
Define ; 
f(t) =(-1O", a <t<m, 


where here and henceforth the square brackets shall denote the greatest integer 
function. Observe that f, is even, and constant on each interval 


ju (j +1) 
— <t< ——— 
x 


9 jJ=0,1,...,x —1. 


Since for odd integers x we have 


D3 (—1)/ cos(2j7+1)s =(1 + cos2xs)/(2coss), 
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it is not hard to obtain the Fourier coefficient formula 


0 n odd 
1 : 0 
A nT . _ rn= 
f.(n) =f filter dt = 4 x 
1 9) 
nw 
—tan— n+ Oandvn even. 
nar 2x 


By Parseval’s theorem, 


=f a= E Kh ln) 


n=—oo 


Using the change of variable t = 7s/y on the left and the Fourier coefficient 
formula on the right, we obtain 


1 py 1 2 
F(x, y)=—|f (-1°?P "lds = — + SS | 
(x, ») = =f (-1) p= + GS(x, 9) 
It now suffices to show 


F(x, y) = g*/(xy). 


Assume (without loss of generality) x < y and set 


i 
a-|=|, i=0,1,...,.x. 
x 


Note that a, = y is odd, and 


Jy 
q,< 7 <1 44; < 441, i=0,1,...,x —1. 


Let o(s) denote the integrand of yF(x, y). Then 
x1 4141 x1 l+a x} 4,41 
yF(x,y)= Lf o(s)ds= Ef “o(s)as+ Vf 9(s) as 
i=O 4, i=O 4, i=0 a, 
=)+)d. 
1 2 
The second sum ©, vanishes, since it equals 

x-1 Asay x=1 ; _ 

Y(-' f(a = EY (1 + (72 

i=0 1+a, i=0 


x—-1 (—1)'*h tae _ (—1)'** 
i=0 2 


(-1"=(-1"" 
— a) — . 
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(fea fo “9(s ) | 
- y (-yrre(2 - | + (11 +a,- ~|| 


(—1)'?~****(2iy — 2a,x — x). 
i=0 
Now the collection of x numbers 
ly — a;x, i=0,1,...,x-—1, 


I 
«|e 


consists of the numbers 
x 
kg, k=0,1,...,-—-1, 
g 


with each number kg occurring g times; the reason for this is that iy — a,x is the 
least nonnegative residue of iy modulo x. Hence 


1 go kg+1 
= > L a(-iy® (2kg — x) 
1 k=0 
2s x/g-1 ' x/g-1 kal 
= ~ (-1)"k - gd (-)" 
k=0 
1 Xx 
el 7 
= 7 8(-1) = 8° 


and so yF(x, y) = ©, = g7/x. Thus the assertion of the problem is established. 


Editorial comment. The proposers gave a somewhat more symmetrical solution 


based on 
2 


1 § 
— 1) (49) & = 
f(-v'"(-a" ar = = 


for x and y odd. L. E. Mattics employed the Fourier expansion of ¢(7 — t) and 
properties of roots of unity; he also established the identity 
xy—l . . 
ety (=1)bate tas _ 0. 
i=0 * 
A. Pedersen (Denmark) and I. E. Leonard (Canada) gave proofs based on contour 
integration. Leonard established 
nT AT 


mr? y 


S(x,y) = — Ti 


= sin’ — 


where p is the least common multiple of x and y, and cited the reference B. C. 
Berndt, The evaluation of infinite series by contour integration, Univ. Beograd Publ. 
Elektrotehn. Fak. Ser. Mat. Fiz., No. 435 (1973) 119-122. 
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Department of Mathematics, Macalester College, St. Paul, MN 55105 


The Polya Picture Album—Encounters of a Mathematician. Edited by Gerald L. 
Alexanderson. Birkhauser Boston, 1987, 140 pp. ISBN 0-8176-3352-9, $35.00. 


FRANK HARARY 
Department of Computer Science, New Mexico State University, Las Cruces, NM 88003 


George Polya was my hero both as a mathematician and as a teacher. His 
greatest combinatorial work was the classic 110-page paper [8]. Its “Hauptsatz” is 
the “Polya Enumeration Theorem” (PET). The PET enabled me (often with gifted 
coauthors) to count many types of finite graph structures by specifying the permuta- 
tion group which characterized equivalent configurations. Thus it was that the two 
binary operations on permutation groups A and B called the power group B4 and 
the exponentiation group [B]4 were discovered. The “Power Group Enumeration 
Theorem” of [7] is entirely equivalent to de Bruijn’s earlier generalization [2] of the 
PET since it shows that the PET applied to the power group gives de Bruijn’s 
formula. The exponentiation group [4] characterizes the automorphisms of the 
complete bipartite graph K,,,, and the hypercube graph Q,,, amongst others. 

I first met Professor Polya by mail while I was trying to determine the number of 
different graphs with a given number of nodes and edges. Luckily I did not learn 
until later that each of the following mathematicians had already independently 
solved this problem, not knowing that Polya himself had already done it: R. Davis, 
E. Gilbert, A. Gleason, D. Slepian. At that time nobody knew that Redfield [10] had 
already published this result, using extremely obscure notation and terminology. I 
shall never forget Polya’s reply to my letter asking him for the formula for the 
number of graphs which I heard (from Hans Samelson) he had found. Approxi- 
mately, he wrote: 


Dear Harary, 


Let g,, be the number of graphs with p points and q lines and 
define the counting polynomial 


1 P(p—1)/2 
g,(x) — » Sn,qX" 
q=0 
Then g,(x) = --- (a formula which covered the next page). 


He then carefully and clearly illustrated the result for p = 4. 

After I finally understood both the group involved (the pair group of the 
symmetric group) and the PET (while working with the great theoretical physicist 
George Uhlenbeck), I was able to count directed graphs, rooted graphs, and 
connected graphs. I then wrote to Professor Polya and asked him respectfully if I 
could submit these results as a joint paper with him. He wrote as follows, and of 
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course his wishes were followed in [3]: 


Dear Harary, 


I cannot possibly be a coauthor of the paper for I would then 
have to read it and that takes time from writing books. But 
please do me two favors: 

1. From now on say “digraph” instead of “directed graph.” It 
is clear and short and it will catch on (it did). 

2. I agree that I deserve more than a footnote so please 
mention me in the text. 


This correspondence led to his inviting me to spend two weeks in Stanford in 
1960, giving ten talks surveying graph theory, all of which he attended. He asked me 
then if I could find a formula for the determinant of the adjacency matrix of a 
graph. I could, having derived it a few years earlier, at which time I felt that it was 
not deep enough for publication. He told me that it may be easy to prove when you 
look at it just right but it is new and interesting so please publish it, which I did [5]. 
He explained his interest by showing me the problem in his opus magnum with 
Szego6 [9] in which he asked this question for the five platonic graphs. 

During that visit and several later ones, he showed me, at his home, with the 
greatest of enthusiasm and pleasure, many of the photographs which appear in this 
wonderful book, so carefully and beautifully edited by one of his students, Gerry 
Alexanderson. 

Many of the greatest mathematicians of the century appear in this picture album. 
The reader will have the unique opportunity of seeing the faces of many very 
famous mathematicians, including: Bernays, Besicovich, Bierberbach, Bohr, 
Carathéodory, Cartan, Cramér, Davenport, Dieudonné, Einstein, Erdélyi, Errera, 
Erdés, Fekete, Fejér, Hadamard, Hardy, Hausdorff, Hilbert, Hille, Hopf, Klein, 
Kuratowski, Landau, Lehmer (Derrick and Emma), Littlewood, Menger, Minkowski, 
Mittag-Leffler, Nevanlinna, Neyman, Noether, Pauli, Perron, Plancherel, Poincaré, 
Ostrowski, Rademacher, Reidemeister, Rényi, Robinson (Julia and Raphael), Runge, 
Schur, Sierpinski, Spencer, Szasz, Szeg6, Tamarkin, Uspensky, Weyl, Wiener, and 
Zygmund. 

The humanity, happiness, friendliness, sense of humor, and genuine humility of 
George Polya can be seen in the following selected quotations: 


We start off with a picture of Einstein. Einstein was then 
young and good looking, not the Einstein we usually see. 

My connection with Hurwitz was deeper and my debt to him 
greater than to any other colleague. We had a special way we 
worked. I would visit him and we would sit in his study and talk 
mathematics until he finished his cigar. 

Hilbert once had a student who stopped coming to his 
lectures, and was finally told that the young man had gone off to 
become a poet. Hilbert is reported to have remarked: “I never 
thought he had enough imagination to be a mathematician.” 
Hilbert and his wife were giving a party at their house when 
Mrs. Hilbert noted that he had failed to put on a fresh shirt, so 
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enthusiasm, the twinkle in his eye, his tremendous curiosity, his 
generosity with his time, his spry energetic walk, his warm 
genuine friendliness, his welcoming visitors into his home and 
showing them his pictures of great mathematicians he has 
known—these are all components of his happy personality. As a 
mathematician, his depth, speed, brilliance, versatility, power, 
and universality are all inspiring. Would that there were a way of 
teaching and learning these traits! 


The short biography of Polya which begins this picture album was written not 
only masterfully but with love and respect permeating the narrative. Alexanderson 
is to be warmly congratulated. I recommend this book strongly to all mathemati- 
cians, research scholars, professors, teachers, students, and amateurs including all 
readers of any periodical whose name includes a word such as: science, scientific, 
scientist, etc. 

I encountered just one misprint in the entire book. Even when I told a colleague 
the page number, he could not find it! 
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Geometric Measure Theory. A Beginner’s Guide. By Frank Morgan. Academic Press, 
1988. vii + 145 pp. 


FREDERICK J. ALMGREN, JR 
Department of Mathematics, Princeton University, Princeton, NJ 08544 


~ 


“Find the surface of least area spanning a given contour.” 


This seemingly innocent problem can bring visions of iridescent soap films or 
perhaps dazzling computer renderings of minimal surfaces. Making mathematics of 
it, however, opens a Pandora’s box of questions, e.g., What is a surface?, What is the 
area of a surface?, What does it mean for a surface to span a contour?, What does it 
mean to “find” a surface? A soap film, for example, will form on a piece of wire tied 
into a simple overhand knot whether or not the ends of the wire are joined together. 
In this case the notions of surface and of spanning need to be adapted from the 
underlying physical problem rather than more common mathematical devices. 


1989] REVIEWS 753 


enthusiasm, the twinkle in his eye, his tremendous curiosity, his 
generosity with his time, his spry energetic walk, his warm 
genuine friendliness, his welcoming visitors into his home and 
showing them his pictures of great mathematicians he has 
known—these are all components of his happy personality. As a 
mathematician, his depth, speed, brilliance, versatility, power, 
and universality are all inspiring. Would that there were a way of 
teaching and learning these traits! 


The short biography of Polya which begins this picture album was written not 
only masterfully but with love and respect permeating the narrative. Alexanderson 
is to be warmly congratulated. I recommend this book strongly to all mathemati- 
cians, research scholars, professors, teachers, students, and amateurs including all 
readers of any periodical whose name includes a word such as: science, scientific, 
scientist, etc. 

I encountered just one misprint in the entire book. Even when I told a colleague 
the page number, he could not find it! 


REFERENCES 


1. G. L. Alexanderson and L. H. Lange, Obituary of George Polya, Bull. London Math. Soc., 19 
(1987) 559-608. 

2. N. G. de Bruijn, Generalization of Polya’s fundamental theorem in enumeration combinatorial 
analysis, Indagationes Math., 21 (1959) 59-69. 

3. F. Harary, The number of linear, directed, rooted, and connected graphs, Trans. Amer. Math. Soc., 
78 (1955) 445-463. 

4 , Exponentiation of permutation groups, Amer. Math. Monthly, 66 (1959) 572-575. 

5. , The determinant of the adjacency matrix of a graph, STAM Review, 4 (1962) 202-210. 

6. , Homage to George Polya, J. Graph Theory, 1 (1977) 289-290. 

7. F. Harary and E. M. Palmer, The power group enumeration theorem, J. Combinatorial Theory, 1 
(1966) 157-173. 

8. G. Polya, Kombinatorische Anzahlbestimmungen fiir Gruppen, Graphen und _ chemische 
Verbindungen, Acta Math., 68 (1937) 145-254. 

9. G. Polya and G. Szegé, Aufgaben und Lehrs&tze aus der Analysis, 2 vol. Springer, Berlin (1925). 

10. J. H. Redfield, The theory of group-reduced distributions, Amer. J. Math., 49 (1927) 433-455. 


Geometric Measure Theory. A Beginner’s Guide. By Frank Morgan. Academic Press, 
1988. vii + 145 pp. 


FREDERICK J. ALMGREN, JR 
Department of Mathematics, Princeton University, Princeton, NJ 08544 


~ 


“Find the surface of least area spanning a given contour.” 


This seemingly innocent problem can bring visions of iridescent soap films or 
perhaps dazzling computer renderings of minimal surfaces. Making mathematics of 
it, however, opens a Pandora’s box of questions, e.g., What is a surface?, What is the 
area of a surface?, What does it mean for a surface to span a contour?, What does it 
mean to “find” a surface? A soap film, for example, will form on a piece of wire tied 
into a simple overhand knot whether or not the ends of the wire are joined together. 
In this case the notions of surface and of spanning need to be adapted from the 
underlying physical problem rather than more common mathematical devices. 


754 FREDERICK J. ALMGREN, JR. [October 


Since these questions can have a variety of different answers, the problem of least 
area turns out to be a collection of problems with many similarities but also with 
major differences. Some feel at this point that “I don’t really want to know any 
more if it is that complicated.” For others, Frank Morgan’s guide can help open 
new mathematical vistas and point the way to beautiful theorems in the geometric 
calculus of variations with a variety of physical and mathematical applications. 

Geometric measure theory acquired its name from the title of Federer’s treatise 
[F] (which would have been called Geometric Integration Theory had not Whitney 
already published a book of that title). The field is much larger than is suggested by 
least area problems. Federer’s celebrated co-area formula (a curvilinear form of 
Fubini’s theorem), for example, has little to do directly with minimal surfaces but is 
absolutely fundamental knowledge for the working geometric analyst. It is the 
experience of the reviewer that many who recognize the power of the field’s methods 
and would like to use them in their own work have been daunted at trying to read 
Federer’s book (it is almost 700 pages long with no illustrations). Morgan has 
borrowed the title of the treatise, but subtitles his book, ““A Beginner’s Guide.” This 
is an accurate description. Morgan’s book is devoted largely to giving the facts 
(generally without proofs) and motivation along with lavish geometric illustrations. 
Geometric measure theory has a strong intuitive and geometric component, much of 
which has been captured by Morgan. Morgan, incidentally, has become virtually a 
legend in his own time as a teacher and mathematical expositor. 

There is much left to be done in understanding even least area problems. For 
example, one of the abstract existence and regularity results discussed by Morgan 
implies that any smooth simple closed curve ¢ in R? must be the boundary of a 
smooth minimal submanifold .4 of R? whose area does not exceed the area of any 
other manifold (embedded or immersed, oriented or unoriented) having @ as 
boundary. However, except in special cases, there is no way known to compute such 
an 4 or even reliably estimate what its area should be (possible nonorientability is 
the most serious difficulty). 

Since Morgan’s book is called Geometric Measure Theory one might ask what 
measures have to do with surfaces of least area. In retrospect, the field of geometric 
measure theory during the first half of this century was largely devoted to the 
development of a theory of measure and integration for k-dimensional surfaces in 
n-dimensional spaces when these surfaces might have essential singularities, or 
might even be Cantor type sets themselves. Incidentally, one now commonly accepts 
Hausdorff’s k-dimensional measure in R” as the definition of surface measure. 

There is then a strange twist. One answers the question, “‘ What is a surface?” by 
saying that a k-dimensional surface in R” is a special kind of measure over all of 
R”. The measure ||.4|| which corresponds to a k-dimensional submanifold 7 of R” 
assigns to a subset A of R” Hausdorff’s k-dimensional measure of the intersection 
of @ with A. Thus the restriction of ||.@|| to 4 is the usual surface area measure 
of .@. Surfaces with complicated singularities become measures in the same way. In 
fact, anything one could ever want to be surface of finite area turns out to be 
representable by such a measure. 

This identification of surfaces with measures over all of R” provides a way to 
obtain existence theorems for area minimizing surfaces S spanning a contour C. 
Suppose that S,, S,, S;,...are surfaces spanning C whose areas approach the 
infimum of areas of all possible surfaces, and let ||.S,||, ||S5||, || S3||,...be the associ- 
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ated measures. Spaces of measures have very strong compactness properties in the 
weak topology and, in the present case, there will always exist a measure pw over R° 
which is the weak limit of a subsequence of the ||S;|'s. This measure is supposed to 
be a surface of least area spanning C. The real work comes, of course, in showing 
that w = ||S|| for a nice surface S. 

In order to characterize surfaces measure theoretically one is led to introduce 
measure theoretic analogues of smooth submanifolds and smooth mappings. Ac- 
cording to Morgan: “Geometric Measure Theory could be described as differential 
geometry generalized through measure theory to deal with maps and surfaces that 
are not necessarily smooth, and applied to the calculus of variations.” 

It is one of the great triumphs of the subject that everything one could reasonably 
hope for turns out to be true if submanifolds are replaced by “rectifiable sets,” 
smooth maps are replaced by “Lipschitz maps,” and everywhere is replaced by 
“almost everywhere.” For example, unions and intersections of rectifiable sets 
remain rectifiable, and the Lipschitz image of a rectifiable set is rectifiable. 

A key first step in recovering S from up lies in the structure theorem for sets of 
finite Hausdorff measure. In the present context this theorem implies that any part 
of the set carrying » which is not rectifiable must be so full of holes that it could 
contribute nothing to an area minimization problem for spanning surfaces—hence 
it wasn’t there. 

This is only part of the story. Even knowing that p = ||S|| for a rectifiable S still 
is not really satisfactory since rectifiable sets sometimes are pretty wild. A substan- 
tial part of the research in geometric measure theory in the modern period (since 
1960) has been devoted to showing that area minimizing S’s are smooth minimal 
submanifolds except for small singular sets. 

One of the central devices of modern geometric measure theory has been to 
regard oriented surfaces as currents, 1.e., aS continuous linear functionals on vector 
spaces of smooth differential forms—this is quite analogous to identifying functions 
with distributions. Part of how this came about is the following. A fixed differential 
n—k form o on a compact n-dimensional Riemannian manifold W induces a 
linear functional [o] on the vector space of differential k forms on \ which maps 
a k form w to the number [o](w) = [,-w A o; on the cohomology level this is the 
pairing which induces Poincaré duality. A smooth oriented k-dimensional submani- 
fold SY of W also induces a linear mapping [YY] which maps a form w to the 
number [/](w) = {,,w. Suppose a Y without boundary is given. Can one find a 
closed o such that [o](w) = [Y](w) on closed w’s? The main difficulty is that the 
normal bundle of Y need not be trivial. This problem was one of the reasons for 
the theory of fiber bundles developed by H. Hopf and Whitney. Alternatively, can 
one find a ¥ corresponding to a given o? Such Y, if it exists, is by definition a 
current. For some ’s and o’s, while there exists no submanifold Y which does 
the job, there will exist, however, a surface which is a submanifold except for a small 
singular set—this situation was one of the reasons why de Rham introduced the 
theory of currents in the first place, and it also was one of the reasons why Thom 
developed his cobordism theory. 

One of the major advantages of working with currents is that a current [7] 
always has a well defined boundary current 0[.], defined by setting 0[ S](o) = 
[S](dq), i.e., Stokes’s theorem becomes a definition. This notion of boundary is 
preserved unaer weak convergence of currents. 
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The integral currents in geometric measure theory are those currents which come 
from integration of forms over oriented rectifiable sets and whose current bound- 
aries come from a similar such integration. These currents were introduced in a 
seminal paper, Normal and integral currents, by H. Federer and W. H. Fleming in 
1960. Their paper [FF] (which was awarded one of the 1987 Steele Prizes of the 
American Mathematical Society) begins 

“Long has been the search for a satisfactory analytic and topological formulation 
of the concept ‘k-dimensional domain of integration in euclidean n-space.’ Such a 
notion must partake of the smoothness of differentiable manifolds and of the 
combinatorial structure of polyhedral chains with integer coefficients. In order to be 
useful for the calculus of variations, the class of all domains must have certain 
compactness properties. All these requirements are met by the integral currents 
studied in the paper.” 

Under very mild assumptions then a sequence of integral currents will have a 
subsequence which converges to an integral current—this is really a striking result 
since one could well imagine making up a sequence of integral currents whose limit 
might be a measure considerably smeared out (and thus not k-dimensional at all). 
The integral currents in a manifold form a chain complex whose homology groups it 
turns out are isomorphic with those of the singular homology theory. When one 
combines these various facts together with the present regularity theory, one 
concludes, for example, that each integral homology class in any compact Riemannian 
manifold is representable by an integral current of least area; furthermore any such 
least area current is a smooth minimal submanifold except for a compact singular set of 
codimension at least two in the surface. Corresponding theorems hold for currents 
spanning boundaries as in the oriented version of our original problem. As sug- 
gested above, cobordism theory provides topological obstructions to everywhere 
regularity. 

Also the codimension two singularity estimate cannot be improved in general 
since holomorphic varieties in Kahler manifolds are area minimizing currents. Such 
complex varieties are but one example of large families of area minimiz- 
ing “calibrated” geometries which have been (and are continuing to be) discov- 
ered. Calibration theory was surveyed by Morgan in a recent article in this 
MONTHLY [M]. 

Incidentally, one of the goals of the Geometry Supercomputer Project (supported 
by the N.S.F. and the University of Minnesota) is the development of algorithms for 
the computation of optimal geometries of the types which arise in geometric theory. 

As indicated above, there is really a lot more to geometric measure theory and its 
applications than is even suggested by, least area problems. As a first step, however, 
minimal surfaces a /Ja Morgan is hard to beat. 
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sion. One can see the mind of a scientist at work in 
the questions he asked—many of which are rooted in 
basic numeracy (e.g., estimating probabilities, mea- 
suring roundness, verifying mathematical models of 
temperature). LAS 


General, S**, L**, Mathematical Writing. 
Donald E. Knuth, Tracy Larrabee, Paul M. 
Roberts. MAA Notes, No. 14. MAA, 1989, 115 pp, 
(P). [ISBN: 0-88385-063-X] A fascinating set of lec- 
ture notes from a course given at Stanford by Don- 
ald Knuth, full of good advice and clever examples. 


Hints cover mathematical writing, typing, typeset- 
ting, literate programming, publication, refereeing, 
and illustrations. Guest lectures by Leslie Lam- 
port (author of IATpX), Mary-Claire von Leuner, and 
Monthly editors Herb Wilf and Paul Halmos. Can- 
did, witty, opinionated; rooted in real examples of 
real authors and real editors writing for real audi- 
ences. Includes mini-essays and running commen- 
tary on use of “hopefully” and “which,” as well as 
a masterful set of composition assignments designed 
to exercise one’s command of words. LAS 


General, P. Ten Papers Translated from the Rus- 
stan. M.B. Abalovich, et al. AMS Transl., Ser. 2, V. 
142. AMS, 1989, vi + 121 pp, $52. (ISBN: 0-8218- 
3122-4] 


Mathematics Appreciation, S(13). Glyphs: 
Getting the Picture. William Sacco, et al. Con- 
temp. Appl. Math. Janson, 1987, vii + 49 pp, 
(P). [ISBN: 0-939765-07-1] This student workbook 
could be used in liberal arts or secondary mathe- 
matics courses to introduce glyphs, pictures used to 
represent data. Variety of examples, many from the 
medical field. Short on initial explanation, motiva- 
tion. MW 


Precalculus, T(13: 1). Mathematics for Calcu- 
lus. James Stewart, Lothar Redlin, Saleem Wat- 
son. Brooke/Cole, 1989, xviii + 589 pp, $39.25. 
[ISBN: 0-534-10080-5] Basic precalculus text em- 
phasizing problem solving. Extensive treatment of 
trigonometry. Includes a chapter on each of systems 
of equations and inequalities, analytic geometry, and 
sequences and series. SP 


Precalculus, T(13: 1). Basic Mathematics. Serge 
Lang. Springer-Verlag, 1988, xv + 475 pp, $29.80 
(P). [ISBN: 0-387-96787-7] Paperback reprint of a 
text first published by Addison-Wesley in 1971 (TR, 
February 1972). Concise, clearly written text for 
course preceding calculus. Covers algebra, intuitive 
and coordinate geometry, functions, complex num- 
bers, induction, determinants on both manipulative 
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and theoretical levels. Exercise sets include many 


proofs. KS 


Precalculus, T*(13). Algebra and Trigonometry 
with Analytic Geometry, Seventh Edition. Earl W. 
Swokowski. PWS-Kent, 1989, xii + 668 pp. [ISBN: 
0-534-91712-7] Changes to this standard text are 
aimed at making it easier for the student to use. 
These include expanded solutions to examples, ex- 
tensive revision of the logarithm section, a reworking 
of many aspects of trigonometric functions. In ad- 
dition, approximately half the exercises differ from 
the last edition, including the insertion of about 140 
new applied exercises. (Fourth Edition, TR, Decem- 
ber 1978; Sizth Edition, TR, May 1987.) MR 


Education, P. The Van Hiele Model of Think- 
ing in Geometry Among Adolescents. David Fuys, 
Dorothy Geddes, Rosamond Tischler. J. for Res. in 
Math. Educ., Mono. No. 3. NCTM, 1988, x + 195 
pp, $7.50 (P). Report on research carried out by 
the Brooklyn College Project on the van Hiele lev- 
els model of thinking. Describes the Project’s re- 
search tools and student performance using these 
tools. Presents analysis and summary of both stu- 
dent use and teacher use of tools in an analysis of 
geometry contained in three U.S. textbook series. 
Ends with implications of study, in particular, for 
classroom practice, teacher training, and curriculum 
design. Bibliography. RJA 

Education, P, L*. Reshaping College Mathemat- 
ics: A Project of the Committee on the Undergrad- 
uate Program in Mathematics. Ed: Lynn Arthur 
Steen. MAA Notes No. 13. MAA, 1989, x + 124 
pp, (P). (ISBN: 0-88385-062-1] A compendium of 
CUPM reports of the last decade, covering the full 
spectrum of undergraduate courses. Each report is 
preceded by a new preface, as is the whole volume. 
Eleven chapters in all: the first six reprint the out- 
of-print 1981 CUPM Recommendations for a General 
Mathematical Science Program; the final five reprint 
various other CUPM reports on discrete mathemat- 
ics, mathematics appreciation courses, and transition 
from high school to college (three reports). From 
the Editor’s Preface: “We don’t need to look far for 
sound goals and objectives for college mathematics. 
Most of what we need can be found in this volume.” 
LW 


Education, S(16-18). Imaginative Ideas for the 
Teacher of Mathematics, Grades K-12: Ranucci’s 
Reservoir. Ed: Margaret A. Farrell. NCTM, 1988, 
iv + 92 p, $8 (P). [ISBN: 0-87353-257-0] Collection 
of articles from various sources written by Erhest 
Ranucci. Sections on pattern finding, applications, 
spatial visualization and drawing, inventiveness, and 
games. Bibliography. Many teaching ideas. MW 


Education, S(15-18). Problem Solving: Tips for 
Teachers: Selections from the Arithmetic Teacher. 
Ed: Phares G. O’Daffer. NCTM, 1988, iv + 83 
pp, $7 (P). (ISBN: 0-87353-264-3] Thirty-six arti- 
cles reprinted from the last five years of Arithmetic 
Teacher. Activities to develop and extend problem- 
solving strategies and skills in elementary students, 
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and hints on implementing a problem-solving pro- 
gram. Each two or three-page article contains prob- 
lems, teaching suggestions, ideas for classroom cli- 
mate, and pointers to additional resources. MW 


Education, P*. The Use of Calculators in the 
Standardized Testing of Mathematics. Ed: John W. 
Kenelly. MAA Notes No. 12. The College Board and 
MAA, 1989, vi + 50 pp, $6.50 (P). Papers and policy 
recommendations from a November 1986 joint sym- 
posium sponsored by MAA and the College Board 
to develop a consensus statement on the role of cal- 
culators in mathematics tests. Background papers 
by Kenelly, Wilson, Kilpatrick, Leitzel, Waits, and 
Harvey discuss aspects of policy, history, psychomet- 
ric issues, experience with calculator-sensitive items, 
and implications for actual tests. Concludes with a 
statement of symposium recommendations and some 
sample tests. LAS 


Education, P, L*. New Directions for Elementary 
School Mathematics: 1989 Yearbook. Eds: Paul R. 
Trafton, Albert P. Shulte. NCTM, 1989, viii + 245 
pp, $18. [ISBN: 0-87353-272-4] Twenty-one papers 
on the process of change, on how children think, on 
new approaches to content, on strategies for explo- 
ration, and on special factors that influence teach- 
ing. The papers cover much the same ground as 
other recent studies of school mathematics, but less 
boldly. Many papers give good examples of active, 
instructional strategies; few papers probe as well the 
instructional impact of calculators. There is much 
good but little new in these New Directions. LAS 


Education, S, P, L*. Research Issues in the Learn- 
ing and Teaching of Algebra. Ed: Sigrid Wagner, 
Carolyn Kieran. Research Agenda for Math. Educ., 
V. 4. NCTM and Lawrence Erlbaum Associates, 
1989, x + 287 pp, $15 (P). (ISBN: 0-87353-268-6] 
Twenty-three papers from a March 1987 conference 
at the University of Georgia inquiring into what al- 
gebra is and should become in an age of computer al- 
gebra systems; what research reveals about teaching 
and learning of algebra; and how algebraic thinking 
relates to mathematical thinking. Authors include 
Thorpe, Leitzel, Tall, Fey, Davis, Wheeler, and many 
others. LAS 


Education, T(16-18), S, L. Cooperative Learn- 
ing in Mathematics: A Handbook for Teachers. 
Ed: Neil Davidson. Addison-Wesley, 1990, 409 pp, 
(P). [ISBN: 0-201-23299-5] Seventeen authors offer 
concrete suggestions for implementing small group 
discussion in mathematics classrooms, elementary 
through college. Summaries of research results, 
model programs, sample activities, bibliographies, 
and list of resource materials. Valuable for both pre- 
service and in-service programs. MW 


Education, P, L. Mathematical Enculturation: 
A Cultural Perspective on Mathematics Education. 
Alan J. Bishop. Math. Educ. Lib. Kluwer Aca- 
demic, 1988, xiv + 195 pp, $69. [ISBN: 90-277-2646- 
9} An examination of the common cultural roots 
of mathematics in all societies—counting, locating, 
measuring, designing, playing, explaining—together 
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with implications of these commonalities for math- 
ematics education (or “enculturation”). Bishop ar- 
gues, based on this broad notion of mathematical 
culture, that the ideal mathematics educator would 
be more like an advocate than a mathematician—a 
person with commitment and the ability to commu- 
nicate who can personify mathematical culture and 
be accountable to it, but who may not be part of 
it. LAS 


History, P, L**. A Century of Mathematics in 
America. Eds: Peter Duren, Richard A. Askey, Uta 
C. Merzbach. AMS, 1989. Part I. History of Math., 
V. 1, viii + 477 pp, $57 [ISBN: 0-8218-0124-4]; Part 
IT, History of Math., V. 2, x + 585 pp, $70. [ISBN: 0- 
8218-0130-9] An extraordinary collection of over 70 
papers—some new, some reprints—covering personal 
reminiscences, historical surveys of fields, autobio- 
graphical essays, departmental histories, and pres- 
sures of war, politics, and emigration. Altogether a 
rich collage of the history of mathematics in Amer- 
ica, mixing accounts of research, people, teaching, 
organizations, politics, and education, all expressed 
through first-hand accounts by the giants of Ameri- 
can mathematics. LAS 


History, P. Die Mathematik und thre Dozenten an 
der Berliner Universitat, 1810-1933. Kurt-R. Bier- 
mann. Akademie-Verlag, 1988, 391 pp, 98 DM. 
[ISBN: 3-05-500402-7] A detailed and very interest- 
ing history of mathematics at the University of Berlin 
up to 1933. Much information on appointments and 
promotions and how they were made. JD-B 


History, T(16: 1), L*. A History of Mathematics, 
Second Edition. Carl B. Boyer, Uta C. Merzbach. 
Wiley, 1989, xviii + 762 pp, $53.95. [ISBN: 0-471- 
09763-2] First twenty-two chapters are essentially 
unchanged from Boyer’s 1968 Wiley original (TR, 
January 1969; 1985 Princeton U. Pr. paperback, 
TR, February 1986). Chapters dealing with the 19th 
and 20th centuries have been revised and expanded. 
References and general bibliography have been re- 
vised. Foreign-language chapter references have been 
dropped. The Boyer style and approach remain. 
Comprehensive, interesting, and readable with ap- 
propriate exercises. JK 


Graph Theory, T(15-17: 1, 2), L. Graph The- 
ory. Ronald Gould. Benjamin/Cummings, 1988, x + 
332 pp, $39.95. [ISBN: 0-8053-6030-1] An introduc- 
tory course, concentrating on well-established topics 
(paths, searching, trees, networks, planarity, match- 
ing, independence, extremal theory, applications), 
with emphasis on algorithmic aspects (no program- 
ming prerequisites) as well as theoretical results. 
Versatile text, suitable for one or two semesters. LCL 


Number Theory, T*(13: 1), S, C, L*. Invitation 
to Number Theory with Pascal. Donald D. Spencer. 
Camelot, 1989, 320 pp, $19.95 (P) [ISBN: 0-89218- 
126-5]; Instructor’s Manual to Accompany, 1989, 164 
pp, (P). [ISBN: 0-89218-127-3] Highly readable in- 
troduction to both Pascal and number theory. In- 
cludes discussions of primes, perfect numbers, Fi- 
bonacci numbers, x, Pythagorean triples, figurate 
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numbers, magic squares, number systems, modular 
arithmetic, palindromes, Pascal’s triangle, factoring, 
mathematical puzzles, amicable numbers, and many 
other interesting number types. Includes lots of ex- 
ercises and selected answers. CEC 


Linear Algebra, T?, S, L. Hypercomplez Num- 
bers: An Elementary Introduction to Algebras. I.L. 
Kantor, A.S. Solodovnikov. Transl: A. Shenitzer. 
Springer-Verlag, 1989, x + 169 pp, $39.89. [ISBN: 0- 
387-96980-2] The first part of the book introduces 
algebras as generalizations of the complex numbers. 
A hypercomplex number system is a set of numbers 
of the form agp + a121 +.-..+ nin, where a, is a real 
number and 7 is an imaginary unit. Discusses when 
these systems allow division or sums of squares iden- 
tities. The rest of the book covers algebras, vector 
spaces, systems of equations, scalar products, orthog- 
onal transformations, and normed algebras. Terse 
text may be difficult for many to read. SB 


Group Theory, S(18), P. Endliche p-Gruppen. 
Laszl6 Rédei. Akademiai Kiado, 1989, 304 pp, $36. 
[ISBN: 963-05-4660-4] A monograph based quite 
largely on the author’s own research. JD-B 


Group Theory, P. Abekan Group Theory. Eds: 
Laszlo Fuchs, Riidiger Gobel, Phillip Schultz. Con- 
temp. Math., V. 87. AMS, 1989, xvii + 289 pp, $33 
(P). [ISBN: 0-8218-5068-7] A collection of twenty- 
six papers delivered at a 1987 conference in Perth 
which captures the current state of abelian group 
theory. Included is an essay by R. Gobel on the work 
of Ulm and its impact on abelian group theory. SG 


Algebra, P. Invariant Theory. Ed: R. Fossum, et 
al. Contemp. Math., V. 88. AMS, 1989, ix + 598 
pp, $52 (P). (ISBN: 0-8218-5094-6] A collection of 
over twenty papers presented at an AMS Special Ses- 
sion in 1986 focusing on algebraic group actions on 
algebraic varieties. SG 


Algebra, P. Nombre de Points d’une Courbe sur un 
Corps Fini. Jean-Pierre Soublin. Papers in Pure 
& Appl. Math., No. 79. Queen’s U, 1988, 158 pp, 
(P). Suppose F is a polynomial in two variables with 
integer coefficients. The author studies methods for 
finding good estimates for the number of solutions 
of EF = 0 over fields of prime order. Although this 
volume contains no new results, it explains previous 
results in simpler terms. CEC 


Calculus, T(13). Elements of Calculus, Second 
Edition. G. Don Allen, Charles Chui, Bill Perry. 
Brooks/Cole, 1989, x + 534 pp, $38. (ISBN: 0-534- 
09240-3] Changes from the First Edition (TR, Oc- 
tober 1983) include better problem sets, e.g., more 
even-odd pairing of like exercises and fewer problems 
involving tedious calculations; additional chapters on 
infinite series and probability; and sections on com- 
puter applications. As with the First Edition, this 
text is aimed at students of business, social sciences, 
and biology. MR 


Calculus, T(14-15: 2), P. Advanced Calculus for 
Users. Alain Robert. North-Holland (US Distr: El- 
sevier Science), 1989, xvii + 364 pp, $60.50. [ISBN: 
0-444-87324-4] Applications-oriented. Written for 
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physicists, engineers, and others who use results of 
analysis in their work. Main topics are differentiabil- 
ity, integration of differential forms, function spaces, 
and Fourier series. Emphasis on linearization. Ap- 
pendix includes convergence results as well as a num- 
ber of exercises. SB 


Calculus, T(13-14: 2). Applied Calculus. Bernard 
Kolman, Charles G. Denlinger. Harcourt Brace Jo- 
vanovich, 1989, xiv + 895 pp, $33. [ISBN: 0-15- 
502903-7] Calculus for students majoring in busi- 
ness, economics, and the management, life, and so- 
cial sciences. Informal, intuitive, geometric; theory 
is minimized. Contains a multitude of applied ex- 
amples and exercises drawn from the targeted ma- 
jors. An optional Appendix reviews basic algebra. 
Extends the authors’ Calculus for the Management, 
Life, and Social Sciences, Second Edition (TR, Jan- 
uary 1989) by adding double integrals, differential 
equations, probability theory, Taylor polynomials, 
and infinite series. DFA 


Real Analysis, T(15: 2), L. Foundations of Anal- 
ysis: The Theory of Limits. Herbert S. Gaskill, P.P. 
Narayanaswami. Harper & Row, 1989, xv + 639 
pp. [ISBN: 0-06-044734-6] Text for first rigorous 
real analysis course. Covers the essential elements of 
analysis of the real line by focusing on the epsilon- 
delta definition of limit. Final two chapters extend 
these ideas into the plane and metric spaces. The 
discussion of ideas is extensive and stresses the role 
of algebra. Nearly 3000 exercises. SP 


Real Analysis, T(14-15: 1), L. An Introduction 
to Analysis. James R. Kirkwood. PWS-Kent, 1989, 
xii + 276 pp. [ISBN: 0-534-91500-0] Introduction 
to theory of real-valued functions in one variable in- 
tended in particular for mathematics students who 
are making the transition from computational to the- 
oretical courses. Numerous exercises ranging from 
routine to difficult with hints and solutions to many 
of them provided in the back. LC 


Real Analysis, T(16: 1), S, L. Intermediate Math- 
ematical Analysis. Hugh Thurston. Clarendon Pr, 
1988, ix + 164 pp, $55; $24.95 (P). [ISBN: 0-19- 
853291-1; 0-19-853292-X] A rigorous introduction 
to multivariable calculus which assumes some back- 
ground in elementary real analysis. Includes differen- 
tiation, Taylor’s theorem, Lagrange multipliers, the 
implicit function theorem, the function theorem, and 
integration. Includes exercises along with hints and 
solutions. CEC 


Complex Analysis, S(18), P. Cauchy-Riemann 
(CR) Manifolds. Geraldine Taiani. Pace U (Math. 
Dept., NY City Campus, NY 10038), 1989, 102 pp, 
$15 (P). CR geometry is a complex analog of Rie- 
mannian geometry, applied, e.g., to boundary exten- 
sion problems for functions of several complex vari- 
ables. Although papers in the subject have appeared 
for a decade or so, basic definitions and theorems 
have not before now been collected in a single source. 
This informal (and informally printed) monograph, 
in five short chapters and a bibliography, fills that 
gap. A useful introduction to an active research 
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area. PZ 


Differential Equations, S(17), P. Continuous 
Decoupling Transformations for Linear Boundary 
Value Problems. P.M. van Loon. CWI Tract, V. 
52. Mathematisch Centrum, 1988, vi + 198 pp, 
Dfl. 30.40 (P). (ISBN: 90-6196-353-2] Ifa boundary 
value problem has both (fast) increasing and (fast) 
decaying modes, integration can be expensive and/or 
inaccurate. The problem can be avoided by decou- 
pling these modes using transform-like techniques 
and then working with the modes separately. How- 
ever, new problems such as non-linearity arise. The 
technique presented here, which the author claims 
is robust, uses a combination of a Riccati transform 
with an invariant imbedding. MR 


Differential Equations, S(14-15). Schaum’s 
Solved Problems Series: 2500 Solved Problems in 
Differential Equations. Richard Bronson. McGraw- 
Hill, 1988, v + 440 pp, $19.95 (P). [ISBN: 0-07- 
007979-X] Problems from any area normally encoun- 
tered in a first course in differential equations. Min- 
imal discussion of theory, but an excellent source of 
problems for both students and instructors. Large 
number of applications. MR 


Differential Equations, S*, C, L*. Differential 
and Difference Equations through Computer Ezper- 
iments, Second Edition. IBM PC. Hiiseyin Kogak. 
Springer-Verlag, 1989, xvii + 224 pp, $49.95 (P). 
[ISBN: 0-387-96918-7] A re-issue of the software 
package Phaser in versions that use the higher reso- 
lution IBM EGA/VGA graphics boards and with op- 
tions to use a mathematics coprocessor. The software 
package and the accompanying guide book is other- 
wise unchanged from the 1986 First Edition (TR, 
April 1987). Phaser simulates dynamical systems by 
plotting solutions to differential and difference equa- 
tions. It runs only on PC compatible equipment, but 
utilizes effective window environments. A powerful 
yet inexpensive exploratory tool for students, teach- 
ers, scientists, and researchers. LAS 


Differential Equations, T**(15-16), L. Ordi- 
nary Differential Equations, Fourth Edition. Garrett 
Birkhoff, Gian-Carlo Rota. Wiley, 1989, xi + 399 pp, 
$67.20. [ISBN: 0-471-86003-4] The only changes in 
this wonderful text are the introduction of numerical 
methods in the first chapter and the addition of de- 
tailed reviews of elementary facts for reference. This 
makes an excellent text for a second course in differ- 
ential equations. (Third Edition, TR, April 1979.) 
MR 


Partial Differential Equations, S(18), P. Solu- 
tion of Initial Value Problems in Classes of Gen- 
eralized Analytic Functions. Wolfgang Tutschke. 
Springer-Verlag, 1989, 188 pp, $49.80 (P). [ISBN: 0- 
387-50216-5] The classical Cauchy-Kovalevska the- 
orem gives sufficient conditions for solvability of cer- 
tain boundary value problems in partial differential 
equations with holomorphic initial data. Here the 
author’s object is to generalize the C-K theorem to 
problems with initial functions of generalized ana- 
lytic type. The main tools are functional-analytic, 
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including scales of Banach spaces. Reasonably self- 
contained: includes, e.g., some rudiments of complex 
analysis in several variables. PZ 


Partial Differential Equations, 1T(18), P. 
Initial-Boundary Value Problems and the Navier- 
Stokes Equations. Heinz-Otto Kreiss, Jens Lorenz. 
Pure & Appl. Math., V. 136. Academic Pr, 1989, xi 
+ 402 pp, $54.50. (ISBN: 0-12-426125-6] Develops 
a theory for linear and nonlinear equations for prob- 
lems well-suited to computation, examining smooth- 
ness and admissible boundary conditions in great 
detail. Illustrates the theory with careful study of 
compressible and incompressible Navier-Stokes equa- 
tions. DFA 


Partial Differential Equations, S(18), P. 
Parabolic Equations on an Infinite Strip. N.A. Wat- 
son. Pure & Appl. Math., V. 127. Marcel Dekker, 
1989, xii + 289 pp, $99.75. [ISBN: 0-8247-7999-1] 
A study of second order, linear, parabolic, partial 
differential equations on an infinite strip. Empha- 
sis on integral representations. Topics include the 
semigroup property, the Cauchy problem, and limit 
considerations. SP 


Partial Differential Equations, P. Lecture Notes 
in Control and Information Sciences-114: Control of 
Partial Differential Equations. Ed: A. Bermidez. 
Springer-Verlag, 1989, ix + 318 pp, $50.90 (P). 
[ISBN: 0-387-50495-8] Proceedings of the IFIP WG 
7.2 Working Conference held at Santiago de Com- 
postela, Spain, July 1987. MR 


Partial Differential Equations, P. Nonlinear 
Evolution Equations and Applications. Gheorghe 
Moroganu. Transl: Gheorghe Moroganu. Math. & 
Its Applic. D Reidel (US Distr: Kluwer Academic), 
1988, xii + 340 pp, $96. [ISBN: 90-277-2486-5] A 
systematic exposition of the stability considerations 
for nonlinear, monotone evolution equations. The 
idea is to carry over the stability theory from ordi- 
nary differential equations where a vector quantity 
changes with time to the case where a quantity in 
function space varies, the time rate of change being 
given by a monotone, nonlinear operator applied to 
the quantity. Discrete cases and many applications 
also considered. SP 


Partial Differential Equations, T(17-18: 2). 
Applied Partial Differential Equations. Paul Du 
Chateau, David Zachmann. Harper & Row, 1989, 
xiv + 620 pp. ([ISBN: 0-06-041772-2] Introduc- 
tory text reflecting modern approaches to this clas- 
sical subject. Approximately one-half of the book 
is devoted to numerical methods. Includes treat- 
ment of Fourier series, integral transforms, and fi- 
nite difference methods. Applications to flow in a 
porous medium, wave propagation, advection and 
traffic flow, in addition to the more traditional heat 
equation and vibrating strings. SP 


Numerical Analysis, T(14-15: 1), L. Numeri- 
cal Methods for Engineers and Computer Sctentists. 
Paul F. Hultquist. Benjamin/Cummings, 1988, xiii 
+ 326 pp, $39.95. [ISBN: 0-8053-4652-X] Seeks to 
create an understanding of algorithms without bela- 
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boring the fine points of their construction. More of 
a book on numerical methods than numerical anal- 
ysis. Includes Pascal code for all the algorithms. A 
diskette is also available. Topics covered are standard 
for an undergraduate numerical analysis text. SM 


Numerical Analysis, T(15-17: 1). Numerical 
Analysis for Applied Mathematics, Science, and En- 
gineering. Donald Greenspan, Vincenzo Casulli. 
Addison-Wesley, 1988, ix + 341 pp, $43.25. [ISBN: 
0-201-09286-7] Revision of usual topics, to stress 
those needed by scientists. Balance of theory and 
practice, method-oriented with illustrative examples, 
doable exercises. Treats algebraic systems, initial 
value problems and boundary value problems for 
ordinary differential equations, elliptic, parabolic, 
and hyperbolic equations, nonlinear equations, and 
Navier-Stokes equations. RM 


Numerical Analysis, T(13-14: 1), L. Numeri- 
cal Analysis, Algorithms and Computation. J. Mur- 
phy, D. Ridout, Bridgid McShane. Math. & Its Ap- 
plic. Halsted Pr, 1988, viii + 148 pp, $49.95. [ISBN: 
0-470-21214-4] Introduction to numerical analysis; 
prerequisite is calculus, although knowledge of lin- 
ear algebra is helpful. Covers iterative methods for 
nonlinear equations, interpolation, numerical inte- 
gration, numerical solutions of ordinary differential 
equations, and systems of linear equations. LC 


Numerical Analysis, P, L. C Tools for Scien- 
tists and Engineers. Louis Baker. McGraw-Hill, 
1989, xii + 324 pp, $29.95 (P). (ISBN: 0-07-003355- 
2] Avcollection of C programs implementing a vari- 
ety of standard numerical techniques: ZU factoriza- 
tion, eigenvalue and discriminant analysis, singular 
value decomposition, Newton-Raphson methods for 
nonlinear equations, B-spline interpolation, adaptive 
quadrature, fast Fourier transforms, and methods 
for solving systems of ordinary differential equations. 
Also discusses how to convert Fortran programs into 
C. AO 


Numerical Analysis, T*(15: 1), L. Introduction 
to Pascal for Computational Mathematics. E.J. Red- 
fern. Macmillan Education (US Distr: Scholium In- 
tern), 1987, x + 290 pp, $26.50 (P). (ISBN: 0-333- 
44431-0] Not only a complete introduction to Pas- 
cal, but also a nice collection of applications of pro- 
gramming to mathematics. For the new math ma- 
jor. The examples and exercises illustrate numeri- 
cal methods for studying sequences and series, non- 
linear algebraic equations, integration, simultaneous 
linear equations, first-order differential equations, el- 
ementary statistics; and computational techniques 
for polynomial manipulation, queues, trees, graphs. 
A book designed for a course which could be very 
interesting. DFA 


Numerical Analysis, T(15: 1). An Introduction 
to Numerical Computations, Second Edition. Sidney 
Yakowitz, Ferenc Szidarovszky. Macmillan, 1989, 
xiv + 462 pp, $35. [ISBN: 0-02-430821-8] From 
a course for engineering students, but of wider in- 
terest. Simultaneous linear equations, interpolation, 
numerical differentiation and integration, nonlinear 
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equations, function approximation, differential equa- 
tions. Provides solid foundation for further study, 
omits rigorous development of theoretical structure 
and error analysis. Assumes calculus and a Fortran 
or Pascal course. Careful discussion of round-off er- 
rors. Subroutine and program listings throughout. 
Lots of problems from many applied areas. DFA 


Operator Theory, T(17-18: 1), S, P. Nonlin- 
ear Equations and Operator Algebras. Vladimir A. 
Marchenko. Transl: V.I. Rublinetsky. Math. & 
Its Applic. D Reidel (US Distr: Kluwer Academic), 
1988, xvi + 157 pp, $64. [ISBN: 90-277-2654-X] 
Presents the author’s method for integrating nonlin- 
ear equations (e.g., KdV, KP, NLS, etc.) by jack- 
ing them into an operator-valued setting, solving 
there, and projecting into special finite-dimensional 
spaces. BC 

Functional Analysis, T(17-18: 1), S, P, L. Top- 
ics in Functional Analysis and Applications. S. Kesa- 
van. Wiley, 1989, xii + 267 pp, $24.95. [ISBN: 0-470- 
21050-8] Develops basic tools of functional analysis 
for applications to partial differential equations via 
distribution theory. Applications to evolution equa- 
tions and weak solutions of elliptic boundary value 
problems. Includes chapter-ending comments and 
exercises. BC 


Functional Analysis, S(18), P. Direct Methods 
in the Calculus of Vartattons. Bernard Dacorogna. 
Appl. Math. Sci., V. 78. Springer-Verlag, 1989, ix + 
308 pp, $59. (ISBN: 0-387-50491-5] Concise, largely 
self-contained monograph on theory of direct meth- 
ods having work of Hilbert, Lebesgue, and Tonelli 
as historical antecedents. Includes more recent top- 
ics such as vector-valued functions and relaxation of 
non-convex problems. States without proof many 
prerequisite theorems from functional analysis. GG 


Functional Analysis, P. Space Mappings with 
Bounded Distortion. Yu. G. Reshetnyak. Trans. of 
Math. Mono., V. 73. AMS, 1989, xv + 362 pp, $129. 
[ISBN: 0-8218-4526-8] A n-dimensional map is of 
bounded distortion if, along with regularity condi- 
tions, there is a constant q,1 < q < oo, such that 
each infinitesimally small sphere is transformed into 
either a point or an ellipsoid for which the ratio of 
largest semiaxis to the smallest is less than g. This 
book studies these functions using the fact that the 
components satisfy certain elliptic partial differential 
equations. MR 


Analysis, P. Lecture Notes in Mathematics-1343: 
Fized Point Theory of Parametrized Equivariant 
Maps. Hanno Ulrich. Springer-Verlag, 1988, 147 pp, 
$16.30 (P). [ISBN: 0-387-50187-8] Develops an al- 
gebraic fixed point theory for maps with symmetry 
properties. BC 

Analysis, T*(16-18: 1, 2), S, L. Fourier Analysis. 
James S. Walker. Oxford U Pr, 1988, xix + 440 pp, 
$49.95. [ISBN: 0-19-504300-6] This textbook com- 
bines the basic mathematical theory of Fourier anal- 
ysis with concise discussions of its applications (e.g., 
vibrations and sound, heat conduction, optics, CAT 
scanning). This is a very attractive book: pleasing 
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format on glossy pages together with an inviting and 
relaxed presentation. LCL 

Analysis, T(17-18: 1), S, P, L. Plateau’s Prob- 
lem and the Calculus of Variations. Michael Struwe. 
Math. Notes, V. 35. Princeton U Pr, 1989, x + 
148 pp, $19.50 (P). [ISBN: 0-691-08510-2] Plateau’s 
problem—to find a “minimal” surface spanning 
a Jordan curve in R"—and the constant-mean- 
curvature problem in R? are considered via the calcu- 
lus of variations. Unstable parametric solutions are 
featured. BC 

Analysis, T, S*( 13-16), P, L**. Polynomials. 
E.J. Barbeau. Problem Books in Math. Springer- 
Verlag, 1989, xxii + 441 pp, $59. (ISBN: 0-387- 
96919-5] Beautifully composed exercise sets, pro- 
ceeding from the concrete to the general, designed 
to entice the student into the discovery of the basic 
ideas in the theory of equations (evaluation and fac- 
torization of polynomials, solutions of equations, ap- 
proximation and locations of zeros, symmetric func- 
tions of the zeros). In addition, 69 “Explorations” 
raise open-ended questions that encourage investi- 
gation, plus more that 300 “Problems” drawn from 
problem sections of various undergraduate journals 
and related contest literature. Included are hints 
and solutions to selected exercises and solutions to 
all problems. LCL 


Analysis, S(15-18), P, L. Means and Their In- 
equalities. P.S. Bullen, D.S. Mitrinovic, P.M. Vasié. 
Math. & Its Applic. D Reidel (US Distr: Kluwer 
Academic), 1988, xix + 459 pp, $89. (ISBN: 90-277- 
2629-9] An encyclopedic treatment of means that 
occur in the theory of inequalities, including histori- 
cal connections and proofs of basic results. The prac- 
tice of obtaining good estimates using inequalities is 
an art that tends to resist classification and system- 
atization, so that this volume, which creates some 
order in this regard, is a welcome addition to the 
literature. A useful reference for scientists, math- 
ematicians, and problem-solvers and all those who 
use inequalities and estimates. LCL 


Analysis, P. Lecture Notes in Mathematics-1359: 
Harmonic Analysis. Ed: P. Eymard, J.-P. Pier. 
Springer-Verlag, 1988, viii + 287 pp, $24.30 (P). 
[ISBN: 0-387-50524-5] 26 papers on aspects of har- 
monic analysis form the proceedings of an interna- 
tional symposium held at the Centre Universitaire 
de Luxembourg in September 1987. A paper of J.-P. 
Pier gives a short history of the evolution of the sub- 
ject, with an extensive bibliography; a long research- 
expository paper of G. Mackey treats a variety of 
applications. PZ 


Analysis, L. Nonstandard Analysis and its Applica- 
tions. Ed: Nigel Cutland. London Math. Soc. Stud. 
Texts, V. 10. Cambridge U Pr, 1988, xiii + 346 pp, 
$19.95 (P). [ISBN: 0-521-35947-3] A collection of 
ten papers from a conference held at the University 
of Hull in 1986. Several of the papers are introduc- 
tory while others present a sample of recent research 
results. AO 


Algebraic Geometry, P. Algebraic Geometry and 
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Commutative Algebra in Honor of Masayoshi Na- 
gata. Ed: Hiroaki Hijikata, et al. Academic Pr, 1988, 
$69 each. Volume I, 404 pp [ISBN: 0-12-348031-0}; 
Volume II, 399 pp. [ISBN: 0-12-348032-0] Papers 
dedicated to Nagata on the occasion of his sixtieth 
birthday. The papers cover a wide range of topics 
and are of great interest to anyone in either of the 
two fields. SG 

Algebraic Geometry, T(16-18: 1), S, P, L. Ge- 
ometry and Codes. V.D. Goppa. Math. & Its Ap- 
plic. Kluwer Academic, 1988, ix + 157 pp, $64. 
[ISBN: 90-277-2776-7] Algebraic geometry and the 
Riemann-Roch theorem take on the task of con- 
structing and analyzing error-correcting codes. A 
nicely balanced introduction to both subjects, with 
lots of explicit examples of curves and codes. BC 


Differential Geometry, P. Lecture Notes in 
Mathematics- 1368: Traces of Differential Forms and 
Hochschild Homology. Reinhold Hibl. Springer- 
Verlag, 1989, 111 pp, $14.30 (P). (ISBN: 0-387-50985- 
2] Begins with the study of the Hochschild ho- 
mology functor from commutative algebras to anti- 
commutative DG-algebras. Results presented in- 
clude the existence of functional homomorphisms 
in various settings, construction of a trace for the 
Hochschild homology of topological pairs, and a 
proof that Lipman’s “trace formulaII” holds for local 
complete intersections. MR 


Differential Geometry, S(18), P. The Geometry 
of Jet Bundles. D.J. Saunders. London Math. Soc. 
Lect. Note Ser., V. 142. Cambridge U Pr, 1989, 293 
pp, $29.95 (P). [ISBN: 0-521-36948-7] An introduc- 
tion to jet bundles, generalizations of tangent vec- 
tors, and bundles for mathematicians and physicists 
interested in differential equations. Assumes differ- 
ential geometry, but reviews bundles. Includes index 
of notation. GG 


Geometry, T*. Introduction to Geometry, Second 
Edition. H.S.M. Coxeter. Classics Library. Wiley, 
1989, xvii + 469 pp, $34.50 (P). [ISBN: 0-471-50458- 
0] A paperback reprint of the 1969 classic (Wiley 
hardcover edition, TR, January 1970). INC 


Geometry, S(16-17), P, L. Mechanical Geometry 
Theorem Proving. Shang-Ching Chou. Math. & Its 
Applic. D Reidel (US Distr: Kluwer Academic), 
1988, xii + 302 pp, $79. [ISBN: 90-277-2650-7] 
From the Foreword by Larry Wos: “Although in no 
way should one assume that the problem of prov- 
ing theorems in geometry is completely solved, Chou 
has demonstrated that a very large number of theo- 
rems can be proved by a single program relying on 
a well-defined paradigm.” The paradigm is algebraic 
geometry and the Grobner basis method. This must 
be what Descartes had in mind. BC 


Geometry, T(15-16: 1), S, L. Tilings and Pat- 
terns: An Introduction. Branko Grinbaum, G.C. 
Shephard. WH Freeman, 1989, ix + 446 pp, $27.95 
(P). (ISBN: 0-7167-1998-3] Paperback reprint of 
the first seven chapters of the 1987 twelve-chapter 
Tilings and Patterns (TR, August-September 1987; 
Extended Review, January 1988). Covers topolog- 
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ical and symmetry properties of tilings; tilings by 
regular polygons; motif-transitive patterns; and sev- 
eral classifications of very symmetric tilings. Includes 
full bibliography of original volume. The defini- 
tive resource for information about patterns in the 
plane. LAS 


Algebraic Topology, S(18), P. Lecture Notes in 
Mathematics-1361: Algebraic Topology and Transfor- 
mation Groups. Ed: T. tom Dieck. Springer-Verlag, 
1988, vi + 298 pp, $28.60 (P). [ISBN: 0-387-50528- 
8] Proceedings of a conference held in Géttingen in 
August 1987. Eleven papers; list of participants. JS 


Topology, T(18: 1), S, P. Infinite-Dimensional 
Topology: Prerequisites and Introduction. J. van 
Mill. Math. Lib., V. 43. North-Holland (US Distr: 
Elsevier Science), 1989, xii + 401 pp, $73.25. (ISBN: 
0-444-87133] Chapters 1-5 are intended to be suitable 
as a graduate text serving as a brief introduction to 
dimension theory and ANR theory, assuming a pre- 
vious course in basic topology. Chapter 6 is an intro- 
duction to infinite-dimensional topology with Chap- 
ters 7-8 dealing with cell-like maps, Q-manifolds, and 
applications. Exercises, notes and comments, bibli- 
ography, index. JS 


Optimization, P. Numerical Solution of Optimal 
Control Problems with State Constraints by Se- 
quential Quadratic Programming in Function Space. 
K.C.P. Machielsen. CWI Tract, V. 53. Mathema- 
tisch Centrum, 1988, 214 pp, Dfl. 33 (P). Develops 
method analogous to sequential quadratic program- 
ming, using an iterative descent method, with search 
direction determined by solution of subproblems with 
quadratic objective function and linear constraints, 
penalty function determining step size at each it- 
eration. Numerical implementation by an indirect 
method, solution of linear multipoint boundary value 
problem. Abstract treatment, solutions of some sam- 
ple problems. RM 


Dynamical Systems, $*(15-16), P, L*. Dynam- 
ics— The Geometry of Behavior, Part 4: Bifurcation 
Behavior. Ralph H. Abraham, Christopher D. Shaw. 
Visual Math. Lib., Vismath V. 4. Aerial Pr, 1988, xi 
+ 196 pp, $38 (P). [ISBN: 0-942344-04-9] A picture 
book of dynamical systems—the concluding volume 
of this innovative series from the Visual Mathemat- 
ics Project at the University of California at Santa 
Cruz: four-color hand-drawn illustrations (to emu- 
late mathematicians’ working habits) of bifurcation 
processes, with spare, historically-rooted captions 
explaining the process without using any mathemat- 
ical symbols. Begins with history of investigations 
into the shape of the earth—whence “bifurcation” — 
and concludes with a pictorial atlas of catastrophes, 
fractals, chaos, and turbulence. A surperb source 
of insight and motivation. (Parts 1-3, TR, August- 
September 1983; March 1984; February 1986.) LAS 
Dynamical Systems, T, S**(12-15), P, L*. 
Chaos, Fractals, and Dynamics: Computer Ez- 
periments in Mathematics. Robert L. Devaney. 
Addison-Wesley, 1990, x + 181 pp, $22 (P). 
[ISBN: 0-201-23288-X] High-school-level introduc- 
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tion to quadratic iteration and the Julia and Man- 
delbrot sets using simple calculator and Basic pro- 
grams for common school computers. Introduces by 
example basic ideas of dynamical systems (orbits, at- 
tractors, bifurcation, chaos), iteration in the com- 
plex plane, geometric iteration, and common frac- 
tals. Uses primarily standard topics of second-year 
high school algebra; operations on complex numbers 
are introduced as needed. A rich, challenging supple- 
ment for high-school projects, math clubs, or senior 
enrichment courses; would also be superb for fresh- 
Man seminars in college. LAS 


Control Theory, P. Lecture Notes in Control and 
Information Sctences-115: Geometric Theory for In- 
finite Dimensional Systems. H.J. Zwart. Springer- 
Verlag, 1989, viii + 156 pp, $26.30 (P). [ISBN: 0- 
387-50512-1] A monograph presenting a geometric 
approach to disturbance decoupling problems for in- 
finite dimensional systems. Topics include system 
invariance concepts, discrete spectral systems, mea- 
surement feedback, and stability. SP 


Control Theory, P. Adaptive Markov Control Pro- 
cesses. O. Hernandez-Lerma. Appl. Math. Sci., 
V. 79. Springer-Verlag, 1989, xiv + 148 pp, $39.80. 
[ISBN: 0-387-96966-7] At each decision time the 
controller must estimate true parameter values and 
adapt the control actions to the estimated. values. 
Recent theoretical developments; reflects author’s re- 
search interests. TH 


Probability, P. Percolation. Geoffrey Grimmett. 
Springer-Verlag, 1989, xi + 296 pp, $49.80. (ISBN: 
0-387-96843-1] Percolation is the study of how pro- 
cesses move along paths. The mathematical formu- 
lation used here has the paths as the edges of the 
cubic lattice Z¢ where the edges are open (allowing 
passage) with probability p. The central question 
is: Does a particular vertex have an infinitely large 
connected subgraph of open edges about it? In two 
dimensions, the answer is yes if p > 1/2. Accessible 
to nonspecialists and graduate students. MR 


Probability, S(16-18), P. Die Entwicklung der 
Wahrscheinlichkeitstheorie von den Anfangen bis 
1933: Einfuhrungen und Tezte. Ivo Schneider. 
Akademie- Verlag, 1989, xiii + 529 pp, 79 DM. (ISBN: 
3-05-500403-5] The text, in German except when 
first published in English, of seventy-two excerpts 
from the works of authors from Pseudo-Ovidius to 
Kolmogoroff. Short biographies. JD-B 


Stochastic Processes, P. Some Topics in Prob- 
ability and Analysis. Richard F. Gundy. CBMS 
Reg. Conf. Ser. in Math., No. 70. AMS, 1989, v 
+ 49 pp, $15 (P). [ISBN: 0-8218-0721-8] Lecture 
notes from a conference at DePaul University, July 
1986. Local time theory for Brownian motion, Riesz 
transforms, and Riesz inequalities for the infinite- 
dimensional version of the Ornstein- Uhlenbeck semi- 
group. TH 


Stochastic Processes, P. Equilibrium Distri- 
butions of Branching Processes. A. Liemant, 
K. Matthes, A. Wakolbinger. Math. & Its Applic. 
Kluwer Academic, 1988, 240 pp, $69. [ISBN: 90- 
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277-27740] Starts from theories of spatially homoge- 
neous branching models and of spatially inhomoge- 
neous substochastic translations. TH 


Elementary Statistics, T*(13), L. Elementary 
Statistics, Fourth Edition. Mario F. Triola. Ben- 
jamin/Cummings, 1989, xvi + 784 pp, $35.95. 
[ISBN: 0-8053-0271-9] More emphasis on real data 
in examples and exercises. New sections cover 
odds and multiple regression. Chapters now include 
an overview, review, computer project, and data 
project. Custom software available, or Minitab ex- 
ercises. Intended for non-math majors. Readable, 
includes many stories of real applications of statis- 
tics. (Second Edition, TR, June-July 1983; Third 
Edition, TR, June-July 1987.) TH 


Elementary Statistics, S*(13). Minitab Statist:- 
cal Software: Student Laboratory Manual and Work- 
book to Accompany Elementary Statistics, Fourth 
Edition. Mario F. Triola. Benjamin/Cummings, 
1989, v + 164 pp, $9.95 (P). [ISBN: 0-8053-0278-6] 
Companion guide to Triola’s text (see TR above). 
Illustrates appropriate Minitab procedures for each 
chapter and then provides “experiments” for the stu- 
dent to carry out. RSK 


Elementary Statistics, T?(13: 1), S. Interpret- 
ing Data: A First Course in Statistics. Alan J.B. 
Anderson. Chapman & Hall, 1989, xvi + 223 pp, 
$24 (P); $55. (ISBN: 0-412-29570-9; 0-412-29560-1] 
Nonstandard introductory text. Probability and hy- 
pothesis testing are covered in one concise chapter. 
Emphasis is on collecting, summarizing, and inter- 
pretating data. RSK 


Elementary Statistics, S(13-15), L*. News & 
Numbers. Victor Cohn. Iowa State U Pr, 1989, 
xii + 178 pp, $17.95; $9.95 (P). [ISBN: 0-8138-1442- 
1] A journalist’s guide to statistics (“the science of 
state”), especially those that beset the health, envi- 
ronment, and science beats. Cohn, an award-winning 
Washington Post science writer, explains key statis- 
tical terms with concrete illustrations from real sto- 
ries. He also gives numerous examples of questions 
for journalists to ask (How much is certain? Have 
the results been independently reproduced? Who 
paid you? Would you eat it?), as well as examples 
of politically-motivated changes in the definition of 
certain government indices. Superb supplementary 
reading for courses in elementary statistics. LAS 


Elementary Statistics, T(13: 1). Basic Statis- 
tics for Business and Economics, Second Edition. 
Leonard J. Kazmier, Norval F. Pohl. McGraw-Hill, 
1984, xvi + 592 pp, $29.95. [ISBN: 0-07-033448- 
X] Introductory statistics for students of business 
and economics. Answers to selected exercises in the 
back section. Many “real world applications” are 
included. Computer outputs of Minitab, SAS, and 
SPSS are shown in several chapters. New sections 
on surveys and experiments, joint probability tables, 
counting methods, the hypergeometric distribution, 
and residual plots. Marginal notes to highlight con- 
cepts have been added. (First Edition, TR, August- 
September 1980.) MS 
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Elementary Statistics, T(13: 1). A First Course 
in Probability and Statistics with Applications, Sec- 
ond Edition. Peggy Tang Strait. Harcourt Brace 
Jovanovich, 1989, xxii + 599 pp, $32. (ISBN: 0- 
15-527523-2] One-semester course for students with 
some background in calculus. Very clear explana- 
tions of concepts followed by illustrative examples 
and exercises. Monte Carlo methods and decision 
problems are included. Thorough discussion of im- 
plications of law of large numbers ‘and central limit 
theorem. Answers to most exercises appear at end 
of book. (First Edition, TR, April 1984.) MS 


Computational Statistics, P*. Nonlinear L,- 
Norm Estimation. René Gonin, Arthur H. Money. 
Statistics: Textbooks & Mono., V. 100. Marcel 
Dekker, 1989, viii + 300 pp, $99.75. (ISBN: 0-8247- 
8125-2] Treats both the numerical and statistical 
aspects of the nonlinear LZ,-norm estimation prob- 
lem, particularly Z,-norm and L,..-norm. Begins 
with a concise survey of linear Z,-norm estimation, 
and concludes with three applications of nonlinear 
L,-norm estimation. Extensive bibliography. Note 
price! RSK 


Computational Statistics, P, L. STATAL: Statis- 
tical Procedures in Algol 60. Eds: R. van der Horst, 
R.D. Gill. Mathematisch Centrum, 1988. Part 1, 
CWI Syllabus, V. 20, xvii + 200 pp, Dfl. 33 (P) 
[ISBN: 90-6196-358-3]; Part 2, 197 pp, Dfl. 30.40 (P) 
[ISBN: 90-6196-359-1]; Part 3, 227 pp, Dfl. 35.40 (P). 
[ISBN: 90-6196-360-5] Full text of the STATAL li- 
brary of statistical procedures written in Algol-60 for 
use on CDC Cyber computers. Over 170 procedures 
for distributions, computation of statistics, sorting 
and ranking, permutations and combinations, ran- 
dom number generators, tables and pictures. Each 
procedure is described in detail, with sample output, 
so would be easy to translate into other computer 
languages. Code numbers assigned to procedures are 
used both to index the library and to call the proce- 
dure from within an Algol program. LAS 


Computational Statistics, P. Continued Frac- 
tions in Statistical Applications. K.O. Bowman, L.R. 
Shenton. Statistics: Textbooks & Mono., V. 103. 
Marcel Dekker, 1989, x + 330 pp, $89.75. [ISBN: 
0-8247-8120-1] Gives “an account of the use of con- 
tinued fractions and Padé sequences as tools in the 
interpretation of divergent or slowly convergent se- 
ries occurring in theoretical statistics.” Note price. 
RSK 


Statistics, T(15-17: 1, 2). Data Analysis for Re- 
search Designs: Analysis of Variance and Multiple 
Regression/Correlation Approaches. Geoffrey Kep- 
pel, Sheldon Zedeck. WH Freeman, 1989, xxiv + 
594 pp, $42.95. [ISBN: 0-7167-1991-6] Designed 
for behavioral and social science students. Parallel 
presentation of elementary ANOVA and multiple re- 
gression /correlation techniques, showing their equiv- 
alence in designed experiments. Emphasizes single- 
degree-of-freedom comparisons. Minimal set of exer- 
cises. RSK 


Statistics, P*. Statistical Methods in Accelerated 
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Life Testing. Reinhard Viertl. Appl. Stat. & 
Econom., V. 32. Vandenhoeck & Ruprecht, 1988, vili 
+ 134 pp, DM 45 (P). [ISBN: 3-525-11266-1] Sur- 
vey of statistical methods (Bayesian, as well as clas- 
sical parametric and nonparametric) for determining 
lifetimes under normal conditions while testing un- 
der conditions of increased stress. Extensive set of 
references. RSK 


Statistics, P. Lecture Notes in Statistics-52: The 
Matching Methodology: Some Statistical Properties. 
Prem K. Goel, T. Ramalingam. Springer-Verlag, 
1989, viii + 152 pp, $20.60 (P). (ISBN: 0-387-96970- 
5] Monograph dealing with theoretical properties 
and empirical evaluations of the quality of files ob- 
tained by various procedures for merging two incom- 
plete micro-data files, either on the same individuals 
or on similar individuals. RSK 


Statistics, T(17: 1), S, P. Lecture Notes in Sta- 
tistics-50: Parametric Statistical Models and Like- 
lhhood. Ole E. Barndorff-Nielsen. Springer-Ver- 
lag, 1988, vii + 276 pp, $28 (P). [{ISBN: 0- 
387-96928-4] Mathematically advanced aspects and 
parametric statistical inference. Topics included are 
likelihood, transformation and exponential models, 
reparametrizations and differential geometry, cumu- 
lants, Laplace’s method, Edgeworth approximations, 
and saddle-point approximations. Extensive list of 
references. MS 


Statistics, T(18: 2), P*. Nonlinear Regression. 
G.A.F. Seber, C.J. Wild. Ser. in Prob. & Math. Stat. 
Wiley, 1989, xx + 768 pp, $59.95. [ISBN: 0-471- 
61760-1] Extensive, wide-ranging, predominantly 
theoretical treatment of nonlinear model fitting. 
Deals with such topics as estimation techniques and 
problems associated with them, curvature, autocor- 
related errors, growth, compartmental, and multi- 
phase models, errors-in-variables models, and multi- 
response models. Also includes several chapters on 
recent algorithms for optimization and least squares. 
Good set of references. No exercises. RSK 


Statistics, P. Bayesian Analysis in Econometrics 
and Statistics: Essays in Honor of Harold Jeffreys. 
Ed: Arnold Zellner. Robert E Krieger, 1989, xi 
+ 474 pp, $55. (ISBN: 0-89464-354-1] Twenty- 
eight essays, many from the semi-annual NBER-NSF 
Seminar on Bayesian Inference in Econometrics and 
Statistics. Topics include prior distributions, adver- 
sary preposterior analysis, economic theory, applica- 
tions, time series, interdependent econometric mod- 
els, inference, and computer programs. TH 


Computer Literacy, T*(13-14: 1), S, L*. The 
Turing Omnibus: 61 Ezcursions in Computer Sci- 
ence. A.K. Dewdney. Computer Science Pr, 1989, 
xiv + 415 pp, $24.95. (ISBN: 0-7167-8154-9] A 
“sneak preview” of computer science in the form of 
brief introductory vignettes, all mixed up in order 
(“not an unfair impression of computer science as 
a whole”), on 61 distinct topics such as algorithms, 
splines, fast Fourier transform, text compression, and 
relational databases. Rather like a selective lexi- 
con of computer science with fascinating short es- 
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says about each word or phrase. Each excursion has 
a few exercises and references, making it possible to 
use the book as the text for a course in computer 
literacy. LAS 


Elementary Computer Science, T*(14: 1), L. 
Data Structures with Abstract Data Types and Pas- 
cal, Second Edition. Daniel F. Stubbs, Neil W. 
Webre. Brooks/Cole, 1989, xxi + 471 pp, $46. 
[ISBN: 0-534-09264-0] For the data structures or 
CS 2 course: arrays, records, stacks, queues, lin- 
ear structures, trees, internal sorting, sets, strings, 
graphs. Strong emphasis on abstract data-types. 
Improves specification and implementation modules 
of the First Edition; adds applications. Attractive, 
well-illustrated, nicely-written. DFA 
Programming, T7?(13-14: 1). Program Design 
with Pseudocode, Third Edition. Therold E. Bailey, 
Kris Lundgaard. Ser. in Prog. Brooks/Cole, 1989, 
xiii + 206 pp, $19.75 (P). [ISBN: 0-534-09972-6] 
Language-independent approach to programming 
and problem solving, based on pseudocode, struc- 
ture charts, Input /Process/Output (IPO) diagrams. 
New edition includes correctness issues, appendices 
on Fortran, BASIC, Pascal. Stresses modularity, but 
subprograms come very late. RM 


Programming, T(13: 1). Microsoft Basic: Pro- 
gramming the IBM PC, Second Edition. Robert 
J. Bent, George C. Sethares. Ser. in Comput. Sci. 
Brooks/Cole, 1989, xiii + 450 pp, $32.50 (P). [ISBN: 
0-534-10116-X] For the first course. A variant of 
the authors’ other Basic texts. Semi-tutorial. Em- 
phasis on problem solving. Many examples, prob- 
lems, and programming exercises that concern di- 
verse application areas. Includes material on menu- 
driven programs, sorting, data files, random num- 
bers, graphics. Some programming exercises suitable 
for projects. DFA " 


Programming, S(14), P, L. The C and UNIX Dic- 
tionary: From Absolute Pathname to Zombie. Kaare 
Christian. Wiley, 1988, xii + 216 pp, $29.95. [ISBN: 
0-471-60929-3] Gives all definitions of over 1000 C, 
UNIX system, computer and basic computer hard- 
ware terms, each listing complete with pronuncia- 
tion guides, etymologies, cross-references, illustra- 
tions, derivations, and even example dialogue or code 
fragment where helpful. Also contains profiles of in- 
dividuals who have contributed significantly to UNIX 
system development. DFA 


Programming, S(14), L. Writing Readable Ada: 
A Case Study Approach. Susan Fife Dorchak, Pa- 
tricia Brisotti Rice. DC Heath, 1989, xii + 244 pp, 
(P). (ISBN: 0-669-12616-0] To accompany any Ada 
text, or for self-study by someone with some famil- 
larity with the language. Illustrates good software 
engineering practices and the features of Ada by de- 
veloping two case studies; includes the complete code 
for one of them. Provides an Ada style guide and 
bibliography. DFA 

Programming, T*(13-14: 1). Programming and 
Problem Solving in Modula-2. Sanford Leestma, 
Larry Nyhoff. Macmillan, 1989, xi + 744 pp. [ISBN: 
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0-02-369691-5] Designed for ACM Curriculum '84 
CS 1 course using modern approach and Modula-2, 
plus final chapter on data structures and algorithms 
(stacks, queues, sorting). Standard treatment but 
nicely done, with good explanations, examples, exer- 
cises. RM 


Languages, P, L. The KornShell Command and 
Programming Language. Morris I. Bolsky, David G. 
Korn. Prentice-Hall, 1989, xvi + 356 pp. [ISBN: 
0-13-516972-0] This book is both the specification 
of the KornShell language and a reference handbook 
for ksh, the program that implements the KornShell 
language. The version of ksh described is consistent 
with Draft 6 of the POSIX standard. ksh is dis- 
tributed as part of UNIX System V Release 4. AO 


Algorithms, T*(15-16: 1), L. Introduction to 
Algorithms: A Creative Approach. Udi Manber. 
Addison-Wesley, 1989, xiv + 478 pp, $37.75. [ISBN: 
0-201-12037-2] Emphasizes the creative side of al- 
gorithm design and the principles that underlie the 
design of new algorithms. Uses an analogy with prov- 
ing mathematical theorems by induction to provide 
an intuitive framework for explaining a methodology 
of algorithm design. AO 


Algorithms, P. The Theory of Algorithms. A.A. 
Markov, N.M. Nagorny. Transl: M. Greendlinger. 
Math. & Its Applic. Kluwer Academic, 1988, xxiv + 
369 pp, $149. [ISBN: 90-277-2773-2] The Russian 
original of this book appeared in 1985. It discusses 
Markov’s notion of a normal algorithm and uses this 
notion to investigate questions regarding the exis- 
tence of algorithms. AO 


Algorithms, P, L. Elements of Computer Algebra 
with Applications. Alkiviadis G. Akritas. Wiley, 
1989, xv + 425 pp, $46.95. (ISBN: 0-471-61163-8] 
Focuses on the algorithms used to implement com- 
puter algebra systems (e.g., Maple, Mathematica, 
MACSYMA). Among the topics covered are error- 
correcting codes, computation of polynomial great- 
est common divisors and polynomial remainder se- 
quences, factorization of polynomials with integer co- 
efficients, and isolation and approximation of the real 
roots of polynomial equations. AO 


Computer Systems, P. Special Purpose Comput- 
ers. Ed: Berni J. Alder. Computat. Tech., V. 5. 
Academic Pr, 1988, x + 282 pp, $49.95. (ISBN: 0-12- 
049260-1] Seven articles by designers of particular 
special purpose computers, some created for efficient 
performance of specific numerical algorithms, oth- 
ers built originally as architectural examples. Com- 
puters discussed (and authors’ institutions): Hyper- 
cube (Caltech); QCD machine (Rutgers); Geometry- 
defining processors (MIT); Navier-Stokes computer 
(Princeton); LCAP array (IBM); molecular dynam- 
ics processor (Delft University, The Netherlands); 
Delft Ising System Processor (Delft). RB 

Computer Systems, P. The UNIX Command Ref- 
erence Guide. Kaare Christian. Wiley, 1988, xvii 
+ 361 pp, $27.95 (P). [ISBN: 0-471-85580-4] Sub- 
titled “The top 50 commands: what they are, how 
they work, how to use them,” this book is designed 
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to be used with either Berkeley or System V UNIX. 
Commands are organized into seven sections: gen- 
eral utility commands, file management commands, 
text file commands, process management commands, 
UNIX shells, the ex/vi text editor, and text process- 
ing commands. AO 


Computer Systems, P. Computer Algebra. Ed: 
David V. Chudnovsky, Richard D. Jenks. Lect. Notes 
in Pure & Appl. Math., V. 113. Marcel Dekker, 1989, 
ix + 240 pp, (P). (ISBN: 0-8247-8038-8] A collec- 
tion of talks and invited papers from a conference on 
Computer Algebra as a Tool for Research in Math- 
ematics and Physics, held in 1984 at NYU. A long 
expository paper by D. Chudnovsky and G. Chud- 
novsky covers uses of computer algebra in research 
on differential and Diophantine equations. Also in- 
cluded is the transcript of a panel discussion, with 
comments from the audience, on design, applications, 
and scientific potential of computer algebra. PZ 


Computer Systems, C, L. MINIX for the IBM 
PC, XT, and AT. Andrew S. Tanenbaum. Prentice- 
Hall, 1988, xv + 486 pp, (P). [ISBN: 0-13-584400-2] 
At last, an intelligent user’s manual. This volume 
presents the workings of the MINIX operating system 
together with detailed instructions for its use. It can 
be thought of as the other half of the author’s Oper- 
ating Systems (TR, August-September 1987) which, 
while overlapping this volume, presents general op- 
erating systems theory. JAS 


Computer Graphics, §(16-17), P, L. Image Syn- 
thesis: Elementary Algorithms. Gérard Hégron. 
Transl: David Beeson. MIT Pr, 1988, ix + 216 pp, 
$29.95. (ISBN: 0-262-08166-0] The author presents 
basic algorithms for image generation by computer 
obtained from scattered sources, systematically re- 
viewing advantages and disadvantages of each, and 
provides a library of image synthesis tools for curve 
generation, zone filling, and geometric processing. 
Then he argues that two techniques, Bresenham’s 
methods and contour following, unify the various al- 
gorithms. RB 


Artificial Intelligence, P. The Logic of Induction. 
Halina Mortimer, I. Craig, A.G. Cohn. Transl: Ewa 
Such-Klimontowicz. Ser. in Artif. Intellig. Halsted 
Pr, 1988, 182 pp, $39.95. (ISBN: 0-470-21234-9] 
Translation of 1982 Polish edition by Mortimer with 
additional chapter by Craig on relationship of ma- 
chine learning and philosophical theories of induc- 
tion. Mortimer’s work analyzes theories of inductive 
reasoning, with emphasis on interpretations of prob- 
ability. KS A 


Artificial Intelligence, P. Intelligent Decision Sys- 
tems. Samuel Holtzman. Addison-Wesley, 1989, 
xv + 304 pp, $37.75. [ISBN: 0-201-11602-2] An 
Intelligent Decision System (IDS) is an automated 
decision support system combining knowledge-based 
reasoning methods and formal methods of decision 
analysis. Based on mathematical “influence dia- 
grams” (directed acyclic graphs) for modeling deci- 
sions, IDS’s surpass expert systems by supplying nor- 
mative power, and the ability to represent and use 
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uncertainty. Rachel, a prototype system for assisting 
in decisions for infertile couples, based on a Bernoulli 
model of human reproduction, is discussed. RM 


Computer Science, T(17-18), P. Fundamentals 
of Pattern Recognition. Monique Pavel. Pure & 
Appl. Math., V. 124. Marcel Dekker, 1989, ix + 183 
pp, $89.75. (ISBN: 0-8247-8025-6] A graduate-level 
mathematics text in which the author sets out to 
formalize intuitive notions of shape, as used in appli- 
cations of pattern recognition, by means of homotopy 
theory and shape theory (a la Borsuk), and to for- 
malize the notions of classification and recognition in 
terms of category theory. Background mathematical 
material included; no exercises. RB 


Computer Science, $(16-18), P, L. A Computa- 
tional Logic Handbook. Robert S. Boyer, J. Strother 
Moore. Perspect. in Comput., V. 23. Academic Pr, 
1988, xvi + 408 pp, $39.95. [ISBN: 0-12-122952-1] 
Contains updated description of logic developed by 
Boyer and Moore and reference guide to a related 
mechanical theorem-proving system. Also included 
are a primer for this logic as a functional program- 
ming language, proofs in this logic, uses of the logic 
and theorem prover, and examples. LISP code used. 
Appendices; references; index. RJA 


Applications, P. Mathematical Modeling in Com- 
bustton and Related Topics. Ed: Claude-Michel 
Brauner, Claudine Schmidt-Lainé. NATO ASI Ser. 
E, V. 140. Martinus Nijhoff (US Distr: Kluwer Aca- 
demic), 1988, xiv + 592 pp, $99. [ISBN: 90-247-2689- 
1] Papers from a NATO Conference in Lyon, April 
1987. Topics come from the areas of detonation the- 
ory (an explosive subject), flame theory (very hot 
these days), turbulent combustion (always chang- 
ing), complex chemistry (hard to imagine), and nu- 
merical and experimental aspects of the above. MR 


Applications, P. Mazimum-Entropy and Bayesian 
Methods in Science and Engineering, Volume 2: Ap- 
plications. Ed: Gary J. Erickson, C. Ray Smith. 
Fund. Theories of Physics. Kluwer Academic, 1988, 
ix + 436 pp, $117. [ISBN: 90-277-2793-7] Twenty- 
seven papers from workshops held at the University 
of Wyoming in 1985 and at the Seattle University in 
1986 and 1987. TH 


Applications (Biological Science), P. A Random 
Model for Plant Cell Population Growth. M.C.M. de 
Gunst. CWI Tract, V. 58. Mathematisch Centrum, 
1989, 152 pp, Df. 24.20 (P). [ISBN: 90-6196-365-6] 
Develops a mathematical model for cell population 
growth. Combines the ideas of the transition proba- 
bility model and the Monod-population size model. 
The resulting model is then validated through a se- 
ries of experiments. SM 

Applications (Biological Science), T(15-16), S, 
L. An Introduction to Mathematical Physiology and 
Biology. J. Mazumdar. Australian Math. Soc. Lect. 
Ser., V. 4. Cambridge U Pr, 1989, 208 pp, 
$49.50; $16.95 (P). (ISBN: 0-521-37002-7; 0-521- 
37901-6] Interesting book written for mathematics 
students interested in biological applications. Top- 
ics discussed include diffusion, population dynam- 
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ics, biofluid mechanics, and cardiological applica- 
tions. Would serve as an excellent text for a follow-up 
course to differential equations or as a supplement 
for a first course in differential equations. The ex- 
amples are discussed in great detail with sufficient 
introduction to the biological principles. Problems 
follow each of ten chapters. MR 


Applications (Communication Theory), T(16- 
18: 1), S, P, L. Boolean Functions with Engineering 
Applications and Computer Programs. Winfrid G. 
Schneeweiss. Springer-Verlag, 1989, xii + 264 pp, 
$59.50. (ISBN: 0-387-18892-4] Boolean functions 
arise in reliability theory, switching circuit theory, 
digital diagnostics, and communications theory—it’s 
amazing how far you can go on only two values. 
This text is aimed at an engineering and computer- 
science audience, and includes exercises with each 
chapter. BC 

Applications (Engineering), T(15-16: 1), S, L. 
Mathematics for Communications Engineering. H.B. 
Wood. Math. & Its Applic. Halsted Pr, 1988, 
437 pp, $64.95. [ISBN: 0-470-21245-4] “Written 
by an engineer for engineers.” For communications 
and electrical engineers, and students in these disci- 
plines. Topics are of practical interest and include 
complex numbers, Fourier analysis, Laplace trans- 
forms, vector analysis, probability theory. Stress on 
physical bases. Roughly half text, one-quarter ap- 
pendices on basic notions, and one-quarter exercises 
with answers. Text includes computer programs in 
BASIC, JK 


Applications (Fluid Dynamics), P. Mathemat- 
ics in Oil Production. Ed: Sam Edwards, P.R. King. 
Inst. of Math. & Its Applic. Conf. Ser., V. 18. Claren- 
don Pr, 1988, x + 375 pp, $75. [ISBN: 0-19-853624- 
0] Fourteen papers from a July 1987 conference 
in Cambridge, England. Primarily simulation tech- 
niques. TH 


Applications (Fluid Dynamics), P. Numerical 
Methods for Fluid Dynamics IIT. Ed: K.W. Morton, 
M.J. Baines. Inst. of Math. & Its Applic. Conf. Ser., 
V. 17. Clarendon Pr, 1988, xvii + 529 pp, $95. 
[ISBN: 0-19-853632-1] Papers from a conference at 
Oxford University, March 1988. Three main themes 
of the conference were numerical algorithms specific 
to CFD, grid generation techniques, and unsteady 
flows. MR 

Applications (Physics), T(18: 2), S, P. Cate- 
gories, Bundles and Spacetime Topology, Second Re- 
vised Enlarged Edition. C.T.J. Dodson. Math. & 
Its Applic. Kluwer Academic, 1988, xvii + 243,pp, 
$79. [ISBN: 90-277-2771-6] A survey of the global 
features of spacetime 4-manifolds using (mostly) 
the category Top (topological spaces and continu- 
ous maps). Topics covered include the existence 
of Lorentz structures, orientability and its relation 
to nowhere zero differentiable 4-forms, and an ac- 
count of geometric singularities via bundle comple- 
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tion (First Edition, TR, October 1980). MR 


Applications (Physics), P. Continua with Mi- 
crostructure. G. Capriz. Tracts in Natural Philo., V. 
35. Springer-Verlag, 1989, x + 92 pp, $49. (ISBN: 
0-387-96886-5] Proposes a “new general setting for 
theories of bodies with microstructure” such as liq- 
uid crystals and materials with voids. Four parts: 
general properties, special theories, thermodynam- 
ics, and mathematical problems posed by the the- 
ory. BC 


Applications (Physics), L*. A Treatise on the 
Analytical Dynamics of Particles and Rigid Bodies, 
Fourth Edition. E.T. Whittaker. Cambridge U Pr, 
1988, xvii + 456 pp, $24.95 (P). (ISBN: 0-521-35883- 
3] Inexpensive paperback edition of the standard 
work on the subject. In a fascinating Foreword, Sir 
William McCrea discusses Whittaker, his works, the 
book, its evolvement through four editions, and its 
influence on the works of others. A “must” comple- 
ment to a modern treatment of analytical dynam- 
ics. JK 


Applications (Physics), T(15-16: 1, 2), S, L. 
Elementary Statistical Physics. C. Kittel. Robert E 
Krieger, 1988, xi + 228 pp, $29.50. [ISBN: 0-89464- 
326-6] Reprint of a classic 1958 text. Statistical 
physics has advanced enormously in thirty years, but 
basics are basics. BC 


Applications (Social Science), P, L. Game The- 
ory and National Security. Steven J. Brams, D. Marc 
Kilgour. Basil Blackwell, 1988, xiii + 199 pp. [ISBN: 
1-557-86003-3] A very interesting and well-written 
book in which game theory is applied to a wide range 
of problems involving the security of nations. Sev- 
eral deductive models are constructed. Accessible to 
readers with no technical background. For the inter- 
ested reader, the details of most of the derivations 
are given in the Appendix. RH 


Reviewers 


RJA: Richard J. Allen, St. Olaf; DFA: David F. Apple- 
yard, Carleton; SB: Steve Benson, St. Olaf; RB: Richard 
Brown, Carleton; JNC: Judith N. Cederberg, St. Olaf; LC: 
Laura Chihara, St. Olaf; BC: Barry Cipra, St. Olaf; CEC: 
Clifton E. Corzatt, St. Olaf; CE: Christopher Ennis, Car- 
leton; SG: Steven Galovich, Carleton; GG: George Gilbert, 
St. Olaf; BH: Bruce Hanson, St. Olaf; RH: Rhonda Hatcher, 
St. Olaf; TH: Timothy Hesterberg, St. Olaf; JJ: Jason Jones, 
St. Olaf; RSK: Richard S. Kleber, St. Olaf; JK: Joseph Kon- 
hauser, Macalester; LCL: Loren C. Larson, St. Olaf; SM: Steve 
McKelvey, St. Olaf; RM: Richard Molnar, Macalester; RWN: 
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Arnold Ostebee, St. Olaf; SP: Samuel Patterson, Carleton; 
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Kay Smith, St. Olaf; LAS: Lynn Arthur Steen, St. Olaf; 
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MATHEMATICS Eaeuee 
The New Golden Age ret 
Keith Devlin 


With a vivid blend of scholarship and originality, Keith 
Devlin chronicles the ideas, personalities, and events that 
have revolutionized mathematics in the last quarter-century. 
Making the most complex concepts accessible to the gen- 
eral reader, Devlin captures in a single volume the es- 
sential power and excitement of mathematics in today’s 
“new golden age.” 
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OUTLINE OF CONTENTS: 


Prime Numbers, Factoring, and Secret Codes. Sets, In- 
finity, and the Undecidable. Number Systems and the 
Class Number Problem. Beauty from Chaos. Simple 
Groups. Hilbert’s Tenth Problem. The Four-Color Prob- 
lem. Fermat’s Last Theorem. Hard Problems About 
Complex Numbers. Knots and Other Topological 
Matters. The Efficiency of Algorithms. 


0-14-022728-8 304 pp. $8.95 


‘Devlin has done what most mathe- 
maticians consider impossible— 
convey the excitement and vitality of mod- 
ern mathematics to the non-specialist.” 
—Jon Barwise (Stanford University), 
Notices of the American 
Mathematical Society. 


“A remarkable job of describing the 
profound changes that have taken place in mathematics 
in the past couple of decades....-The beauty, and the magic, come 
through clearly.’ —Herb Wilf (University of Pennsylvania), 

editor of American Mathematical Monthly. 


‘“Devlin’s choice of material is excellent, and he is to be praised for 
the clarity and accuracy with which he presents it.” 
—Martin Gardner, The New York Review of Books. 
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ATHEMATICS 
Queen &Servant 
ot Science 
MATHEMATICS: ERIC TEMPLE BELL 
QUEEN AND 
SERVANT OF SCIENCE 
E.T. Bell 


An absorbing account of pure and applied 
mathematics from the geometry of Euclid to 
that of Riemann and its application in Ein- 
stein's theory of relativity. The twenty chap- 
ters treat such topics as: algebra, number 
theory, logic, probability, infinite sets and 
the foundations of mathematics, rings, ma- 
trices, transformations, groups, geometry, 
and topology. Republished in 1987 with cor- 
rections and an added Foreward by Martin 
Gardner. / 


454 pp., ISBN 0-88385-446-3 
Paperbound 


List: $15.95 MAA Member: $11.95 
Catalog Number QAS 


The book deserves a place in today’s 
market. It is amuch more popular work 
than most histories of the subject, and 
that is exactly what makes it acces- 
sible to students as well as to non- 
mathematicians. It is rewarding read- 
ing for. . . teachers and students at 
all mathematical levels. 


Morris Kline of The Courant Institute 


Order from: 
ageTicac 4 


| WANT TO BE A MATHEMATICIAN 
An Automathography in Three Parts 


Paul R. Halmos 


This is a book to be read with interest 
by all those who know, or might want to 
know, what mathematicians and mathemat- 
ical careers are like. Paul R. Halmos be- 
gins with his school days and carries the 
reader swiftly through a career that has sus- 
tained itself at a high level since his first 
post-doctoral days at the Institute for Ad- 
vanced Study in 1939, where he worked 
with John von Neumann among others. Still 
going strong in 1988, Halmos has con- 
tributed much to logic, operator theory, er- 
godic theory, and the literature in general. 


442 pp., 1988, Paper, ISBN 0-88385-445-7 
List: $18.00 MAA Member: $15.00 


Catalog Number IWM 


MATHEMATICIAN 


It is a truly unique book, which nobody 
but Paul Halmos could have written. 
| think it will be a classic. 


Constance Reid 
The book is exciting, witty, and well 
worth the time invested in its study. It 


communicates what it means to be a 
mathematician. 


John Dossey in The Mathematics Teacher 


TZ Ss The Mathematical Association of America 


yy 

= kK 

vw — 

Za 
* amen 


L<Q* 1529 Eighteenth Street, N.W. 
2g 5 Nashington, D.C. 20036 
al (202) 387-5200 


For Years, TfX Users sought an easy-to-use environment 


For Years, WordPerfect Users sought quality and fonts 


talicized 


NewFase combines 


SMALL CAPS onospaced Te 


Bold Sans-Serif 


Inslanted  Italr« 


Homan Ordinary 


Pup] 


1) santa) 


— pss 
bans- Serif ca} both into a powerful 


ff fi fl fi fH £3 ce 


scientific typesetter 


Requires 

e IBM PC 640K 

e MS DOS 2.00+ 

e WordPerfect 5.00 
Supports 

e HP LaserJet +, Il 


For more information or to order call or write to 


For more intormation or to order call or write to e Epson 9 & 24 pin 
R e NEC PinWriter MICRO 
MICRO (718) 575 1816 e HP DeskJet Wy (718) 575 1816 
e ProPrinter 67-30 Clyde St.. 
| 
WON Forest Hils PostScript [/V\ 2n Forest His 
Ress New York NY 11375 e Toshiba PRESS New York.N.Y. 11375 
WordPerfect se trademark of WPC NewFace is « trademark of MicroPress Prices start from $149. Demo Diskette $3 


NEW FOR 1990! 


ELEMENTARY ALGEBRA, 5/e COLLEGE ALGEBRA, 10/e 


Barnett/Kearns 


INTERMEDIATE ALGEBRA, 4/e 
Barnett/Kearns 


BUSINESS MATHEMATICS TODAY 
Boisselle/Freeman/Brenna, 


ALGEBRA AND TRIGONOMETRY, 2/e 
Zill/Dewar 


COLLEGE ALGEBRA, 2/e 
Zill/Dewar 


TRIGONOMETRY, 2/e 
Zill/Dewar 


CELEBRATING 


EARS OF QuaLiTY Publishing 


IN MATHEMATICS 


Rees/Sparks/Rees 


CALCULUS WITH APPLICATIONS 
Burgmeier/Boisen/Larsen 


BRIEF CALCULUS WITH APPLICATIONS 
Burgmeier/Boisen/Larsen 


CALCULUS AND ITS APPLICATIONS 


Farlow/Haggard 


INTRODUCTION TO CALCULUS AND 
ITS APPLICATIONS 


Farlow/Haggard 


APPLIED FINITE MATH 


Hoenig 


For more information, contact your local 
sales representative or write: McGraw-Hill 
Publishing Company, Comp Processing 
and Control, P.O. Box 448, 

Hightstown, NJ 08520. 


THREE IMPORTANT BOOKS ON 
MATHEMATICS EDUCATION 


RESPONSES TO THE CHALLENGE: 
KEYS TO IMPROVED INSTRUCTION 

BY TEACHING ASSISTANTS AND PART- 
TIME INSTRUCTORS 


The Committee on Teaching Assistants 
and Part-Time Instructors, 
Bettye Anne Case, Chair 


The committee that prepared this volume 
has been gathering information on policies, 
practices, successes, failures, and goals 
connected with the use of teaching assis- 
tants and part-time instructors. In this vol- 
ume the committee presents and analyzes 
data showing who these teachers are, the 
extent and nature of their teaching duties, 
and the efforts made to assimilate them into 
the faculties. This volume will help you 
to see how your department compares na- 
tionally, to decide what steps you and your 
school should take, and to understand what 
additional resources might be needed. 


280 pp., 1988, ISBN-0-88385-061-3 
List: $15.00 
Catalog Number NTE-11 


GUIDELINES FOR THE CONTINUING 
MATHEMATICAL EDUCATION 
OF TEACHERS 


Committee on the Mathematical Education 
of Teachers 


These guidelines will be very useful to 
school teachers and supervisors, to college 
administrators who plan continuing edcu- 
cation programs, to the college teachers 
who design and teach courses for teach- 
ers, and to school administrators who must 
think about requirements for continuing ed- 
ucation of teachers. The guidelines are rich 
in specifics on course content, giving clear 
objectives for all courses. Teachers who 
want to dig out material for themselves or 
in order to enrich their classes will find the 
more than 500 references provided here un- 
der various topics an invaluable aid. 


90 pp., 1988, ISBN-0-88385-060-5 


List: $8.00 
Catalog Number NTE-10 


Order from: 
The Mathematical Association of America 


THE USE OF CALCULATORS IN THE 
STANDARDIZED TESTING OF MATH- 
EMATICS 


John W. Kenelly, Editor 


The calculator is a universal tool for all those 
involved in quantitative work from science 
and engineering to business. Routine use 
of calculators is part of the training and test- 
ing of students headed for these fields. But 
this is not yet the case in mathematics. This 
symposium, jointly sponsored by the MAA 
and The College Board, sets out clearly the 
theoretical and practical issues that must be 
addressed as calculators are brought more 
fully into the mathematics curriculum. This 
is a practical group concerned with specific 
tests and test items. General theoretical 
considerations are set off by the specifics 
of individual test items and students’ suc- 
cess rates on them. The Ohio Early College 
Mathematics Placement Test is reported on 
in detail by Joan R. Leitzel and Bert K. 
Waits. James W. Wilson and Jeremy Kil- 
patrick examine the theoretical issues in 
the development of calculator-based tests. 
John Harvey, now Chair of the MAA’s Com- 
mittee on Placement Examinations looks at 
the issues surrounding calculator use on 
placement examinations, as well as giving 
an overview of the symposium and a survey 
of developments through 1988. 


vi + 50 pp., 1989, Copublished by the MAA 
and The College Board. LC No. 88-064- 
100 


List: $6.50 Member: $6.50 
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CALCULUS WITH 
ANALYTIC GEOMETRY 


Fourth dition 


Robert [lis and Denny Gulick 
Hardcover. avaiable December 1989. 


CALCULUS 
Robert Seeles 
Hardeover, avaiable January 1990. 
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PRECALCULUS 
Functions and Graphs 


Second Ldition 


Bernard Kolman and \rnold Shapiro 
Hardcover, available December 1989. 


INFRODUCTORY 
JOMBINATORICS 


Second idition 


Kenneth P. Bogart 
Hardcover. Just Published! 


LINEAR ALGEBRA 


Third lidition 


Michael O Nan and Herbert B. lsaderton 
Hardcover, available January 1990. 
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A Survey of Transcendentally Transcendental Functions 


LEE A. RUBEL, University of Illinois 


LEE A. RUBEL is Professor of Mathematics at the University of Illinois at 
Urbana-Champaign, where he has been for thirty years, except for scholarly 
leaves. He got his Ph.D. at the University of Wisconsin (Madison) under 
R. C. Buck’s direction in 1954, then spent two years at Cornell University 
and two years at the Institute for Advanced Study before coming to Illinois. 
His earlier work was mostly in Complex Variables, but his recent and current 
work is mostly in Algebraic Differential Equations. He has published about 
160 research articles and two books, and has lectured at many universities 
around the world. He has been an editor of several journals, and is currently 
an Associate Editor of the Monthly. 


Everybody knows that a function f is called algebraic if it satisfies a polynomial 
equation P(x, f(x)) = 0, and is, otherwise, called transcendental. 

A function (or a power series) f is called transcendentally transcendental (TT) if it 
satisfies no algebraic differential equation, that is, no differential equation of the 
form P(x, y, y’,..., y“) =0 where P is a nontrivial polynomial in its n + 2 
variables. (We call P a differential polynomial in this context.) If f does satisfy such 
an equation, it is called differentially algebraic (DA). Differentially algebraic func- 
tions abound in elementary mathematical analysis—witness polynomials, rational 
functions, algebraic functions, e*, log x, sin x, arctan x, sec x, Bessel functions, and 
so on. Moreover (see [OST-I]), sums, products, differences, quotients, compositional 
inverses, and compositions of DA functions are again DA. So a function like 


er + log x 
ex — ylog x 


is DA, where J, is Bessel’s function. Thus, one begins to wonder if there even exist 
TT functions, and what they look like. 

In this survey, we exhibit many of the known TT functions, and give some 
indications of why they are TT. Knowing that a function is DA (and hence not TT) 
is knowing that it is an output of a general-purpose analog computer—this is the 
content of the Shannon-Pour-El-Lipshitz-Rubel Theorem (see [SHA], [POE], [LIR- 
II]), so that a function being TT has more than incidental significance. Our list of 
TT functions is surely not complete, and we apologize in advance to those people 
whose favorite TT function has been left out. 

Historically, the first function to be proved TT was Euler’s gamma function 


—1 
J | sec 


I(x) = [ove tart 


This was done in 1887 by Hdélder (see [HOL}). We will give a proof of this later, but 
will begin with some more conceptually immediate examples. My interpretation of 


TT7 
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the phrase “transcendentally transcendental’ (which has a marvelous ring to it!) is 
the following. 

At first, functions were put into just two classes, “algebraic” (i.e., solutions f(x) 
of p(x, f(x)) = 0, where p is a nontrivial polynomial in two variables) and 
“transcendental,” for the remaining class. Then it was realized that there are degrees 
of transcendentality, and the class of transcendental functions was partitioned into 
the “algebraically transcendental” (what we here call “differentially algebraic,” but 
transcendental) functions, which are, from the point of view of differential algebra, 
only half-bad, and the “transcendentally transcendental” functions, which are just 
terrible. Some alternative terminology is “hypertranscendental” for TT functions, 
and “hypotranscendental” for DA functions. There has recently begun a line of 
research (see, for example, [BAK], [BAN], [LAI], [MOK], and [STR]) that studies 
even finer shades of transcendentality of f(x) by asking whether it satisfies an 
ADE, not over the ring of polynomials in x, but over certain rings of entire 
functions of slow growth. (For example, it is shown in [BAK] that I(x) satisfies no 
ADE whose (entire) coefficients C(z) satisfy |C(z)| < Aexp(o(|z|)). This is a 
revealing line of research and much remains to be done, but we won’t discuss it 
further here. Another kind of question is whether f(x) satisfies an “analytic” 
differential equation, or whether it satisfies an algebraic difference-differential 
equation. We will not pursue these notions here. 

We note first that to say that an analytic function f (or a formal power series / ) 
is DA is to say that there exists a field F of finite transcendence degree over the 
rational numbers @ that contains f and all its derivatives, as follows from the 
following result of Ritt and Gourin. 


THEOREM 1. ({[RIG]) Let y(x) be any differentially algebraic function. Then y(x) 
satisfies an algebraic differential equation with integer coefficients. 


Proof. Representing by y, the pth derivative of y, we write the ADE for y in the 
form 


Lexy yt ++ ya = 0. (1) 

Here, each c is a nonzero constant. It is understood that the expressions x'y’? --- yi 
are distinct from one another. | | 

Now (1) states that, for the given function y(x), the expressions x'y'® --- y/" are 


linearly dependent over C, the field of complex numbers. Thus, if we set the 
Wronskian of these expressions equal to zero, we shall have an ADE for y(x), 
usually of order greater than n, with integer coefficients. All that is necessary to 
show is that the Wronskian does not vanish identically in x, y,..., y,. But if it did, 
every function with n derivatives would satisfy an equation like (1), that is, an 
equation with the same expressions x'y’® --- y/ that appear in (1), with constants c 
not all zero, because for analytic functions (see [KAP]), the vanishing of the 
Wronskian is necessary and sufficient for linear dependence over the constants. But 
because we can construct a polynomial with any given values for itself and for its 
first n derivatives at any number of points, it would follow easily that an equation 
like (1) exists, with coefficients c not all zero, which is an identity for x, y, y,,..-5 Vy 
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arbitrary real numbers, which is absurd. The theorem is thus proved by contradic- 
tion. 

Now let a), a,,a,,... be any sequence of complex (or real) numbers that has 
infinite transcendence degree over Q, and let f(x) = L%_,(a,/n!)x”. There is no 
difficulty in dividing the a; by large integers to make the a, so small (say |a,| < 1 
for all j) that f(z) is actually an entire function. Since f/(0) = a,, we see that f is 
TT. Ritt and Gourin in [RIG] used a similar procedure, using a diagonal argument, 
to produce their example. 

Maillet [MAT] and later Mahler [MAH-I]] used recursion relations (see below) for 
the coefficients of a DA power series f(z) = L°°_,)a,z” to prove that 


\a,| <K[n!]" for some a < ©, K < 0. (2) 


Therefore, to produce a TT formal power series (but convergent only at 0), we need 
only write, say 


f(z) = Lu[at}'2". 


Note that the bound (2) is sharp, since :°°_ )n!z” is easily shown to satisfy the 
ADE 


z*f'(z) + (z-1)f(z) +1=0, 
with a similar differential equation for L[n']*z”, for any positive integer k. 
Popken, in his 1935 thesis [POP], showed that if f(z) = La,z” is DA, and if the 
a, are algebraic numbers, then, whenever a, # 0, 


|a,,| > exp(—cn (log n)’), 


where c iS some constant that depends on f/f. Thus, 
ore) x” 

LL Tar 
va (n")! 
is TT, a result that was already known to Hurwitz (see [HUR-]I)). 

A different way to produce a TT function is to produce a power series with large 
gaps. This was done by Ostrowski (see [OST-I]), Maillet (see [MAI]), and Popken 
(see [POP]), and later by Lipshitz and Rubel (see [LIR-I]). Once this is done, we can 


take any DA power series 

Qj t+azt+a,z7+--- (3) 
and introduce changes of signs to get 

+djyt+a,z+a,z7+--- (3’) 


so that the series (3’) will be TT, by making the sum of the series (3) and (3’) have 
large gaps. We will end this article with a better result in this direction. The gap 
theorem in [OST-I] is the following: 


THEOREM 2. [OST-I]. If &°°_ fz” is differentially algebraic and if f, = 0 for 
m,<n<n,, fork =1,2,3,... and if lim,_.,,n,/m, = 0, then L*_of,z” is a 
polynomial. 
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Proof. Let f(z) = X%_ fz" be DA. Then the transcendence degree of the field 
C(z,f,f', f"’,...) over C(z) is finite. Hence the transcendence degree of 
Cif, f', f”,...) over C is also finite and thus f satisfies an ADE with coefficients 
from C (instead of C[z]). This reduction will simplify our notation. Among all the 
ADE’s with coefficients from C, satisfied by f, let F(w) = F(w, w’,..., 0°”) = 0 
be of lowest possible order, m, and lowest possible total degree, n. S(w) = 
0F/dw'™ is the separant of F. By our choice of F, S(f) # 0, since S has either 
lower order or lower degree in w‘”) than F. Let 


F(w) = yo? eee wyitn) 
K 


where each a,, © C and the sum is over those systems of integers (kK) = (k,,..., Ky) 
with 0< kK) < Ky < +++ <Ky<m, N <n, for which a,,) # 0. (Recall that m is 
the order of F and n the total degree of F.) Then, as Mahler showed in [MAH-I]], 
pp. 186-194, the Ir then satisfy a recursion formula of the form 


Kk, + A,)! Ky + Ay)! 
a(k) fi, = -B(KEY. “aq d,! vr ; en A han i Trey + dy? (4) 
(«) [A] N° 


where 

(1) a(k) is a fixed nonzero polynomial in k, depending on F and f. 

(ii) The first sum is over all the tuples («) described above. 

(ili) The second sum 2}, is over all N-tuples of integers [A] = [Aj,..., Ay] with 
0<A,, fori =1,..., N and with YX ,A,; =h=k—-—m+s. Here m is the order of 
F and s>0Oisa fixed integer depending on f and F. The * indicates that all the 
terms f, for / > k are to be omitted. 

(iv) B(k) = 1if k oh, while B(k) =h!/k! if h > k. 

Suppose now that f, = 0 for all / with m;</<n,, where n,/m, > oo. This 
means that we have extremely large blocks of ZeTO coefficients, but says nothing 
about the nonzero coefficients. We will prove our result by induction by showing 
that for 7 large, tn, = 0 also. 


Suppose that a(k) # 0 as soon as k > ky. Note that 
N 
k+Az> > (A, 4+«,)2k- 


for a fixed finite number A. Suppose now that k >k, and that f,=0 for 
l=m,m,+ 1,. — 1, but tn, + 0. We write k =n, _ Further, suppose m,/n, 
< €. But va 4A, = O as as soon as k > k, + A, > ek. The only way then we can have all 
k, +A, in Y* satisfy k, + A; < ek is to have Nek > k — A, which is impossible if ¢ 
is small enough. Thus, the theorem is proved. 

In [LIR-I], it was proved that if f(z) = LP_if,,2", where n, approaches oo 
faster than exp((log k)*), say n, = exp((log k)?**) for some e > 0, then f must be 
a polynomial. This includes the case of Hadamard BaPS N41 /n, 24> 1 for 
k = 1,2,3,... . So, for example, 2%_,a,z7 “is DA only if it is actually a polynomial. 
The idea of the proof was as follows. If f(z) = X%.,f)z' satisfies the gap condition 
(that f, = 0if / #n, for any k), so that most of the f, = 0, then, for a large set of 
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values of /, only one of the terms (in the sum in the Mahler recursion formula) 
Teg +, °° Sy +d, (UP to a permutation) is nonzero. For these values of /, (4) then 
becomes 


a(l)f; =~ P(Ay,...; Aw) Sey +: oa" Tey +2? 


where P is a fixed polynomial. Again using the fact that most of the f, are zero, one 
sees that P(t,,..., ¢,) has so many zeroes that P = 0. The details are complicated. 

Another reason that a function may be TT is that it is universal. For example, an 
entire function f may have the property (see [BIR], [LUR], [SEW], [BLR], etc.) that 
its set of translates f(z) = f(z — t), as ¢ runs over C (or even over N = (0,1,2,...)) 
is dense in the space E of all entire functions, where the topology is that of uniform 
convergence on compact sets. This means that for any compact set K, any e > 0, 
and any entire function g, there exists a t © C such that |f(z) — g(z)| < e for all 
ze K. 

Let us see why such a universal f must be TT. For, as remarked in the proof of 
Theorem 2, if f satisfies an ADE, then it must satisfy an autonomous ADE, that is, 
one of the form 


P( f(z), f'(z),...5 f(z)) = 0. (5) 
where P does not explicitly involve the independent variable z. But then every 
translate f, of f also satisfies (5). From elementary complex-variables theory, if a 
sequence (F,,) of analytic functions converges uniformly on compact sets to a limit 
function g, then F,’ converges likewise to g’, F,” to g”, etc. Therefore, g would 
have to satisfy (5) if it were a limit (in this topology) of translates of f. But it is easy, 
given any one differential polynomial, to find an entire function (even a polynomial), 
that does not annul it. 


Heins, in [HEI], has constructed a universal Blaschke product in the unit disk, 
that is, a convergent Blaschke product 


B(z)= TI - 


n=l \z,| 1 —z,2 


Zz, 2-2, 


whose non-Euclidean translates are dense in a suitable sense. Such a Blaschke 
product must then be TT, by an argument similar to the one just given. 

In [VOR] and [REI] it is shown that the Riemann zeta function §(s) = L?_jn~° 
is universal in the following sense. 


THEOREM 3. [VOR] Let 0 < r < 1/4; let f(s) be a function that is analytic inside 
the disc {|s| <r} and continuous up to the boundary of the disc. If f(s) has no zeroes 
inside the disc {|s| <r}, then for every ¢ > 0 there exists a real number T = T(e) 
such that max|s|<r|f(s) — &(s + (2 + iT))| <.«. 


This gives a contemporary proof that {(s) is TT. The first proof of this was given 
by Hilbert, and was written up by Stadigh (see [STA]) as part of his 1902 Helsinki 
thesis. A later proof was given by Ostrowski (see [OST-I]), where it was moreover 
shown that {(s) satisfies no algebraic difference-differential equation. 
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As we mentioned earlier, Euler’s gamma function I(x) was the first function to 
be proved TT. Hélder’s proof in 1887 was based on the functional equation 
I(z + 1) = zI(z). We will give a brief proof by Ostrowski that I(x) is TT. Later, 
Bank showed in [BAN-II] that [(z)I(az)I(bz) is TT provided ab # 0. Other 
specific functions that have been shown to be TT are ©°_,z” (see [MAH-II]) and 
Le_(z”/1 — 2”) (see [CAR]). I recall seeing somewhere (but where?) that the Bessel 
function J,(z) is TT (as a function of v). 


THEOREM 4. I(x) is transcendentally transcendental. 


Ostrowski’s Proof. ({OST-II]). Denote the unknown function by y and its deriva- 
tives y’, y”,..., y™,... bY Wy, Yoy---> Yo.» . For two different power-products in 
Vs Vio Vare++, SAY A(x) p™yftys2 +--+, A(x) py” yfry72 ---, call the first higher than 
the second if the Jast of the nonvanishing ones among the differences n) — no, n, — 
n,,... 18 strictly positive. This clearly defines a transitive ordering among the terms 
of a differential polynomial, so that one can talk about the highest term in a 
differential polynomial. 

Among all the ADE’s that I(x) satisfies, supposing that it is DA, select that one 
whose highest term is lowest. (It is therefore of the lowest order, and of lowest 
degree, among those of that order (in the highest occurring derivative) and so on.) 
Say the equation is 


f(y, Vi> Voy ++.5 x) = 0 
and the highest term is 
A(x) yyptyg? +++. 
We may further assume that the degree of A(x) is as small as possible and that 
A(x) has leading coefficient 1. Then, surely, f is divisible neither by y nor by a 


linear factor x -—a. | 
If another ADE f=0 that is satisfied by I(x) has the highest term 


A(x) y”yiryZ2 »»+, then A(x) must be a divisor of A(x) and we have 
_ A(x) 
f= f. 
A(x) 


For, by the Euclidean algorithm, we may write A(x) = QA(x) + P, where P and Q 
are polynomials, and the degree of P is lower than that of A(x). Then the 
differential polynomial f — Qf will have a lower highest term than f/f, or else the 
degree of the highest term of f— Qf with respect to x is smaller than the degree of 
A(x), so that f — Qf must vanish identically. 

On account of the functional equation I(x + 1) = xI(x), F(x) also satisfies the 
ADE f((xI(x)), (xI(x)), (xI(x))”,...5 x + 1) = 0. The left side comes from 
f(Y, Ya» Yo---5 X) if one substitutes for y, y,, y.,...; x the quantities 


Y= xy, Vy, = XY, + YY, = XV. + 2y,, Py = xy, + 3y,,...5X=x4+1. (6) 


Denote this substitution by S$, and the result of its application to g(y, y,, yo,---3 X) 
by Sg. If B(x) y”°yj"... is any power-product in y, y,, y,..., then it is clear that 


1989] A SURVEY OF TRANSCENDENTALLY TRANSCENDENTAL FUNCTIONS 783 


the highest term of SB(x)y™ yj --- is x”B(x + l)y™yj™ ---, where m= 

m,) + m,+ --:. Hence, the highest term of Sf is x"A(x + 1)y”°yj" ---, where 

n=n,+n,+ --:-. By the above observation, x"A4(x + 1)/A(x) must be a polyno- 
mial D(x) = x" + --:, and we thus have 

Sf = D(x)f. (7) 

To invert the process to get f from Sf, one must replace x, y, y,,..., y,,... by 

7 YY TDM AY Bs Yo ¥) 
"x1 (x-1% 7? (x -1" 7” 
where the g, are polynomials in y, y,,..., x, and the n, are positive integers. If one 


makes this substitution in (7) and multiplies both sides by a suitable power of 
x — 1, then for a certain positive integer a, one obtains 


(x 7 1)"f(, Vyy-+05X) = D(x - 1)g(y, Yyo---5 xX), 


where g is a polynomial in y, y,,..., x. 

Hence D(x — 1) can have no root a other than a = 1, since otherwise f would 
vanish for x = a identically as a polynomial in y, y,,..., and thus would have to 
be divisible by x — a. Thus D(x) = x” and 

f(2y3 x, + Y, Vy + 2M,---5 H+ 1) = XC, Ys Yao X). (8) 


We set here y = O and equate the highest terms on both sides of the resulting 
equation 


f (0, xy,, xy. + 2y,,...5% +1) = x"f(0, yy, yy,..-5 X). 
If the highest term of f(0, y,, y,...3; x) is, say, C(x) yfyy ---, then we have 


xi that C(x 4 1) yp 42 ... = x"C(x) yp ys wae 
Consequently we must have /, + 1, + --- =n and C(x + 1) = C(x), so that C(x) 
is a nonzero constant C. Consequently f(0, y,, y,...; x) 1s not divisible by x — 1 


and f(0, yi, y>,-..3 1) does not vanish identically. But if we put x = 0 in (8), then 
(0, ¥,2¥1,3y%,--.51) = 9, 
or, replacing y,2y,,3y,,... by )1, Yo, ¥3,---» respectively, we get 
f(0, Wr, 2,---51) = 9, 


which contradicts what we have just proved, and thus I(x) must be transcenden- 
tally transcendental. 

In [RIT-II], Ritt found all DA solutions of the Poincaré functional equation (see 
[POT)) 


y(mx) = RL y(x)], (9) 
with y a meromorphic function in C and R(x) a rational and not linear function. 
He showed that if y(x) is such a DA solution of (9), then it is obtained directly 
from one of the functions e°*,cos(ax + 8), or the Weierstrass p-function p(x). 
This is one way to show that certain functions are TT. 
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Perhaps surprisingly, the Jacobi theta function 0(x) = L%_)x n” is actually DA. 
This fact is proved periodically—see [JAC], [HUR-II], [DRA], [RES], [CHO], 
occurring with the dates 1847, 1889, 1938, 1966, and 1984, respectively, for a mean 
period of 35 years. This result shows, in conjunction with [ALE], that there are DA 
imbeddings of the unit disc in C! into C?, which comes as a surprise, at least to me. 
Nobody seems to know whether 6,(x) = rex” is TT. In [BOR] and [CRR], 
solutions of certain Schroéder’s functional equations were shown to be TT. 

In [STE], Steinmetz proved that if f and g are entire nonconstant functions, and 
if the composition f ° g is DA, then both f and g must be DA. Thus, f(1/I(z)) 
and 1/I'(g(z)) are always TT if f and g are non-constant entire functions. In 
[BOS], it was shown that any analytic (in a disc) function $(z) such that ¢(¢(z)) = 
e” must be TT. 

Of course, one way to produce TT functions of a real variable is by insufficient 
differentiability. Weierstrass’s nowhere-differentiable function is an extreme exam- 
ple. Less trivially, it was shown in [BRR] that if f(x) satisfies an ADE (with the 
only differentiability requirement being that f have enough derivatives to enable it 
to be plugged into the ADE), then f must be analytic on a dense open subset of its 
domain. Using this, one can produce many TT functions. 

Ostrowski, in [OST-I], produced real-analytic functions f(x, y) that satisfy no 
algebraic partial differential equations (APDE). Here’s an intriguing problem. If 
u(x, y) satisfies an APDE and v(x, y) satisfies an APDE, must u(x, y) + v(x, y) 
also satisfy an APDE? (Suppose, say, that u and v are real-analytic.) NOTE: Since 
this was written, Wolfgang Schmidt has sent the author a lovely proof of the 
affirmative answer to this problem. 


We close this survey with two “new” results whose gist is that “most” entire 
functions are TT. 

Let E be the space of all entire functions, in the topology of uniform conver- 
gence on compact sets. It is known (see [LUR]) that E is a complete metric space. 


THEOREM 5. The differentially algebraic entire functions form a set of the first Baire 
category in E. 


Remark. There is no trouble in extending this result (and its proof) from E to 
H(G), the space of all holomorphic functions on a region G in C. 


Proof of Theorem 5. By Theorem 1 and an early remark, if f @ DA, then f must 
annul one of P,, P,, P3,..., which are the autonomous nontrivial differential 
polynomials with integer coefficients, written out in a countable list. So it is enough 
to prove that each P~ = { f © E: P, annuls f ji is nowhere dense. But it is clear that 
each P,* is closed in E (since if f,>f in E, then ff? >f™ in E for 
m = 0, 1, 2,... .) Hence, it is enough to prove that each P,~ contains no neighbor- 
hood in E. But a basic neighborhood, N(f: K, €) of the function f © E is indexed 
by the compact set K C C and the positive number e, and is given by 


N(f: K,e) = {g € E:sup{|f(z) — g(z)|:z€ K} <e}. 
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Given f, K, €, look at 
M 


g(z) =f(z) + Yo Hee. (10) 


cao K! 


If all the «, are chosen to be sufficiently small complex numbers, say |e,| < &’, 
k =0,1,..., M, then g © NM(f: K, €). Now let P(# 0) be an autonomous differen- 
tial polynomial. We claim that P~* contains no M(f: K, e). Otherwise, we would 
have P(g) =0 for every g of the form (10), with the «, small enough. But 
gO) = fO) + «, for 1/=0,1,..., M, so that P(f(0) + e, f(0) + 
é,.-., f©(0) + €,) = 0. Thus P(w,, w,,...,,) would vanish identically over a 
whole open ball in C”*!, and thus P = 0, contradictory to our hypothesis. 

In an earlier version of this survey, we stated and proved the following (true) 
result. 


THEOREM 6. Given a power series L°°_,a,z” that is not a polynomial, the probabil- 
ity is 1 that the randomized series L*_) + a,z” is transcendentally transcendental. 


Discussion. The assertion means that the set of + for which L°°_, + a,z” is DA 
has measure 0, where to a sequence of + signs, say ((—1)*), ¢, = 0 or 1, we assign 
the real number L°_,¢,2~‘”*) in the interval [0,1], and the measure is ordinary 
Lebesgue measure. But much more than this is true—namely that there are at most 
countably many choices of + for which L*_, + a,z” is differentially algebraic. This 
is a consequence of the next result, which is essentially equivalent to Proposition 6.1 
of [LIR-I], that there are only countably many spectra for the totality of differen- 
tially algebraic power series. (The spectrum of L%_,f,z* is the set of k where 
f, #9.) That result is due to Laohakosol, Lipshitz, Richman, and the author, 
jointly. 


THEOREM 6*. Given a (finite or) countable set S, there are at most countably many 
differentially algebraic power series all of whose coefficients are elements of S. 


One gets the first-mentioned result from Theorem 6* by choosing S = 
{ao,— Qo, 41,— Gy, @,,— Ay,...}. Our proof depends on the Hurwitz recursion 
formula, which we now state in detail. (For a proof, see [DEL], specifically the 
proofs of Lemmas 2.3 and 2.4.) 


Lemma H. (The Hurwitz recurrence relation.) Let P(x, y, y’,..., y™) be any 
differential polynomial with coefficients in Q in the differential indeterminate y, of 
order n. Then for any k EN, POk+2 = yrt2k+De 4 ylnt2kt De | 4 ynt2Ke 
toes fy FhtDE + fs eaas where the f, are differential polynomials (with ratio- 
nal coefficients) in y of order at most j, for j=n,n+1,...,n+k+1, and 
f, = OP/dy™. Note that f.41,fr+2.--- depend on k. Let y © C[[x]], the formal 
power series in x, satisfy P(x, y, y’,..., y%) = 0, and suppose that 


Bye (% Is Wye eey VM) = Cyx* + C,x*t? +ores (11) 
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with C, # 0. Then there exists a leastr Ee N,0 <r<k, such that 


fr + erat +(2) £0, 50), 7O),-.-) (12) 


is a nonzero polynomial in q. Let y = N be bigger than any root q € N of polynomial 
(12). Then for allq>ytr, 


pint 2k+2+4—r)(Q) = Havant vga rX0, Yor Yo>:: .) (13) 
A(0, Yo W>---5) 


where A(x, y, ¥',---59) =Sntre t+ Dror tic: + (DAM, and An42K+1+g—r WS a 
rational-coefficient differential polynomial in y of order at mostn+2k+1+4q-Y7, 
whose definition depends only on P, k, y, r, and q. 


We remark that the ADE y(xy)” — (xy) y’ = 0 has the solution y = ax’ for any 
positive integer / and any constant a. This example shows that the recurrence 
relation for the coefficients of the solutions of an ADE may well depend on the 
solution as well as on the ADE. 


Proof of Theorem 6*. If $(z) = L%_)s,z” is DA for uncountably many choices 
of s = (s,), where all the s, € S, then by Theorem 1, there must be a differential 
polynomial P with integer coefficients that annuls uncountably many of the ¢. On 
taking the successive separants S|, S,,S;,... of P, we eventually arrive at a 
non-zero constant. (Here, S, = 0P/dy, where n is the order of P, and S,,, = 
aS,/dy», where n, is the order of S..) 

Thus, we would have, for an uncountable set of , that there is a fixed 
differential polynomial P that annuls 9, such that its separant S, does not annul ¢. 
Turning now to Lemma H, we will have an uncountable subset of ¢ that shares the 
same k. Then there will be an uncountable subset of that set that shares the same r. 
Then there will be an uncountable subset of that set, where the biggest integer root 
of the polynomial (12) is < L for some fixed integer L. Here, k and r are the 
quantities appearing in Lemma H, and we take y = 9. On this last set of $’s we 
have, for N = N), 


(N+1)! (0, 4(0),6(0),....4) | 


This says, that for these $’s, the coefficients are determined once we know the first 
N, + 1 of them. Since there are only countably many choices of the initial segment 
of coefficients, our supposedly uncountable set turns out to be countable after all. 
This contradiction proves the Theorem. 

We end the paper with an 


OUTRAGEOUS CONJECTURE. Let ¢, = 0,1 forn = 0,1,2,.... Then L*_oe,z” is a 
differentially algebraic function if and only if U°?_,€,2~” is an algebraic number. 


Since the conjecture is officially labelled as “outrageous” we don’t have to justify 
it except to say that we haven’t found any obvious counterexamples. 
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have been interested in the rigidity of frameworks and surfaces, reconstruct- 
ing asteroid shapes, simplexwise-linear homeomorphisms of a two-disk, and 
the rigidity of packings. 


I. Introduction. Turning a key in a lock is a familiar experience. Imagine a “key” 
that is a cylinder with convex planar cross-section. Imagine a “lock” which is a 
cylindrical hole with another convex cross-section. When can such a key fit inside 
the lock and turn 360°? Clearly for this problem we need only consider the 
cross-sections of the lock and key. For instance, the shaded set of Figure 1a can turn 
completely 360° inside the square, but the line segment of Figure 1b is longer than 
the length of a side of the square so it can never be rotated inside the square so as to 
be parallel to one of the sides of the square. 


(b) 
Fic. 1 
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Being mathematically curious, one might ask the following related basic question: 
What geometric conditions will insure that a convex set can be translated into 
another? For instance Wetzel [8] shows that for a given acute triangle, if a closed 
curve has length equal to or less than the length of the perimeter of the pedal 
triangle, then the closed curve can be translated into the given acute triangle. The 
pedal triangle is the triangle formed by the three feet of the altitudes of the triangle. 
See Figure 2. 


FIG. 2 


Since rotating a curve does not change its length, any of the curves in Wetzel’s 
Theorem can be rotated inside the given triangle. (It turns out for compact planar 
sets C and xX, X convex, if for every 0 < @ < 360°, C rotated by 6 can be 
translated into X, then C can be translated and then continuously rotated 360° 
inside X.) 

Another example is when the covering set is a circular disk of diameter 1/2. Then 
any closed curve of length one or less can be translated into the disk. This is an old 
result that can be found in the standard reference in this area, Bonnesen and 
Fenchel [2, p. 82]. (See also Nitche [14].) Note that since the covering set is a 
circular disk, the problem reduces simply to finding some congruent copy of the set 
to be covered in the disk. Any key can be turned in a round lock. 

In section II we collect some principles and techniques that can possibly reduce 
the problem (of covering every element of a collection of sets by a translate of a 
fixed convex set) to a routine exercise. | 

Wetzel [21] looked at the problem of finding a plane convex set of minimum area 
that can cover any closed curve of length one or less with a translate. We do not 
know the answer to this problem either, but in section VI we find another set, with 
smaller area than the ones that Wetzel found, that can cover any closed curve of 
length one or less with a translate. 

Another natural problem is to find a plane convex set of minimum perimeter that 
can cover any closed curve of length one or less with a translate. Our Theorem 
below answers this problem. 

A line is called a support line for a compact set if the line has a non-empty 
intersection with the set, and the set is contained in one of the closed half planes 
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with the line as boundary. A compact convex set has constant breadth b if the 
distance between any pair of distinct parallel support lines is the constant b. 
We will prove the following: 


THEOREM. Let X be any compact convex set of constant breadth 1/2 in the plane, 
and let C be a closed curve of length one or less in the plane. Then C can be covered by 
a translate of X. Furthermore, if Y is any compact convex set such that every closed 
curve of length one or less can be covered by a translate of Y, then the length of the 
perimeter of Y is equal to or larger than 1/2 with equality if and only if Y has constant 
breadth 1/2. 


Remark 1. An easy compactness argument shows that there must be a compact 
convex set X of minimum perimeter such that any closed curve in the plane with 
length one or less can be covered by a translate of X. What is surprising is that any 
compact convex set of constant breadth will serve as such a minimal X. A famous 
theorem of Barbier [1] says that all compact convex sets of constant breadth, 1/2 
say, have perimeters of the same length 7/2, so they all are at least candidates. 

Figure 3 shows some examples of the Theorem. Each of the sets on the top is a 
convex set of the same constant breadth and each curve on the bottom has length 
less than twice that breadth. Thus each curve on the bottom can be translated into 
each set on the top (and then turned 360° inside it). 


FIG. 3 


Let @ be any collection of sets in the plane. We say a set X is a translation cover 
for @ if every set in @ can be covered by a translate of X. Let Y, be the collection 
of closed curves in the plane of length one or less. Our theorem then can be restated 
as saying that the compact convex sets of constant breadth 1/2 are all the 
translation covers for #, with minimum perimeter. 
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The terminology “translation cover” comes from Wetzel [21, p. 368]. If a 
compact convex set X can cover any element of @ by some congruent copy, then 
Wetzel calls X a displacement cover for @. Eggleston [6, p. 131], uses the word 
“universal cover” instead of displacement cover. Chakerian [3, p. 759], and Lay 
[12, p. 85] use the word “strong universal cover” instead of translation cover. A 
displacement cover is just a lock that allows the key to enter, but the key might not 
be able to turn. 

We prefer Wetzel’s terminology. However, Chakerian and Lay have an interest- 
ing discussion of such covers, whatever they are called, as well as other related 
subjects. The reader is also referred to [4], [5], and [17]-[21] for further information 
about more related covering problems. 

In the following proof of the main Theorem (which occupies sections II-V of this 
paper) the exposition will be self-contained, except for three results: Helly’s Theo- 
rem (Lemma 1, below), Sperner’s Lemma (Lemma 5, below), and Fagnano’s 
Theorem about pedal triangles (Lemma 7, below). These are all basic results that 
have been amply discussed elsewhere, and we have nothing to add to their proofs. 
However, we can apply a result of Chakerian to shorten the last step of the proof of 
our main Theorem. Nevertheless, we will also provide another proof, without using 
Chakerian’s result, following our ideas of using billiard triangles. 

Section II contains a series of general lemmas that, roughly speaking, reduce the 
covering problem to covering triangles, and the “local” problem to the case of 
covering a triangle by a triangle. In our case this turns out to be the billiard 
condition as discussed in section III. This in turn gives us a way of calculating a 
number for a convex set X that is the upper bound for the length of a closed curve 
to insure that it can be covered by a translate of X. This is applied in section IV to 
the Reuleaux triangle, in section V to prove the main Theorem, and in section VI to 
investigate Wetzel’s problem. 

In section VII we look at other related problems and generalizations regarding 
translation covers, and mention several more results, without proof, that we can 
obtain with our techniques. 

We thank the referees for many helpful comments, especially for informing us of 
Chakerian’s result, and suggestions regarding an earlier version of this paper. We 
also thank John Wetzel for referring us to his papers [18], [20], and [21], and Maria 
Terrell for helpful advice. 


II. General Helly-type facts. There are many reductions that are very helpful. 
We start with Helly’s Theorem. 


LEMMA 1 (Helly). Let @ be any collection of compact convex sets in the plane. If 
every 3 sets of @ have a nonempty intersection, then the intersection of all the sets of @ 
have non-empty intersection. 


A good reference for the many proofs and generalizations of this result is Danzer, 
Griinbaum, Klee [5]. 
For any set X in the plane, and a point p in the plane, define 


p+X={pt+x|xEeXx}. 


the translate of X by p. All points in the plane are regarded as vectors in some 
coordinate system. 
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The following observation changes our covering problem to an intersection 
problem. 


LEMMA 2. Let X and Y be subsets of the plane. A translate of X contains Y if and 
only if 


(\(-y+X)# @. 


Proof. p= \,ey(—y + X) if and only if p © (—y + X) for all y © Y if and 
only if p+ y © X forall y € Y if and onlyif p+ YC YX. O 


We can now reduce the covering problem to the case of 3 points. This can be 
found in Chakerian [3] and is due to Klee [11]. The next Lemma follows immedi- 
ately from Lemma 1 and Lemma 2. 


LEMMA 3. Let Y be any set in the plane with at least three points. A compact 
convex set X has a translate which covers Y if and only if X has a translate which 
covers every three-point subset of Y. 


Proof. By Lemma 2 a translate of X covers Y if and only iff, -y(—y + X) # ©. 
Since every three-point subset of Y has a translate of X which covers it, every three 
of the sets in the intersection have a nonempty intersection. By Lemma 1 the whole 
intersection is nonempty. Thus Lemma 3 follows. 0 


Remark 1. Since any three points on a closed curve of length one or less form a 
triangle of perimeter one or less, by Lemma 3 we can assume, without loss of 
generality, that the curve we want to cover is a triangle with the understanding that 
we allow the triangle to possibly degenerate to a line segment. 

To ease the development we introduce a bit of notation. A triangle in the plane is 
written as A = ( p,, p>, p3), Where p,, Pz, Pp; are the vertices of A. Note that A can 
degenerate into a line segment when some pair of the vertices coincide. We define 
the length of the perimeter of A as 


(A) = |p, — Pol + Po — P3| + |P3 — Pil- 
For a set X in the plane and L > Q, let 
JZ, = {A a triangle|there is a point p such that p+ AC X}, 
Lf, = {A atriangle|/(A) < L}. 


int X denotes the topological interior of the set X, and similar to what was done 
with translates we let 


aX = {ax|x EX}. 
For sets A, B we denote the difference set 
A\ B= {alae Aandag B}. 


R* denotes the Euclidean plane. 

We now wish to look at the covering problem from another point of view. We 
investigate the triangles that have no translate in the interior of X and relate the 
minimum of their lengths to the maximum length that insures that a triangle (or any 
closed curve) with that length can be translated into X. 
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LEMMA 4. Let X be a compact convex set with non-empty interior in the plane. 
Then there is a triangle ( possibly degenerating into a line segment) Ay € Ty\ Tim y 
such that 


I(Ao) = inf{1(A)|A is a triangle with A € Fin, x } 
sup{ LIZ, C Ty}. 


Proof. Since triangles with sufficiently small perimeter clearly can be translated 
into X, for some e > 0, Y C Zy. Thus sup{ L|Y, C X} = Ly exists. Let a EL, 
with /(A) = L,. Then for every 0 <a<1,aahasa translate : in X, since /(aA) = 
aL, < Lo. Thus ane L,,,CZy. As a> 1, a limit of translates of aA will be 
contained ; in X, and since X is compact, A & Zy. Thus 2, C Jy. 

For every 6 > 0, let A; be a triangle with as € Jy with L, < I(As) < Ly + 6. 
By fixing a vertex of A; and bounding all the A;, we may choose As such that 
lim s_, 945 = Ao, a triangle in the plane. Then by the continuity of J, (A,) = Ly = 
sup{ L|Y, C Fy}, and Ay € Jy. 

If a triangle A has /(A) < Lo, then for some a > 1, (aA) = al(A) < Ly, ad € 
Jy, and A & J,,, y. Thus 


Ly < inf{I(A)|A € Tin y }- 


Similarly for every 6 > 0, for As chosen as above, A; ¢7,,,, implies that 

Lo = (Ao) = inf{l(a)|A € 7; x}. Thus sup{ L|Y, C Fy} = Ly = inf{l(a)|a € 
int x}- 

Since A, = lims_,)A45 and A; € 7,,, y, then Ay € 7, y. Thus Ag © Zy\ Fin y: 

C 


The following Lemma is a version of Sperner’s Lemma for open (convex) sets. 
We show how to deduce this from the statement in Lyusternik [13, p. 162], where it 
is stated for closed sets. The following Lemma is the contrapositive stated for the 
complementary open sets. 


LEMMA 5 (Sperner). Let A = ¢ P,, P>, P;) bea triangle in the plane with non-empty 
interior. Let U,, U,, U; be open sets in the plane with the line segment ¢ p;_1, P41) © 
U,, i = 1,2, 3, (indices taken modulo 3). If A C U, U U, UU; then AN U,N UN 
U, # ©. 


Proof. Suppose for some i = 1,2,3,U,;0 U,,, 0 (Dj, Pia.) # O. Then ULM 
U, 1 U; # . If p; € U,, for some i = |, 2, 3, then p,; © U, N U, 2 U;. 

Let AC U,UU,U U,, ie, NZ W(A\ U,) = @, and from the above we may 
assume that for all i = 1,2,3, p,- © A\ U, and (p,, Pitt CA\G)UC\ Uj 4.1): 
Thus by Sperner’s Lemma for closed: sets U }_,(A \ U,) does not contain A, ie., 
AM U,A U,O U, # ©, finishing the Lemma. O 


Let H = (H,, H,, H;) be three closed half planes. We say that H is nearly 
bounded if H, \ H, 1 H, = A 1s contained between two parallel lines. In the case 
when two of the H,’s are the same we can write H = (H,, H,). If A is bounded, 
then H is clearly nearly bounded. It is easy to show that the following are 
equivalent: 

1. A is nearly bounded. 

2. (p, + Hy, p, + H>, p; + H,) is nearly bounded, for all p,, p,, p,; in the 
plane. 
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3.(p, + Hi) 0 (p, + HL) 1 (p; + A;) = ©, for some p,, p,, p; in the plane. 

4. ((R?\ int H,), (R?\ int H,), (R?\ int H;)) is nearly bounded. 

5. A has no translate contained in int A. 

If we look at the inward pointing vector n, perpendicular to the boundary of H,, 
i = 1,2,3, we see that H is nearly bounded if and only if the 0 vector is in the 
convex hull of the n,. 

Let ( p), P>, P3) = A be a triangle in the plane, and let H = (H,, H,, H,) be 
closed half planes with A = H, N H, 0 H,. If H is nearly bounded and p, ¢ int H,, 
for i = 1,2,3, then we say that H (or A) separates A (from any set contained in A). 
See Figure 4. 


‘A, 
Pi 


Fic. 4 


We can now provide a criterion for when a triangle cannot be translated into a 
convex set. 


LEMMA 6. Let X be a compact convex set with non-empty interior. A triangle 
( possibly degenerating into a line segment) A € J,,,,y if and only if there are closed 
(nearly bounded ) half planes H = (H,, H,, H,) that separate a translate of A from 
X, or H = (H,, H,) (with parallel boundaries) separates a translate of an edge of A 
from X. 


Proof. Suppose H = (H,, H,, H,), which is nearly bounded, separates A = 
(Pi, P» P3) with H,O H,O H,=A>X. If a translate of a, p+ aC int X, 
p+ H, Cc int A,, i=1,2,3, and p + A C intA, which is impossible by property 5. 
Thus A € 7,,, y. If H = (H,, H,) separates ¢ p,, p,), the proof is similar. 

Suppose A € .7,,, y. By Lemma 2, 1}_,(—p, + int X) = ©. 

If for some i, (—p;_, + int X) ON (—p,;,, + int X) = @ (indices taken mod 3), 
then a line B separates (—p;_, + int X) and (—p;,, + int X) in the usual sense. 
Thus there is a point p on B and closed half planes H,;_, and H,,, such that 
p © bdy H,_, 0 bay H,,, = B, —p;_, + int X C A,_,, and —p,,, + int X C Aj,,, 
where bdy denotes the topological boundary. Thus p,_, + p © bdy(p;_, + H;_,), 
Pisi + P © bdy( pj, + Aja), Pie + Hi-1 2 Xs Pin, + Aix, 2 X, and thus 
(p;-1 + Ay_1, Pi+1 + H;41) 18 nearly bounded and separates ¢ p + p;_1, P + Pi+1); 
an edge of p + A, from X. 
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So we are left with the case when (—p;_, + int X) N (—p,,, + int X) # 2, for 
all i= 1,2,3. Let q,;&(—p,_, + mt X)N(—p,;,, + int X), for i= 1,2,3. We 
choose A’ = (qj, 42, 43) With non-empty interior as a triangle. Then (q;_1, 9;41) © 
—p,+ int X, for all i=1,2,3. Thus Lemma 5 and Lemma 2 imply that 
U?_,(—p, + int X) does not contain A’. Let g € A’ \U3_,(—p, + int X). Then for 
i= 1,2,3, let H, be a closed half plane with g € bdyH, and (—p, + int X) Cc 
int H, Thus g €fj_,(R*\ int H,) = a”, and a” A (q,-1,9;41) = ©, for i= 
1,2,3, because H; > (q;_1,9;41). Thus a” M bdya’ # © and a” C A’. Thus A” 
is bounded. (It turns out that A” = {q}.) Thus H = (H,, H,, H;) is nearly bounded 
by property 4. p; + q © bdy(p,+ H;) and so (p, + H,, p, + Ho, p; + H;) is 
(nearly) bounded by property 2 and separates q+ A= (q+ p,q + Po,q + P3) 
from X. See Figure 5. O 


Fic. 5 


Remark 2. All of the above Lemmas and their proofs generalize to Euclidean 
space of any (positive) dimension. Both Helly’s Theorem and Sperner’s Lemma are 
true and well known in this generality. 


Remark 3. We can use other functions for / besides the length of the perimeter. 
The properties of / that we need are that / is a real-valued function defined for at 
least convex sets in Euclidean space and the following hold. 

1. / is continuous. 

2. (A) < I(aA), for a > 1. 

3. l(p + A) = ((A) for all points p. 

4. {A|/(A) < 1,0 € A} is bounded. 

For instance we could take 


1( X) = diameter of X = sup{|x — y||x, y € X}. 


III. Billiard triangles. We can now further reduce the set of triangles that need to 
be considered for our covering problem. Let X be a compact convex set with 
non-empty interior in the plane. For i = 1,2, 3, let p, be three distinct points on the 
boundary of X, and let H, be a closed half plane containing X with p, € bdy H,. If 
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Pi+1 — P; and p;_, — p; (regarded as vectors) make equal angles with the line 
bdy H, at p,, for all i = 1,2, 3 Gndices taken modulo 3), then we say A = ¢ pj, P>, P3) 
is a billiard triangle for X. Note that the H; containing p; as above, in general, may 
not be unique. However, we will only consider billiard triangles that are separated 
from X by a unique (H,, H,, H,), where A = H, 0 H, 1 H, is a triangle. See 
Figure 6 below. 


Fic. 6 


We look at our covering problem for the special case when _X is a triangle. This is 
a very old problem of Fagnano with some pleasant solutions involving a “reflection 
principle.” Some very elementary proofs are described in Rademacher and Toeplitz 
[16, p. 27-34], as well as Kazarinoff [10, pp. 75-77]. 


LEMMA 7 (Fagnano). Let A be a triangle in the plane. If A is acute then the 
triangle A with smallest perimeter inscribed in A is the pedal triangle formed by the 
feet of the three altitudes of &. Furthermore & is the unique billiard triangle for A. If 
A is not acute, then there is no billiard triangle in A, and any inscribed triangle has 
perimeter greater than twice the minimum altitude. 


We State the main criterion by which we can calculate which closed curves can be 
covered by a given compact convex set _X. 

Let m, = inf{/(A)|A is a billiard triangle for X}. If X has no billiard triangle 
m, = oo. Let b be the minimum breadth of the set X, 1e., b is the minimum 
distance between two distinct parallel support lines of X. 


LEMMA 8. Let X be a compact convex set. Any closed curve of length one or less can 
be covered by a translate of X if and only if min{m,,2b} > 1. 


Proof. We will show that min{m,,2b} = I(Ajg), where Ay © Jy\ Tiny y 18 aS in 
Lemma 4. The result will then follow using Lemma 3 as well as Lemma 4. 

Suppose that A, does not degenerate to a line segment. If (H,, H,) separates an 
edge of A, from X, then A, degenerates to a line segment. Thus by Lemma 6 there 
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are half planes H = (H,, H,, H,) that separate a translate of A, from X. We take 
A, © X. By Lemma 7 (Fagnano) the pedal triangle of A = H, N H, 1 dH, is the 
shortest triangle separated by (i.e. inscribed in) A, if there is such a shortest triangle. 
Thus A, must be this pedal triangle for A. So A, has the billiard property at each 
Pp; i = 1,2,3, A is unique, and thus /(A,) > m,. By Lemma 4, Lemma 6, and the 
definition of a billiard triangle /(A,) < m,. Thus [(A,)) =m, < 2b. 

If A, is a line segment, then clearly /(A,) = 2b<m,. O 


Remark 4. If we replace / (the function that gives the length of the perimeter) by 
the diameter function, we can also provide a similar analysis as above. The critical 
triangle A, of Lemma 4 can be taken to be either an equilateral triangle, an isosceles 
triangle with its base shorter than its two legs, or a line segment, since any such Ay 
is contained in one such triangle. 

A corollary of the above observation is that if every circular wedge with a 60° 
vertex angle and leg length one can be translated into X, a compact convex set, then 
any set of diameter one or less can be translated into X. Of course the same is true 
for the Reuleaux triangle (see the next section) of diameter one, replacing the wedge. 
This is a curious dual to Chakerian’s Theorem mentioned in section V. 

We can continue with an analogue of Lemma 8. Namely A, must be separated by 
A in only a particular way. 

If A, is an equilateral triangle, then the lines perpendicular to the edges of A at 
P;, i = 1,2,3, must meet at a point in Aj. See Figure 7. If the perpendiculars do not 
meet at a point as above, A can be “rotated” out of A and then contracted to obtain 
another A’, still separated by A but with /(A’) < /(A) (/ now being the diameter). 


P2 
P3 


Fic. 7 
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If A, is an isosceles triangle, then the equal sides of A, must be perpendicular to 
the corresponding sides of A, as in Figure 8 below. 


Fic. 8 


If A, is a line segment, then A, is of minimal breadth, as before. 


IV. Reuleaux triangles. We now apply Lemma 8 to prove a special case of the 
Theorem, namely when X is a Reuleaux triangle. A Reuleaux triangle is the convex 
set of constant breadth r obtained as the intersection three circular disks of the 
same radius r with the centers of the circles at the vertices of an equilateral triangle 
of side length r. See Figure 9. 


Fic. 9 


LEMMA 9. Let R be a Reuleaux triangle of constant breadth 1/2. Then R has only 
the one symmetric billiard triangle joining the midpoints of the circular arcs as below. 
Thus m, = 3(V3 — 1)/2 = 1.098 > 1 and every closed curve of length one or less is 
covered by a translate of R. 


Proof. From Lemma 7 the only billiard triangle in a triangle A is the pedal 
triangle P formed by the feet of the three altitudes of A, and this billiard triangle 
exists only when A is acute. 
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Suppose A = { Pj, P>, p;} forms a billiard triangle in R. Let L,;, i = 1,2,3, be 
the corresponding support lines. Clearly each p,; is on a separate circular arc of the 
Reuleaux triangle R. Let r, be the vertex of R opposite p,, and let C be the center 
of the inscribed circle of A. Then 7,, C, p;, are collinear because r,; — p; and C — p,; 
are both perpendicular to L;. See Figure 10. 


Fic. 10 


Thus A is a billiard triangle for the triangle A formed by L,, L,, L3, as well as R. 
Thus A is the pedal triangle of A, and C is the altitude center of A. With all this 
information we wish to show that C is the center of R. This will show that A is the 
desired symmetric triangle. 

Let C, be the center of R. Let q; be the midpoint of the circular arc from r,,, to 
r,_,, aS in Figure 11 below. 


I 


Fic. 11 
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Assume, without loss of generality, that C lies in the closed region of R defined 
by Cpr, 93, %. It is clear that the support lines L, and L, intersect at a point on the 
q; side of the line Cpr,. On the other hand the ray from r, outside R on the line Cr, 
lies on the other side of C,r,. Thus the three lines L,, L,, Cr, intersect only if 
C = C, and p; = q,;,i=1,2,3. O 


V. Proof of the theorem. We thank one of the referees for pointing out that, at 
this point, we can complete the proof of the Theorem by using the following result 
of Chakerian [3, p. 760]. 


THEOREM (Chakerian). Let R be a Reuleaux triangle of constant breadth b in the 
Euclidean plane, and let P be a compact subset of the plane. Suppose that each 
congruent copy of P can be covered by a translate of R. Then if K is any compact 
convex set of constant breadth b, each congruent copy of P can be covered by a 
translate of K. 


Remark 5. The proof of Chakerian’s Theorem above uses yet another variation 
of Helly’s Theorem and a simple property of sets of constant breadth, and it is not 
difficult. However, we include another proof using the ideas of finding billiard 
triangles using Lemma 8 above. 

By Lemma 8 we need only prove that all billiard triangles A = ¢ p,, p,, p3) C X 
have /(A) > 1, since we assume b = 1/2. Thus we suppose A is a billiard triangle 
with /(A) < 1, and we look for a contradiction. 

Let 4), 95,43; be the points on the boundary of X such that the segment ¢ p,, q;) 
is perpendicular to the support line for X at p;, i = 1,2,3. Note that the segments 
are coincident at the incenter of A, each g; is outside A since q; is on the boundary 
of X, and |p; — q,| = 1/2 since X is of constant breadth 1/2. 


Fic. 12 


802 KAROLY BEZDEK AND ROBERT CONNELLY [November 


Consider for ¢ > 1, 7,(t) = tq; + (1 — t)p,. Let 


S, _ { Pi, P2> P3> r(t), r,(t), r(t)}, 
ty = sup{ t|diameter of S, < ¢/2}. 
Note that |7,(¢) — p,| = t/2. The supremum exists since the diameter of S, = 


1/2, and for some i and j the angle between q; — p, and q j — P; 18 greater than 60° 
and thus 


lim |7,(t) — 7(t)|/t > 1. 
[> co 
Let r, = 7,(¢9), i = 1,2, 3. Then for some i + j either |p, — r;| = to/2 = diameter 
S,, OF If: — 7;| = to/2. By renumbering, one of the following cases occurs. 


Case 1. |p, — | = t,/2. 
We then have the following diagram where e——- indicates that the distance is 


ty/2. 


Let R be the Reuleaux triangle with p, and r, as vertices with the third vertex on 
the same side of [ p,, 7,] as p, and r,. Thus the breadth of R is t)/2. Then p,, 7, are 
on the boundary of R on the opposite sides of 7,, p, respectively, since |p; — 7,| = 
IP2 — Ml = to/2, |Pi — Pal < to/2, and |r, — | < to/2. Thus (po, 7%) 1 ( Py 1) 
= C is a point in the interior of R. Thus 7, and p, lie in the open cones determined 
by Cp,,Cp, and Cyr,,Cr, respectively. Thus |r, — 7] < t)/2, |% — pil < to/2 
implies r, isin R and |p; — p,| < to/2, |p; — | < to/2 implies p, isin R as well. 
The diameter of R is ¢,/2. Thus 7, and p, must be on the boundary with at least 
one of them equal to p, or 7,, which is impossible. Thus Case 1 cannot occur. 


Case 2. |r, — r5| = t,/2. 
We then have the following diagram, Figure 14. 
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FIG. 14 


Let R be the Reuleaux triangle with 7,, 7, as vertices as before and thus with 
breadth ¢,/2 again. As in Case 1 ¢ p,, 7,) N ¢ Po, %) = C, a point in the interior of 
R on the same side of (7,, 7,) aS Pj, Pz, 73. Since |r; — r,| < tp/2 and |r, —7| < 
t)/2, r; must be in R. Since |r, — p3| = ¢)/2, either p, is outside of R altogether, 
or p; is on the arc of R from r, to r, with r, as the opposite vertex of R. In either 
case let p, be the point on the circular arc from r, to r, of R on [75, p3]. This point 
exists since Cp, is in the cone determined by Cr, and Cr. 

Let H,, H,, H,; be the support half planes for R at p,, p5, p; respectively. 
Clearly H, \ H, \ H, is bounded and thus by Lemma 6, A cannot be covered by 
int R. Thus by Lemma 9 


1>1(A) >t) > 1, 


the final contradiction. 

To finish the Theorem suppose any closed curve of length one or less is covered 
by a translate of X. Then the minimum breadth of X is b > 1/2 by Lemma 8. Let 
b(@) be the breadth in direction 6. Then it is a well-known formula of Cauchy, see 
Hurwitz [8] for example (or Chakerian and Klamkin [4] for a similar use), that the 
length of the perimeter of X is 


I(X) = (1/2) [°"6(8) d > (1/2)2n(1/2) = 7/2, 


with equality if and only if b(@) = 1/2, aconstant. O 


VI. Wetzel’s problem. We have found all the sets of shortest perimeter whose 
translates cover any closed curve of length one or less. As mentioned in the 
introduction, Wetzel considered the question: What is a set of smallest area whose 
translates cover any closed curve of length one or less? In other words, what is a 
translation cover of smallest area for #, (the collection of closed curves of length 
one or less)? 

Among all compact convex sets of constant breadth 1/2, the Reuleaux triangle is 
the set of smallest area (7 — V3 )/8 =~ 0.17619, and of course is a translation cover 


804 KAROLY BEZDEK AND ROBERT CONNELLY [November 


for #,. Wetzel [21] found a set shown in Figure 15 (with some of the billiard 
triangles indicated), which is also a translation cover for #, and has area ~ 0.17141 
(and thus is necessarily not of constant breadth). (Wetzel claimed incorrectly that 
the area is = 0.15900.) 


Figure 16 shows a set, looking a bit like a church window, with area 1/6 =~ 0.16667 
which is also a translation cover for #,. The base has length 1/2 and the height is 
also 1/2. The curves are parabolas with their line of symmetry about the base. Since 
the common focus of the two parabolas is the midpoint of the base, it is easy to 
show that the indicated isosceles triangles (with horizontal base and vertex at the 
midpoint of the base of the church window) are indeed billiard triangles. It is a bit 
more difficult to show that there are no more shorter billiard triangles. 


We do not know what the minimum area is for translation covers for #,, but 
there are still other translation covers for #, that are more complicated but have 
area smaller than 1/6, the area of the church window. The best translation cover 
that we have found has area ~ 0.16526. However, Wetzel [21], modifying an 
argument of Pal [15], derived a lower bound = 0.15544 for the area of any 
translation cover for 2. 
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Note that the Reuleaux triangle, Figure 9, and the church window, Figure 16, are 
minimal with respect to being a translation cover for Y,, i.e., they do not contain a 
proper closed convex subset that is also a translation cover for &,. A compact 
convex set X is a minimal translation cover for #, if and only if it is the convex 
hull of all its billiard triangles of length 1, including the degenerate case of a doubly 
covered minimum breadth of length 1/2. Wetzel’s wedge, Figure 15, is not minimal 
since a small amount of the set, near the lower left-hand corner, can be shaved off, 
and it will still remain a translation cover for Y,,. 


VII. Related problems. As mentioned in Remark 3 and Remark 4, it is possible 
to use a similar analysis as in section II to consider other classes of objects to be 
covered, as well as minimizing with respect to functions other than the length of the 
perimeter. We mention, without proof, some results for some of these combinations. 

We consider three classes of objects, in the plane, to be covered: 

1. Y&,, closed curves of length one or less. 

2. Compact sets of diameter one or less. 

3. Arcs of length one or less. 

Then we consider translation covers for each of the classes above and minimize 
with respect to the following: 

1. Length of the perimeter. 

2. Diameter, the largest distance between pairs of points in the set. 

3. Area. 

The results are summarized in the following table. 


Pe minimizing functions for the translation cover 


sets to be length of 
covered perimeter diameter area 


closed curves all sets of all sets of ? 155 < area < .167 
of length < 1 constant constant 
breadth 1/2, breadth 1/2, 
length = 7/2 diameter = 1/2 
a circle of 
diameter 273 /3, 
length = 2my3 /3 


a circle of 
diameter 2/3 /3, 
(Jung’s Thm. [9]) 


sets of 
diameter < l 


arcs of all sets of all sets of the equilateral 
length < 1 constant constant triangle of side 
breadth 1, breadth 1, length 2V3 /3 
length = 7 diameter = 1 (Pal’s Thm. [15]) 
area = y3 J3 


Each entry in the table represents the whole collection of minimizing sets, if 
known. A ? indicates that the minimizing object is unknown to us. 

The line corresponding to closed curves of length < 1 has already been discussed, 
except for the entry under diameter. However, from our main Theorem, any set of 
constant breadth 1/2 forms a translation cover for all sets of perimeter of length < 1. 
In order to cover any doubly covered line segment, any translation cover X for /, 
must have minimum breadth > 1/2, and thus X must have diameter > 1/2. If X 
has diameter = 1/2 and minimum breadth > 1/2, then X must be a set of constant 
breadth 1/2. 
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For the line corresponding to the sets of diameter < 1, Jung’s Theorem [9] 
implies that the circle of diameter 2/3 /3 is a translation cover for such sets, but it 
does not imply, and it is nontrivial to prove, that, in the case of the perimeter and 
the diameter, this circle is the only such minimal convex set. 

For the line corresponding to arcs of length < 1, it turns out that X is a 
translation cover for this collection if and only if X has minimum breadth 1. A 
theorem of Pal [15] states that the equilateral triangle has the least area among all 
sets of minimum breadth 1. 

In dimensions greater than two we have very little information. For a given 
compact convex set X in R%, if one can calculate the length L of the shortest 
billiard path with d+ 1 or fewer bounces, X is a translation cover for curves of 
length ZL or less. For example, in Martin Gardner’s Sixth Book of Mathematical 
Diversions [7, pp. 29-38], it is stated that the regular tetrahedron, with side length 
one, has three billiard paths, each of total length 4/ ¥10 , with four bounces. It turns 
out that these billiard paths are the shortest, and thus the regular tetrahedron of side 
length ¥10 /4 is a translation cover for closed curves of length one or less. Similarly 
the regular simplex of side length one in R% has d!/2 billiard paths of minimal 


length (d + 1)/6/d(d + 1)(d+ 2); and thus the regular simplex of side length 
jd(d + 1)(d + 2)/6 /(d + 1) is a translation cover for closed curves of length one 


or less in R%. 
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Reconstructing a Function from Its Set of Tangent Lines 


ALAN Horwitz, Pennsylvania State University, Media, PA 19063 


ALAN Horwitz: I received my Ph.D from Temple University in 1984 in 
complex variables and approximation theory under the direction of Donald 
Newman. My research interests have included polynomial interpolation, 
Banach spaces of analytic functions, and algebraic and analytic differential 
equations. The “inverse-type problem” considered in this article is related to 
work I did with Lee Rubel in polynomial interpolation. 


1. Introduction. Given a differentiable function f defined on an interval J = 
[a, b], one can easily find its set of tangent lines T(f) relative to J. L is in T(f) if 
and only if L is given by the equation 


y =f (x9) — Xof’(Xo) + xf’(Xq) for some x, in J. 


Can we reverse this process—i.e., given the set T( f), how does one find f? We 
stress that we are given 7(/) as a set with no further structure, so that while we 
know which lines are tangent lines, we do not know where they are tangent to the 
graph of f. Of course if we did, then the problem discussed here would be trivial. 

Imagine, then, an object traveling on a certain path and giving off signals that 
enable us to detect the set of tangents to its path without our actually knowing the 
points of tangency. We then want to reconstruct the path of the object. We will call 
that the reconstruction problem. 

The main results of this paper are contained in Sections 3 and 4, where we solve 
three related problems. First we solve the reconstruction problem in the following 
way, where we assume that /” exists and has only finitely many zeros in J. Given 
any tangent line T, we simply choose a sequence of tangent lines {7;} converging to 
T, which means convergence of the slopes and y-intercepts. Then every subsequence 
of the sequence of intersection points of T, and T converges to a point where T is 
tangent to the graph of f. If we do this for each tangent line T we obtain all but a 
finite number of points on the graph of f. 

Closely related to the reconstruction problem is the following, which we will call 
the uniqueness problem. Must two functions with the same set of tangent lines be 
identical? In Theorem 2 we prove that this is indeed the case, again assuming 
finitely many zeros for the second derivatives of the two functions. 

Our interest in the work in this article began, in fact, with the uniqueness 
problem, which in turn grew out of work with Lee Rubel in Lagrange interpolation 
(see [2]). It was somewhat surprising that the solution of the uniqueness problem 
would lead to the solution of another problem of Rubel’s in integral geometry. We 
will call that the cutting line problem, and it goes as follows. Suppose every line in 
the plane intersects two curves the same number of times, counting multiplicities. 
Must the two curves be identical? We prove that the answer is yes in Theorem 3 by 
showing that the two curves must have the same set of tangent lines! Of course we 
require the same smoothness assumptions as in Theorem 2. 
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In Section 5 we discuss some connections between the results of Section 3 and 
the notion of an envelope of a family of curves. In Section 6 we discuss some 
natural generalizations of our work to higher dimensions, and in Section 7 we show 
how to recover an analytic function from its set of tangent lines relative to a domain 
in the complex plane. In Section 8 we give a simple example that shows that our 
method can fail in general if f” is allowed to have infinitely many zeros in a 
bounded interval, and we conclude the paper with some open questions. 


2. Preliminaries. Given two lines L, and L, with different slopes, we denote 
their point of intersection by i(L,, Ly) = (i,(Li, L,), i,(L1, L2)). Denote the 
y-intercept of a line L by b(L) and the slope of L by m(L). We say that a sequence 
of lines { L;} converges to L if b(L;) > b(L) and m(L,) > m(L). 

It is easy to prove that if a differentiable function f is, say, convex on [a, b], then 
f can be recovered from T(f) as follows: 


f(x) = sup T(x), Xo € [a, d]. 
TET(f) 


A similar result holds if f 1s concave on [a, b]. 

One might try to use this fact in the more general situation where f” is allowed to 
change sign on [a, b], but this approach is not as easy as it might seem when one is 
given just the set T(f) and the interval [a, b]. Indeed most of the results in this 
paper are easy to prove if f” never vanishes. 

It should also be noted that our approach really does not require knowing the 
interval in advance, and also works when 7(/) is taken relative to a domain in the 
complex plane where f is analytic and sup 7(x,) makes no sense. 

While it is not hard to extend the results of this paper to curves in general (with 
similar assumptions on the second derivative), for convenience we will work with 
graphs of functions. 


3. The reconstruction and uniqueness problems. Assume throughout this section 
(unless stated otherwise) that f is a real-valued function such that f” exists and has 
only finitely many zeros in every bounded interval in its domain (zeros of infinite 
multiplicity are allowed). Let T( f) be the set of tangent lines to f relative to some 
interval J = [a, b], and let T € T(f). Here is how to find the graph of f, from 
T(f). 


Step 1. Choose any sequence of distinct tangent lines {7;} converging to T, with 
m(T;) # m(T) for all j (it is easily shown that such a sequence always exists). 


Step 2. Find a limit point P; of the sequence {i(T7;, T)}. 
Step 3. Form the set S = UP,, the union taken over all T in T(/). 


It should be noted that one need only choose some sequence {T;} converging to 
T and some limit point P, of {i(7;, T )}. 

It will follow from Theorem 1 and Proposition 1 that S contains all but a finite 
number of points on the graph of f (relative to J). Since f is continuous we can 
then easily obtain the remaining points. The reason we might miss any points at all 
on the graph of f is due to the fact that a line might be tangent at more than one 
point. We call such a line a multiple tangent line. Shortly we shall prove Proposition 
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1, which states that there are only finitely many such lines, and hence they can be 
ignored! 

We now State and prove the results which justify the clatm made above that the 
set S contains all but finitely many points on the graph of f. 


THEOREM 1. Let {T;} be a sequence of distinct tangent lines that converges to a 
tangent line T, m(T;) # m(T) for all j. Then the set V of limit points of the sequence 
{i(T;, T)} is non-empty, and every point of V is a point where T is tangent to the 
graph of f. 

Before proving Theorem 1 we need the following lemma. 


LEMMA 1. Suppose {x,} is a sequence in I that converges to Xo, with T; and T 
tangent at (x,, f(x;)) and (Xo, f(Xo)) respectively (they may be tangent at other 
points as well). Assume also that m(T,) # m(T) for all j. Then {i(T,, T )} converges 
to (Xo, f(Xo)). 


Proof. A simple computation gives: 


f(x;) — f (Xo) 


f'(x;) - xX, — Xz 
i,(T;,T) = x9 + — F(x) —f x) 0 F Ar (3) 
xX; — Xo 


We shall show that 4, — 0 (this is trivial if f’(x 9) #0 since in that case the 
denominator in (3) does not tend to 0, while the numerator does). Define 


f(x;) — f (xo) 


RB = (0) = (x, — x £8) — f'(%0) (4) 
/ f'(x;) — fo) 2 1" £(x;) — f'(X0)’ 


where €, lies between x, and x, by the Mean Value Theorem. Now it suffices to 
show that B; > 0 since A; — B; = x; — x9 approaches 0. We know that f’(x) is 
monotonic for x sufficiently close to xj, for otherwise f’’ would have infinitely 
many zeros, by Rolle’s Theorem. It then follows easily that 


f'(&)) — f(x) 
f'(x;) — f’(x9) 


for all j sufficiently large, and thus B, — 0. Hence i,(7;,T) — x9 which then 
implies that i,(7;,T) > f(x), and the lemma is proved. 


<1 


Remark. The idea of taking intersection points of nearby members of a family of 
curves has been considered by many authors, and in fact goes back to Leibniz. For 
example, see [1, ch. 5]. 


Proof of Theorem 1. For each j, choose a point (x;, f(x,)) where T; is tangent to 
the graph of f. Since {x,;} ¢ J, there is a subsequence {x, } that converges to xX 
for some x, € J. Since {7T;} converges to T, T must be tangent at (Xo, f(X)). By 
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Lemma 1, {i(7;, T)} converges to (Xo, f(Xo)). Thus V is non-empty, and a similar 
argument completes the proof of the theorem. 


As a consequence of Theorem 1 and Lemma 1 we now easily get the following 
result. 


THEOREM 2. Suppose f” and g” exist and have only finitely many zeros in I. Then 
T(f) = T(g) (as sets) implies f = g on I. 


The following Proposition, interesting in its own right, is very useful for getting 
around the complexities posed by multiple tangent lines. One simply ignores them 
since there are only finitely many, which simplifies the method for recovering f 
from 7T(f), as noted earlier. 


PROPOSITION 1. Suppose f” exists and has only finitely many zeros in I. Then there 
are only finitely many multiple tangent lines. 


Remark. We shall use the obvious fact that any given tangent line can be tangent 
at only finitely many points of the graph of f. Note, however, that this is not what 
Proposition 1 says! 


Proof of Proposition 1. Suppose to the contrary that there is a sequence of 
distinct multiple tangent lines {7;}, say, such that 7; is tangent at both (x,, f(x;)) 
and (t;, f(t;)) with x; #7, for all j. We shall derive a contradiction. By taking 
subsequences if necessary, assume that ¢; > ft) and x; > Xp. 


Case 1. Xo = ty. 
Now f(x,) — x,f(x;) =f(t,) — tf'G@,) and f'(x;) = f’(¢;), which implies 


f(x A —f (t j) , ; 

7 f'(t;) for all j. (5) 
By the Mean Value Theorem this says that f’(;) = f’(¢,) for €; between x, and t,. 
We then have f’(,) = f(t;) = f’(x;) for all j, ‘and this clearly implies that f’ has 
infinitely many zeros since {£,}, (x, },{t;} all converge to x9. (Note that t; # Xo, 
x; # Xq for large j since the T are distinct.) 


Case 2. Xo # to. 

Now {7;} converges to T, where T is tangent at Py = (to, f(to)) and Qy = 
(Xo, f(X,)). (So T is also a multiple tangent line.) Then by Lemma 1, {i(7;, T)} 
converges to both P, and Qp. This contradicts the assumption that x) # fo. 


Remarks. 

1. There are some subtle connections between Lemma 1, Theorem 1, and 
Proposition 1 which might not be apparent at first glance. We invite the reader to 
explore some of these connections. For example 

Question: To obtain the results of this section, is it sufficient to prove Lemma 1 
in the case f’(x,) # 0, since f” has only finitely many zeros? 

2. As noted earlier, we do not have to be given the interval J along with the set of 
tangent lines to f in order to recover f, as long as we know that T( f) comes from 
some bounded interval. This leaves open the question of recovering f from its set of 
tangent lines on an unbounded interval, such as the entire real line. While we have 
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some results in this case, there appear to be difficulties that are not present in the 
bounded case. 

3. If f is complex-valued, one can recover its real and imaginary parts by looking 
at the real and imaginary parts of the elements of T(/). 


4. The cutting line problem. Let 1,(/) = the number of times the line L 
intersects the graph of y = f(x), multiplicities included. So, for example, if L is the 
real axis, then n,(x*) = k and n,(exp[—1/x7]) = oo. While our result below also 
follows if multiplicities are not included, it is natural to count a point of contact in 
the usual way—by the number of derivatives that agree at that point. 


THEOREM 3. Suppose f” and g” exist and have only finitely many zeros in a closed 
interval I, and suppose that n,(f) = n,(g) for every line L in the plane. Then f = g 
on I. 


Proof. We shall show that f and g have the same set of tangent lines, and the 
result will then follow immediately from Theorem 2. Consider a set S of tangent 
lines to f such that every tangent line T in S satisfies: 

(1) T is tangent to the graph of f at precisely one point (c, f(c)), c € I. 

(ii) At the point of tangency of T,(c, f(c)), f’(c) # 0. 

(111) T does not go through an endpoint of the graph of g. 

It follows that S contains all but finitely many of the full set of tangent lines 
T(f). This is true for (1) by Proposition 1, while it holds for (ii) because f has only 
finitely many zeros in J. For the same reason only finitely many tangent lines can 
pass through any fixed point P (this is a simple application of Rolle’s theorem), and 
so all but finitely many tangents satisfy (111). (Assumptions (i) and (ii) in the 
definition of S are really not necessary, but do simplify our work a little.) 


Now let T be any tangent line in S. By (1) and (11) there exists a sequence of lined 
{L;} converging to T such that n L, (f) <n,(f) for all j. Suppose that T is 
not tangent to the graph of g anywhere. Then by (111) we must have n L, (g) =n7(g) 
for large enough /. But this contradicts the fact that n L, (f) =n, (g) for all j, and 
that n,(f) =n,(g), and hence every tangent line in S must be tangent to the 
graph of g somewhere. Reversing the roles of f and g we see that except for finitely 
many lines, T(f) and 7(g) are the same. Since f’ and g’ are continuous, T(f) = 
T(z), and the theorem follows by Theorem 2. 


Remark. An interesting book in integral geometry is the one by Santalo [3], 
where he defines the following metric: 


1 
d(f,g)= 5 finc(s) — n1(g) dL, 


where dL is a certain measure defined on sets of lines in the plane, and the integral 
is taken over all lines in the plane. The main reason we mention this here is that it is 
noted in [3] that d(f, g) = 0 implies that f= g for a fairly general class of 
functions (actually more generally curves) f and g. However no proof or reference 
is given for this result, and we simply note that this follows immediately from 
Theorem 3 with the assumptions given there on f and g. 

There is also a classical paper of Steinhaus [4] where he shows that if n,(/) = 
n,(g) for every line L, then f and g must have the same arc length. Of course this 
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is not at all the same as saying that f and g are identical, though Steinhaus proves 
his result for a larger class of functions than we consider in the cutting line problem. 


5. Envelopes of families of lines. In this section we discuss the connection 
between reconstructing f from 7(f) and envelopes of families of lines. Given a 
one-parameter family of straight lines F(x, y, t) = 0, where ¢ is the parameter, an 
envelope is a function f (or more generally, a curve) which has that family of lines 
as its tangent lines. When given the set T( f) as a smooth one-parameter family, the 
method of reconstructing f is well known and can be found in many advanced 
calculus or differential geometry texts (see, for example [5, §6.1]). However our 
approach is different because we consider 7( f) as a totally unstructured set of lines, 
without a specific parameterization! 

Now it is customary in many texts to speak about a function being the envelope 
of its tangent lines, the implicit assumption being that there can only be one 
envelope. For example, in [5, §6.2], the author proves that a C? function f is the 
envelope of its tangent lines, but there is nothing in his proof that prevents another 
function g from also being an envelope of the same family of tangent lines! That is, 
two different parameterizations of the same family of lines could conceivably lead 
to two different envelopes. Put another way, must two functions with the same set 
of tangent lines be identical? But this is precisely the uniqueness problem we solved 
in Theorem 2, at least with the assumption that f” and g” have only finitely many 
zeros. We are able to prove Theorem 2 because our method of reconstructing f does 
not depend on any particular parameterization of T( f/f). Thus under appropriate 
smoothness assumptions it is permissible to refer to f as the envelope of its set of 
tangent lines. 


6. Higher dimensions. There are obvious ways to generalize our results to func- 
tions of more than one variable. The easy case is reconstructing, say, a space curve 
or a two-dimensional surface from its set of tangent /ines. This can be reduced to 
the one-dimensional problem with little difficulty, and we leave the details to the 
reader. However the problem of reconstructing a surface z = f(x, y) from its set of 
tangent planes is probably not reducible to the one variable case, and we leave this 
question for future research. 


7. Analytic functions on a domain. In this section we show how to reconstruct an 
analytic function f from its set of tangent lines relative to a domain D in the 
complex plane. While f is a function of two real variables, it is a function of just 
one complex variable, and thus the one-variable techniques of Section 3 will work 
here as well. The proofs are a little different, however, because there is no mean 
value theorem—though there is a power series expansion at our disposal. We define 
T( f) in the obvious way as the set of linear functions {w = (f(Z9) — Zof’(Z9)) + 
2f'(Z9), Zo © D}. Assume that f is not a linear function (otherwise the problem is 
trivial). We let i(7;, T) = (i,(T;, T), i,,(7;, T )) denote the intersection of T; and T 
as a point in C’. Here is the analog of Lemma 1 for analytic functions. 


LEMMA 2. Suppose f is analytic in the closure of D, with T, and T tangent lines at 
(z;, f(z;)) and (Zo, f(Zo)) respectively (assume all the T, are distinct with m(T;) # 
m(T) for all j). Suppose z; — 29. Then i(T;, T) > (Zo, f(Zo)). 


Proof. As in the proof of Lemma 1 it suffices to show that B; > 0 (B, from (4) 
with z, and z, replacing x; and x,). First expand f and f’ in a power series about 
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Z, and let z = z,;. A few computations give: 


} (k) k—2 
al ® (20) 2) = 20) 5? + 


B, = (z;- 29) 


(enail od; — Zo) Thee 
where k is the smallest integer > 2 such that f(z.) # 0. It then follows that 
B, — 0 and the lemma is proved. 

Now it follows easily that if f is not a linear function, then T( f) must contain 
infinitely many distinct tangent lines. For each of those tangent lines T we obtain a 
point (Zo, f(Z.)) where T is tangent using Lemma 2 and the approach from Section 
3. Since we can recover infinitely many distinct points (Z>, f(Z,)) in this fashion, / 
is uniquely determined by the Identity Theorem from complex variables. Note that 
we do not need the analog of Proposition 1 here, and indeed it might be false for 
analytic functions on a domain. 


8. Negative results. We now consider again real-valued functions on an interval 
I, and show that Lemma 1 is false in general if f” is allowed to have infinitely many 
zeros in J. It is not hard to construct a C® function f with the following properties: 
(i) f(O) = f°) = 0. 
(ii) f(x,;) = f(x;) #0 for some sequence of distinct numbers {x,} converging 

to 0. 

We leave the details of the construction of f to the reader. 
Now let T; be the tangent line to f at (x,, f(x;)), with T = the x-axis being the 
tangent line at (0,0). It is possible to construct f so that the 7; are all distinct. It 


xX. 

follows that i,(7;,T) = x; — ax) =x,;-1-— —1+#0, and thus i(7;,T) + 
J 

(0, 0). 


Open Problems. 

1. Does T( f) = T(g) imply f = g for any differentiable functions f and g defined 
on the same interval [a, b]? What about the entire real line? 

2. Must a function that is analytic in the closure of a domain D have at most 
finitely many multiple tangent lines? 

3. Find a method for reconstructing a surface from its set of tangent planes. Does 
some analog of Lemma 1 hold in this case? 

4. Must two differentiable functions f(x, y) and g(x, y) with the same set of 
tangent planes be identical? 

5. If every tangent line to f is multiple, must f then be a straight line? 

6. If every line in the plane intersects two continuous curves the same number of 
times, must the two curves be identical? 
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Proof. Because f is continuous and has compact domain, its graph S$ is compact. 
Because the graph S of g is compact, g is continuous. 


Note. The fact that a function has compact domain and is continuous on that 
domain if and only if its graph is compact follows from theorem 12 of chapter 2 of 
[1], which states 


Let f be defined on a compact set E. Then, f is continuous on 
E if and only if the graph of f is a compact set 


together with the fact that if the graph of f is compact then the domain of f is 
compact. This is easily proved: if {x,} is any sequence of points in the domain, 
then {x,,/f(x,)} is a sequence of points of the graph, and, because the graph is 
compact, has a subsequence convergent to a point of the graph. Therefore {x,,} has 
a subsequence convergent to a point of the domain. It follows that the domain is 
compact. 


REFERENCE 
1. R.C. Buck, Advanced Calculus, second edition, 1965 p. 75. 


Normalized Symmetric Functions, Newton’s Inequalities, 
and a New Set of Stronger Inequalities 


SHMUEL ROSSET 
Department of Mathematics, Tel Aviv University, Tel Aviv, Israel 


1. Normalized symmetric functions. If x,,..., x, are n numbers (‘quantities’), 
their elementary symmetric functions are 
€,(x,,.-.,X,) =X, t +++ +x, 
C5(X1,.--5X,_,) = XX + +++ +x, x, = yx iX; 
i<j 
and so on until 
@,(X1,-++)X_) =X, 0+ Xp. 


One knows that if P(x) is defined by P(x) = (x — x,)---(x — x,), then P(x) = 
x" — ex" b+ +--+ +(-1)"e,. 

For our purpose, it would be useful to normalize the elementary symmetric 
functions by dividing each e, by the number of its summands. We denote the 
normalized function by E. So 


n\71 
E,(x,,...,X,) = (7 e€(X1,...,X,). 


In this notation 


P(x) = (=1)/() Bsr 8)" (E, = 1). 
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Note that if x, = --- =x, then E,(x,,...,x,) = xj. Our first point in this note is 
to draw attention to the fact that there is a simple relationship between the E 
functions of P(x) and of its derivative. Let 


1 
O(x) = — P(x), 
the ‘normalized derivative’. Let the roots of Q(x) be y,,..., y,_1, so that 


Q(x) = (x —y) +++ (4% — yy -1) 
x" th (" 1 NEOs Va) x"? Hes + (-1)" PE, (sees Ina) 


But on the other hand 


1 
O(x) = —P'(x) 


n n-J n a 
B= 1) (7) By (aso ay)" j- 
0 


Equating coefficients of equal powers of x gives for j = 1,...,n — 1 


This formula seems not to be widely known. It is given for the case j = 1 in [3]. 


2. The Newton inequalities. The Newton inequalities, which are indeed due to 
Newton, say that if x,,..., x, are real numbers then for 7 = 1,2,...,n — 1 (taking 
Ey = 1) 


E} (xy, .0+5X,) > E,_4(%q,--.,%,) * Ejay (y,---5 X,), (1) 


and the inequality is strict unless x, = --- = x,, or both sides vanish. We will give 
a proof of these inequalities which is an inductive, and, therefore, very efficient 
variant of the proof of Hardy, Littlewood, and Polya (see section 4.2 of [2]). In the 
next section we will show that this way of looking at the inequalities can be used to 
‘generate’ new and stronger (and rather complicated!) inequalities. 

To begin let n = 2. Then there is one inequality to prove: 


(x, + x9)" > 4x,x, 


with equality if and only if x, = x,. This is, of course, known to everyone. Now, 
assume n > 2 and the Newton inequalities proved (including the part referring to 
when equality holds) for all (n — 1)-tuples of real numbers. Then, according to the 
notation of the last section for 7 = 1,2,...,n —1 


E,(x,,..-X,) = E(\,--+5 Yn—1)> (2) 


where y,,..-, y,—, are the roots of Q(x). 

We observe that (2) holds even if some of the roots y,,..., y,_, are complex. 
However, by Rolle’s theorem y,,..., y,_, are real, are all within the closed interval 
[min(x,), max(x,)] and y,,..., y,—, are not all equal if x,,..., x, are not all equal. 
Thus the inductive assumption applies and Newton’s inequalities hold for 
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E\(Vis-++> Yp—idoe ees En —10.Yio+++> Yn—1)- By (2) we see that this already proves (1) 
for j= 1,...,n —2 including the fact that (1) holds with strict inequality if 
X1,---,X, are not all equal, and both sides do not vanish. 

It remains to prove (1) for 7 = n — 1, that is, 


Ex a(Xy5 ++ +5 Xn) & Ey—a( ys ++ +5 Xn) Eg (X15 -- 29 Xn) (3) 
with equality iff x, = --- =x, or if both sides of (3) are ‘zero. Recall that 
E.(X,---5X,) =X, ++: X,,. If some x; = 0 (3) is clear as the right-hand side is zero. 


For E,,_,(X,,.--,X,) also to be zero we need that some x, = 0 too, where k # i. 
Then we see that if x; = 0 for some i then (3) holds either as a strict inequality or as 
0 = 0. Now assume all x, nonzero. Let x/ = 1/x,. It is easy to see that 


E,(x,,..+, X,)/E,(%1,---5X,) = E,,_;(x{, vey Xf). (4) 


To prove that (3) holds strictly if not all x, are equal we divide it by E7(x,,..., x,). 
We see that (3) is equivalent to 


E?(x/,..., x’) > E,(xj,..., x’), 


which is true since n > 2. It is even true strictly (unless it reduces to 0 = 0) since the 
x} are not all equal. 
This completes the proof of Newton’s inequalities. 


We observe that Maclaurin, Newton’s student, had already noticed that these 
inequalities imply a very strong form of the arithmetic-geometric inequality. Assum- 
ing x, positive, Maclaurin proved 


1/2 1/n 
E,(x,..+,X,) 2 (E,(x,,...,x,)) / Poe (E,,(x4,---5X,)) / (5) 
and equality holds (even once) iff all x,; are equal. 


Exercise. Prove that if E,,..., E, are positive real numbers satisfying (1) then 
they satisfy (5). Show also that the converse is false. This exercise shows that the 
inequalities (5) are ‘formal’ consequences of (1) but are strictly weaker. 


3. A new set of inequalities. The inequalities of Newton are ‘quadratic’; they 
express the fact that if a polynomial P(x) with real coefficients has only real zeros 
then the same is true of certain n — 1 quadratic polynomials derived from it. More 
precisely, if x,,..., x, are real numbers and 


P(x) = T(x —x,)= ¥(=1)/(5) (siren) 


then Newton’s inequalities are just the statement that each of the quadratic 
polynomials 


Ej (xy, ...5X_)X7 — 2Ej (45-065 X,)X + Ejya(X1,---, Xp) 


(j =0,1,...,n-2) (6) 


has real roots. 

From this point of view it is natural to ask: do analogous ‘cubic’ inequalities 
exist? We will now construct such a set of inequalities. These new inequalities are 
certainly more complicated (which may account for their not being known) but are 
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also strictly stronger. Recall that if 
x? + ax*+ bx +c (7) 


is a monic cubic polynomial, its discriminant D (which, by definition, equals 
(x, — X5)?(x, — x3)*(x — x3)? where x,, x,, x3 are the roots) is 


D = 18abe — 4a°c + a?b? — 463 — 27c’. (8) 


Furthermore, it is easily checked that if the coefficients a, b,c are real, then the 
roots xX,, X», x, are real iff D > 0 (cf. [1, p. 122]). Of course D = 0 iff two roots are 
equal. 

It will be convenient to make changes of parameters in (7) and (8); so we will 
write a general monic cubic as 


x? — 3ax* + 3Bx - y. (9) 
Then D, as the function of a, B, y, is 


D= 27(6aBy — 4a?y + 3a°B* — 48° — y7). (10) 


The ‘cubic’ inequalities. If n > 3 and x,,...,x, are real numbers then for 
J=0,...,n — 3 


6E EE ;.2Ej43 — 4E Ej. - E?E?., — 4E?, ,E,,3 + 3E},,E};,, > 0. (11) 
Here each E, stands for E,(x,,...,x,) Le. (") eg (x, ...,X,). To prove (11) we 
again make an induction. If m = 3 then (11) is simply D > 0 for the cubic monic 
polynomial (x — x,)(x — x.)(x — x3). Now assume n > 3 and the inequalities (11) 
proved for all (m — 1)-tuples of real numbers. As in §2 let 


P(x) = (x—,)-- (x= x4) = L- 1)/(G) Bees xy)" 


O(x) = =P h(x) = (ey) (ee 


E45) O res de 
Since E,(yy,---, Yn—1) = Ej(%1,---,X,) for j = 0,...,n — 1 (I) follows for j = 
0,...,” — 4. It remains to prove (11) for j = n — 3, that is, 

6£,,3F,2E,_1E, — 4B, -3En—1 7 E,-3E, — 4B, 2L, + 3E 2 E 1 2 0. (12) 
If E, = 0, that is, some x, = 0, this reduces to 
3E rE, > 4E,_-3E;-1- (13) 


If E,_, = 0 this is clear. If not, let us assume that the x’s are so numbered that 
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x, = 0. Then 


n\—} n\—* 
E,(x,5..-5,) = (4) e(xs--5 Xn) = (7 ] €(X1,--+) X_-1) 


l 

Cy 
—~ 
is 


i (Xy,--+5 X_-1)- 


Thus (13) is equivalent to (after cancelling E7_,(x,,..., x,)) 


4 
3° wa En —2(X1y-+ +5 X 1) > 4- nz ; E,,-3(%41,---, Xy—-1) En-i(X1) +++ Xn-1) 


n- 


and this is one of Newton’s inequalities. 
It remains to prove (12) in the case E,(x,,...,x,) #0. Let x/ = 1/x,; and 


Ej = E,(xj,...,x,) = E,_j/E,. 
Dividing (12) throughout by E% it becomes 
6E(EJEL — 4EPEs + 3EPE? — 4EP — EP > 0. 


This last inequality holds because it is the inequality (11) with 7 = 0, for the n-tuple 
x{,---, x/ and this is true since n > 3. This completes the proof. 


Comparison of Newton’s and the cubic inequalities. It is interesting to note that 
if E, = 1, £,,..., E, are real numbers satisfying the inequalities (11) for j = 
0,1,..., — 3, then these numbers also satisfy Newton’s inequalities E? > E,_, - 
Ei4i(j = 1,..., — 1). However, the converse is not true! 

To see this note that if E,, E,,,E;,., £;,3 satisfy (11) this means that the 
discriminant of 


E,x° — 3E,,,x* + 3E,,x — Ejy3 
is > Q. This implies it has 3 real roots (if E, # 0. If E, = 0 again (11) implies the 
existence of real roots.) Thus the coefficients satisfy Newton’s inequalities. 


To see that the converse does not hold it suffices to show that there exist 3 real 
numbers a, b,c such that c > O and the coefficients of 


R(x) =(x-—a)(x-—b-—jic)(x-—btic) (i=V-1) 
satisfy Newton’s inequalities. The equations are 
(a + 2b)” > 3(b? +c? + 2ab) 
(b? + c2 + 2ab) > 3a(a + 2b)(b? + c?). 
These inequalities are satisfied if a = 1, b = —1,c = 1/2. The polynomial R(x), 


after clearing denominators, is 4x? + 4x? — 3x — 5. 
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Reflection Sequences 


N. ALON*, I. KRASIKOV, and Y. PERES 
Department of Mathematics, Tel Aviv University, Ramat-Aviv, Tel Aviv, Israel 


Let X = (Xo, X1,.--,X,— 1) be a circular sequence of real numbers and suppose 
their sum S$ = 7~(x, is strictly positive. If, for some i, x; < 0, then there is a legal 
reflection R, for X defined as the operation which transforms X into the circular 
sequence X’ = (x4, xj,..., X/;,_,) obtained from X by replacing x; by — x, and by 
subtracting |x,| from the two neighbors of x; in X. That is, xf = —x,, x/_,= 
Xj-4 + Xj, Xfey = Xj4, + x; and xf =x, for all 7,0 <j<n,j #i-—1,i,i1 +1, 
where all indices are reduced modulo n. Notice that D"~Ax/ = Lr Ax,. 

A reflection sequence for X is a finite or infinite sequence X = Xp, X,,... of 
circular sequences and a sequence R’,... of reflections, such that R’ is a legal 
reflection for X,;_, that transforms it into X;,1 < i. If all the elements of X, are 
nonnegative, that is, if there is no legal reflection for X,, then we say that X, is 
stable. 

If, for example, n= 5 and X = (1, —2, —3,8,5), then one can easily check 
that X = X), X, = (—1,2,— 5,8,5), X, = (—1, —3,5,3,5), X; = (—4, 3, 2, 3, 5), 
X, = (4, -1,2,3,1) and X, = (3,1,1,3,1) with the corresponding reflections 
R,, R,, R,, Ro, R, a reflection sequence for X which terminates in the stable 
configuration X,. 

A celebrated problem in the 1986 International Mathematical Olympiad (cf. [1]) 
asserts that for n =5 and for any circular sequence of integers X = 
(Xo, X1, X, X3, X4) (Whose sum is positive) any reflection sequence for X must be 
finite. Equivalently, if we start from X and apply, repeatedly, legal reflections, we 
eventually reach a stable circular sequence. 

This result holds for general n as stated in the following Proposition. 


PROPOSITION 1. If X = (Xo,..., X,_1) is a circular sequence of n(> 2) integers 
whose sum S = X"_>x; is positive, then any reflection sequence for X is finite. 


To prove Proposition 1 we need some notation. A sequence of consecutive 
numbers modulo n is called an arc. We denote by (i,k) the arc (i,k) = 
(i,i+1,...,k —1,k) where all numbers are reduced modulo n. The complemen- 
tary arc of (i,k) is (k + 1,i— 1). For a sequence X = (Xo,..., X,_,) and an arc 
(i,k) we define the arc-sum of (i,k) (with respect to X) by Sy(<i, k)) = 
Lie di,kyX;- Clearly, the sum of the arc-sum of any arc with the arc-sum of its 
complementary arc is precisely L%=5x, = S. 

Suppose, now, that X’ = (xj,..., x/%_,) is obtained from X by a legal reflection 
R,. Clearly the arc-sum of any arc whose intersection with (i-—1,i+ 1) is 
of cardinality 0 or 3 does not change. The arc-sums of the two complementary 
arcs (i,i) and (i + 1,i — 1) change from x, and S — x; to —x; and S + x,, re- 
spectively. The arc-sums of other arcs that intersect (i-—1,i+1) in 1 or 2 
elements only interchange, that is, Sy((k,i)) = Sy(¢k,i— 1)), Sy(Ci, k)) = 
Sy({i + 1, k)), Sy(Ck, i — 1)) = Sy((k, ip) and Sy(di + 1, k)) = Sy(Ci, k)). 


*Research supported in part by an Allon Fellowship and by a grant from Bat Sheva de-Rothschild 
Foundation. 


1989] NOTES 821 


Define f( X) = L|Sy(i, k))|* where the summation ranges over all arcs (i, k). By 
the preceding paragraph 


f(X’) — f(X) = (S + x,)* + x? -— (S — x,)° — x? = 48x, < 0. 


Therefore, if X = Xp, X,, X,,... 1s a reflection sequence for X, then ( f( X;));,1 1S a 
strictly decreasing sequence of nonegative integers and thus must be finite. This 
completes the proof of Proposition 1. O 


The conclusion of Proposition 1 clearly holds even if we replace the assumption 
that X is a sequence of integers by the assumption that it is a sequence of rationals. 
(Simply write each x; as an integral multiple of some rational qg and apply the result 
for integers.) The proof, however, does not imply finiteness for general real 
sequences. We next show that finiteness, in fact, holds for every real circular 
sequence X. Moreover, any two reflection sequences for X that terminate in stable 
configurations have the same length. 


PROPOSITION 2. Let X = (Xo,..-,X,—1) be a circular sequence of n(> 2) real 
numbers whose sum S = X7~4x, is positive. Then any reflection sequence for X is 
finite. Moreover, the length of any reflection sequence for X that terminates in a stable 
configuration is independent of the sequence (and can be easily computed from 


the x,’S). 


Proof. Associate each pair of complementary arcs A = {(i, k),(k + 1,i — 1)} 
with a pair of real numbers {a,,b,}, where a, = Sy((i,k)) and b, = 
Sy((k + 1, i — 1)). Clearly a, + b, = S. If, for some X, either a, or b, is negative, 
say, a, < 0, we define a legal switch Q, as the operation that transforms { a), b) } 
into {—a,, b, + 2a,} and does not change all the other pairs. A set of pairs 
{{ a), b,}} is stable if a), b, > 0 for all A, that is, if there is no legal switch for it. 
Obviously the operators Q, commute. The key idea is that any reflection sequence 
corresponds to a sequence of legal switches on the pairs {a,, b,}. Indeed, by the 
arguments given in the proof of Proposition 1, any legal reflection R, corresponds 
to a legal switch on the pair A = {(i, i), (i + 1,i — 1)}, together with a permuta- 
tion on the other pairs. Therefore, the only effect of the legal reflection R,; on the 
multiset of pairs {a,, b,}, where A ranges over all pairs of complementary arcs, is 
obtained by applying the legal switch Q, for A = {(i, i), (i+ 1,i— 1)}. 

Returning to the commuting operators Q, it is easy to check that if a, < 0 and 
one can apply k repeated legal switches Q, to {a,, b,}, then 


_ | (kb, + (Kk + 1)ay, —(k — 1)b, — kay} & even 
Ox{ (aa, bx)} = tae (k —1)b,, kb, + (k + 1)a,} k odd. 


It follows that the number of consecutive legal switches that can be applied to a pair 
{a,, b,} with a, < 0 is precisely 


min{k > 1:kb, + (k + 1)a, > 0} = [Ja,|/(b, + a,)] = [lal/S1. 


As the operators Q, commute this implies that the length of any sequence of legal 
switches that terminates in a stable configuration is precisely 


52] 2 : 


a, <0 b, <0 
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Counting the Rationals 
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Cantor’s proof of the countability of the positive rationals has great appeal. One 
sees the idea literally at a glance. On the other hand the construction counts all 
ordered pairs of positive integers so that each positive rational is counted infinitely 
many times, and if one wants, say, the 10'°th positive rational in Cantor’s list, one 
has to keep counting for a considerable time. 

Here we offer a direct way of counting the positive rationals. Given m/n, we can 
assume that m and n are relatively prime. Let m = p%! --- p&, n = qf! --- qf, be 
the prime-number decompositions of m and n. The counting function is defined by: 
f(1) = 1 and 


m 
(= = p;* eee pitt gph} eee gpl}. 


f is clearly 1-1 and onto. The 10?°th positive rational in this list is 107 ®. 
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Cantor’s proof of the countability of the positive rationals has great appeal. One 
sees the idea literally at a glance. On the other hand the construction counts all 
ordered pairs of positive integers so that each positive rational is counted infinitely 
many times, and if one wants, say, the 10'°th positive rational in Cantor’s list, one 
has to keep counting for a considerable time. 

Here we offer a direct way of counting the positive rationals. Given m/n, we can 
assume that m and n are relatively prime. Let m = p%! --- p&, n = qf! --- qf, be 
the prime-number decompositions of m and n. The counting function is defined by: 
f(1) = 1 and 


m 
(= = p?* eee pikk g?i} eee gph}. 


f is clearly 1-1 and onto. The 10'°th positive rational in this list is 107 ®. 
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The Radius of Convergence of Power Series 
Solutions to Linear Differential Equations 
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When the coefficients of a linear ordinary differential equation are not all 
constants, there exist few methods for determining the solution in general. One 
method that still has great currency is to obtain the solution by power series. 
Though most of the ideas of this note apply to equations of arbitrary order, we will 
concentrate on the second-order equation typified by 


y" + p(x)y' + a(x)y = 0. (1) 
The important fact about (1) is that the behavior of its solutions near a point x, 
is determined by the behavior of p(x) and q(x) near this point. If p(x) and q(x) 
are analytic at x, that is, each has a power series convergent in some neighborhood 
of x = Xo, then x = x, is an ordinary point of the equation. A solution is sought of 
the form 
y= La,(x — x9)". (2) 
n=0 

For instance, if we consider equation (1) with p(x) = 3x/(x? + 4) and g(x) 

= 1/(x? + 4), or in working form 


(x* + 4) y” + 3xy’ + y =0, (3) 
the substitution y= )) a,x” leads to 
n=0 
(n + 1) 
Ont An + 2) 0" 


There is no problem in finding the first few terms in the series, but treating 
convergence is more delicate. Most textbooks rely on something like the following: 


THEOREM A [2, p. 155]. Let x. be an ordinary point of (1), and let a, and a, be 
arbitrary constants. Then there exists a unique function of the form (2) that is analytic 
at X = Xo, is a Solution of (1) in a certain neighborhood of this point, and satisfies the 
initial conditions y(X.) = ao, y'(X9) = a,. Furthermore, if the power series expan- 
sions of p(x) and q(x) are valid on an interval \x — x>| < R, R > 0, then the power 
series expansion (2) is also valid on this interval. 


The proof of this theorem is also given in the cited reference. However, most 
introductory courses in differential equations do not prove this theorem and so the 
students must, as often is the case, apply its conclusions on faith. 

In this note, we point out how the radius of convergence of the series (2) may be 
found from the recurrence formula without recourse to Theorem A, in the case when 
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the formula involves two terms such as 
Ansp =f (n)a,, n=0,1,2,... . (4) 


These are grouped naturally, for instance as odd or as even terms when p = 2. In 
the general case we make use of the following: 


THEOREM B. Suppose the series (2) is generated by the recurrence formula (4), then 
the series converges at least for |x — x>| < R, where 


R= | lim |f (pk) 


Proof. We notice from (2) and (4) that a, and a,, 
“grouped” power series 


—1/p 


(5) 


p are successive terms in p 


YD a ypas(% — x0), s=0,1,2,..., p-—1, 
k=0 


where n = pk + s. (As Solutions of (1), where p > 2, only two of these series are 
nonvoid.) Begining with s = 0, one observes then that using the ratio test, the 
limiting absolute value of the ratio of successive terms is 


@ pk +p 
a 


|x — nl = jim [If (pk) |x — xol?| = frlx — Xl", 
pk 70 


where 
f, = lim If (kp), 


assuming that limit exists, so the series converges when 
fp|x — Xol? <1 
or 


1 


|x — Xo| < TW: 
P 
iF 


Likewise, when s = 1, the absolute value of the ratio of successive terms of (2) is, in 
the limit, 


a ok+ptl 


lim | |x — sl = lim [\f(pk + 1) |x — xol? J. 


GA k+1 
Since 
lim |f(pk + 1)| = lim [f(pk)I, 


result (5) is again obtained. The limits of the other ratios for s = 2,..., p — 1 are 
jim |f(pk +s)| = jim |f (Pk) =f, s=2,...,p—1 


which again leads to (5). 
The proof for the case s = 0 is contained in [1, p. 120]. 
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Pursuing Analogies Between Differential Equations 
and Difference Equations 
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1. Introduction. The study of ordinary differential equations has long been a 
staple in mathematics at both the undergraduate and graduate levels. Recently, 
instruction in the study of difference equations has widened, primarily due to the 
expanded role of the digital computer in mathematics. The two topics are inextrica- 
bly linked at all levels, from elementary techniques through current research 
questions. Pursuing the analogies between these fields of study can only deepen the 
understanding of each. In particular, the study of many elementary topics in 
difference equations, requiring not even the use of calculus, can serve as a founda- 
tion for intuition and understanding of the analogous topics in differential equa- 
tions. Since typical difficulties encountered at the introductory level in studying 
differential equations include development of intuition and avoiding the approach 
of pure memorization of formulas, such a foundation is indeed useful. 

The purpose of this article is to illustrate how the analogy might be pursued 
through some typical problems and to comment on the usefulness of this analogy in 
the study of other topics. The comments here are, of course, not intended to be 
exhaustive; the goal is to suggest another way of thinking along with the traditional 
techniques for studying differential equations. 

Note here that a thorough introduction to linear difference equations is provided 
by Miller [5], while Cadzow [1], Charlton [2], May [4], and others have described 
some of the dynamics and applications of first-order and higher-order difference 
equations. 


2. Initial-value problems. Consider 
Vrii=F(n,y,), n=0,1,2,..., (1) 
and 


y(t) = G(t, y(t) (2) 


for ¢ in some interval containing 0. To the student encountering the ordinary 
differential equation (2) for the first. time, the notion that it may have many 
solutions, and that we appeal to a so-called initial value y(0) = y, to distinguish 
among solutions, is often foreign. On the other hand, the difference equation (1) can 
very easily be shown, by example, to exhibit such properties. A simple equation such 
as y,,, =), or y,,, = cos y, can quickly be investigated using a calculator. It will 
be apparent that many solution sequences exist (and can have widely varying 
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behaviors); the initial value y, in (1) is needed to specify a particular solution. Thus 
the existence and uniqueness of the solution to the initial-value problem (IVP) 
consisting of (1) along with a given value of y, is completely obvious. A student 
will, immediately and intuitively, understand “starting at y.” and moving from 
there as determined by the equation. By appeal to this line of thinking, the basic 
idea of a standard existence-uniqueness result for the IVP consisting of (2) with a 
given value y(0) = y is plausible even to the complete novice; one “starts at y)” 
and moves from there as determined by (2). 

In an advanced course, the question of the maximal interval of existence of the 
solution to an IVP for (2) will be addressed. To establish intuition, we may again 
appeal to a simple example in (1); for instance, the IVP 


2 

Yn+1 (1 —y,) ’ Yo 3, 

generates terms y, = —1, y, = 1, and its solution then fails to exist further because 
the value y, = 1 is not in the domain of the right-hand side of the equation. Since 
the standard results concerning the interval of existence of the solution to an IVP 
for (2) essentially center on whether the solution approaches the boundary of the 
domain of the right-hand side of (2), the analogy is helpful. 

At any level of study, autonomous versions of (1) and (2), namely, 


Ynsa = f(r) (3) 


and 
y(t) = g(y(2)) (4) 


are of special importance. Note here that one may again appeal to simple examples 
in (1) and (3) to illustrate the contrast between autonomous and nonautonomous 
equations and hence to carry that idea to (2) and (4). 


3. Linear equations. In an introductory study of differential equations, the 
solution of first-order linear equations is a standard early topic. Because students 
are unfamiliar with the methods involved and sometimes have not retained all of the 
subtleties from calculus, they often merely memorize some of the formulas that are 
presented. The corresponding study in difference equations is simpler and more 
easily remembered and therefore provides a useful foundation. 

We might consider 


Vnt+1 = ay, + Py (5) 
and 


y(t) = by(t) + g(t), (6) 


where a and b are constants, { p,} is a given sequence, and q is a given function. 
The solution to an IVP for (5) can be obtained by direct calculation and guessing: 
from y, = ayy + Po, Yo = 27Yy + apo + Pj, etc., we predict that 


n—l 


Yq = a"Yo + » a” *~*p, (7) 
k=0 
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and then verify that this is the correct formula. Whatever method and terminology 
is used to solve the IVP consisting of (6) along with a given value y(0) = yo, the 
formula 


t 
y(t) = ey + feXG(s) ds (8) 


is obtained. The similarity between (7) and (8) is striking and useful. For example, 
the numbers a and e” share acommon role and the summation and convolution-type 
integral bear a powerful resemblance to one another. The details of the correspon- 
dence may be pursued at length; one may address homogeneous equations, stability, 
the role of the initial value, and so on. The importance of pointing out the 
correspondences lies in the fact that (5) and (7) are so simple to understand. 


4. Linear vs. nonlinear. At an introductory level, even very able students can be 
slow to appreciate the depth of the contrast between problems involving linear 
differential equations and those involving nonlinear ones. A few examples of 
nonlinear difference equations can illustrate the fundamental points that need to be 
appreciated. To list only a few here, we note that closed-form solutions may not 
exist or may be elusive, growth or decay may not be of exponential nature, 
equilibria may have various properties of attraction or repulsion, and so on. 
Examples such as y,,, = kiy,(k.— y,), ki, Kk, constant, suggest these ideas and 
more. 


5. Higher-order equations and advanced topics. As with (1) and (2), we may 
compare 


Vnt+2 — H(n, Vn Yn) (9) 
with 


H(t) = K(t, y(t), (4) (10) 


and we can study pairs of higher-order equations. We motivate the appropriate IVP 
for (10) by appealing to specific examples of (9). The difficulty of another problem 
involving (10)—say, a two-point boundary value problem—can also be illustrated 
by using (9). 

The standard approach to studying (10) begins with linear equations and includes 
work on two-dimensional first-order systems. Both have appropriate analogues 
among difference equations. We might compare 


aYn+2 + by, 41 + Yn = Py (11) 
with 


ay(t) + By(t) + yy(t) = a(2) (12) 


where a, b, c, a, 8, and y are constants, { p, } is a given sequence, and q is a given 
function. The pursuit of solutions to the homogeneous versions of (11) and (12)— of 
the form {7r”} for (11) and e®” for (12), based on first-order experience—leads to 
characteristic equations for each. Conclusions about behavior of solutions to the 
homogeneous equations can be made based on the nature of the roots of the 
characteristic polynomials. The importance of linearity and the appropriateness of 
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The array of topics to be addressed in a more advanced course is wide and is a 
matter of the instructor’s preference. Although more experienced students are in less 
need of support for their intuition, the parallel study of difference equations along 
with differential equations remains of pedagogical use and is of interest in its own 
right. Many topics in differential equations have direct analogues in difference 
equations, and, as has been suggested here, the corresponding study may well be 
simple and rewarding. 
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On the Use of Iteration Methods for Approximating the Natural 
Logarithm 


JAMES F. EPPERSON 
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1. Introduction. Usually one generates approximations to functions such as 
log(x) and exp(x) by first doing some kind of range reduction and then employing 
a polynomial or rational approximation. Reference [2] gives a number of examples 
of this, some of which have been actually used on some computers [3]. In this note 
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we wish to discuss—at a level appropriate for a junior /senior course in numerical 
analysis—the computation of some elementary functions by iteration. While some 
of the examples appear to be competitive in terms of computational efficiency, our 
main purpose is to present an interesting application that brings together several 
aspects of an introductory numerical analysis course. 

The basic idea is the following: let g(x) and G(x) be a function/inverse pair, 
i.e., G(g(x)) = g(G(x)) = x for all x in appropriate domains. If one of these—say, 
g(x)—can be easily computed (by any means) then the other can be computed by 
finding the root of the equation 


g(a) —-x =0. (1) 
In other words, if a solves (1), then G(x) = a. We have thus converted a problem in 
approximation of functions to a problem in root-finding. The canonical example is 
the square root of x, which can be computed via the iteration (derived from 
Newton’s Method): 
1 x 
Qe+1> 5 a, + — |. 


a, 

2. Logarithm. Among the elementary transcendental functions, the logarithm is 
in many ways one of the hardest to approximate, because its Taylor series—a 
logical starting point for many approximations—is so slow to converge. Even 
though one can reduce the problem of computing log(x) for x on (0,00) to that of 
computing log(§) for € € [4, 1], it still requires a fair amount of computation to get 


log(é). 


Following the idea outlined above, we wish to solve the equation 
f(a) =e*-x=0. 


That is, if a satisfies the above, then a = log(x). Applying Newton’s Method yields 
the iteration 


O41, = a, + xexp(—a,) a 1, (2) 


which can be carried out without having to compute log(x). At this point it is 
appropriate to ask: For what values of a, does this iteration converge, and how 
fast? To rephrase the question, can we find a good enough initial approximation to 
a = log x so that (2) converges rapidly? 

The usual error expression for Newton’s Method is (see [1]): 


2 
weet" En) 
m2 f'(a,) 
Here e, = a—a, and &, is between a and a,. If we let ¢, = |e,| then we can 


produce the error bound: 


e;, P(E, ) 
Eng SJ (3) 


If we define “convergence after n iterations” to mean that e, < 2~“*, then we get 
convergence in about 4 iterations from an initial error of about 0.15. It remains to 
get an initial guess of known accuracy. 
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To begin with we note that we can assume, with no loss of generality, that x is in 
the form x = 2” for m an integer and é € [4, 1]. Thus 


log(x) = mlog(2) + log(é), 


and we need only compute the logarithm for a relatively small set of values. 

As a first attempt at generating an initial guess, consider linear interpolation to 
the logarithm over the interval [1/2,1]. If ?(x) is the linear interpolate, then we 
quickly have that 


f(x) = 2(x — 1)log(2) 


and 


1 
log(x) — #(x)| < 8 


the latter result following quickly from the usual estimate for linear interpolation 
[1]. Therefore, if we take a, = ¢(x), we are guaranteed that the initial error is less 
than 0.125. From (3), then, we should expect to get convergence in about four 
iterations. Note that we can rearrange ¢(x) so that it can be computed in only 2 
floating point operations, or flops. 

A second alternative would be Hermite interpolation over [1/2,1]. This yields 
(see [1] for the Hermite error estimate): 

1 
B+ c| x 5 \}) 


where A = 1, B = 2 — 4log(2), and C = 12 — 16log(2); then 


A(x) =(x-1)| 4+ (x-1) 


\log(x) — &(x)| < = = 0.015625. 


Convergence now comes in about 3 iterations. This is probably the better of the two 
initial estimates, since the savings of a single iteration more than offsets the slightly 
higher cost of actually computing the initial guess. (The cost of computing £(x) is 7 
flops.) In fact, we can quickly calculate that the cost of computing log(x) using the 
Hermite initial guess is 16 flops plus 3 exp(-) calls. If the simple linear interpolate 
were used, the cost would be 14 flops plus 4 exp(-) calls. 

Iteration does not work very well going the other way, however. If we assume 
that log(x) is easy to compute, and try to use Newton’s Method to compute exp(x), 
then we must find the root of the function 


f(a) = log(a) + x, 
so that a = exp(— x). Newton’s Method applied to this function yields the iteration 
Qn+1 a,(1 —_ x log(a,,)) (4) 


and the error expression yields the bound ¢,,,|e2/2|a,|, which is somewhat more 
pessimistic than (3), because the coefficient of quadratic convergence may be quite 
large. In fact, the iteration (4) may not even be defined, since it is possible for a,, to 
become negative. Convergence now requires much more accurate initial values, and 
the practicality of the scheme is doubtful. 
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particularly appropriate to point out that one advantage of approximation via 
iteration is that the accuracy of the approximation is limited only by the arithmetic 
of the machine doing the work. This is in marked contrast to polynomial or rational 
approximations, for example, which must usually be completely reconstructed in 
order to improve accuracy. 
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There Are No Safe Virus Tests 
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This note gives a proof that no program can both test its input for the presence of 
‘a virus and simultaneously be guaranteed not to spread a virus itself. (You may 
define “virus” any way you please, as long as the definition is extensional.) This 
immediate corollary of Rice’s Theorem [1] is proved by a direct diagonalization and 
offered as an antidote (not a vaccine) to boredom in the elementary computability 
course during the presentation of the halting problem. 

Programs running on modern computers, unlike the executions of Turing ma- 
chine programs, as usually conceived, run “in an environment.” This is to say that 
when a program is executed, it is run as a subprogram of the logically independent 
program, the operating system, which is responsible for such bookkeeping chores as 
primary and secondary memory management, process management, recording 
Statistics, and so on. A program that, when run, alters the code of the operating 
system, is called a virus. (When a new version of the operating system is written 
legitimately, it replaces, not alters, the former operating system.) This is a somewhat 
less restrictive definition of virus than others have proposed [2], in that no particular 
behavior is required of the modified operating system. For instance, it 1s frequently 
required that a virus have the effect of inserting its own code into other executable 
programs. Such restrictions are unnecessary for the result we seek. 

It would be nice if we could detect automatically which programs are viruses and 
which are not by submitting them to a filter program, thus avoiding the expense and 
inconvenience of unwittingly and possibly harmfully altering our operating system. 
We now show there can be no program that does this correctly for every possible 
input, while guaranteed not to spread a virus itself. 

We begin by fixing an operating system OS, and making a definition. 
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required that a virus have the effect of inserting its own code into other executable 
programs. Such restrictions are unnecessary for the result we seek. 

It would be nice if we could detect automatically which programs are viruses and 
which are not by submitting them to a filter program, thus avoiding the expense and 
inconvenience of unwittingly and possibly harmfully altering our operating system. 
We now show there can be no program that does this correctly for every possible 
input, while guaranteed not to spread a virus itself. 

We begin by fixing an operating system OS, and making a definition. 
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DEFINITION 1. Program P spreads a virus on input x if running P under operating 
system OS on input x alters OS. Otherwise it is safe on input x. A program is safe if it 
is safe for all inputs. 


We also make the assumption that there exist viruses for OS, otherwise there would 
be no necessity for our test. Now for the sake of contradiction, let us assume there is 
some safe program JS-SAFE that decides the safety of running an arbitrary 
program P on arbitrary input x. Thus 


yes if P is safe on input x 


IS-SAFE(P, x) = | no otherwise 


Given such a program and our assumption that there exist viruses, it is easy to write 
a program D() of one argument that has the following behavior: 


D(P) = {Write “Have aniceday” if IS-SAFE(P, P) = no 
alter OS otherwise. 


We can now show that JS-SAFE cannot be both safe and correct by examining 
the behavior of D on input D. If D is safe on input D this can only be because it 
has not executed the otherwise clause, that is, because JS-SAFE(D, D) = “no,” 
thus showing that JS-SAFE is not correct. On the other hand, if D alters OS on 
input D, there are two possibilities. On one hand, the call to JS-SAFE(D, D) may 
be returning “‘yes” so the otherwise clause in D is being executed, in which case 
IS-SAFE is not correct. On the other hand, if JS-SAFE returns “no” (so D simply 
prints “Have a nice day”) the assumption that D is unsafe on input D means that 
the call to JS-SAFE must be the culprit, that is, JS-SAFE is not safe. We conclude 
that the assumption of the existence of a safe, correct program that runs on OS and 
checks the safety of its input must be incorrect; there can be no such program 
IS-SAFE. 


REFERENCES 
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ELEMENTARY PROBLEMS 


E 3349. Proposed by Laszlo A. Szekely, University of New Mexico, Albuquerque. 


Consider the set of matchings M on 2n labeled vertices and the set T of rooted 
binary trees with n + 1 labeled leaves (i.e., having n unlabeled nonleaf vertices and 
2n edges). It is well known that |M| = (2n)!/(n!2"). Prove that T has the same size 
by giving a constructive byection between M and T. 


E 3350. Proposed by Paul Erdés, Hungarian Academy of Science, Budapest. 


For positive integers n and k with 1 <k <n let A(n,k) denote the least 
common multiple of n,n —1,...,n—k +1. 

(a) Prove that 14 is the largest value of n for which there exists a positive integer 
k <n such that 


A(n,1) < A(n,2) < --- <A(n,k) =A(n,n), 


i.e., 14 is the largest value of n for which A(n, 7) is strictly increasing in 7 until it 
reaches its maximum value A(n, n). 
(b) Let f(n) be the largest value of k such that 


A(n,1) < A(n,2) < --- <A(n,k). 


Prove that f(n) < Cyn for some constant C. 
(c) Prove that f(n) tends to infinity with n. More precisely, prove that if 
n> k!+k, then f(n) > k. 
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E 3351. Proposed by Jet Wimp and Um Bencharit, Drexel University, Philadel- 
phia, PA. 


Suppose a > 0 and let f be the real-valued function on (1, oo) defined by 


f(x) = {1+ erf(ax~'/?)}” +{1- erf(ax~/7)}", 
where 


u 
erf u = 2n-1/? f e~" dt. 
0 
Show that f is monotonic on (1, 00). 


E 3352. Proposed by G. I. Senum, Brookhaven National Laboratory, Upton, Long 
Island, NY. 


Show that 
00 1 e 


Lh n\(n* +n? +1) 2" 
E 3354. Proposed by V. A. Alexandrov and N. S. Dairbekov, Institute of 
Mathematics, Novosibirsk, USSR. 
Suppose M:[1, 00) — (e, oo) is a nondecreasing function such that 
0 at 
-__-eoeorreee—- = . * 
I um 7 (*) 


(a) Prove that 


00 dt 
J tlog M(t) — °° 


(b) Show that there exist nondecreasing functions M satisfying (*) such that 


00 at 
—________———— < 0. 
J t log M(t )loglog M(t) °° 
E 3353. Proposed by H. G. Diamond, University of Illinois at Urbana-Champaign. 


For each positive integer n let G(n) be the number of digits in the decimal 
expansion of 2”. Is it true that 
00 1169 
> G(n) _ 6 > 
not 2" 1023 
(Cf. Problem 6609 in the previous issue.) 


SOLUTIONS OF ELEMENTARY PROBLEMS 
Uniqueness of a Boundary Value Problem 


E 3218 [1987, 549]. Proposed by W. O. Egerland, University of Baltimore, 
Baltimore, MD. 


Suppose a and 7 are given positive real numbers, and suppose n is a given 
positive integer. Assume that the differential equation x°”) = (—1)"ax with bound- 
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Editorial comment. The simplest examples of such polynomials (for which the 
zeros have no common factor) are as follows: 


x? — 147x + 286 = (x — 2)(x — 11)(x + 13) 

x? — 507x + 506 = (x — 1)(x — 22)(x + 23) 
x? — 1083x + 10582 = (x — 11)(x — 26)(x + 37) 
x? — 2883x + 34282 = (x — 13)(x — 46)(x + 59) 
x? — 4107x + 89206 = (x — 26)(x — 47)(x + 73) 
x? — 5547x + 111386 = (x — 22)(x — 61)(x + 83) 
x3 — 7203x + 98098 = (x — 14)(x — 77)(x + 91) 
x? — 7203x + 153502 = (x — 23)(x — 71)(x + 94). 


Several solvers reduced the problem to a consideration of the diophantine 
equation u? + 3v? = k. In fact, without loss of generality we may assume that k is 
odd (since, if k is even, (1) shows that a, b, c are all even). With k odd exactly one 
of a, b,c is even. Without loss of generality we may suppose that b is even, say 
b = 2u. Then (2) gives (a + u)? + 3u* = 3k’, so that a + u is divisible by 3, say 
a+u=3v. Then u? + 3v*? = k* and we may determine a,b from u,v by the 
equalities a = 3v — u, b = 2u. 

Related results dealing with the characterization of polynomials having integral 
roots and extrema are: 

Tom Bruggeman and Tom Gush, Nice cubic polynomials for curve sketching, Math. 
Mag., 53 (1980) 233-234. 

Frank Schmidt, Problem 87-9, Math. Intelligencer 9, no. 3 (1987) 40. 

Johann Walter, Uber ganze rationale Funktionen dritten Grades mit ganzzahligen 
Koeffizienten, bei denen Nullstellen and Extrema zugleich ganzzahlig sind, Praxis 
der Mathematik, 29 (1987) 489-492. 


Also solved by J. C. Binz (Switzerland), K. Brown, J. Delany, F. Dodd, W. Janous (Austria), L. E. 
Mattics, J. B. Muskat and W. Saffern (Israel), A. Pedersen (Denmark), S. Philipp, V. Schindler (East 
Germany), J. H. Steelman, M. Vowe (Switzerland), J. Walter (West Germany), and the proposer. Several 
incorrect or incomplete solutions were received. 


Relatively Sparse Subsequences 


E 3268 [1988, 457]. Proposed by Dorothy Maharam and A. H. Stone, University of 
Rochester, Rochester, NY. 


Does there exist a sequence §,,§,,... of positive real numbers such that 
whenever 0 < a < B, we have 
 #{n:l<n<k,&,> B} 
lim 0 
k>o #{n:l<n<k,§,>a} 


Solution by Nicholas Passell, University of Wisconsin, Eau Claire, WI. Yes. Let 
{7,1 <i< oo} be any enumeration of the positive rational numbers and let 
S = {5,,;:1<j <m,1<m < oo} be the lower triangular array whose mth row 
consists of the set {7,: 1 < i < m} rearranged in increasing order. We construct the 
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sequence §,, ,,... by starting with s, ,, then taking s,, twice and s,, once, and 
proceeding through each subsequent row of S in turn from left to right, taking s,, , 
exactly m™ / times. We claim that the sequence so constructed has the property 
stated in the problem. 

By the mth block of the sequence {&,} we mean the m”~! + m™~? + --- + 
m+ 1=(m™— 1)/(m — 1) terms so obtained from the mth row of S. Of the m 
elements s,,_; (1 <j < m) of this row suppose a,, are in (0, a], b,, are in (a, 8], and 
C,, are in (B, 00). By construction a,,, >4,, b,,, >5,, and c,,, > c,, and, 


m m? m 
since Q is dense in R, each of a,,, b,, c,, tends to infinity with m. 

We consider what happens to the ratio in the statement of the problem as we go 
through the mth block of {&,}, assuming that m is large enough so that a,,, b,, c,, 
are all positive. When €, =5,, , with j <a,,, the count in both numerator and 
denominator is unchanged when we go from n—1 to n. When &, =5,, , with 
a, <j <a,,+b,, the denominator increases by one and the numerator is un- 
changed when we go from n — 1 to n. Finally when €, =5,, ; with a,, + b,, <j, 
both numerator and denominator increase by one when we go from n — 1 to n. 
Thus the largest ratio occurs at the beginning or the end of the block. 

Let N,,, denote the number of €’s in the mth block which are greater than B and 
let D,, denote the number of €’s in the mth block greater than a. The argument of 
the preceding paragraph shows that it suffices to prove that (N, + --- +N,)/ 
(D, + --: +D,,) approaches zero. But this follows from the limiting assertions 


D,, — o and N,,/D,, > 0, which in turn follow from the explicit formulas 
Np, = (mo —1)/(m—1), Dy = (m?*&m — 1)/(m — 1) 
and the resulting inequality 


m 


N_,/D, < mm, 


Also solved by K. Austin (England), S. F. Barger, R. B. Eggleton (Australia), T.-Y. Mao (China), K. 
A. Ross, K. Schilling, J. H. Steelman, P. Tracy, D. M. Wells, J. B. Wilker (Canada), Univ. of South 
Alabama Problem Group, and the proposers. 


Permutations with Distinct Displacements 


E 3269 [1988, 554]. Proposed by M. J. Pelling, University College, London, 
England. 


For what positive integers n does there exist a permutation (x), X,...,x,) of 
(1,2,...,) such that the differences |x, — k|, 1 <k <n, are all distinct? 


Solution by John Henry Steelman, Indiana University of Pennsylvania, Indiana, 
PA. Such a permutation exists if and only if n = 0 or 1 (mod 4). 

To see that this condition is necessary, let d, = x, — k. Note that 0 < |d,| < 
n — 1. If these differences are all distinct, then 


But L|d,| = Xd, = 0 (mod 2). Thus n(n — 1)/2 must be even and hence n = 0 or 
1 (mod 4). 
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Conversely, if n = 0 or 1 (mod 4), one can construct a permutation with the 
desired property by letting 


n+1—-k if 1<k<|n/4 


n—k if |[n/4|<k<I[n/2] 
ii if k=[n/2] 

ee Vat1—k if [n/2]<k <[3n/4] 
k if k = [3/4] 


n+2-—k if [3n/4]<k<n 


Here |x| denotes the greatest integer less than or equal to x and [x] denotes the 
least integer greater than or equal to x. 


Also solved by the proposer and 22 other readers. One partial solution was received. 


Rationality of a Trigonometric Function 


E 3270 [1988, 554]. Proposed by Berndt Lindstrom, University of Stockholm, 
Sweden. 


Determine those positive rational numbers m such that 


—arctan/m 
T 


is also rational. 


Solution I by Diane Johnson and Roy Dowling, University of Manitoba, Winnipeg, 
Manitoba. The numbers are 1/3, 1, and 3. Suppose k = (1/m)arctanym where k is 
rational and m is positive and rational. Then 


1 — cos2ka 


= tan* ka = —————__ 
m ana 1 + cos2kar 


Thus cos2ka = (1 — m)/(1 + m) is rational. However, it is known that the only 


rational values of cos2ra with r rational are 0, + 5, and +1. (See I. Niven, 


Irrational Numbers, Carus Monograph No. 11, John Wiley, 1956, page 41, or 
J. M. H. Olmsted, Amer. Math. Monthly, 52 (1945) 336-337.) Since (1 — m)/ 
(1 + m) cannot equal —1 and m must be positive, it follows that the possible values 


of m are 1/3, 1, and 3. 


Solution II by Duane Broline, Eastern Illinois University, Charleston, IL. If 
vm = tan ra, where r and m are rational, then 


20s rr = 2| 5 -1] = ‘ —2 

sec* ri m+ 1 

Since 2 cos 2ra = e?’"' + e~?’™ is both an algebraic integer and a rational number, 
it must be an integer at most 2 in absolute value. Thus 4/(m + 1) must be an 
integer between 0 and 4 inclusive. The values 0 and 4 are impossible, while 1, 2, and 
3 yield m = 3, 1, and 1/3, respectively. 
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Editorial comment. David W. Koster noted that this problem appears as problem 
197.5 of part VIII of Problems and Theorems in Analysis II, by G. Polya and 
G. Szegé, Springer-Verlag, 1972, 1978. (It does not appear in the original German 
edition.) 

Also solved by M. Divovich, J. Ferrer, 8. M. Gagola, Jr., D. Hildebrandt, M. Khan (student), K.-W. 


Lau (Hong Kong), O. P. Lossers (The Netherlands), D. E. Manes, A. Nijenhuis, J. Rebholz (student), 
U. of South Alabama Problem Group, and the proposer. 


A Sum Involving the Zeta Function 


E 3271 [1988, 554]. Proposed by Walter Noll and Joseph C. Keane, Carnegie 
Mellon University, Pittsburgh, PA. 


For each r € Q (the set of all rational numbers), denote the denominator of the 
representation of r as a reduced fraction by 6(7). For each a € R (the set of all real 
numbers) consider 


a(a) = ) (8(r)) °, 


res 
where 

S:= {reQ:0<r<l}. 
Show that o(q) is finite if and only if a > 2, and evaluate o(a) when a > 2. 


Solution by Stephen M. Gagola, Jr., Kent State University, Kent, OH. Since there 
are exactly ¢(n) reduced fractions in S having denominator n, we have o(a) = 
Lv >1e(n)n-% Because $(n)n~* = (¢(n)/n)n-%—-) < n-—, the series con- 
verges for a > 2. If a < 2 and p is a prime, then the pth term of this series satisfies 
(p—1)p-*=(1-1/p)p'"* > p '/2. Since the sum of 1/p over all primes p 
diverges, the series for o(a) diverges if a < 2. 

Fix a > 2 and multiply the series for o(a) by {(a)=L,,,n * to obtain 
Lins Lanh(d))n-* =X, ;n-n~* = §(a — 1). Hence o(a) = {(a — 1)/f(a). 


Editorial comment. Readers provided several relevant references where the prob- 
lem or solution more or less explicitly appears: G. H. Hardy and E. M. Wright, The 
Theory of Numbers, Theorem 288; M. Abramovitz and I. A. Stegun, Handbook of 
Mathematical Functions, p. 826; J. B. Conway, Functions of One Complex Variable, 
p. 190, problem 5. 

Also solved by M. Berg & D. Tyler, D. Callan, J. Dalbec, J. Deutsch, D. Doster, N. Franceschine, 
J. Guillera (Spain), W. H. Gustafson, M. V. Hegde, W. Janous (Austria), H.-S. Ki (student, South 
Korea), I. E. Leonard (Canada), O. P. Lossers (The Netherlands), T. McDonald, A. Shimron (Israel), C. 
Schoen, K. Zacharias (West Germany), Brown Univ. Fly-Fishing Club, SUNY II,, Univ. of S. Alabama 
Problem Group, and the proposers. 


Operation Count for a Determinant Computation 


E 3272 [1988, 555]. Proposed by K. I. Appel and C. G. Jockusch, Jr., University 
of Illinois at Urbana-Champaign. 


It is well known that (1/3)(n? + 2n — 3) multiplications /divisions are required 
to find the determinant of an n X n matrix by Gaussian elimination, while obvi- 
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ously the permutation expansion requires (n — 1)n! multiplications. Obtain a 
formula in closed form for the number a, of multiplications needed to evaluate an 
n X n determinant by the cofactor method. The formula should not involve summa- 
tions but may use the greatest integer function. 


Solution by G. W. Valk, Tucker, GA. The answer is a, = |n!(e — 1) — 1]. The 
recurrence relation for a, is a, = n(a,_, + 1). It is easy to verify by substitution 
that a, = n!X7_/'1/i! satisfies this and the initial condition a, = 2. Hence a, = 
ne—1)—1-R,,,, where R,,, =n!2%,,,1/i!. Since 0< R,,, < D2 /n' 
and L°,1/n' = 1/(n — 1) if 1/n < 1, we have 0 < R,,, < 1/(n — 1) <1. Since 
a, 1S an integer, we have a, = |n!(e — 1) — 1J. 


Editorial comment. This problem is also solved in the paper, “A difference 
equation and operation counts in computation of determinants,” Mathematics 
Magazine, 61 (1988) 295-297, by S. H. Friedberg. 


Also solved by D. Callan, P.-C. Chuang, J. Duemmel, J. Foster, T. McDonald, T. S. Norfolk, 
A. Pedersen (Denmark), L. R. Purser, J. H. Steelman, The Brown University Fly-Fishing Club, and the 
proposers. 


ADVANCED PROBLEMS 


6612. Proposed by Ebrahim Salehi, University of Nevada, Las Vegas. 


Suppose X is a compact metric space with metric d and suppose T: X > X is 
continuous. If 


inf d(T"x,T”y) > 0 
nen 
for each pair x, y of distinct elements of X, prove that T is onto. 


6613. Proposed by Jeff Vaaler, University of Texas, Austin, TX. 


Suppose P is a polynomial of degree n with complex coefficients, leading 
coefficient a, and zeros a,,..., a,. Define the Mahler measure M(P) of P by 


M(P) = exp Jf los| P(e?) | a = a] [ max(1, Jol), 
jz 


where the latter equality follows by Jensen’s formula. If P’ is the derivative of P, 
prove that 


M(P’) <nM(P). 


6614. Proposed by Justin G. MacCarthy, Deming, NM. 


A nonempty proper subset A of an infinite abelian group G 1s called a “wedge” 
in G if the family of all translates A + x, x € G, is closed under finite intersection. 
Prove that in Q*, the additive group of the rationals, the only wedges are half-lines 
(open or closed). 
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6615. Proposed by Kee-Wai Lau, Hong Kong. 


Denote by (i, j) and [i, j] respectively the greatest common divisor and the least 
common multiple of the positive integers i and j. Prove that as n tends to infinity 


, re n° Inn 
(i) X Li J) ~ (2) ° 
ii Eth ooo | 


where ¢ denotes the Riemann zeta function. 


SOLUTIONS OF ADVANCED PROBLEMS 
Cubical Walks 


6556 [1987, 800]. Proposed by N. J. Fine, Deerfield Beach, Florida. 


(a) Consider a random walk around the edges of a square, where the probability 
of moving from a given vertex to either of the two adjacent vertices is 1/2. Suppose 
the walk stops as soon as all edges have been traversed. Find the expected 
path-length. 

*(b) Consider a random walk around the edges of a cube, where the probability 
of moving from a given vertex to any one of the three adjacent vertices is 1/3. Find 
the expected path-length needed to traverse all edges. 

*(c) Similarly with the frame of the n-dimensional cube, where each probability is 


1/n. 


Solution to parts (a) and (b) by Peter A. Griffin, California State University, 
Sacramento. (a) The expected path length (number of steps) to traverse all the edges 
of a square is X = 10. It is found by solving the system (suggested by the 
accompanying diagrams): 

A=1+B/2 


B=1+A/2+B/2 
C=14+D/2+A/2 
D=1+C 
E=1+£/2+C/2 
X=1+E 


Jit | 
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6615. Proposed by Kee-Wai Lau, Hong Kong. 


Denote by (i, j) and [i, j] respectively the greatest common divisor and the least 
common multiple of the positive integers i and j. Prove that as n tends to infinity 


(i) 


n7? Inn 
(ii) 
where ¢ denotes the Riemann zeta function. 


SOLUTIONS OF ADVANCED PROBLEMS 
Cubical Walks 


6556 [1987, 800]. Proposed by N. J. Fine, Deerfield Beach, Florida. 


(a) Consider a random walk around the edges of a square, where the probability 
of moving from a given vertex to either of the two adjacent vertices is 1/2. Suppose 
the walk stops as soon as all edges have been traversed. Find the expected 
path-length. 

*(b) Consider a random walk around the edges of a cube, where the probability 
of moving from a given vertex to any one of the three adjacent vertices is 1/3. Find 
the expected path-length needed to traverse all edges. 

*(c) Similarly with the frame of the n-dimensional cube, where each probability is 


1/n. 


Solution to parts (a) and (b) by Peter A. Griffin, California State University, 
Sacramento. (a) The expected path length (number of steps) to traverse all the edges 
of a square is X= 10. It is found by solving the system (suggested by the 
accompanying diagrams): 

A=1+B/2 


B=1+4A4/2+B/2 
C=14+D/2+A/2 
D=1+C 
E=1+E/2+C/2 
X=1+E 


Jit | 
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walk induces a Markov chain on this state space. If pairs of directed edges 
containing the same vertices are considered as sets, the original problem becomes: 
how long does it take this Markov chain to visit all of these sets? Aldous [On the 
time taken by random walks on finite groups to visit every state, Z. Wahrsch. Verw. 
Gebiete 62 (1983) 361-374] gives heuristics applicable to this problem.” These 
heuristics suggest that, if T is the time required to visit all pairs, then 


E(T) =n2""'-nlog2- (1 + o(1)). 


Mathews remarks that this can be made rigorous using bounds he has given 
[Covering problems for Brownian motion on spheres, Ann. Prob. 16 (1988) 189-199]. 

Thus, asymptotically, the result is the same as for the coupon problem, namely, 
(number of edges) - log(number of edges). Mathews gives an argument to suggest 
the asymptotically equivalent but more accurate approximation 


no" —"— ) fog n2"-*) +y}. 


This gives 55.12 for n = 3. Here y is Euler’s constant. 

A proof that the expected number of times for every vertex to be visited is 
asymptotically number of vertices - log(number of vertices) = 2” log 2” follows from 
the results of Aldous cited above or Mathews, P.C., Covering problems for Markov 
chains, Ann. Prob. 16 (1988) 1215-1228. Thus, again the asymptotic result is the 
same as for the independent model. For n = 2 the expected number is 6, while for 
n = 3 it is 1996/95. 

The problem of obtaining upper and lower bounds for the expected number of 
steps for a random walk on a graph to reach every state is important in computer 
science applications and is the subject of a great deal of current research. In work 
under preparation Chandra, Raghavan, Ruzzo, Smolensky, and Tiwari show that 
bounds can be expressed in terms of the electrical resistance of the graph as an 
electric network with unit resistors as edges. 

An extensive bibliography of the work on covering theorems and random walks 
can be obtained from David J. Aldous, Department of Statistics, University of 
California, Berkeley. 

The editors wish to thank Professor J. L. Snell of Dartmouth College for his 
assistance in preparing these comments. Professor Snell is the coauthor of Random 
Walks and Electric Networks, Carus Mathematical Monographs, No. 22. 


Beta Function Determinants 


6561 [1987, 1011]. Proposed by Heinz-Jiirgen Seiffert, Berlin. 


For complex numbers z and w with Re(z) > 0 and Re(w) > 0 consider the 
matrices 


gr eeg 


1 
Dy(2z,¥) = Sreesesai ee a 
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walk induces a Markov chain on this state space. If pairs of directed edges 
containing the same vertices are considered as sets, the original problem becomes: 
how long does it take this Markov chain to visit all of these sets? Aldous [On the 
time taken by random walks on finite groups to visit every state, Z. Wahrsch. Verw. 
Gebiete 62 (1983) 361-374] gives heuristics applicable to this problem.’ These 
heuristics suggest that, if 7 is the time required to visit all pairs, then 


E(T) =n2""!-nlog2- (1 + o(1)). 


Mathews remarks that this can be made rigorous using bounds he has given 
[Covering problems for Brownian motion on spheres, Ann. Prob. 16 (1988) 189-199]. 

Thus, asymptotically, the result is the same as for the coupon problem, namely, 
(number of edges) - log(number of edges). Mathews gives an argument to suggest 
the asymptotically equivalent but more accurate approximation 


no"{ —— | {1og( 2") + y}. 


This gives 55.12 for n = 3. Here y is Euler’s constant. 

A proof that the expected number of times for every vertex to be visited is 
asymptotically number of vertices - log(number of vertices) = 2” log 2” follows from 
the results of Aldous cited above or Mathews, P.C., Covering problems for Markov 
chains, Ann. Prob. 16 (1988) 1215-1228. Thus, again the asymptotic result is the 
same as for the independent model. For n = 2 the expected number is 6, while for 
n = 3 it is 1996/95. 

The problem of obtaining upper and lower bounds for the expected number of 
steps for a random walk on a graph to reach every state is important in computer 
science applications and is the subject of a great deal of current research. In work 
under preparation Chandra, Raghavan, Ruzzo, Smolensky, and Tiwari show that 
bounds can be expressed in terms of the electrical resistance of the graph as an 
electric network with unit resistors as edges. 

An extensive bibliography of the work on covering theorems and random walks 
can be obtained from David J. Aldous, Department of Statistics, University of 
California, Berkeley. 

The editors wish to thank Professor J. L. Snell of Dartmouth College for his 
assistance in preparing these comments. Professor Snell is the coauthor of Random 
Walks and Electric Networks, Carus Mathematical Monographs, No. 22. 


Beta Function Determinants 


6561 [1987, 1011]. Proposed by Heinz-Jiirgen Seiffert, Berlin. 


For complex numbers z and w with Re(z) > 0 and Re(w) > 0 consider the 
matrices 


greeny 


1 
D, (2, ¥) 7 essere n 
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where B denotes the beta function 


B(x, y) = a = pera — t)”* dt. 
Show that 
(a) detC,(z,w) =nB(z+wt+n-1,n)B(z+n,wt+n)detC,,(z,w), 
B(z+n-1,n) I(z+n) 


(b) det D,(2,¥) = aC) BO) Ra 4 an) 


det D,_,(z,w), 


where 
n—-l 
an(w) =n TT (k-w), 


Solution by the proposer. Both sides of (a) are analytic in z and w. Hence it 
suffices to show equality when z =a and w=b, where a and 5D are real and 
positive. Define an inner product by 


(fis) = ff()g(ee a — 1)? de 


and let Jo, Jj, J5,... be the sequence of orthonormal polynomials derived from the 
powers 1, ¢, t7,..., by the Gram-Schmidt process. These are special Jacobi polyno- 
mials, and J, has leading coefficient 


C, = [nB(a+b+n—1,n)B(at+n,b+n)] 


(see F. G. Tricomi, Vorlesungen iiber Orthogonalreihen, Springer Verlag, Berlin, 
1970, pp. 160-163). Define f(t) = t/ for j = 0,...,n, and f,,,(t) = J,(t). Then 


(ffxi) =9 jf=0,...,n-1, 


1 
(fis farsi) _ c. 


n 


and 


(fro fai) =1. 


Now f,,---> f,41 are linearly dependent, so their Gram-determinant G(fo,..., f,41) 
vanishes. This means that 


| O, 

C,(a,b) 1 ~F7 

| — 
| 

O=G( for Insd =] oe 
Myo 

O71 — i od 
Po 


1 
= det C,(a, b) - 2 det C,_,(a, b), 


n 


where O, is a column of n zeros and O/ is a row of n zeros. This proves (a). 
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For 


~ 1 
N= (Rah 


J, k=0,1,..., n 
we have 
(n —1)!IT(z+n-1) 


det I,(2) = (-1) "Tyan pF a an) 


detT_,(z). 


Editorial comment. The results mentioned in the last paragraph can be obtained 


from the assertions of the problem by noting that B(x, A) ~ A *I(x) as A > 00, 
so that as A — o0 we have 


det C,(z, A) ~ AW @*D2-"—" det T(z) 
and 


det D,(z, 4) ~ A™*D2+"° 4" det F(z). 


No other solutions were received. 


Between Euler and Jacobi 


6562 [1987, 1011]. Proposed by George E. Andrews, Pennsylvania State Univer- 
sity, University Park. 


Let Q(q) = I1°_,0. — q”) for |q| <1. Euler’s Pentagonal Number Theorem 
asserts that 


O(q) = dX (-1)"q7Or* (1 — g?"*?). 
n=0 
Jacobi showed that 


fo @) 


0(q)° = Y (=1)"(2n + 1) grrr? 


Prove that 


O(q)y = ¥ (-1"qr P71 - g?"*?) p,(q), 
n=0 


where p,(q) = Dt og". 


Solution by the Proposer. For the solution we require two fairly elementary facts: 
The g-binomial theorem [1; p. 36, eq. (3.3.6)] 


al (q)n 


yy 


L@ilawy) De = Bm (1) 


and a special case of Heine’s transformation [1; p. 19, Cor. 2.3, a= b=0, t = 4q, 
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2rt+ 1] 


c= 4q 
00 q” 1 
n=0 (Q)n(Q) near (q). 00 


2 f —i) Mg imm+V/2+ 20m iq| < 1, (2) 


where 
(A), = (1 - A)(1 — Ag) ---(1- Aq”), (Ado = Jim (A),. (3) 
Noting that (z), = 1 and (q°™),, = 0 for positive integral N, we see that 
ore) _1\%(q-N 
1= > (Vg an eves, 
N=0 (q)an 
N (- 1)” gh 1)/2—Nn+N(N+1)/2+N 


= (-1 yy 


N=0 =0 (4) n(Q)on—n 
eM (-1) "gre? 
7 29 2 (q) nin (@) w- n 
1 Y (=1)'g" 9701 + q") 
(qyy ct (4) wanlQ) vn 


(by (1)) 


(q 
Bt Dada 


where a, = 1, a, = (—1)"q"\"" P71 + gq”) for n > 0. 
Therefore, multiplying (4) by (q)2,, we obtain 


rn a a & q 
— » @nuld)wn 


N 


w(q) w+2n 


q 
aod ond x 0 (@) 


= (4) x Lo vc aa y (- 1)"qmmtD/2+2nm (by (2)) 


XL (- 1)""q m(m+1)/2 1+ y (-1)"q?@t97Q1 + q")qr"™ 


n=l1 


- XC )” gmt D/2 x (- 1) ngnln+d/2+2nm 
=0 n=0 


+ y (-1)"qmmt dr y (—1)"qrrtD/2+n+2nm 
m=0 n=1 


854 PROBLEMS AND SOLUTIONS 


0.8) 
— > (—1)%qhNtD?2 > gmn 
N=0 


m>=0,n>0 
m+n=N 


_ y (—1)"qmon*D/2 y (—1) "qt D/2+2n42nm+2m+2 
m=0 n=0 


(-1)“qh\*D2p, (q) 


7Ms 


0 
CO 
_ > (—1)“qhNtb/24+2N42 > gm” 
N=0 m>=0,n>0 
m+n=N 
CO 
N 
= VE (-1)"q%79(1 — @?%*?) pv (q), (5) 
N=0 


where py(q) = Lmaog™ . 0 


A combinatorial proof of this result has been found by J. T. Joichi [2]. 


No other solutions were received. 
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Mathematica—A System for Doing Mathematics by Computer. Wolfram Research, 
Inc., Champaign, IL. 


LAWRENCE S. KROLL 
Department of Computer Science, San Francisco State University, San Francisco, CA 94132 


When I was going to school in Berkeley I kept a giant 10-pound book called The 
Handbook of Chemistry and Physics at my desk. Every time I came to an unknown 
integral or wanted a formula I would look for it in this tome. It seemed to hold 
everything I needed to know about my courses. Later on I discovered that the 
harder problem was knowing what the problems were and how to use the informa- 
tion. Now, on my desk, there appears to be another source of all knowledge. The 
formulae from The Handbook and much more are on my computer in a superb 
program called Mathematica. A substantial part of known mathematics is built in. I 
haven’t been so excited about a technical program since I first saw MacPaint by Bill 
Atkinson of Apple Computer, Inc. 

How can you use Mathematica? Believe it or not this tool is recommended for a 
range of users from grade school to senior scientists. It does numerical, symbolic, 
and graphical computation. Almost any finite problem I thought of could be 
handled by this program. You type in the problem and push Enter. Be sure to use 
the computer standard notation for arithmetic: +, —, * for multiplying, and / for 
division. Put comments in (*comment*). Start with 


2+2 (*warm-up*) 
4 
and experiment with some harder arithmetic. 


123 (4°56) (*Note that “*” is exponentiation”) 
6386252513599 783798309251048494071808 


I wondered about irrational numbers—pi, in particular. I remember memorizing 
Pi to 15 or 20 places to impress the girls in my geometry class. Can this program do 
better? Since Mathematica capitalizes its known constants I obtained Pi to 1000 
places just by typing in NEPi, 1000]. The N denotes a numerical constant is 
wanted, and the capital letter in Pi indicates a constant. Given enough memory this 
program could actually calculate Pi to hundreds of thousands of places. [ll spare 
you the 1000-place answer. The beauty of this program is that you can use it like a 
calculator and not worry about writing any computer programs. I requested the 
square root of 93.956 to 50-digit accuracy which took the program less than one-half 
of a second to execute. I entered NCSqrtl93.956], 50] and out came 
9.693090322.... Factoring is easy. All you have to do to factor y/® — 1 is type 
Factor Cy*18-1] and get (1ty*t+y®)(1-y* ty (1tyty2(1-yt 
y*)(1+y)(-1+y). I decided to find the prime factors of a sample integer: 
FactorIntegerl487534432] returned (2°)(7)(11)(17)(103)(113) which would 


855 


856 LAWRENCE S. KROLL [November 


have taken me all day. Note how easy the command language is. It’s mostly English. 
Mathematica really shines on its graphics where simple trig functions come to life 


PlotECx Sinlx], {x, -22, 22}] 


and you can quickly change the period and amplitude to get the feel of a function. 


PlotCArcTan£5x], {x, -10, 103] 


My sense of trigonometry in high school was mostly symbolic, not visual, and I 
remember over half the class getting lost on arctan. This program will be a boon to 
math teachers. In calculus the possibilities are endless. Just think of the fun you can 
have plotting conic sections! Circles, ellipses, strange polygons, control over parallel 
sides,... there is a whole new series of textbooks with accompanying computer 
programs waiting to be written on this. They will tie together integration and 
differentiation graphically to make the concepts more understandable. Even the 
technical math definitions might become clear. Remember the definition of continu- 
ity? For every epsilon > 0 there is a delta such that... I don’t think I really 
mastered that until I was in grad school. Epsilon and delta can be visualized as 
segments or as circle radii, and Mathematica can turn them into pictures. Since 
Mathematica can solve most textbook problems in algebra and calculus, teachers 
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will have to rethink homework assignments. No more grinding out limits. This 
program is to mathematics what the calculator is to arithmetic. Does anybody 
bother to learn how to calculate square roots anymore? We might be able to avoid 
the busy work of calculation and get down to the more important questions. How 
does it work, and how can we use it? It bothered me when I earned my BS degree by 
memorizing so many formulae without having a sense that I could solve real world 
problems. I think I needed a course taught with Mathematica. 

I explored the program a little more deeply and was able to calculate a Fourier 
transform, do matrix inverses and determinants, do some partial differentiation, 
calculate some limits, and deal handily with complex numbers. Don’t underestimate 
the ability to find matrix inverses. This is equivalent to solving complicated math 
problems and can save someone incredible time. 


(x*Mathematica can work with vectors and matrices, 
which are represented as lists and Lists of lists, re- 
spectively. Here is a list of perfect cubes. Table gen- 
erates a List of the values of x3, with x ranging from 
2 to 10.*) 

tbl =Table[x"3, {x, 2, 103] 

(8, 27, 64, 125, 216, 343, 512, 729, 1000} 

(xArithmetic operations are applied to each element on a 
List.*) tbl -1 

{7, 26, 63, 124, 215, 342, 511, 728, 999} 

(xSelect the third number on the list. Double brackets are 
used for indexing.*) tblC(3JJ 64 

(xCreate a matrix*) powers=TableLx’y, {x, 1, 4}, fy, 1, 4}] 
{{1, 1, 1, 13, {2, 4, 8, 16}, {3, 9, 27, 813, C4, 16, 64, 
256}} 

(xDisplay it prettily*) TableFormLpowers] 


1 1 1 1 

2 4 8 16 
3 9 (ad 81 
4 16 64 256 


(*Invert it*) InverseLpowers] 


13 19 11 
{({4, -3, 37 “C7 Ot, t-(3 0, 7’ (3, 5477 
3 4 1 1 1 1 
rw, -2, ra “Cpt, t- C70, a7 “CF, 34? 


(*This is wonderful! I find calculating matrix inverses to 
be a drag.*) 
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There is an animation capability that looks clever, and I watched two wave forms 
move like the ocean. The number of calculations must be immense and the only 
slowdowns came as I heard the computer make its disk accesses because of the 
limited memory available in RAM. 

My favorite use of Mathematica is its 3D plots which can be done in glorious 
colors of the user’s choice and from any viewpoint. In addition one can obtain 
contour plots, point plots and much more. Too bad you only see this review in black 
and white. In color it is magnificent. The 2- and 3-dimensional graphics are 
generated in PostScript form. This means that they are not held as individual points 
but as vectors. You can zoom in or out on any of them, stretch and distort them to 
your heart’s content. The graphics can be mixed with text to create well-integrated 
documents. At a talk I papered the walls with large posters of 3D graphics. With the 
free PostScript expansion I made the graph of the Gamma function print out on a 
6-foot by 8-foot dramatic poster. 

Here are a few examples of 3D plots: 


Plot3DCSin£Ex] Sinf3y], {x, -2, 2}, fy, -2, 2F] 


ShowL%, ViewPoint- > {4, 0, 13] 
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ContourPlot[CSin£€x] Sin€3y], {x, 0, 4}, fy, 0, 4}] 


4. 
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SpaceCurvel[{u SinLu], u CosLul, u}, 
fu, 0, 15, 0.153, BoxRatios->{1, 1, 1}] 
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research is in fractal computations I look forward to this program running on the 
new Mac IIx with its even faster chips. 


Criticism. Mathematica is very fast, though you must be patient if you give it 
problems in the dreamy realms. It took 1.55 seconds to calculate Pi to 1000 places, 
but took over a minute when I asked for 2000 place accuracy. Asking the program 
to expand (1 + x) to the power of 10 to the 100th is not fair. This enormous 
exponent (which is named a “googol”) is more than the total number of particles in 
the universe. The program needs a minimum of 2 megabytes to run the kernel, and I 
had difficulties loading the integral library. To generate the gamma function, for 
example, you need 4 MB of memory. If you have over 2.5 megs the program really 
starts to cook. If Mathematica runs out of memory during a calculation it typically 
crashes. My manual said I could terminate a calculation with the control key, but 
this didn’t work for me. 


Cost. Mathematica is new and costly to retail purchasers. The price is $495 for 
the standard version, $795 for the Mac II version. Since it will be standard on the 
NeXT machine, Steve Jobs obviously feels it is worthwhile. I understand it will be 
available to the educational market at substantial discounts. According to Jim Finn, 
technical editor of MacUser magazine, this is one of the most complex pieces of 
software ever written. The size of the program is 1.8MB of C code, (it came on 5 
floppy disks) so you need a hard disk. 


Where to get it. Write Wolfram Research Inc., P.O. Box 6059, Champaign, IL 
61821 or call 1-800-441-MATH. 


Dynamical Systems. Ed: V. I. Arnold. Encyclopedia of Mathematical Sciences, 
V. ILI. Springer-Verlag, Berlin, 1988. xiv + 291 pp. 


JOHN HORNSTEIN 
Naval Research Laboratory, Washington, DC 20375 


Here is an example of how differential geometry, differential and algebraic 
topology, and Newton’s laws make music together. The example is from the book 
under review. 

Imagine a mechanical system whose possible configurations are the points of a 
smooth 2-dimensional orientable surface. For example, a point on a torus could 
represent a configuration of a planar double pendulum, or the momentary location 
of a single mass constrained to move on the torus. In general, the surface is called 
the configuration manifold. 

As Jacobi discovered long ago [J1, J2], if mechanical energy is conserved during 
the motion, the configuration point will trace out a geodesic. The line element is 
given by (ds)* = 2(E — U)XA,, dq, dq j- Lhe q; are the local coordinates, the q, are 
the corresponding velocities, T = (1/2)L.A;,4,q, is the kinetic energy, E is the total 
energy, and U is the potential energy. Both A,, and U can depend on location on 
the configuration manifold. Notice a peculiar feature: the line element depends on 
the value of the energy. To have a fixed metric for the surface, we must restrict 
attention to systems all having the same energy. If E is large enough, the factors T 
and E —U will be positive everywhere. The line element will then define a 
Riemannian metric over the entire configuration manifold. Suppose this to be the 
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Here is an example of how differential geometry, differential and algebraic 
topology, and Newton’s laws make music together. The example is from the book 
under review. 

Imagine a mechanical system whose possible configurations are the points of a 
smooth 2-dimensional orientable surface. For example, a point on a torus could 
represent a configuration of a planar double pendulum, or the momentary location 
of a single mass constrained to move on the torus. In general, the surface is called 
the configuration manifold. 

As Jacobi discovered long ago [J1, J2], if mechanical energy is conserved during 
the motion, the configuration point will trace out a geodesic. The line element is 
given by (ds)? = 2(E — U)XA, ; 4q; 4q;. The q; are the local coordinates, the g, are 
the corresponding velocities, T = (1/2)L.A;,4,q, is the kinetic energy, E is the total 
energy, and U is the potential energy. Both A,;, and U can depend on location on 
the configuration manifold. Notice a peculiar feature: the line element depends on 
the value of the energy. To have a fixed metric for the surface, we must restrict 
attention to systems all having the same energy. If E is large enough, the factors T 
and E—U will be positive everywhere. The line element will then define a 
Riemannian metric over the entire configuration manifold. Suppose this to be the 
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case, purely for simplicity. If there are no forces other than those confining the 
particle to the surface, then U is constant; if A;, is also constant then the metric 
reduces (apart from a constant scale factor) to that induced from an embedding 
Euclidean space. The geodesic character of the trajectories for this case was known 
to Euler in 1736. When U is not constant the metric differs from that induced by an 
embedding Euclidean space. Force then affects the motion by altering the geometry, 
somewhat as in general relativity. 

Now suppose the surface to be connected, compact and without boundary. The 
surface will be diffeomorphic to a sphere with h handles, and its Euler-Poincaré 
characteristic will be y = 2 — 2h. The Euler-Poincaré characteristic is related to the 
surface average of the Gaussian curvature: { K dA = 27x. (This is a special case of 
the Gauss-Bonnet theorem. K is the local value of the Gaussian curvature product, 
so the left-hand side is the surface area times the average Gaussian curvature.) If h 
is O, then x is positive, if h is 1 then x vanishes, and if 4 exceeds 1 then yx is 
negative; and similarly for the average curvature product. 

Where the curvature is positive the surface looks locally like a small piece of an 
ellipsoid; geodesics diverging from a point tend to converge again, like meridians 
diverging from the Earth’s North pole and converging at the South pole. Where the 
curvature product is negative the surface looks locally like a saddle-point; diverging 
geodesics diverge exponentially, at least locally. The Gauss-Bonnet theorem thus 
shows that, on the average, focusing predominates on a diffeomorph of a sphere, 
focusing and defocusing balance on a torus, and defocusing predominates if the 
surface has two or more handles. 

The different handles of a multihandled surface offer a choice of paths. More- 
over, multihandled surfaces typically have a patch of negative curvature near the 
attachments of handles. This conjunction of choice and sensitivity to initial condi- 
tions suggests that motion on a multihandled surface will in some sense be wilder 
than motion on a sphere or a torus. 

A detailed analysis [K1, K2] based on homology bears this out: Some force laws 
on diffeomorphs of a sphere or a torus yield integrable mechanical systems, but no 
force law can yield an integrable system on a multihandled surface. The possibility 
of integrability is constrained by the topology of the configuration manifold. 

Over the past two decades the theory of dynamical systems has flowered. 
Deterministic chaos and unexpected regularity (solitons, and regularities within 
chaos) have provided new paradigms for mathematical studies and for applications. 
As suggested by the previous example, differential and algebraic topology and 
differential geometry have contributed strongly to this flowering. Point-set topology 
and measure theory also contributed in a major way, and algebraic geometry has 
played a role in studies of unexpected integrability. 

Dynamical Systems IIT is one volume of the 5-volume Encyclopedia of Mathemati- 
cal Sciences. The Encyclopedia surveys mathematical advances in the theory of 
dynamical systems. Other volumes in the series cover ordinary differential equa- 
tions, smooth dynamical systems, ergodic theory, statistical mechanics and kinetic 
equations, symplectic geometry, geometric quantization, integrable systems, and 
bifurcations and catastrophes. (Many of these topics have applications outside of 
physics, despite their names. For example, statistical mechanics is useful in studies 
of optimization and automata; kinetic equations can be applied to stochastic 
processes in general.) Dynamical Systems III consists of a single long article: 
“Mathematical Aspects of Classical and Celestial Mechanics,” by V. I. Arnold, 
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V. V. Kozlov, and A. I. Neishtadt. The book will therefore be called AKN in the 
remainder of this review. 

Arnold, the editor and first author, has contributed strongly to the flowering of 
the theory of dynamical systems. A student of Kolmogorov, he played a crucial role 
in the development of the celebrated Kolmogorov, Arnold, Moser (KAM) theory, 
which proved that fossil traces of integrability remain in non-integrable Hamil- 
tonian systems. He discovered an important general feature (Arnold diffusion) of 
deterministic chaos in Hamiltonian systems having more than two degrees of 
freedom. He is known for the “Arnold tongues” in mode-locked systems. Arnold is 
also responsible for some of the main results in the theory of stable singularities of 
differentiable mappings. (Catastrophe theory is part of the latter theory.) He has 
also done major work unrelated to dynamical systems, notably joint work with 
Kolmogorov on “superpositions,” which disproved the conjecture underlying 
Hilbert’s 13th problem. Arnold has written widely-admired expositions on mechan- 
ics [Al] and ordinary differential equations [A2, A3], coauthored a classic mono- 
graph [AA] on ergodic theory in classical mechanics, and is single or joint author of 
several books on the stable singularities of differentiable mappings. 

As might be expected from this pedigree, AKN’s emphases and many of its 
treatments are unique. AKN is especially strong on integrable versus nonintegrable 
systems, and on the method of averaging and other sophisticated improvements to 
classical perturbation theory. There is a particularly nice survey of KAM theory. 
AKN points out a remarkable feature of KAM theory: the results are valid over 
infinite time, unlike results obtainable from the method of averaging. Other themes 
are integrable versus nonintegrable constraints; the benefits of symplectic geometry 
in analyzing Hamiltonian systems; and the proper exploitation of symmetries. 

One novel feature of the book is its discussion of “vakonomic” mechanics, a 
generalization of ordinary Hamiltonian mechanics to handle non-integrable con- 
straints. Vakonomic mechanics was developed by Kozlov, the second author of 
AKN, and AKN provides the first treatment of this material in book form. I must 
confess to initial skepticism about vakonomic mechanics. The theory embeds prior 
theories of systems having non-integrable constraints into a continuum of theories, 
and asserts that the choice of the proper equation of mation must be made 
empirically for each mechanical system. The latter assertion especially raised my 
hackles, because it seemed to contradict the reason for having a theory. The last 
section in Chapter 1 of AKN and comments on page 96 of [A1] changed my mind, 
convincing me that vakonomic mechanics is an important contribution. Since the 
essential issue has analogs in mathematical modelling in general, it is worth taking a 
moment to explain it. The constraints pertinent to the present context occur in 
simplified, approximate models of systems. Examples: a nearly rigid ball rolling on 
a wooden floor is idealized as a rigid ball on a rigid floor, subject to rolling friction; 
a skate or ski digging into ice or snow is idealized as a rigid linear object able to 
move only along its length, over rigid ground. The constrained system arises as the 
limit of a more detailed model when one or more parameters (masses, stiffnesses, 
viscosities) become either overwhelmingly large or ignorably small compared to 
other quantities in the problem. In many cases the final model depends on the order 
in which these limits are taken. There are therefore a variety of mathematical 
models for the simplified system, and choosing the correct one depends either on an 
analysis of an underlying less-simplified model or on empirical observation. In 
either case, we are forced to temporarily venture outside of the universe of discourse 
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of the simplified model. (Most physicists are comfortable with a shifting universe of 
discourse; most mathematicians are not. This appears to be one of the biggest 
temperamental differences between the two.) 

As an encyclopedia article, AKN does not seek to serve as a textbook, nor to 
replace the original articles whose results it describes. The book’s goal is to provide 
an overview, pointing out highlights and unsolved problems, and putting individual 
results into a coherent context. It is full of historical nuggets, many of them 
surprising. Many results are stated without proof; proofs are given only when they 
are short and elegant. Although there are no formal prerequisites, much of the 
material is advanced and even recent. (Many of the references are to works 
published in the present decade.) The examples are especially helpful; if a particular 
topic seems difficult, a later example frequently tames it. The writing is refreshingly 
direct, never degenerating into a vocabulary lesson for its own sake. 

The book accomplishes the goals it has set for itself. While it is not an 
introduction to the field, it is an excellent overview. Readers who become intrigued 
by the subject will want to read Arnold’s text on mechanics [A1] and his two books 
on ordinary differential equations [A2, A3] before their second pass through AKN. 
(Both books on ordinary differential equations emphasize dynamical systems.) 

Of course, classical mechanics is now only one corner of the theory of dynamical 
systems. While Hamiltonian systems have unexpectedly wide scope (for example, 
integrable partial differential equations, and control theory), they have features 
which are not typical of dynamical systems in general. For example, dissipative 
dynamical systems can have attractors, but nondissipative systems cannot. (In 
particular, deterministic chaos in Hamiltonian systems occurs without benefit of a 
strange attractor, contrary to a popular misconception.) A reader seeking an 
introduction to the broad field of dynamical systems should consult Guckenheimer 
and Holmes [GH] and Lichtenberg and Lieberman [LL] on deterministic chaos, and 
Drazin [D] for a concise overview of solitons. 
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Mathematics Appreciation, S, L. Fascinating 
World of Mathematical Sciences, Volume I-III. J.N. 
Kapur. Mathematical Sciences Trust Society (New 
Friends Colony, New Delhi), 1989, RS 95 each. 
Volume-I: Nature of Mathematics, xiv + 264 pp; 
Volume-II: Applications of Mathematics—1, xv + 
272 pp; Volume-III: Applications of Mathematics—2, 
xvi + 256 pp. First three of eight volumes reprint- 
ing Kapur’s numerous papers on the nature of math- 
ematics. Papers in these volumes include 26 re- 
flections on mathematics and 50 illustrations of ap- 
plications (modelling, life sciences, social sciences, 
management). Level of exposition ranges from non- 
technical after dinner talks to detailed presentations 
of specific models. Subsequent volumes will feature 
mathematics education, biography, history, and re- 
views. LAS 


Precalculus, T(13: 1). College Algebra, Fifth Ed- 
tion. Margaret L. Lial, Charles D. Miller. Scott 
Foresman, 1989, 570 pp, $25. [ISBN: 0-673-38245-1] 
This edition includes algebra review in a new Chap- 
ter 1; new applications of quadratic equations; rear- 
Tangement of chapters to focus on relations and func- 
tions; treatment of exponential and logarithmic func- 
tions now follows polynomials and uses calculators; 
and rearrangement of the material on matrices and 
systems. (First Edition, TR, October 1973; Second 
Edition, TR, August-September 1978; Third Edition, 
TR, August-September 1981; Fourth Edition, TR, 
January 1986.) JNC 


Precalculus, T(13: 1). College Algebra with Ap- 
plications, Fourth Edition. Bernard J. Rice, Jerry 
D. Strange. Brooks/Cole, 1989, xii + 398 pp, $36. 
[ISBN: 0-534-10206-9] Central theme is still func- 
tional concepts. Changes from previous editions 
(First Edition, TR, August-September 1978; Third 
Edition, TR, October 1987) include some reorgani- 
zation. For example, review of high school skills is 
now contained in one chapter instead of two. New 
to this edition is a chapter on vectors and complex 
numbers. Also, a section on polar coordinates and 


equations has been added to the chapter on conic 
sections. GN 


Finite Mathematics, T. Finite Mathematics with 
Calculus: An Applied Approach. David E. Zitarelli, 
Raymond F. Coughlin. Saunders College, 1989, xxi 
+ 966 pp, $35. [ISBN: 0-03-011274-5] For busi- 
ness, social, and biological science majors; includes 
algebra review, finite mathematics (linear mathemat- 
ics, probability and statistics and applications) and 
calculus (including several variables). Sections con- 
tain case studies and referenced applications; supple- 
ments include a computer supplement, computerized 
test bank, and prepared tests. JNC 


Education, S, P, L*. The Teaching and Assess- 
ing of Mathematical Problem Solving. Ed: Randall 
I. Charles, Edward A. Silver. Res. Agenda for Math. 
Educ., Volume 3. NCTM and Lawrence Erlbaum As- 
sociates, 1988, x + 282 pp, $49.95; $15 (P). (ISBN: 0- 
8058-0355-6; 0-87353-267-8] Revised versions of pa- 
pers presented at a working conference held in Jan- 
uary 1987 in San Diego, one of whose main purposes 
was to open new avenues for research in teaching and 
evaluating mathematical problem solving. Seventeen 
papers by such authors as Greeno, Resnick, Schoen- 
feld, and Kilpatrick provide a sampling of perspec- 
tives and research methodologies ranging from epis- 
temology and metacognition to assessment and peda- 
gogy. Part of a series designed to support implemen- 
tation of the new NCTM Curriculum and Evaluation 
Standards for School Mathematics. LAS 


Foundations, P, L. Rereading Russell: Essays in 
Bertrand Russell’s Metaphysics and Epistemology. 
Ed: C. Wade Savage, C. Anthony Anderson. Minn. 
Stud. in the Philo. of Sci., V. XII. U of Minnesota 
Pr, 1989, xii + 320 pp, $29.50. [ISBN: 0-8166-1649-3] 
Fifteen reflections on Russell’s philosophy of science 
focused on his 1927 book The Analysis of Matter, its 
precursors (including the 1901 Princtpta Mathemat- 
ica), and its successors (including the 1959 autobi- 
ographical My Philosophical Development). Begins 
with three papers on ramification, on the theory of 
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types, and on Russell’s paradox; other papers move 
into Russell’s later work on science, metaphysics, and 
epistemology. LAS 


Graph Theory, P. Graphs and Algorithms. Ed: 
R. Bruce Richter. Contemp. Math., V. 89. AMS, 
1989, xv + 197 pp, $25 (P). (ISBN: 0-8218-5095-4] 
Proceedings of a 1987 AMS-IMS-SIAM Joint Sum- 
mer Research Conference held in Boulder, Colorado 
convened to foster communication between computer 
scientists and mathematicians who work in graph 
theory and related algorithms. Thirteen papers plus 
a collection of open questions. SB 


Calculus, S(13-14). Higher Mathematics. V.S. 
Shipachev. Ed: A.N. Tikhonov. MIR (US Distr: 
Imported Pub), 1988, 512 pp, $15.95. (ISBN: 5- 
03-000233-2] Single and multiple variable calculus 
with differential equations through second order lin- 
ear. Many worked-out examples but no exercise or 
problem sets. Carefully done, from simple examples 
to more complicated ones. Would serve as a useful 
reference for those wishing to supplement an assigned 
textbook. Few topics in a standard calculus course 
are missing. The translation is smooth, and the book 
is very readable. JK 


Real Analysis, T(16-18), L. Continuity, Integra- 
tion and Fourier Theory. Adriaan C. Zaanen. Uni- 
versitext. Springer-Verlag, 1989, viii + 251 pp, $39 
(P). [ISBN: 0-387-50017-0] Aimed at students who 
may not have been introduced to Lebesgue integra- 
tion, but who need it for Fourier series and trans- 
forms. “In view of the emphasis in modern mathe- 
matics curricula on abstract subjects—it may be use- 
ful to have a textbook available (not too elementary 
and not too specialized) on the subjects—classical 


but still important today—which are mentioned in 
the title of this book.” AWR 


Real Analysis, T(17-18: 2), L. Real Analysis, 
Third Edition. H.L. Royden. Macmillan, 1988, xvii 
+ 444 pp, $38. (ISBN: 0-02-404151-3] This is a re- 
vision with a purpose. Previous treatment of Baire 
and Borel measures in locally compact spaces, “seri- 
ously flawed” in the author’s analysis of his Second 
Edition (TR, October 1968), is here corrected. A new 
chapter on invariant measures, and improvements in 
both text and problems seem to insure that libraries 
will want to keep this venerable text in easy reach of 
students for another twenty years. AWR 
Differential Equations, T(18: 1, 2), P. Differen- 
tial Equations with Discontinuous Righthand Sides. 
A.F. Filippov. Math. & Its Applic. Kluwer Aca- 
demic, 1988, x + 304 pp, $99. [ISBN: 90-277-2699-X] 
Many results in the theory of differential equations 
are shown to be valid for those equations with dis- 
continuous righthand sides. Properties of solutions 
due to this discontinuity are discussed. GN 


Differential Equations, P. Mathematical Aspects 
of Vortezr Dynamics. Ed: Russel E. Caflisch. SIAM, 
1989, 220 pp, $29.50 (P). [ISBN: 0-89871-235-1] In- 
cludes nineteen papers presented at the workshop 
on mathematical aspects of vortex dynamics held in 
Leesburg, Virginia in April 1988. GN 
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Operator Theory, T(18: 2), P. Vertez Operator 
Algebras and the Monster. Igor Frenkel, James Lep- 
owsky, Arne Meurman. Pure & Appl. Math., V. 134. 
Academic Pr, 1988, liii + 502 pp, $69.96. [ISBN: 
0-12-267065-5] Develops mathematical connection 
between certain vertex operator algebras and string 
theory. Introduces affine Kac-Moody algebras and 
vertex operator algebras, then constructs the Mon- 
ster and the moonshine module and corresponding 
vertex operator algebra. Assumes abstract algebra 
at the graduate level. SB 


Analysis, P. Function Classes of Cauchy Continu- 
ous Maps. Eva Lowen-Colebunders. Pure & Appl. 
Math., V. 123. Marcel Dekker, 1989, xiv + 166 pp, 
$89.75. [ISBN: 0-8247-7992-4] Discusses algebraic 
and topological structures of an extension Y of a 
space X by means of a suitable Cauchy structure 
on X. By viewing the class of real-valued functions 
on X which are continuously extendable to Y as the 
class of real-valued Cauchy continuous maps of the 
related Cauchy space, the author combines the the- 
ory of extensions and function classes with the theory 
of Cauchy spaces and Cauchy continuous maps. GN 


Analysis, P. Lecture Notes in Mathematics-1315: 
Topological Properties of Spaces of Continuous Func- 
tions. Robert A. McCoy, Ibula Ntantu. Springer- 
Verlag, 1988, iv + 124 pp, $13.10 (P). [ISBN: 0-387- 
19302-2] For most topologies imposed on C(X, R) 
(the space of all continuous functions from X into R), 
the topological properties of X and R interact with 
those of C(X,R). This text studies these interac- 
tions, especially the cases of set-open topologies and 
uniform topologies on C(X,R). Contains exercises 
at the end of each chapter. GN 


Analysis, P. Algebraic Analysis: Papers Dedicated 
to Professor Mikio Sato on the Occasion of His Siz- 
tieth Birthday, Volume I & IT. Ed: Masaki Kashi- 
wara, Takahiro Kawai. Academic Pr, 1988, $59.95 
each. Volume I, xxi + 472 pp [ISBN: 0-12-400465-2]; 
Volume II, xxi + 473 pp. [ISBN: 0-12-400466-0] A 
collection of over sixty contributed papers discussing 
various results in algebraic analysis. GN 


Differential Geometry, P. Lecture Notes in 
Mathematics-1369: Differential Geometry and Topol- 
ogy. Ed: Boju Jiang, Chia-Kuei Peng, Zixin Hou. 
Springer-Verlag, 1989, vi + 366 pp, $34.90 (P). 
[ISBN: 0-387-51037-0] A collection of twenty-four 
papers and lecture notes from a Special Year in Ge- 
ometry and Topology, held in 1986-87 at Nankai, 
China. The first two long papers on Dupin subman- 
ifolds and curvature of tubular hypersurfaces respec- 
tively are expository in style. PZ 


Topology, P. Minimal Flows and Their Eztenstons. 
Joseph Auslander. Math. Stud., V. 153. North- 
Holland (US Distr: Elsevier Science), 1988, xi + 
265 pp, $86.75. [ISBN: 0-444-70453-1] A flow is a 
jointly continuous action of a topological group on a 
compact Hausdorff space. This account is set in the 
context of the AMS Colloquium book by Gottschalk 
and Hedlund, Topological Dynamics, and overlaps in 
content with Ellis, Lectures in Topological Dynamics, 
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Benjamin, 1969, and Bronstein, Eztensions of Min- 
imal Transformation Groups, Sitjthoff and Noord- 
hoff, 1979. Note the price of this typed-for-camera 
manuscript. AWR 


Operations Research, P. Operations Research 
Models in Flezible Manufacturing Systems. Ed: F. 
Archetti, M. Lucertini, P. Serafini. CISM Courses 
& Lectures, No. 306. Springer-Verlag, 1989, 305 
pp, $43.40 (P). [ISBN: 0-387-82099-X] Papers which 
stay close to actual applications given at a conference 
involving both academicians and industrial workers. 
Flexible manufacturing systems are characterized by 
families of related parts that can be made simulta- 
neously, and by manufacturing processes in which 
change-over time between operations is small com- 
pared to the operating times. Simulation, planning, 
and scheduling all come in for attention. AWR 
Optimization, T(18: 1), L. Theory of Dual- 
ity in Mathematical Programming. Manfred Walk. 
Springer-Verlag, 1989, 178 pp, $49. (ISBN: 0-387- 
82057-4] Introduces readers to the qualitative the- 
ory of mathematical programming in vector spaces. 
Presents a general duality theory and applies it to 
several different mathematical programming prob- 
lems. Prerequisites include basic analysis and linear 
algebra. No exercises. SM 


Control Theory, P. Lecture Notes in Control and 
Information Sciences-117: Stochastic Optimal Con- 
trol Theory with Application in Self-Tuning Con- 
trol. K.J. Hunt. Springer-Verlag, 1989, x + 308 
pp, $44 (P). [ISBN: 0-387-50532-6] Classic linear- 
quadratic-gaussian (LQG) control theory is here 
modified to use a polynomial equation approach, ob- 
viating the requirement that noise sources be Gaus- 
sian distributed, hence the name Stochastic Optimal 
Control. The book uses this approach together with 
self-tuning as the adaptive control process. Account 
is given of application of these techniques to control 
of steam pressure in the Hunterston, Scotland power 
station simulator. AWR 


Computational Statistics, T(16-17: 1), P. Sta- 
tistical Modelling in GLIM. Murray Aitkin, et al. 
Oxford Stat. Sci. Ser., V. 4. Clarendon Pr, 1989, xi 
+ 374 pp, $35 (P); $75. [ISBN: 0-19-852203-7; 0-19- 
852204-5] Begins with an introduction to GLIM3, 
a powerful interactive statistical modelling package, 
and follows with a theoretical chapter on statistical 
modelling and inference. Then shows how to use 
GLIM3 to analyze normal regression and analysis of 
variance models, and models with binomial, multi- 
nomial, and Poisson response data. Concludes with 
a detailed treatment of survival data. RSK 


Statistics, T(14-15: 1). Applied Nonparametric 
Statistical Methods. Peter Sprent. Chapman & Hall, 
1989, x + 259 pp, $32.50 (P). (ISBN: 0-412-30610- 
7] Practical introduction with a minimum of the- 
ory. Much of the presentation is done through ex- 
amples, using the format: problem, formulation and 
assumptions, procedure, conclusion, comments. Also 
includes illustrations from various fields of the type of 
problem to which the methods could be applied. As- 
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sumes some knowledge of elementary statistics. RSK 


Statistics, T(15-16). Statistical Analysis: An In- 
terdisciplinary Introduction to Univariate & Multi- 
variate Methods. Sam Kash Kachigan. Radius Pr, 
1986, xviii + 589 pp, $35.95. [ISBN: 0-942154-99- 
1} A good first course book that introduces multi- 
variate techniques commonly used in many applica- 
tion fields as well as standard univariate techniques. 
Could be used as a first course in graduate statistics 
also. Excellent illustrations and reasonable exercises 
drawn from “behavioral, biological, environmental, 
and monetary sciences.” MS 


Statistics, P*. Bayesian Statistics 3. Ed: J.M. 
Bernardo, et al. Clarendon Pr, 1988, xi + 805 pp, 
$125. [ISBN: 0-19-852220-7] Proceedings of the 
Third Valencia International Meeting on Bayesian 
Statistics held in Spain, in June 1987. Contains all 31 
invited papers, with associated discussion, together 
with a selection of 33 contributed papers. RSK 


Statistics, T(18: 2). Characterizations and Anal- 
ysts of Block Designs. A.K. Nigam, P.D. Puri, V.K. 
Gupta. Wiley, 1988, viii + 176 pp, $24.95. [ISBN:0- 
470-21051-6] Intended for students and researchers 
interested in incomplete block designs. Mathemat- 
ics prerequisites are minimized but a certain level 
of maturity is required to read the text comfortably. 
Many new techniques are included with central chap- 
ters on Kronecker product designs and block designs 
with factorial structures. No exercises or applica- 
tions. Poorly bound. MS 


Statistics, T(18: 2), P. Robustness of Statistical 
Tests. Takeaki Kariya, Bimal K. Sinha. Stat. Mod- 
eling & Decision Sci. Academic Pr, 1989, xvi + 189 
pp, $44.95. [ISBN: 0-12-398230-8] Primarily con- 
cerned with multivariate problems (e.g., GMANOVA 
and covariance structures). Robustness here means 
that an optimality property of a test under a normal 
distribution holds exactly under a non-normal distri- 
bution, primarily orthogonally invariant and ellipti- 
cally symmetrical distributions. Does not use or refer 
to “breakdown” or “influence curve” side of robust- 
ness literature. Considers robustness of null and non- 
null distributions, and robustness of optimality. TH 


Statistics, P. Lecture Notes in Statistics-53: Rela- 
tions, Bounds and Approzimations for Order Statis- 
tics. Barry C. Arnold, N. Balakrishnan. Springer- 
Verlag, 1989, ix + 173 pp, $20.60 (P). [ISBN: 0-387- 
96975-6] Recurrence relations, bounds on expecta- 
tions (“1001 ways to use the Schwarz inequality”), 
and approximations to moments of order statistics; 
samples with a single outlier; record values. Exten- 
sive references. TH 


Statistics, T(15: 2), L. Applied Regression Anal- 
ysis in Econometrics. Howard E. Doran. Statis- 
tics: Textbooks & Mono., V. 102. Marcel Dekker, 
1989, viii + 372 pp, $89.75. [ISBN: 0-8247-8049-3] 
Requires little statistical background; covers simple 
and multiple regression, interpretation, hypothesis 
testing, dummy variables, analysis of residuals, dy- 
namic models and distributed lags, modelling, ran- 
dom X variables, maximum likelihood estimates, 
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probit models. Few plots and diagrams. Uses 
Minitab, also Shazam. TH 

Languages, T(16-18: 1). Programming Lan- 
guages: Concepts and Constructs. Ravi Sethi. 
Addison-Wesley, 1989, xii + 478 pp. [ISBN: 0-201- 
10365-6] Starts with role of structure and the ba- 
sic elements common to all languages. The core of 
the text treats assignments, activations, encapsula- 
tion, inheritance, functional logic, and concurrent 
programming. Each core topic uses two languages 
for illustrations (C, Modula-2, Scheme, Prolog, Ada). 
The last three chapters treat the descriptions of lan- 
guages. Chapter exercises and bibliographic notes. 
Bibliography, index. RJA 

Languages, T*(15-16: 1). Concepts of Program- 
ming Languages. Robert W. Sebesta. Ser. in Com- 
puter Sci. Benjamin/Cummings, 1989, xiv + 497 pp, 
$33.95. [ISBN: 0-8053-7011-0] Designed for the CS 
8 course described in the 1978 ACM Curriculum Rec- 
ommendations. Devotes a chapter to each of several 
significant language constructs and examines design 
choices in several languages. Also includes chapters 
on functional programming, logic programming, and 
object-oriented programming. AO 

Theory of Computation, T*(14-16: 1), S, L. 
Theory of Computation: Formal Languages, Au- 
tomata, and Complezity. J. Glenn Brookshear. Ser. 
in Comput. Sci. Benjamin/Cummings, 1989, xii + 
322 pp, $37.95. [ISBN: 0-8053-0143-7] Attempts to 
correlate abstract topics with areas to which they 
apply. Includes finite automata and regular lan- 
guages, pushdown automata and context-free lan- 
guages, Turing machines and phrase-structure lan- 
guages. Computability is treated in the context of 
Turing machines, partially recursive functions, and 
simple programming languages. The third thrust 
of the text is complexity: computations, algorithms, 
problems, language recognition, and nondeterminis- 
tic machines. Appendices, chapter problems, refer- 
ences. RJA 

Theory of Computation, T*(15-17: 1), L*. An 
Introduction to Formal Language Theory. Robert 
N. Moll, Michael A. Arbib, A.J. Kfoury. Texts & 
Mono. in Comput. Sci. Springer-Verlag, 1988, x 
+ 203 pp, $39.90. [ISBN: 0-387-96698-6] Concise, 
clearly written text for first course in formal lan- 
guages. Unique feature is two-chapter introduction 
to formal theory of natural languages. Also covers 
families of languages and corresponding automata, 
parsing, computability, fixed point methods. KES 
Theory of Computation, T(16-18: 1, 2), S, P, 
L. PX: A Computational Logic. Susumu Hayashi, 
Hiroshi Nakano. Found. of Comput. MIT Pr, 1988, 
xiv + 200 pp, $30. [ISBN: 0-262-08174-1] Describes 
a type-free, constructive logic for computation which 
formalizes a dialect of pure Lisp. Contains formal 
theory of PX, semantics, program extraction from 
proofs using PX, as well as implementation and use 
of PX as a programming language. Appendices, ref- 
erences, index. RJA 


Artificial Intelligence, T(16-18: 1, 2), S, L. For- 
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mal Methods in Artificial Intelligence. Allan Ram- 
say. Tracts. in Theoret. Comput. Sci., V. 6. Cam- 
bridge U Pr, 1988, ix + 279 pp, $49.50. [ISBN: 0- 
521-35236-3] Begins from propositional and predi- 
cate calculus; makes a stop at theorem provers for 
predicate calculus. Next come chapters that ex- 
tend classical logic: modal logic, temporal reasoning, 
non-monotonic reasoning, A-calculus and Montague 
semantics. Ends with two alternatives to classical 
logic: constructive logic and fuzzy logic. Bibliogra- 
phy, index. RJA 


Artificial Intelligence, T*(16-18: 1, 2), S, L. 
Artificial Intelligence and the Design of Ezpert Sys- 
tems. George F. Luger, William A. Stubblefield. Ser. 
in Artif. Intell. Benjamin/Cummings, 1989, xxv 
+ 660 pp, $36.95. [ISBN: 0-8053-0139-9] The first 
part presents the breadth and origins of artificial in- 
telligence. Part two deals with representation and 
search, while the third part comprises a chapter on 
Prolog and one on Lisp. Part four discusses specific 
representations for knowledge-based systems. Ad- 
vanced artificial intelligence programming techniques 
are given in part five. Chapter exercises and refer- 
ences. Lots of historical information. Interplay be- 
tween theory and applications. Ends with artificial 
intelligence as an empirical inquiry. Appendix on 
Prolog programs and one on Lisp programs. Bibli- 
ography, author index, subject index. RJA 


Computer Science, P. Foundations of Deduc- 
tive Databases and Logic Programming. Ed: Jack 
Minker. Morgan Kaufmann, 1988, 746 pp, $42.95. 
[ISBN: 0-934613-40-0] First part treats negation 
and stratified databases. The second part considers 
some fundamental issues: use of semantic informa- 
tion to optimize deductive search, development of in- 
formative answers to queries, updating integrity con- 
stants, deleting data, handling recursive axioms, ac- 
cessing data and axioms efficiently, implementations. 
The third part is on unification and logic program- 
ming. Concise introduction with references. Lists 
of authors and referees. Author index; subject in- 
dex. RJA 


Computer Science, P. A Program Generator for 
Recognition, Parsing and Transduction with Syntac- 
tic Patterns. G.J. van der Steen. CWI Tract, V. 55. 
Mathematisch Centrum, 1988, 284 pp, Dfl. 42.90 (P). 
[ISBN: 90-6196-361-3] Focus is on computational 
aspects of recognition, parsing, and transduction— 
formalisms suitable for representing various gram- 
mars. A formal machine model is described, fol- 
lowed by a concrete implementation and accompany- 
ing program generator. Treats complexity of gener- 
ated programs and various applications. References 
and index. RJA 


Computer Science, P. Constraint Satisfaction in 
Logic Programming. Pascal Van Hentenryck. MIT 
Pr, 1989, xvi + 224 pp, $35. [ISBN: 0-262-08181- 
4] Presents new approach to solving discrete com- 
binatorial problems. Uses constraints to prune the 
search space of combinations which cannot appear in 
a solution. Such search procedures propagate con- 
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straints as much as possible and assume values of 
variables (not already assigned) until a solution is 
found. These notions have been integrated into logic 
programming and found in systems: CLP, Prolog III, 
Trilogy. The CHIP project of ECRC is the basis of 
much of the book. Many applications discussed; ref- 
erences; index. RJA 

Applications, P*. Vibration and Coupling of Con- 
tinuous Systems: Asymptotic Methods. J. Sanchez 
Hubert, E. Sanchez Palencia. Springer-Verlag, 1989, 
xv + 421 pp, $79. [ISBN: 0-387-19384-7] Account 
of modern methods. From basics to research prob- 
lems of current interest. Self-contained enough so as 
to be accessible to engineers and theorists concerned 
with mechanics as well as specialists in computa- 
tional methods. Linear problems where elastic struc- 
tures are coupled to fluids, radiation of immersed 
bodies, local vibrations, thermal effects, and more. 
Comments, complements, problems at some chapter 
ends. Exercises. References to recent publications 
and to some classics in the literature. JK 


Applications, L**. Adventures in Celestial Me- 
chanics: A First Course in the Theory of Orbits. Vic- 
tor G. Szebehely. U of Texas Pr, 1989, xiv + 175 pp, 
$27.50. [ISBN: 0-292-75105-2] Delightful from the 
Dedication (to the memory of Newton) to the Con- 
cluding Remarks 146 pages later. Author’s purpose is 
“to demonstrate the beauty of orbit mechanics and 
celestial] mechanics ...” Emphasis is on the basics. 
From Earth satellites in circular orbits to a restricted 
form of the three-body problem. Historical remarks 
offer insight and background. List of contributors 
beginning with Aristotle. Roles of Euler, Lagrange, 
Poincaré, Whittaker, Einstein, and others. The au- 
thor is a masterful storyteller and his enthusiasm for 
his subject is catching. Worked examples and prob- 
lems to solve. Annotated list of major references. In 
a word, the book is a “winner.” JK 


Applications, P. Transactions of the Sizth Army 
Conference on Applied Mathematics and Computing. 
US Army Research Office (PO Box 12211, Research 
Triangle, NC 27709), 1989, xx + 1151 pp, (P). Pa- 
pers from a June 1988 conference held in Boulder, 
Colorado. Bound backwards and upside down: move 
from page 1150 to page 1. LAS 

Applications (Cognitive Science), T(16-18: 1, 
2), S, P, L. Natural Computation. Ed: Whitman 
Richards. MIT Pr, 1988, x + 561 pp, $25 (P). [ISBN: 
0-262-68055-6] Contains 36 readings, half on vision. 
The first section provides an introduction to natural 
computation, and the last section indicates future di- 
rections. In between, the readings are in four groups: 
information at contours, property tags, sound inter- 
pretation, force sensing and control. Each group 
has an introduction with references. Text concludes 
with problem sets. Glossary, name and subject in- 
dexes. RJA 


Applications (Physics), P. Quantum Theories 
and Geometry. Ed: M. Cahen, M. Flato. Math. 
Physics Stud., V. 10. Kluwer Academic, 1988, ix + 
191 pp, $69. [ISBN: 90-277-2803-8] Compiled from 
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lectures delivered at the Fondation Les Treilles in 
March 1987. MU 


Applications (Physics), P*, L*. Mathemati- 
cal Methods of Classical Mechanics, Second Edition. 
V.I. Arnold. Transl: K. Vogtmann, A. Weinstein. 
Grad. Texts in Math., V. 60. Springer-Verlag, 1989, 
xvi + 508 pp, $49.80. [ISBN: 0-387-96890-3] Based 
on a year-and-a-half-long course in classical mechan- 
ics taught by the author to third- and fourth-year 
mathematics students at Moscow State University 
in 1966-1968. Modern approach to Newtonian, La- 
grangian, and Hamiltonian formulations of dynam- 
ics. Classical mechanics and its relationship to Rie- 
mannian geometry, Lie groups, and more. Three new 
appendices, originally written for inclusion in a Ger- 
man edition, on work by author and co-authors on 
Poisson structures, elliptic coordinates with applica- 
tions to integrable systems, and singularities of ray 
systems. Destined to be a standard in the field (First 
Edition, TR, February 1979). JK 


Applications (Physics), T(18: 1), P. Hamilto- 
nian Systems: Chaos and Quantization. Alfredo M. 
Ozorio de Almeida. Mono. on Math. Physics. Cam- 
bridge U Pr, 1988, ix + 238 pp, $64.50. [ISBN: 0- 
521-345316] This new English version of the origi- 
nal Portuguese text introduces the theory of classi- 


cal Hamiltonian systems with main focus on periodic 
orbits and their neighborhood. MU 


Applications (Physics), P. Operator Algebras and 
Applications. Ed: David E. Evans, Masamichi 
Takesaki. Cambridge U Pr, 1988, (P). Volume 1: 
Structure Theory; K-Theory, Geometry and Topol- 
ogy. London Math. Soc. Lect. Note Ser., V. 135, 
viii + 244 pp [ISBN: 0-521-36843-X]; Volume 2: 
Mathematical Physics and Subfactors. London 
Math. Soc. Lect. Note Ser., V. 136, vili + 240 pp. 
[ISBN: 0-521-36844-X] Compiled from papers pre- 
sented at the UK-US Joint Seminar on Operator 
Algebras held at the University of Warwick in July 
1987. MU 


Reviewers 


RJA: Richard J. Allen, St. Olaf; DFA: David F. Appleyard, 
Carleton; SB: Steve Benson, St. Olaf; JNC: Judith N. Ceder- 
berg, St. Olaf; LC: Laura Chihara, St. Olaf; BC: Barry Cipra, 
St. Olaf; CEC: Clifton E. Corsatt, St. Olaf; JD-B: John 
Dyer-Bennet, Carleton; WE: William Etter, Macalester; SG: 
Steven Galovich, Carleton; GG: George Gilbert, St. Olaf; RH: 
Rhonda Hatcher, St. Olaf; TH: Timothy Hesterberg, St. Olaf; 
PH: Paul Humke, St. Olaf; RJ: Roger Johnson, Carleton; 
JJ: Jason Jones, St. Olaf; RSK: Richard S. Kleber, St. Olaf; 
JDEK: Joseph D.E. Konhauser, Macalester; LCL: Loren C. 
Larson, St. Olaf; SM: Steve McKelvey, St. Olaf; GN: Gail Nel- 
son, Carleton; KO: Kenneth Olstad, St. Olaf; JO: Jeff Ondich, 
St. Olaf; AO: Arnold Ostebee, St. Olaf; SP: Samuel Patterson, 
Carleton; MLR: Margaret L. Reese, St. Olaf; MPR: Matthew 
P. Richey, St. Olaf; AWR: A. Wayne Roberts, Macalester; KS: 
Karen Saxe, St. Olaf; GMS: G. Michael Schneider, Macalester; 
JS: John Schue, Macalester; JAS: J. Arthur Seebach, Jr., 
St. Olaf; KES: Kay E. Smith, St. Olaf; LAS: Lynn Arthur 
Steen, St. Olaf; MSS: Myriam S. Steinback, Macalester; MU: 
Milton Ulmer, Carleton; TAV: Theodore A. Vessey, St. Olaf; 
MW: Martha Wallace, St. Olaf; PZ: Paul Zorn, St. Olaf. 


USA MATHEMATICAL OLYMPIADS 


Every year 100 of the most mathemati- 
cally talented high school students in the 
country compete in the USA Mathemati- 
cal Olympiad (USAMO). The USAMO is 
the third stage of a three-tiered mathe- 
matical competition for high school stu- 
dents in the United States and Canada 
that begins with the AHSME taken by over 
400,000 students, continues with the Amer- 
ican Invitational Mathematics Exam involv- 
ing 2,000 students, and culminates in the 
100-contestant USAMO. 


Order from: 


IS (202) 387-5200 


USA MATHEMATICAL OLYMPIADS 
1972-1986, PROBLEMS AND 
SOLUTIONS 


Compiled by Murray S. Klamkin 


People delight in working on problems “be- 
cause they are there, ” for the sheer plea- 
sure of meeting a challenge. This is a 
book full of such delights. In it, Murray 
S. Klamkin brings together 75 original USA 
Mathematical Olympiad (USAMO) problems 
for years 1972-1986, with many improve- 
ments, extensions, finger exercises, open 
problems, references and solutions, often 
showing alternative approaches. The prob- 
lems are coded by subject and solutions 
are arranged by subject as an aid to those 
interested in a particular field. Contains 
a glossary of frequently used terms and 
theorems, and a comprehensive bibliogra- 
phy with items numbered and referred to 
in brackets in the text. The problems are 
intriguing and the solutions elegant and in- 
formative. Students and teachers will en- 
joy working these challenging problems. In- 
deed all those those who are mathemat- 
ically inclined will find many delights and 
pleasant challenges in this book. 


180 pp., 1988, ISBN-0-88385-634-4 
List: $13.50 MAA Member: $12.50 
Catalog Number NML-33 


palin) The Mathematical Association of America 
% 1529 Eighteenth Street, N. W. 
Py 2 Washington, D. C. 20036 


“The most ambitious and comprehensive history in the 
Finglish language of mathematics and its relations to 
—Carl Boyer, author of A History of Mathematics 


science.’ 


‘We had better treasure this work on our shelf, for as far as 
mathematical history goes, it is the best we have.’ 
—Gian-Carlo Rota, Massachusetts Institute of Technology 


“Remarkably readable.... There is not other [work] from 
which one can obtain a comparable understanding of the 


thought. ”’ 


Now available in a new three-volume paperback edition, 
Morris Kline’s monumental work presents the major creations } 
in mathematics from its beginnings in Babylonia and Kgypt 
through the first few decades of the twentieth century. 


history of mathematics.... Extraordinary. ’ 
—American Scientist , nog 
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At better bookstores or directly from 


OXFORD PAPERBACKS __ -; rr 


**The definitive history of mathematical 
— Saturday Review 


Volume |: 

416 pp., figures paper $12.95 
Volume II: 

384 pp., figures paper $12.95 
Volume III: 

448 pp., figures paper $12.95 


ft 


Oxford University Press @ 200 Madison Avenue @ New York, NY 10016 


New... 


Writing Mathematics Well, by Leonard Gillman 
64 pp., 1987, ISBN-0-88385-443-0 


Catalog Number - WMW 


Good writing conveys more than the 
author originally had in mind, while poor 
writing conveys less. Well-written papers 
are more quickly accepted and put into 
print and more widely read and appreci- 
ated than poorly written ones—and for 
notes, monographs, and books the qual- 
ity of writing is more important than it is 
for papers. 

In Writing Mathematics Well, Leo- 
nard Gillman tells his readers how to 
develop a clear and effective style. All 
aspects of mathematical writing are cov- 
ered, from general organization and 
choice of title, to the presentation of 
results, to fine points on using words and 
symbols, to revision, and finally, to the 
mechanics of putting your manuscript into 
print. No book can by itself make you a 
better writer, but this one will alert you to 
the opportunities for better and more 


List: $6.00 MAA Member: $4.50 


forceful writing. It does this both by pre- 
cept and by example. 

A book to be read for its sharpness 
and wit as well as for enlightenment, Writ- 
ing Mathematics Well should be on the 
shelf of anyone who writes or intends to 
write mathematics. It will amuse and 
delight the already careful writer and it will 
help reform and refine the sensibilities of 
those who may be somewhat careless 
about their writing. 


Order from 

The Mathematical Association 
of America 

1529 Eighteenth St. NW 
Washington, D.C. 20036 


INTERNATIONAL MATHEMATICAL OLYMPIADS 


The International Mathematical Olympiads, 
1959-1977 and 1978-1985 provide a com- 
pilation of problems and solutions of arrest- 
ing ingenuity; all accessible to secondary 
school students. The alternative solutions 
are particularly interesting because they 
show that there are many ways to solve a 
problem. 


INTERNATIONAL MATHEMATICAL 
OLYMPIADS, 1959-1977 


Compilation and solutions by S.L. Greitzer 


116 problems 

204 pp., 1978, ISBN 0-88385-627-1 
List: $11.50 MAA Member: $9.50 
Catalog Number NML-27 


INTERNATIONAL 
MATHEMATICAL 
OLYMPIADS 1959.16 
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Order from: 

The Mathematical Association of America 
1529 Eighteenth Street, N. W. 
Washington, D. C. 20036 

(202) 387-5200 


INTERNATIONAL MATHEMATICAL 
OLYMPIADS , AND FORTY 
SUPPLEMENTARY PROBLEMS, 
1978-1985 


Compilation, solutions, and 40 additional 
problems by Murray S. Klamkin 


88 problems in all 

150 pp., 1986, ISBN 0-88385-631-X 
List: $12.95 MAA Member: $10.50 
Catalog Number NML-31 . 


This sequel of problems used in the In- 
ternational Mathematical Olympiad cer- 
tainly matches the description ‘meant 
to challenge.’ The problems contained 
in this publication are the most chal- 
lenging | have seen. For the seri- 
ous problem solver, this is an excellent 
collection of truly challenging problems 
designed to give instruction in the use 
of sophisticated methods and modes of 
attack. 


Richard J. Wylie in The Mathematics Teacher 


Both International Olympiad books avail- 
able as a package: 


List: $21.00 MAA Member: $17.50 
Catalog Number IMO 
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COMMAND: Author Build Calculus Declare Expand Factor Help Jump soLve Manage 
Options QRyI Quit Remove Simplify Transfer moVe Window approX 

Enter option 

User D: EXAMPLE .MTH Free :97~ Derive Algebra 


2000 years of mathematical knowledge on a disk 


DERIVE, the successor to muMATH, is a powerful computer algebra system 
for your PC compatible computer that provides the following capabilities: 

M@ Exact and approximate arithmetic to thousands of digits 

M@ Equations, complex numbers, trigonometry, calculus, vectors, and matrices 
M@ 2D and 3D function plotting with zooming capability 

M MDA, CGA, EGA, VGA, and Hercules graphics and text support 

M@ Attractive 2D mathematical display of formulas 

M@ Easy to use menu-driven interface with on-line help 

Mi Ideal for engineers, scientists, students and teachers 

HM $200 plus shipping: Call or write for information. 


System requirements: IBM PC or compatible computer, MS-DOS version 2.1 or later, 512K 
memory, and a 5'4 inch (360K) or a 3! inch (760K) diskette drive. Or NEC PC-9801 or 
compatible computer, MS-DOS version 2.1 or later, 512K memory, and a 5! inch (640K) 
diskette drive. 


DERIVE and muMATH are trademarks of Soft Warehouse, Inc. Hercules is a trademark of Hercules Computer Technology, Inc. 
IBM is a registered trademark of International Business Machines Corp. MS-DOS is a registered trademark of Microsoft Corp. 
NEC is a registered trademark of Nippon Electric Company. 


‘| Soft Warchouse: 


3615 Harding Avenue, Suite 505 ¢ Honolulu, Hi 96816 
(808) 734-5801 after noon PST 

maneeeeas 
1988 Soft Warehouse. Inc Handcrafted software for the mind. 


Don’t Miss These Recent Publications 
from Springer-Verlag! 


Mathematical Introduction to 
Linear Programming and Game 
Theory 

By L. Brickman 


Mathematical elegance is a constant theme in this treat- 
ment of linear programming and matrix games. Con- 
densed tableaux, minimal in size and notation, are em- 
ployed for the simplex algorithm. In the context of these 
tableaux, the beautiful termination theorem of R.G. Bland 
is proven more simply than heretofore, and the important 
duality theorem becomes almost obvious. Examples and 
extensive discussions throughout the book provide insight 
into definitions, theorems, and applications. The book is 
designed for a one-semester undergraduate course. 


1989/130 pp./Hardcover $34.00/ISBN 0-387-96931-4 
Undergraduate Texts in Mathematics 


A Course in Modern Geometries 
By J. Cederberg 


The major emphasis of this text is on the geometries 
developed after Euclid’s Elements (circa 300 B.C.). In 
addition it provides an excellent opportunity to explore 
aspects of the history of mathematics. Also, since al- 
gebraic techniques are frequently used, this study dem- 
onstrates the interaction of several areas of mathematics 
and serves to develop geometrical insights into mathe- 
matical results which previously appeared to be complete- 
ly abstract in nature. A course based on this text provides 
excellent preparation for the standard undergraduate 
course in abstract algebra. 


1989/app. 232 pp., 133 illus./Hardcover $42.00/ISBN 0-387-96922-5 
Undergraduate Texts in Mathematics 


Factorization and Primality Testing 
By D.M. Bressoud 


This self-contained book is about how to factor or prove 
primality for large numbers; it is also an introduction to 
the theory of numbers. Intended for upper-level under- 
graduates in mathematics and computer science the book 
aims to introduce the current research, give an apprecia- 
tion for the results that have been produced throughout 
the history of number theory, and get them using the com- 
puter to factor and prove primality. Currently, no intro- 
duction to this area is as up-to-date or as accessible to the 
non-specialist. 


1989/app. 272 pp., 2 illus./Hardcover $45.00/ISBN 0-387-97040-1 
Undergraduate Texts in Mathematics 


Polynomials 
By E.J. Barbeau 


Providing a backdrop for later study in calculus, modern 
algebra, numerical analysis and complex variable theory, 
this book acts as an extension to the high school cur- 
riculum. Its many exercises introduce various techniques 
and topics in the theory of equations, such as evaluation 
and factorization of polynomials, solution of equations, 
interpolation, approximation and congruences. The 
theory, illustrated through examples rather than given for- 
mal treatment, is clearly presented. 


1989/441 pp., 36 illus./Hardcover $59.00/ISBN 0-387-96919-5 
Problem Books in Mathematics 


Fractals for the Classroom 


By H.-O. Peitgen, H. Jurgens and D. Saupe 
Advisory Board: E. Maletsky, T. Perciante, and 
L. Yunker 


Springer-Verlag, in cooperation with the National Coun- 
cil of Teachers of Mathematics, presents this valuable 
teaching aid for classroom use as well as for independent 
study. Fractals for the Classroom is written especially 
for teachers and is intended for the high school and col- 
lege level. It is based on several lectures and lecture series 
given to various Communities of teachers and students. 
Two special supplementary volumes will soon be avail- 
able, one which will contain strategic lessons on fractals, 
and another with strategic computer experiments on 
fractals. 


1990/app. 160 pp., many illus./Hardcover $29.00 (tent.) 
ISBN 0-387-97041-X 


Order Today! 

Call Toll-Free: 1-800-SPRINGER (In NJ call 201-348-4033). 
Or send FAX: 212-473-6272 

For mail orders please send payment plus $2.50 for postage 
and handling to: Springer-Verlag New York, Inc., 

Attn.: S. Klamkin-Dept. $337, 175 Fifth Avenue, New York, 
NY 10010. We accept Visa, MC, and Amex charges (with 
Signature and exp. date noted) as well as personal checks and 
money orders. NY, NJ, and CA residents please add state 
sales tax. 


Springer-Verlag 
New York Berlin Heidelberg Vienna 
London Paris Tokyo Hong Kong 
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TITLE INDEX 


An Alternate Proof of the Continuity of the Roots of a 
Polynomial, FELIPE CUCKER and ANTONIO G. 
CORBALAN, 342 

Another Example of an Exotic Function, VICTOR PAM- 
BUCCIAN, 913 

Arakelian’s Approximation Theorem, JEAN-PIERRE 
RoOSAY and WALTER RUDIN, 432 

The Butterfly Curve, T. H. Fay, 442 

Can a Graph be Both Continuous and Discontinuous?, 
HUGH THURSTON, 814 

A Cantor Set of Nonconvergence, DAvID R. ARTER- 
BURN and WILLIAM D. STONE, 604 

The Cauchy-Schwarz Inequality: A Geometric Proof, 
JAMES W. CANNON, 630 

A Characterization of a Class of Composition Opera- 
tors, R. E. LEwKowlIcz, 725 

Chebyshev’s Inequality and Natural Density, CURTIS 
N. COOPER and ROBERT E. KENNEDY, 118 

Comparing the Spectral Radu of Two Nonnegative 
Matrices, R. B. BAPAT, 137 

Conway’s RATS and Other Reversals, RICHARD K. 
Guy, 425 

Counting the Rationals, YORAM SAGHER, 823 

Coupled Linear Differential Equations with Real Coef- 
ficients, MOGENS E. LARSEN and BJARNE S. JENSEN, 
729 

Covering Curves by Translates of a Convex Set, K. 
BEZDEK and R. CONNELLY, 789 

Direct Sum of J-Rings and Zero Rings, JIANG LUH and 
STEVE LIGH, 40 

Disks, Balls, and Walls: Analysis of a Combinatorial 
Game, R. ANDERSON, L. LovAsz, P. SHor, J. 
SPENCER, E. TARDOS, and S. WINOGRAD, 481 

The Effect of Prior Calculus Experience on ‘Introduc- 
tory’ College Calculus, MARTHA B. BURTON, 350 

An Eigenvalue Characterization of the Correlation Co- 
efficient, SEYMOUR Kass, 910 

An Elementary Test for the Galois Group of a Quartic 
Polynomial, LUISE-CHARLOTTE KAPPE and BETTE 
WARREN, 133 

An Elementary Treatment of the Radon-Nikodym 
Derivative, RICHARD C. BRADLEY, 437 

Equations in Division Rings—A Survey, J. LAWRENCE 
AND G. SIMONS, 220 

Estimating the Diffusion of Stock Prices with the HP- 
28S, YvES NIEVERGELT, 636 

A Euclidean Model for Euclidean Geometry, ADOLF 
MADER, 43 
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Factor Rings of Integers, STEVE JOHNSON, 521 

Fair Dice, JoSEPH B. KELLER and PERSI DIACONIS, 337 

Fifty Years of Putnam Trivia, JoSEPH A. GALLIAN, 711 

Fixed Points of the Twisted Cyclic Shift Operator, 
LARRY W. CUSICK and PETER TANNENBAUM, 713 

A (Fresh)man Treatment of Determinants, KENNETH P. 
BOGART, 915 

From Calculus to Number Theory, JAMES DUEMMEL, 
140 

From Experimentation to Proof, HERVE LEHNING, 631 

Fubini’s Theorem for Null Sets, ERIC K. VAN DOUWEN, 
718 

Generalizing the Formula for Areas of Polygons to 
Moments, S. F. BOCKMAN, 131 

A Geometrically Inspired Proof of the Singular Value 
Composition, S. J. BLANK, NISHAN KRIKORIAN, 
and DAVID SPRING, 238 

Geometry of Continued Fractions, M. C. IRWIN, 696 

How Not to Prove Fermat’s Last Theorem, JOHN 
MCCLEARY, 410 

Irrationals and the Fundamental Theorem of Arith- 
metic, DAvID J. SpRows, 732 

The Isoperimetric Inequality and Rational Approxima- 
tion, D. KHAVINSON and T. W. GAMELIN, 18 

Kathy O’Hara’s Constructive Proof of the Unimodality 
of the Gaussian Polynomials, DORON ZEILBERGER, 
590 

Material Implication Revisited, JOSEPH S. FULDA, 247 

Merlin’s Magic Square Revisited, DANIEL L. STOCK, 
608 

Minimal Periods of Discrete and Smooth Orbits, 
STAVROS BUSENBERG, DAVID FISHER, and MARIO 
MARTELLI, 5 

The Missing Boundary of the Blaschke Diagram, 
J.R. SANGWINE-YAGER, 233 

Monotone Multiplicative Functions, JOEL COHEN, 512 

A Motivated Proof of the Rogers-Ramanujan Identities, 
GEORGE E. ANDREWS and R. J. BAXTER, 401 

Mountain Climbing, Ladder Moving, and the Ring- 
Width of a Polygon, JacoB E. GOODMAN, JANOS 
PACH, and CHEE K. Yap, 494 

A Natural Interpretation of an Artificial Function, 
HANSKLAUS RUMMLER, 520 

The New Mersenne Conjecture, J. F. SELFRIDGE, P. T. 
BATEMAN, and S. S. WAGSTAFF, JR., 125 

Nonstandard Continuity and Uniform Convergence, 
CHRISTOPHER L. THOMPSON, 443 

The Norm of a Linear Function, I. J. Mappox, 434 
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Normalized Symmetric Functions, Newton’s Inequali- 
ties, and a New Set of Stronger Inequalities, 
SHMUEL ROSSET, 815 

A Note on the Row-Reduction Algorithm, CHIH-HAN 
SAH, 143 

A Note on Taylor's Theorem, Jose A. FACENDA 
AQUIRRE, 244 

A Note on Venn Diagrams, LEWIS PAKULA, 38 

The Number of Words of Length n in a Graph Monoid, 
DAVID C. FISHER, 610 

On (a X b) X c, RONALD SHAW AND FRED J. YEADON, 
623 

On a Conjecture of R. J. Simpson About Exact Cover- 
ing Congruences, DORON ZEILBERGER, 243 

On the Differentiation Formula for sin, DONALD HAR- 
TIG, 252 

On Groups in Which Every Element Has Finite Order, 
NARAIN GUPTA, 297 

On Markov Processes in Elementary Mathematics 
Courses, JOHN T. BALDWIN, 147 

On the Number of Furthest Neighbour Pairs in a Point 
Set, HERBERT EDELSBRUNNER and STEVEN SKIENA, 
614 

On Open Maps, JOHN CROWE and DoMINICK SAMPERI, 
242 
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Approximation by other special function classes 
J.-P. ROSAY AND W. RUDIN 432 

Remainders in approximation formulas 

R. M. GETHNER 522 


FOURIER ANALYSIS 


Elementary exposition; textbooks 
J. MARSHALL ASH 873 


FUNCTIONAL ANALYSIS 


Linear function spaces and their duals: Banach 
spaces of continuous, differentiable or analytic 
spaces 

I. J. MADDOX 434 


GEOMETRY 


Elementary exposition; textbooks 

A. ADHIKARI AND J. PITMAN 309 J. E. Goop- 
MAN, JANOS PACH, AND CHEE K. YAP 494 

S. BUSENBERG, D. FISHER, AND M. MARTELLI 5 
FARUK F. ABI-KHUZAM AND A. B. BOGHOS- 
SIAN 576 

T. W. GAMELIN AND D. KHAVINSON 18 
Distance geometry: General theory 

PAUL ERDOS, DEAN HICKERSON, AND J. PACH 
569 

Real and complex geometry: Euclidean geome- 
tries 

A. MADER 43 

Real and complex geometry: Length, area, and 
volume 

P. DIACONIS AND J. B. KELLER 337 


CONVEX SETS AND RELATED GEOMET- 
RIC TOPICS 


Convex sets without dimension restrictions 
K. BEZDEK AND R. CONNELLY 789 


GENERAL TOPOLOGY 


Maps and general types of spaces defined by 
maps: Continuous maps 

HUGH THURSTON 814 

Maps and general types of spaces defined by 
maps: Special maps: open, closed, perfect, al- 
most open, light, etc. 

J. CROWE AND D. SAMPERI 242 


PROBABILITY THEORY AND STOCHAS- 
TIC PROCESSES 


Foundations of probability theory: Axioms; 
other general questions P. DIACONIS AND J. B. 
KELLER 337 
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E15 Distribution theory: Inequalities (Chebyshev, 65-XX COMPUTER SCIENCE 
Kolmogrov, etc.) . ; 
C. N. Cooper AND R. E. KENNEDY 118 -04 Explicit machine computation and programs 
J99 Markov processes: None of the above, but in (not the theory of computation or program- 
this section ming) 
J. T. BALDWIN 147 J. M. BORWEIN, P. B. BORWEIN, AND K. 
DILCHER 681 J. M. BORWEIN, P. B. BORWEIN, 
65-XX NUMERICAL ANALYSIS AND D. H. BAILEY 201 
-01 Elementary expositions; textbooks Q60 Wy aa ean _ verification 
E. T. Y. LEE 618 
D10 Neral approximation: Smoothing, curve 90-XX ECONOMICS, OPERATIONS RESEARCH, 
itting 
JOHN S. LEW AND DONALD A. QUARLES, JR. PROGRAMMING GAMES 
886 A09 Mathematical economics: Portfolio theory and 
D32 Numerical approximation: Quadrature and cu- financial economics 
bature formulas YVES NIEVERGELT 636 
E. T. Y. LEE 618 
D99 Numerical approximation: None of the above, 
but in this section 
J. M. PaTIN 41 
REVIEWS BY TITLE 


(Names of authors in ordinary type; those of reviewers in capitals) 


The Book of Prime Number Records, Paulo Ribenboim, 
C. POMERANCE, 663-665 

Algorithms in Combinatorial Geometry, Herbert Edels- 
brunner, J. E. GOODMAN, 457-460 

Combinatorial Enumeration of Groups, Graphs, and 
Chemical Compounds, George Polya and R. C. 
Read, R. MERRIS, 269-272 

Combinatorics of Finite Sets, Ian Anderson, D. J. 
KLEITMAN, 463-464 

A Course in Number Theory and Cryptology, Neal 
Koblitz, A. G. KONHEIM, 374-375 

Derive, A Mathematical Assistant, ver. 1.22, Albert Rich, 
Joan Rich, and David Stoutemyer, E. A. HERMAN, 
948-958 

Dynamical Systems, V. I. Arnold (ed.), J. HORNSTEIN, 
861 

Elementary Number Theory, Charles Vanden Eynden, 
E. GROSSWALD, 460-463 

For All Practical Purposes: An Introduction to Contempo- 
rary Mathematics, COMAP, A. GITTLEMAN, 
465-467 

Forever Undecided: A Puzzle Guide to Godel, Raymond 
Smullyan, C. SMORYNSKI, 169-172 

From One to Zero: A Universal History of Numbers, 
Georges Ifrah, F. Swetz, 273-274 

Geometric Inequalities, Yu. D. Burago and V. A. Zal- 
galler, D. CHAKERIAN, 544-546 

Geometric Measure Theory. A Beginner’s Guide, Frank 
Morgan, F. J. ALMGREN, JR. 

Geometric Theory of Foliations, Cesar Camacho and A. 
L. Neto, A. PHILLIPS, 71-76 


Geometries and Groups, V. V. Nikulin and I. R. Shafare- 
vich, H. W. GUGGENHEIMER, 370-373 

Invitation to Complex Analysis, Ralph Boas, G. PIRA- 
NIAN, 376-378 

Littlewood’s Miscellany, Bélas Bollobas, R. P. Boas, 
167-169 

Mathematica—A System for Doing Mathematics by 
Computer, Wolfram Research, L. S. KROLL, 855 

Mathematical Cryptology for Computer Scientists and 
Mathematicians, Wayne Patterson, A. G. Kon- 
HEIM, 374-375 

Mathematical Problem Solving, Alan H. Schoenfeld, S. 
GALOVICH, 68-71 

Mathematics with Applications, fourth edition, Margaret 
L. Lial and C. D. Miller, C. J. OXENRIDER, 537-538 

Native American Mathematics, Michael P. Closs (ed.), J. 
V. RAUFF, 662-663 

The Polya Picture Album—Encounters of a Mathemati- 
cian, Gerald A. Alexanderson (ed.), F. HARARY, 
750- 

Principles of Computer Science, M. Sandra Carberry, A. 
T. Cohen, and H. M. Khalil, S. E. SELTzer, 
378-380 

The Shape of Space, Jeffrey R. Weeks, A. H. DURFEE, 
660-662 

Sphere Packings, Lattices, and Groups, J. H. Conway 
and N. J. A. Sloane, H. S. M. CoXxETER, 538-544 

Writing Mathematics Well, Leonard Gillman, P. D. Lax, 
380-381 
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167-169 

Burago, Yu. D. and V. A. Zalgaller, Geometric Inequali- 
ties, D. CHAKERIAN, 544-546 
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of Foliations, A. PHILLIPS, 71-76 

Nikulin, V. V. and I. R. Shafarevich, Geometries and 
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Read, R. C. and G. Pélya, Combinatorial Enumeration 
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MERRIS, 269-272 
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A Mathematical Assistant, ver. 1.22, E. A. HER- 
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Groups, H. W. GUGGENHEIMER, 370-373 
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Lattices, and Groups, H. S. M. COXETER, 538-544 

Smullyan, Raymond, Forever Undecided: A Puzzle 
Guide to Gédel, C. SMORYNSKI, 169-172 

Stoutemyer, David, Albert Rich, and Joan Rich, Derive, 
A Mathematical Assistant, ver. 1.22, E. A. HER- 
MAN, 948-958 

Vanden Eynden, Charles, Elementary Number Theory, 
E. GROSSWALD, 460-463 

Weeks, Jeffrey R., The Shape of Space, A. H. DURFEE, 
660-662 

Wolfram Research, Mathematica—A System for Doing 
Mathematics by Computer, L. S. KROLL, 
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Adler, Irving 642 
Alex, Leo J. 927 
Alexandrov, V. A. 838, 927 


Anderson, Oliver D. 652 
Andrews, Peter 154 
Balazard, Michel 165, 446 
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Baloglou, George 445 
Bege, Antal 253 
Bencharit, Um 838 
Blakley, Robert 155 
Bowman, Doug 743 
Brown, Kevin 65 
Bulman-Fleming, Sydney 155 
Chao, Wu Wei 927 
Chatterji, S. D. 265 
Clark, Dean S. 735 
Comtet, Louis 524 
Cucurezeanu, Ion 154 
Dairbekov, N.S. 838 
Daneshgar, Amir 253 
Das, Sajal K. 454 

de Doelder, P. J. 366 
Delany, Jim 54, 254 
Diamond, H. G. 838 
Dlab, Vlastimil 735 
Duran, Antonio 641 
Edgar, Hugh M. W. 942 
Ehrhart, E. 533 
El-Hayek, C. 

Erd6és, Paul 356, 837 
Evans, Ronald J. 66 
Ferraro, Peter J. 253 
Ferrer, Jesus 65 

Gersten, Stephen M. 165 
Gessel, Ira 652 

Gleason, Andrew M. 734 
Goodman, A. W. 744 
Griffith, P. A. 264 
Glitzmann, P. 642 

Hajek, O. 744 

Hensley, Douglas 155 
Hildebrand, Adolf 165 
Khare, C. B. 253 
Klamkin, M.S. 55, 154, 356, 641 
Knuth, Donald E. 54, 154, 525 
Lau, Kee-Wai 

Lupas, Alexandru 357 
MacKinnon, Nick 366, 525 
Mamer, John 524 
MacCarthy, Justin G. 846 


Agnew, Robert A. 364 
Andrews, George 852 
Askey, Richard 653 
Bager, Anders 928 
Bertram, B. §. 531 
Bishop, Richard L. 528 
Bloom, David M. 737 
Bondesen, Aage 254 
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McDowell, Kenneth 155 
Mercier, Armel 942 
Meyerson, Mark D. 357 
Miller, Allen R. 454 
Moen, Courtney 642 
Mohar, B. 642 
Montgomery, Hugh L. 54 
Murase, Ichiro 265 

Pach, J. 642 

Plambeck, Thane 357 
Pollack, R. 642 
Pomerance, Carl 455 
Propp, James G. 446 
Rabinowitz, Stanley 445, 524 
Ratering, Steven 928 
Reid, Michael 533 
Richter, R. Bruce 357 
Rogers, Douglas 734 
Rotman, J.J. 264 


Rudin, Walter 254, 366, 445, 524, 641 


Salehi, Ebrahim 846 
Schilling, Kenneth 524 
Senum, G.I. 838 
Shapiro, Daniel B. 652 
Shapiro, Lou 734 
Singer, D. 744 

Smith, Bruce K. 446 
Spira, Robert 356 
Stanley, Richard 734 
Steele, J. Michael 734 
Suranyi, Janos 356 
Szekely, Laszlo A. 837 
Ullman, Daniel 928 
Vaaler, Jeffrey 54 
Vanden Eynden, Charles 446 
Vialetto, Dante 55 
Vince, A. 942 

Wang, Edward T. HH. 154 
Wardlaw, William P. 928 
White, Tad 743 
Wilansky, Albert 155 
Wilker, J. B. 55 

Wimp, Jet 838 
Witkowski, Alfred 735 


1989 PROBLEMS SOLVED 


Broline, Duane 

Callan, David 57, 66, 532, 
651, 933 

Cavaretta, A. S. 744 

Clark, Dean S. 645 

Cooper, Curtis 363 

David, Karl 530 

Delany, Jim 742 


| December 


1989] INDEX TO VOLUME 96, 1989 975 
Diamond, Harold G. 369 McGee, Ian 655 
Dodd, Fred 155, 929 Monsky, Paul 258 
Dowling, Roy 844 Neuenschwander, Daniel 55 
Driscoll, Richard J. 657 Passell, Nicholas 842 
Eddy, R. H. 527 Peck, G. W. 360 
Egerland, W. O. 838 Pedersen, Allan 649 
Falkowitz, M. 527 Philipp, Stan 365, 747 
Fee, Gregg 642 Pinkham, R. S. 359 
Fieldsteel, Adam 650 Poonen, Bjorn 55 
Filaseta, Michael 166 Powers, R. G. 64 
Foster, Lorraine L. 451 Riese, Adams 161, 530, 934 
Gagola, Stephen M. 453, 845 Roberts, Brooks 740 
Georghiou, C. 58 Rousseau, Cecil 655 
Gessel, Ira 364 Rubel, L. A. 266 
Goodman, T. N. T. 744 Rudin, Walter 934 
Griffin, Peter 847 Ruehr, O.G. 531 
Hertz, Ellen 651 Ruehr, Otto 653 
Herzog, J. 942 Schilling, Kenneth 263 
Holshouser, A. L. 64 Schoen, Carl 62, 163 
Tlacqua, Paul 357 Schutt, R. 533 
Iny, David 525 Secrest, David B. 158 
Jager, Thomas 535 Seiffert, Heinz-Jurgen 850 
Jagers, A. A. 260 Selvaraj, C. R. 744 
Jeurissen, R. H. 59, 367 Shafer, Robert 55 
Johnson, Bruce R. 162 Shapiro, Lou 535, 651 
Johnson, Diane 844 Smith, P.R. 942 
Jones, Lenny 361 Spaulding, Raymond E. 736 
King, L.R. 64 Staley, Patrick A. 362 
Klein, B.G. 64 Steelman, John Henry 449, 452, 527, 843 
Levine, Leo M. 740 Students of the 1987 Mathematical Olympiad 
Lewis, Timothy S. 164 Program 262 
Loo, Joseph 451 Tanaka, Yokichi 451 
Lord, N. J. 155 Thurston, Louis 651 
Lossers, O. P. 157, 259, 260, 261, 265, 359, 361, 365, Tyler, Douglas B. 263 

647, 745, 841 University of South Alabama Problem Group 63, 261 
Lucier, Bradley 448 Valk, G. W. 846 
Mallows, C. L. 529 Wallace, K. D. 64 
Marco, Ricardo Perez 649 Ward, John T. 941 
Marston, Helen M. 647 Wells, David M. 162, 743 
Mattics, L. E. 156, 455, 739, 929 West, Douglas B. 60 
Mauldon, J.G. 256 Yeung, Hang-Fai 933 
Maxsein, T. 942 Zakeri, Saeid 741 

1989 SOLUTIONS 

E 2938 447, 937 E 3138 928 E 3172 939 E 3187 60 
E 2982 525 E 3153 933 E 3175 59 E 3189 259 
E 2983 642 E 3157 939 E 3177 647 E 3191 161 
E 2986 357 E 3162 258 E 3181 156 E 3192 526. 
E 3008 155 E 3163 57 E 3182 934 E 3193 738 
E 3023 254 E 3168 58 E 3183 157 E 3194 260 
E 3099 937 E 3170 359 E 3185 735 E 3195 527 
E 3122 55 E 3171 645 E 3186 736 E 3199 648 
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E 3206 161, 939 E 3231 449 E 3250 453 6543 
E 3208 62 E 3232 528 E 3252 650 6544 
E 3209 261 E 3233 361 E 3258 651 6545 
E 3212 63 E 3234 362 E 3261 742 6547 
E 3213 162 E 3235 363 E 3266 743 6548 
E 3214 739 E 3237 364 E 3268 842 6549 
E 3215 63 E 3238 451 E 3269 843 6550 
E 3216 361 E 3240 529 E 3270 844 6551 
E 3217 64 E 3241 452 E 3271 845 6553 
E 3218 838 E 3242 365 E 3272 845 6554 
E 3219 163, 940 E 3243 530 6556 
E 3221 841 E 3244 531 6477 945 6560 
E 3223 164 E 3245 532 6528 947 6561 
E 3226 262 E 3246 935 6531 367 6562 
E 3227 447 E 3247 452 6540 165 6563 
E 3228 448 E 3248 649 6541 653 

E 3230 263 E 3249 741 6542 66 

1988 PROBLEMS PROPOSED 


Albu, Toma 131 

Allen, Charles S. 963 
Alsina, C. 872 
Andrews, P. 350 

Appel, K. I. 555 
Bagchi, B. 665 

Batnik, P. A. 774 
Beebee, J. 654 

Blom, Gunnar 953 
Bloom, David M. 654, 763 
Bondesson, Lennart 131 
Book, D. L. 461 
Borosh, I. 264 

Boyd, C. 351 
Bulman-Fleming, Sydney 258 
Cade, John J. 763 
Carmargo, S. 264 
Castrellon, W. 264 
Cohoon, David K. 773 
Dou, Jordi 350 

Edgar, Gerald A. 150 
Erdés, Paul 51, 259, 762 
Ferraro, Peter J. 655 
Fine, N. J. 774 
Friedlen, D. M. 456 
Frink, Orrin 555, 762 
Gerber, H. U. 665 
Goffinet, Daniel 873 
Golomb, Solomon W. 51, 873 
Gonciulea, N. 259 
Goodman, A. W. 953 
Griggs, J. R. 872 
Gupta, H. Das 954 
Hayes, B. 456 


Hensley, Douglas 264 
Ierley, G. 359 

Isbell, John 259 
Janous, Walther 351, 963 
Jockusch, C. G. 555 
Keane, Joseph 873 
Keane, J.C. 554 
Kimberling, Clark 131 
Klavzar, S. 655 
Knuth, Donald E. 456, 774 
Laffey, T. J. 555 
Laub, Moshe 559, 880 
Laugwitz, Detlef 351 
Letac, Gerard 461 
Lindstrom, Bernt 554 
Lupas, Alexandru 880 
MacHale, D. 555 
MacKinnon, Nick 51 
Marcus, Marvin 954 
Masharam, D. 457 
Milosevic, D. M. 762 
Misra, G. 665 
Newman, D. 555 
Nicholson, W. K. 763 
Noll, W. 554 

Parker, E. T. 880 
Patruno, Gregg 873 
Pelling, M. J. 554 
Pesce, Claire 954 
Petkovsek, M. 655 
Pinch, R. G. E. 351 
Rabinowitz, Stanley 352, 655 
Reznick, Bruce A. 51 
Rodriquez, R. S. 50 
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Rubel, Lee A. 51, 60, 150, 359 Trench, W. F. 50 
Sakmar, I. A. 259 Turner, J.C. 456 
Sastry, N.S. N. 665 Vardi, Ilan 774, 963 
Sauer, T. 654 Wang, Edward T. H. 258, 350 
Sherwood, H. 50 Waterhouse, William C. 763 
Singmaster, D. 258 Weinstein, G. 60 
Spingarn, Jonathan E. 150 West, Douglas B. 872 
Spiro, C. A. 60 Wiedeman, D. H. 872 
Stanley, R. 559 Winslow, David G. 132 
Stefanov, S. T. 666 Yamout, Jihad 954 
Stone, A. H. 457 Young, Robert M. 953 
Subi, C. 456 

1988 PROBLEMS SOLVED 
Andersen, K. F. 138 Konecny, Vaclav 661 
Arnold, G. 661 Lambert, W. M. 260 
Askey, R. 873 Lanski, C. 557 
Behrendt, G. 558 Laugwitz, D. 459 
Bent, S. W. 556 Lau, Kee-Wai 355 
Binz, J.C. 133 Leech, J. 764 
Bondesen, Aage 565 Lindstrom, Bernt 959 
Borwein, Jonathan M. 557 Lossers, O. P. 53, 137, 261, 658, 663, 668, 669, 772, 875, 
Bowron, Mark 141 876, 877, 957, 961 
Boyadzhiev, K. 58 Lupas, Alexandru 264 
Bu, Q.-Y. 666 Mallows, C. L. 157 
Callan, David 558, 770, 875 Marco, R. P. 262 
Cater, Frank S. 776 Mattics, L. E. 771, 773, 960 
Cohen, J. M. 874 Mauldon, J.G. 55 
Cseh, L. 656 McCoy, T. L. 462 
Cull, P. 558 Meir, Amram 959 
Deutsch, E. 873 Mesihovic, Behdzet 149 
Dou, Jordi 135 Nakassis, Magda P. 767 
Egerland, W.O. 140, 354 Newcomb, William A. 460 
Erdés, P. 878 Pach, Janos 765 
Estes, D. 557 Pambuccian, Victor 658, 774 
Ferrer, J. 353 Park, K. K. 354 
Fink, A.M. 134 Pedersen, Allan 954 
Fukuta, Jiro 138, 139, 660 Pedersen, S. 357 
Georghiou, C. 963 Peele, R. 876 
Gessel, Ira 564 Pelling, M. J. 139, 667, 777 
Grunbaum, K. 357 Poonen, Bjorn 56, 457 
Hajek, O. 667 Propp, James 133 
Hansen, C. E. 354 Richman, David R. 661 
Hengsgen 664 Rogers, C. A. 765 
Hook, Jay 156 San Bernardino Problem Solving Group 148 
Isaacs, I. Martin 562 Schilling, Kenneth 151, 359 
Israel, Robert B. 266, 360, 560 Schuchat, Alan 140 
Jagers, A. A. 53, 262, 769 Schwenk, Allen J. 352 
Jodeit, Max 134 Secrest, David B. 461, 873 
Kappus, Hans 58 Shafer, Robert E. 769 
Kay, David C. 155 Sivakumar, N. 52 
Klamkin, Murray 8S. 358, 659 Steelman, John Henry 881 


Knuth, Donald E. 662 Strauss, N. 54 
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Students in the 1987 Mathematical Olympiad Program Tzermias, P. 764 
879 University of South Alabama Problem Group 563 


Tomsky, J. 665 Zwier, Paul J. 662 
Turnwald, G. 356 


1987 PROBLEMS PROPOSED 


Andrews, George E. 1011 
Arias-de-Reyna, Juan 469 
Batnik, P. A. 681 
Belinfante, Johan G. F. 995 
Bennett, Grahame 371 
Berg, 1. D. 456 

Bishop, R. L. 456 

Bloom, D. M. 548 

Bode, Dieter 995 

Butzer, P. L. 469 

Cater, F.S. 81, 195 
Cavaretta, A. S. 387 
Chang, Geng-Zhe 456 
Chico Problem Group 373 
Choe, Boo Rim_ 81, 799 
Christophe, L. Matthew 559 
Cipu, Mihai 877 

Clark, Dean 8. 372 
Cohoon, David K. 787 
Cseh, LaszlO6 548 
Deaconescu, Marian 877 
Diamond, Harold G. 456 
Dou, Jordi 876 

Egerland, W.O. 549 
Elkies, Noam D. 877 
Erdés, Paul 301, 372 

Fine, N. J. 800 

Fisher, D. 181 

Froemke, Jon 549 

Gessel, Ira 181, 372 
Goffinet, Daniel 387 
Grossman, Jerrold W. 549 
Guelicher, Herbert 301, 876 
Helstrom, Carl W. 304 
Isaacs, I. Martin 300 
Janous, Walther 559 
Johnson, Charles R. 877 
Kimberling, Clark 884 
Klamkin, Murray S. 71, 996 
Klein, Benjamin G. 885 
Krishna, Ambati Jaya 1010 
Kronheimer, Erwin 680 
Kuipers, L. 300 

Laub, Moshe 694, 800 
Layman, John 885 

Lenard, Andrew 181 
Lipscomb, Stephen L. 72 


Lucier, Bradley 787 
Lupas, Alexandru 681 
Luttmann, Rick 877 
Lutzky, M. 181 
Macdonald, Ian D. 695 
Mallows, C. L. 996 
Martelli, Mario 181 
McMillan, Brockway 81 
Merényi, Imre 548 

Miles, J. B. 996 

Miller, William 787 
Montgomery, Hugh L. 372 
Odlyzko, Andrew M. 386 
Pfiefer, Richard E. 549 
Poonen, Bjorn 786 
Popescu, Calin P. 71 
Powell, Barry 884 

Rao, A. Murali Mohan 1010 
Rao, Gomathi S. 1010 
Rautu, Gheorghe 181 
Rawsthorne, Daniel 680 
Reznick, Bruce A. 457, 681 
Rotman, Joseph 195 
Rubel, Lee A. 300, 469, 559, 996 
Sakmar, I. A. 71 
Schoenberg, I. J. 301 
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Uniqueness of Representation by Trigonometric Series 


J. MARSHALL Asu!, DePaul University, Chicago, IL 60614 


J. MARSHALL ASH received his S.B., S.M., and Ph.D. degrees at the Univer- 
sity of Chicago where he was a student of Antoni Zygmund. He was a Joseph 
Fels Ritt instructor at Columbia University from 1966 to 1969. Since then he 
has been on the DePaul University faculty, where he became a full professor 
in 1974 and chaired from 1985 to 1987. In 1977 he was visiting professor at 
Stanford University. His research interests have centered on multiple 
trigonometric series, singular integrals, and real analysis, with forays into 
functional and numerical analysis. 


Abstract. In 1870 Georg Cantor proved that a 27 periodic complex valued function of a real variable 
coincides with the values of at most one trigonometric series. We present his proof and then survey some 
of the many one dimensional generalizations and extensions of Cantor’s theorem. We also survey the 
situation in higher dimensions, where a great deal less is known. 


1. Cantor’s uniqueness theorem. In 1870 Cantor proved 


THEOREM C (Cantor [5]). Jf, for every real number x 
N . 
lim >) ce” =0, 
N- 00 n=-N 


then all the complex numbers c,, n = 0,1, — 1,2, — 2,... are zero. 


This is called a uniqueness theorem because it has as an immediate corollary the 
fact that a 27 periodic complex valued function of a real variable coincides with the 
values of at most one trigonometric series. (Proof: Suppose La,e'"* = Xb,e'"* for 
all x. Form the difference series (a, — b,)e’"* and apply Cantor’s theorem.) 

This theorem is remarkable on two counts. Cantor’s formulation of the problem 
in such a clear, decisive manner was a major mathematical event, given the point of 
view prevailing among his contemporaries.” Equally enjoyable to behold is the rapid 
resolution that we will now sketch. 

Cantor’s theorem is relatively easy to prove, if, as Cantor did, you have studied 
Riemann’s brilliant idea of associating to a general trigonometric series T := Yc,e'"”, 
the formal second integral, namely, F(x) := L,4o(c,/(in)’)e™ + ¢9(x7/2). For 
some interesting remarks on the importance of this idea, see the very enjoyable 
survey article of Zygmund [27]. Define the second Schwarz derivative D of a 


‘The research presented here was supported in part by a grant from the University Research Council 
of DePaul University. 

The author is grateful to one referee for proposing an expanded treatment of multiple trigonometric 
series and to the other referee for making careful corrections and adding some historical remarks. 

*In the eighteenth century, physicists just “did” Fourier series (often quite successfully) without 
worrying about convergence very much at all. When doubts about convergence began to arise in the 
nineteenth century, the first attempts at rigor were rather heavy handed. See Dauben [9, pp. 6-31] for an 
interesting discussion of the historical context. 
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function G(x) by 
— G(x +h) — 2G(x) + G(x -h) 
DG(x) : lim 72 , 
The steps of the proof are: 

1. Since T converges everywhere, it is immediate that for every value of x, 
c,e'"* + c_,e '"* > 0 as n > oo. By the Cantor-Lebesgue theorem, |c,| + |c_,| > 
0 as n > oo. Appendix 1 gives Cantor’s weak but easy version of this. (For a 
statement of the more powerful Cantor-Lebesgue theorem see the survey article by 
Roger Cooke [8]. The proof given there is much shorter than the one in Appendix 1, 
but requires some of the machinery of modern analysis.) 

2. By the Weierstrass M-test from 


inx —inx 
ce C_,@ 


—___. + ———_——— 
(in) (~in)’ 
it follows that F(x) — co(x*/2) is a continuous function and that F is the uniform 
limit of its partial sums. (See Theorems 25.7 and 24.3 in [14] for the M-test.) 

3. An important result of Schwarz’s states that if G is continuous and DG(x) = 0 
for all x, then G is a linear function. (See [5, pp. 82—83].) Before presenting a proof 


of this, Cantor remarks that Schwarz mailed this result to him from Zirich.) We 
give a proof in Appendix 2. 


sup(|c,| + |¢_nl) 


4. Since 
h \2 
oilxth) _ 7 ix 4 pilx—h) - - sin5 
———_ = —¢ 7 
2 
(Check this.), we have 
_ nh ? 
F(x +h) — 2F(x) + F(x —h) = ot Yee sm 

~ ©€Q n 
h? n#0 nh 
2 


From a) + ©°_,a, = 0 it follows that lim, 5 a) + L%_,a,(sin nk /nk)? = 0. See 
Appendix 3 for Riemann’s summation by parts proof of this. 

Hence DF(x) = 0 so F(x) = ax + B for some a and B. 

5. The right side of the equation 


x? Cho 
Co— taxt+ B= ),—Je™ 


is bounded. (From 2. above it is continuous, hence bounded on [0,27], and hence 
bounded everywhere by periodicity.) Letting x — oo twice first shows cy = 0 and 
then a = 0. 

6. From the observation made in step 2 above, we see that the sequence 


sy(x)= B+ Stem 


O<|n| <N (in) 
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converges uniformly to 0. But for each n # 0, 


(in)’ aa —inx 
Cn = i Sy(x)e—"™ dx 


for all N > n by the orthonormality of {e'"*/ ¥27 }, so letting N > oo gives c, = 0 
for all n # 0. (The uniformity of convergence allows the interchange of limit and 
integral.) Q.E.D. 

Cantor’s beautiful theorem suggests a variety of extensions and generalizations. 
The remaining four sections of this paper will consider some of these. 


2. Summability and uniqueness. Can we improve Theorem C by weakening the 
assumption of convergence to zero to an assumption of being merely summable to 
zero? As is often the case in mathematics, the starting point is a counterexample 
which destroys the “obvious extension.” 

The trigonometric series Lc,e'"* is said to be Abel summable to s if for each r, 
0<r<1, f(x, r) = Yc,e'r'"! converges and if lim, _,,- f(x, r) = s. Let z = re™ 
= r(cos x + isin x). Differentiate the identity 


oo 00 1 1-Z 1 — rcos x 
Y (cos mx)r" = Gel 2 -%|—. =} = 
n=0 n=0 


~ 1-2rcosx + r? 
with respect to x to obtain 


00 (1 — r7)rsin x 
> (nsin nx)r” = —————____. 
n=1 (1 — 2rcosx + r*) 


If x # 0,as r > 1, the right side tends to 0; while if x = 0, every term of f(0, 7) is 
0, so that f(0, r) = 0, whence lim, _,,- f(0, 7) = 0. Thus 1°_,n sin nx is everywhere 
Abel summable to 0. Although this example is unpleasant, it turns out to be just 
about the worst thing that can happen. 


THEOREM V (VERBLUNSKY [25, VOL. I, pp. 352, 383], [22], [23]). Ifc,/|n| > 0 as 
\n| — 00 and Yic,e'"* is Abel summable to 0 at every x, then all c,, are 0. 


3. Higher dimensions. When we move from one to several dimensions, the 
picture becomes much more cloudy. Here is the land of opportunity. Almost 
nothing is known; almost every question that the novice might ask turns out to be 
an open question. The first goal is to mimic Cantor's Theorem C. Even this 
apparently modest goal remains to a large extent unachieved. The hypothesis that 
Xc,e'"* converges to 0 has several different interpretations in higher dimensions. 
Most of these can be illustrated in two dimensions, so to ease notation I will restrict 
myself to that case. The basic object will be the double trigonometric series 
T(x, ¥) = Lom. nyezxzemne "**"”. We define a rectangular partial sum of T to be 


T,4,(X, ¥) = > cert ry), 


[u|<m,|v|<n 
a diamond shaped partial sum to be 


T"(x, y) = » c, eerste”), 


Iul + lel <n 
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and a circular partial sum to be 


T.(x, y) = y Cpe errr”), 


pete? <r? 


We freeze x and y and make five different definitions of convergence. 
If T, > s as r > 0 say T is circularly convergent to s. 
If 7” > s as r > o Say T is triangularly convergent to s. 
If 7, > 5 as r > 00 Say T is square convergent to s. 
If T,, 7 Sas min{m,n} — oo say T is unrestrictedly rectangularly convergent to s. 
If T,, 7 S as min{m,n} — oo in such a way that m/n and n/m stay less than e, 
and if this happens for each (arbitrarily large) e > 1, say T is restrictedly rectangu- 
larly convergent to s. 

To each of these five notions of convergence there corresponds a putative 
extension of Theorem C. The first of these to be proved was the following. 


THEOREM SC (V. Shapiro and R. Cooke [19], [7]). Jf T(x, y) is circularly 
convergent to 0 everywhere, then all c,,,, are 0. 


In 1957 Victor Shapiro proved a two-dimensional version of Theorem V which 
implied a weak version of Theorem SC that required the additional hypothesis that 


1 
— y ICnn) 20 as roo. (1) 


r 
(r—1)*?< m+n? <r? 


That this hypothesis was not needed was a consequence of a generalization of the 
Cantor-Lebesgue theorem due to Roger Cooke in 1971. (See Theorem A1 below. A 
survey of Cooke’s theorem and extensions of it by Zygmund [26] and Connes [6] can 
be found in the MONTHLY article by Cooke [8].) 

The proof of Theorem SC is modeled after Verblunsky’s Theorem V mentioned 
above. Both these theorems carry out the Riemann-Cantor program of integrating 
twice and then differentiating twice. To get at the ideas behind Theorem SC, assume 
that 7 is circularly convergent to zero everywhere. Write M := (m,n), X = (x, y), 
M-X=mx+ny, and add the assumption that c,,= 0. (This simplifies the 
notation, but not the proof.) 

Let 


Cc ; 
F(X,t)= — Y —eimexn im 


and let 
F(X) = lim F(X, t). 
t-0 


Then formally 


Cut 
F(X 66 99 y eiM xX =: § 
mao MP 
and formally F(X) is a second integral of T(X). 
From Cooke’s two-dimensional Cantor-Lebesgue theorem it follows that equa- 
tion (1) holds. This guarantees the existence of F(X, t). That F(X) exists for all X 
follows from the convergence and consequent circular Abel summability of T [18, 
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pp. 67-68]. We have 


lel? , — 
» im S y lew? + & 
| 


M+#0 


c 

M|=1 kar (k - DF, ey M 

Condition (1) implies |c,,| = °(|M]|) so applying first this and then (1) itself shows 
the curly bracketed sum to be °(k*). Hence the sum is finite, so that by the 
Riesz-Fischer Theorem [20, p. 248] S is the Fourier series of a square integrable 
function. A basic fact about circular Abel summability implies that the function in 
question must be F [20, Cor. 2.15, p. 256]. In short {c,,/|M|7} are the Fourier 
coefficients of the square integrable function F(X). 

The first major obstacle is that in distinction to the one dimensional case, it is 
quite difficult to demonstrate the continuity of F. 

In fact if F is continuous on the closure of an open disc B, then F is actually 
harmonic on B. This depends on an argument very much like the one given in 
appendix 2. The substitute for the second Schwarz derivative D used there is the 
generalized Laplacian A defined by 


AF(X) = Jim = (F,(4) ~ FX). 


where 


F,(X):= F(X + H) dH. 


wid 
ah |H|<h 


This agrees with the usual Laplacian (= 07F/dx? + 07?F/dy7) for C? functions as 
can be seen by expanding F into its Taylor series. We also have the representation 


F(X,1) = f FW) nn [18, p. 56] 
’ 2a JR? [12 + (x - uy} » Pp. . 


Changing to polar coordinates and integrating by parts gives 
3 oe) r 3F ( X ) 
F(X, t) = xt 
(X,1) = 51f 


(P4r2)7 dr [18, pp. 66-67]. (2) 


Now 


d* 
SIF (a 1)] = — Leyes 


is the circular Abel means of the original series, so that from the hypothesis (1) it is 
immediate that lim,_,,(d*/dt*)[ F(x, t)] = 0. Shapiro then adapts a clever one- 
dimensional lemma of Rajchman [25, vol 1, pp. 353-354] to conclude from this that 
AF(X) = 0 at each X. This implication depends heavily on equation (2) [18, pp. 
66-67]. 

By an argument like the one in appendix 2, zero generalized Laplacian forces 
harmonicity. (The analog of the subtracted linear function of appendix 2 is the 
Poisson integral of F.) See Rado for details [12, p. 14]. It follows that if F(X) can 
be shown continuous everywhere, it will be harmonic everywhere. The continuous 
function F will be necessarily bounded on the compact set [0,27] x [0,27] and 
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consequently by periodicity bounded on the entire plane. But bounded harmonic 
functions are constant. (Apply Liouville’s Theorem to the bounded analytic function 
exp(F + iF’), where F is a harmonic conjugate of F.) So there will be a constant d 
so that 


Cc , 
d+» —"eiMX = 0 
mao |M| 


for all X. By the uniqueness theorem for square integrable functions (an immediate 
consequence of Parseval’s formula [25, vol. II, p. 301]) it will follow that all c,, = 0. 

It remains only to establish the continuity of F. This is done by generalizing a 
Baire category argument employed by Verblunsky. 

Since 7(x,t) the circular Abel mean of the original series is continuous on 
{(X, t): t > 0} and has finite limit (namely 0) at each point, by a basic theorem of 
Baire for each disc in T? there is a subdisc and a constant K so that |T(X,t)| < K 
for every X of the subdisc and every positive ¢ [25, Vol. I, p. 29 (12.31)] and [18, pp. 
69-70]. Integration in the ¢ variable then shows that in that subdisc F(X) is 
continuous, being the uniform limit of FCX, t). _ 

Let Z be the set where F is not continuous. Let Z be the closure of Z. Assume 
Z is non-empty. An inspired idea that appears already in the proof of Theorem V 
now produces the desired contradiction, as follows. Applying the same Baire 
category argument that showed F(X, t) well-behaved on an open dense set to the 
set Z produces a point X) © Z with F(X, t) converging uniformly to F(X) with 
respect to Z throughout a neighborhood of Xp. If X is any point very close to Xp, 
let X, be a point of Z closest to X, say |X, — X| = 5s. Assume X # X,, X, # Xp. (if 
either equality holds, the argument is even easier.) Then (1) F(X) = F(X), 
(ii) F(X) is close to F,( X,), (iit) F,( X,) is close to F( Xj, 5), (iv) F(X, 5) is close to 
F(X), and (v) F(X,) is close to F( X,); whence F is continuous at X, contrary to 
the definition of Z. (Reasons: (i) Continuity forces harmonicity as mentioned above, 
and harmonicity is equivalent to the mean value property ([{12], p. 7). (41), (111) These 
need technical lemmas whose proofs are straightforward provided one is aware of 
the delicate estimate 


ie)? 


|X| <1 


for large t. This is equivalent to the fact that the Bessel function J,(s) = 0(s~'/*) as 
s > +00 [18, pp. 68-69] and [20, p. 199]. (iv) Uniformity of convergence gives this. 
(v) Uniform limits are continuous.) 

This completes our discussion of the proof of Theorem SC. 

The other major result in two dimensions is this. 


THEOREM AW (J. M. Ash and G. Welland) [1], [2]. Jf T(x, y) is unrestrictedly 
rectangularly convergent to 0 everywhere, then all c,,, are 0. 


From the hypothesis it is immediate that at each X the partial sums tend to 0 “in 
the northeast,” i.e., that 
lim (X) =0. 


min{m,n}—0o Linn 


One-dimensional convergent sequences of numbers are necessarily bounded, but 
two dimensional ones need not be. Nevertheless it can be proved that at each X, 
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Sup), nl Tinn( X)| < 00. In fact this is the hardest part of the proof of Theorem AW. 
It requires a technique that first appeared in the unpublished thesis of P. J. Cohen 
[2, pp. 402, 404-407]. 

Write 


Cin( X) — Gn, ner rn) + C_in, ner" 
+ C,, _etkme—ny) 4 C_,, _ ef mrnny) 
The “Mondrian” identity 
Cun( X) = Tin( X ) 7 Tn—1, n( X) 7 Tn, n-1(X) + Tn—1,n-1(X) 


implies that at each X the C,,,(X) also tend to 0 in the northeast and are bound- 
ed [2, pp. 410-411]. A Cantor-Lebesgue theorem finally gets back to the coef- 
ficient themselves. The result is that {c,,,} is a bounded sequence and 
LM inf |m|, [n|} +00 mn = 9 [2, p. 408 and p. 411]. These two facts allow one to 
readily deduce that hypothesis (1) holds [2, p. 423]. It is also true that a unrestrictly 
rectangularly convergent double sequence of numbers is circularly Abel summable 
to the same value, provided the partial sums are bounded {2, pp. 413-416]. In 
particular, since T7(X) converges unrestrictly rectangularly to 0 everywhere, it is 
circularly Abel summable to 0 everywhere. A careful examination of the proof of 
Theorem SC shows that condition (1) together with everywhere circular Abel 
summability to 0 are sufficient hypotheses for the proof to work. 


Remarks. When Grant Welland and I discovered this proof, I felt that there was 
an element of good luck involved here. First, the rectangular convergence gave just 
enough control of the coefficient size to force condition (1) and condition (1) is, in a 
sense, sharp. (The series 7,(x, y) = Ln sin nx “almost” satisfies (1) and is circu- 
larly Abel summable to 0 everywhere. The computations are in section 2 above.) 
More impcrtantly, there are usually no nontrivial connections between various 
modes of convergence and in particular unrestricted rectangular convergence of a 
trigonometric series on a set does not force circular convergence of the series, even if 
one is willing to discard a subset of measure 0 [2, pp. 417-420]. Thus the above 
mentioned result connecting unrestricted rectangular convergence and circular Abel 
summability came as a happy surprise. 

The other side of the coin is that this proof of Theorem AW was “too lucky.” 
Often rectangular results for two-dimensional series can be extended to higher 
dimensions without much additional effort. The unexpected dependence of Theo- 
rem AW on Theorem SC means that a good three-dimensional uniqueness theorem 
for unrestricted rectangular convergence awaits either a good three-dimensional 
spherical uniqueness theorem or a completely new method of proof. Shapiro has 
proved a three-dimensional spherical uniqueness theorem, but it needs the hypothe- 
S1S 


1 

a » lCimn| -Q as r>o (N,,) 
r (r-1)?°<P4m? 47? <r? 

with a = 1. But a three-dimensional Cantor-Lebesgue theorem can only be expected 
to produce condition (N,) with a = 2. (See [2, p. 425] for a relevant counterexam- 
ple.) Thus even if one assumes that T(x, y, z) is everywhere circularly convergent to 


0, it is not known whether all c,,,,, must then be 0. There is even greater ignorance 
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concerning uniqueness questions about the other 3 modes of convergence mentioned 
above. For example, here are 3 open questions in two dimensions. 


Question 1. If T(x, y) is everywhere restrictedly rectangularly convergent to 0, 
does this force all c,,,, to be 0? 

Question 2. If T(x, y) is everywhere square convergent to 0, does this force all 
Cinn tO be 0? 

Question 3. If T(x, y) is everywhere triangularly convergent to 0, does this force 
all c,,,, to be 0? 


Again, it must be emphasized that easy counterexamples show that not much 
help will be available from Cantor-Lebesgue type theorems for square, restricted 
rectangular, or triangular convergence [2, pp. 416-418]. 


4. Fourier series. Return to one dimension. A third type of extension of Cantor’s 
Theorem C occurs when the limit of the trigonometric series S := Yc,e'"* is a 
Lebesgue integrable function f. The question now is whether S is necessarily the 
Fourier series of f, i.e., whether for each integer n there must hold the relation 


1 20 ; 
C, = wal f(x)e""™ dx. 
A typical result in this direction is the following. 


THEOREM (de la Vallée-Poussin [25, Vol. I, pp. 326, 382], [21]). If S converges to f 
at each x, and if f is finite at each x and if {3|f(x)| dx < 00, then S is the Fourier 
series of f. 


5. Sets of uniqueness. If we replace the hypothesis Lic,e’"* = 0 everywhere by 
Ye,e'"* = 0 for x not in a “thin” subset E of [0,27], we may still be able to 
conclude that all c, = 0 if EF is thin enough. Sufficiently thin sets E are called sets 
of uniqueness. A restatement of Theorem C is that the empty set is a set of 
uniqueness. It was already proved by W. H. Young [24] that every countable subset 
of [0,27] is a set of uniqueness. (Cantor’s earlier work showing that closed 
countable sets were sets of uniqueness led Cantor to the creation of set theory!) 
However, a set E of positive measure is too thick to be a set of uniqueness. (Proof 
from [25, Vol. I, p. 344]: Let E, be a subset of E which is perfect and of positive 
measure, and let f(x) be the characteristic function of E,. The Fourier series of f 
converges to 0 outside E,, and so also outside FE, but does not vanish identically 
since its constant term is |F,|/27 > 0.) One of the most interesting theorems in all 
analysis produces two classes of uncountable measure zero sets which are very much 
like each other metrically, although the first are sets of uniqueness and the second 
are not. 

Let 0 < € < 1/2. Dissect [0,27] into 2 closed “white” intervals, each of length 
2ré, (0, 27é] and [27(1 — €),27], and one open “black” interval (27é, 27(1 — €)). 
Remove the black interval and repeat the process by dissecting each white interval 
into 2 closed white intervals of length 27&?, and 1 centered open black interval of 
length 27¢ — 2 - 27é*. Iterating this process k times produces 2* closed white 
intervals, each of length 27&*. (See FIGURE 1.) 

Now let k — oo remembering to remove the black intervals at each stage. The 
resulting set E(£) is said to be of Cantor type with constant ratio of dissection. 
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stage 1 


stage 2 


SS ee os ee 


stage 3 


O “white” intervals for E(1/3) 
@ “white” intervals for E(1/3) 


Fic. 1. 


Since 2* - 27&é* — 0 as k > o0, E(é) always has measure zero. In particular E(1/3) 
is the classical Cantor set. 


THEOREM SZ (R. Salem and A. Zygmund [16], [17], [25, Vol. II, p. 152], [15], [11]). 
If 1/€ is an algebraic integer all of whose conjugates have modulus less than 1 (i.e., 
(1/E)"” + a,(1/é)""*' + --- +a, = 0 for some integers a,, ay,...,4,, n is minimal, 
and the other n — 1 roots of x" + a,x""'+ +--+ +a, =0 have absolute value less 
than 1), then E(&) is a set of uniqueness. Otherwise E(&) is not a set of uniqueness. 


Now 1/3 = .33... > .3 = 3/10 so the process that forms E(1/3) leaves more 
material at each stage than does the process that forms E(3/10). Hence E(1/3) is 
intuitively thicker than E(3/10). Nevertheless 1/(1/3) satisfies x - 3 =O and 
hence is an algebraic integer without conjugates so that E(1/3) is a set of 
uniqueness; while 1 /(3/10) is not an algebraic integer at all* so that E(3/10) is not 
a set of uniqueness. Thus the “wrong” one of the pair F(1/3), E(3/10) is the set of 
uniqueness. 

Even more dramatically counterintuitive is the fact that the “very thick’ set 
UE(§), where € varies over all reciprocals of algebraic integers with small conju- 
gates (€ = 1/2 must be excluded), is also a set of uniqueness. This is true because 
N. Bary has proved that a countable union of closed sets of uniqueness is still a set 
of uniqueness. See ({25], Vol. I, p. 349) for this fact as well as further remarks on 
Theorem SZ. 


The other side of the coin from a set of uniqueness is a set of multiplicity. A set 
of multiplicity by definition is a subset of [0,27] which is not a set of uniqueness. 
More directly, E is a set of multiplicity if there is a trigonometric series which 
converges to 0 outside E but which does not vanish identically. Just as sets of 


Assume 10/3 satisfies x” + --- +a, =0 with all a, integer. Clearly n> 2, so (10"-!+ --- 
+a,_,3"1)10 + a,3" = 0. Hence 3 divides 10”~' + 3(a, + >: +a,_73"*), so 3 divides 10”~!, a 
contradiction. 
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uniqueness become more interesting as they get “thicker’’, so sets of multiplicity 
become more interesting as they get “thinner.” As was shown above, every set of 
positive measure is a set of multiplicity. The first measure zero set of multiplicity 
was produced by Men’shov [10] and Theorem SZ above gives lots of examples. 

In a later review I will survey some of the extensive recent work that has been 
done on sets of uniqueness. At present this is the most active and exciting area of 
the four extensions I have discussed. The interested reader is encouraged to turn 
now to the books of Zygmund [25] or Bary [3] for much more comprehensive 
overviews of all the one-dimensional topics I have highlighted here. 


Note added in proof. A remarkable facet of Cantor’s proof of Theorem C has 
been its uniqueness. The many difficulties encountered in attempts to generalize it 
suggest that a different proof of Theorem C could prove useful. Because of a recent 
development in real analysis I can now give such a proof. Suppose the series Yc,e'”* 
converges to zero everywhere. Form the first integral cyx + X(c,/in)e'"*. Although 
this L? function is not easily seen to be continuous (The examples Ysin n0/In n = 0 
but —Lcosn0/n Inn divergent give the flavor of the difficulty in working with a 
first integral.), it does follow directly from a theorem of Rajchman and Zygmund 
[25, Vol. 1, p. 324] that it has symmetric approximate derivative 0 at every point. By 
the aforementioned recent results {“A symmetric density property; monotonicity 
and the approximate symmetric derivative,” Proc. Amer. Math. Soc., 104 (1988) 
1078-1102, and “A symmetric density property for measurable sets,” Real Analysis 
Exchange, 14 (1988-89) 203-209, both by C. Freiling and D. Rinne}, there is a 
constant c so that 


c 
n . 
Cox + i —e'"* —c =0 
i 


almost everywhere. The conclusion of Theorem C now follows from periodicity and 
Plancherel’s Theorem. I will publish the details of this proof in the Proc. Amer. 
Math. Soc. 


Appendix 1. THEOREM A1 (Cantor [4]). If c,e’"* + c_,e.'"* > 0 as n > © for 
every x, then |c,,| + |c_,| 2 9. 


Proof. From the convergence to zero of c,e’"* + c_,e '‘"* follows the conver- 
gence to zero of its real and imaginary parts. One may easily find real numbers 
a,, b,, a’, b’, so that 


no? “n? “no “n? 
c,e'"* + c_,e '* = (a, cosnx + b, sinnx) + (a’cosnx + b/ sin nx)i 
and direct calculation shows 
a7 + by + aj? + by? = 2Ale,|? + |e_al?)- 


Hence it suffices to prove that a, cosnx + b,sinnx > 0 for every x implies 
a? + b? > 0. Define p, = ja? + by and find @, so p,cos6, = a,, p, sin 8, = b,,. 
Then a, cos nx + b, sin nx = p, cos(nx — 6,), p, cos(nx — 8,) > 0 for every x, and 
we need only show that p, — 0. 

If p, does not tend to 0, there is a subsequence {n,} and a number 6 so that for 
every positive integer k, p, > 6 > 0. 
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By discarding as many terms as necessary from {n,} we may also assume 
(n,,,/n,) = 3 for all k. Then 


1 T T 
cos( nx — 6, ) > 5 forx € J, = (6, — =) In, 4, + = \ In} 


Since 


27 nN» 
l4|= z— and —33 
3n, n, 


? 
as x ranges over I, (n,x — 6,,) ranges over n J, — 6,, and 


WT 
Thus there is a closed interval J, C J, with cos(n,x — 6,) > 1/2 for all x € I, 
and |J,| = 27/3n,. Proceeding inductively produces a point € © (?%_,J, with 
cos(n,§ — 6,,) > 1/2 for every k. Thus p, cos(n,€ — 6,,) > 6/2 for every k. This 
contradicts the convergence to zero of p, cos(nx — 6,) at x = &. 


Appendix 2. THEOREM A2 (Schwarz, Cantor [5], [9, p. 33]. A continuous function 
G with everywhere 0 Schwarz derivative is necessarily a linear function. 


Proof. First suppose that there is a continuous nonconvex function H(x) satisfy- 
ing DH(x) > 0. Then there are points a < b < d with H(b) > L(b), where L is 
the linear function whose graph passes through (a, H(a)) and (d, H(d)). Let 
A(x) = H(x) — L(x). Then H,(a) = H,(d) = 0, H,(b) > 0, H, is continuous 
and DH,(x) = DH(x)> 0 for all x. Let c be a point of [a,d] where H, 1s 
maximum. Note c €(a,d). (See Figure 2.) Then for all h< min{c — a, 
d—c},(/2)[H,(c + h) + H,(c — h)| — H,(c) < 0, contrary to DH,(c) > 0. 


FIG. 2. 


Now from D(x”) = 2 (an easy calculation) and DG = 0, for each e > 0 we have 


D(G + ex*)(x) > 0 for all x, so G + ex” is convex. Let ¢ > 0 to see that G is 
convex. Symmetrically, G — ex” is concave and hence G is also. Since the graph of 


“Warning: Here we must think of [0,27] as R/27Z, i.e. as the circumference of the unit circle. All 
this really means is that the set J; should be thought of as an interval of length 27/37, even if 6, /n, is 
less than 7/3n, from 0 or 27. 
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G lies both above and below the chord passing through any two of its points, it is a 
line. 


Appendix 3. THEOREM A3 (Riemann [13, §8, Theorem 1]. Let 
| sin nk 


Sak? 
" nk 


and suppose U~_ )a, = 0. Let G, = L*_)a,5S,,- Then lim,_,,,G, = 0. 


2 
|. n> 0, So, t= 1 


Proof. For each fixed k # 0, the series defining G, converges since a, — 0 and 
\s,4| < c/n. Summation by parts yields 


N N-1 
» anSnk = » Sul Sap _ Sn+ik) + SN SNk> 
n=0 n=0 
where s, = ay + -:: +a,. Let N > o0 to get 
ore 
G, = Di sl Sux _ Sui) 
n= 


Now for each integer N > 1 and each k + 0, 


N-1 oe) 
IG < suplsy) © YD (lsne— 1] + 11 = Sparel) + (Sup Sal) LIne — Susie 
n=N 


n=0 n>N 


= A+ B. 


Since |5,,— Spaiz| = [fr ?*f(x) dx| where f(x) = {[sin x/x]*}’, the sum in B 
is bounded by {5° |f(x)| dx. This is a finite constant since 


sin x \/xcosx — sin x 
f(x) | , (—*), 


x? x3 x? 
cosx — sinx =x/1-—]-|{x-—]=-— 
xcosx — sinx “| >| : = | 


near x = 0 so that f is bounded on (0,1], and |f(x)| <2-1-(x-1+1)//x*°< 
4/x? for x > 1. It follows that B can be made small by choosing N large. Once N 
is fixed, A can be then made small by picking |k| small. 
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1. Problem Statement; Subdivision Algorithm. For a given positive integer n, and 
a regular C* plane convex curve I that includes no straight line segment, we wish to 
approximate I‘ by an inscribed n-segment polygonal line that minimizes the area 
between curve and polygonal line. For n a power of 2, we show that Archimedes’ 
approach to the quadrature of a parabola yields the correct result in any arc [ of a 
conic section. For arbitrary n, we give a slow but simple convergent iteration to a 
locally optimal solution. Indeed, this problem, unrestricted, may have multiple 
solutions. Hence we provide criteria that insure uniqueness, and we discuss a few 
examples. The motivation for this work was finding a graphical discretization of a 
plotted curve. 

More specifically, K in this article denotes a compact convex plane region whose 
boundary has two parts: (1) a straight-line segment A, which may be trivial (1.e., a 
single point), and (2) a regular C? curve I that includes no nontrivial straight-line 
segment. (Thus each tangent to I’ intersects that curve at only a single point.) For 
the given integer n, we wish to inscribe in [ an n-segment broken line [,, that, 
together with the given segment A, forms a convex polygon with the largest possible 
area. Figure 1 shows a sample I’, A, and [,. Earlier papers have considered the 
difference area or some other error measure, and shown convexity in the variable n 
[Dowker 1944] or studied asymptotic behavior for large n [Toth 1948, McClure and 
Vitale 1975]. 

The problem statement needs no coordinate system. However, in the plane of the 
set K, we introduce standard x and y axes; and, perpendicular to this xy-plane, we 
add the usual third dimension with coordinate z. Throughout this section we take 
the origin strictly inside K. In the positive x, y, and z directions we define the 
orthonormal vectors i, j, k of the standard notation. Clearly, the curve [ has a C? 
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Fic. 1. Sample curve I and segment A (solid) with inscribed polygon I, (dotted). 


parametrization 

ru) =x(u)it y(u)j, a<u<b, (1.1) 
where 0 < b — a < +00; indeed, the regularity assumption allows a parameter u 
such that dr/du # 0 and r(u) moves counterclockwise as u increases. (For example, 
we may choose polar angle @ as the parameter.) Then curve I’ and segment A both 
have endpoints r(a), r(b); and a trivial segment A would have r(a) = r(b). Also, the 
curve [ has tangent vector t(u) = r’(u)/|r'(u)|, where we define (-)’ = (d/du)(*); 
and this vector rotates counterclockwise as u increases. Therefore, we can define the 
tangent angle r(w) so that it is a strictly increasing C! function 


t(u) = arctan(y’(u)/x'(u)), ™% <T(u) <4 2m. (1.2) 
Relevant geometric concepts have analytical equivalents. For any positive integer 

n, the sequence (up, u,,..., u,,) 18 a partition II, of interval [a, b] if 
a=uj<u<--: <u,_,<u,=b; (1.3) 


and II, is nondegenerate if the u, are all distinct. We introduce the notation 


r=ru,) r=r(u,), rf =r’(u,),.... (1.4) 


Then, in I’, the point-sequence ror, ...r,, specifies an arbitrary inscribed broken line 
I, with n straight segments, which are all nontrivial precisely when II, is nondegen- 
erate. Also, the broken line ror, ...r,,r (1, with the additional segment A) bounds a 
convex polygonal subset K,, of K. If a radius vector from the origin traces curve I 
(resp., I,), then, by standard arguments (e.g., Green’s Theorem), this vector sweeps 
out an area F’/2 (resp., F,/2), where 


F=k- f'r(u) x r’(u) du, F,=k- Dir, Xr, (1.5) 
a j=l 


Thus (F — F,)/2 = area(K \ K,). We can now restate the problem: we wish to 
determine a (possibly degenerate) partition so as to maximize area(K,,), hence to 
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minimize area( K \ K,,), hence to maximize the area F,. Here K \ K,, denotes the set 
difference. 

Clearly, F,(u,,..., u,,_,) is a continuous function, and its domain is a compact 
set. Therefore, F, achieves a global maximum. However, F, may have two or more 
local maxima. (Section 4 gives two examples; Section 5 provides some uniqueness 
criteria.) Thus we call II, a locally optimal partition if it yields a local maximum. 
Fortunately, a locally optimal II, must be a nondegenerate partition, so that the 
corresponding ro,...,¥r,, must be distinct vectors. Indeed, if u j equals either u,_, or 
U;+1, While u;_, < u,,,, then, geometrically, any intermediate u, produces a larger 
area (K,,)—because I includes no straight-line segments. 

Equivalently, if a < v < w < b, then r(u) passes just once through the direction 
of r(w) — r(v) as u increases from v to w (because t(u) is a Strictly increasing C’ 
function). If we let M(v,w) denote this unique intermediate value—where the 
tangent at r(M(v,w)) parallels the chord between r(v) and r(w)—then v < 
M(v, w) < w, and 


0=r(M(v,w)) X [r(w) — r(v)]. (1.6) 
But (1.5) implies, directly, 
OF,/du,=k-r'(u,) X [r(u;41) —r(u;_,)], j=1,...,n-1, (1.7) 


and (uw) is strictly increasing; so if u;_, < uj;4,, then dF,/du, > 0 when u;_, < 
u; < M(u;_1,Uj;41), and dF,/du,<0O when M(u;_,,u;,,) <u; <u,4,. Thus 
again a locally optimal II, is a nondegenerate partition, and moreover any such II, 
obeys the necessary conditions 


u,=M(u,_1,uj;4,), j=l,...,n-1. (1.8) 
Section 3 presents a way to check local optimality, and describes a convergent 


iteration that reliably yields a locally optimal II,. However, conditions (1.8) suggest 
a construction that may offer a possible shortcut. If II, is any nondegenerate 


partition, so that a=uy<u,< --- <u,_,; <u, = b, then we define u,_q/ = 
M(u,_,,u,;), where j=1,...,, and, by doubling all subscripts, we obtain a 
subdivided partition II,, such that a=u) <u, < ++: <Uy,_1 < Uy, = b. The 


corresponding broken lines [), and [,,, have respectively n and 2n straight seg- 
ments; moreover, area(K,,) > area(K,). Hence we may take the coarsest possible 
partition II,, which has simply a = uy < u, = b, or we may take any other 
nondegenerate initial II,, and we may iterate this subdivision algorithm m times to 
produce the finer nondegenerate partition: 

<u, = b, n=k-2”™. (1.9) 


a=uUy sus ct <4,-1 n 


By construction, the resulting odd-numbered u, satisfy the necessary conditions (1.8) 
for a locally optimal II,. Thus we ask the natural question: when do the even-num- 
bered u, also satisfy these conditions, so that the subdivision algorithm yields a 
locally optimal partition? 

This algorithm, hence this question, has both practical and historical interest. If 
one has merely a plot of the curve I, then one can readily construct the first few 
subdivisions within some visual accuracy. Having marked the points ro,r,,...,¥r,, for 
the current [°,, lay a straightedge along each chord r,_,r,, and slide the straightedge 
parallel to itself until it appears to intersect I’ at only a single tangency point 
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I;_(1/2, Marking now all such tangency points gives approximately the sequence 
(Ty, T,---,¥>,) that defines the subdivided I,,,. Heuristically, by this geometric 
method, the authors have chosen a plausible set of about 15 points to represent 
efficiently a plotted empirical curve in digital computations. Computing good 
locations for these points would have required numerical coordinate values for 
many additional points, and actually reading so much data from a mere plot would 
have been a tedious invitation to eyestrain. 

Moreover, Archimedes used the subdivision concept about 2200 years ago to 
obtain some important geometric results. Clearly, subdivision, within a circle I’, is 
just bisection of each arc r,_jr;. However, in a unit circle [Heath 1912, pp. 91-98], 
Archimedes inscribed a regular hexagon I, then repeatedly bisected its arcs to 
produce a regular 96-gon I,,, whose perimeter gave him a lower bound for 7. As 
another application [Heath 1912, pp. 233-252], he considered the region K between 
a parabola and a chord, took the chord itself as I’,, and by precisely the subdivision 
algorithm, constructed the successive polygonal lines [.,, where n = 2” and m = 
1,2,... . He then proved essentially that 


area( K ) = lim, area(K, ) 
=lim,[1+4°'+.---+4'~™]area( K,) = (4/3)area(K,), (1.10) 
and thus he found area(K ), since K, is a triangle. 


2. Additive Parameters; Conic Sections. Under an extra assumption we obtain 
first some results that answer most questions about the subdivision algorithm. An 
additive parameter for the curve [. will mean a parameter u such that the 
intermediate value M(v, w) of (1.6) has the property 


M(v,w) = (v + w)/2 (2.1) 

whenever v, w & [a, b]; equivalently 
O0=r(u) X [r(ut+v) —r(u-v)| (2.2) 
whenever u + v & [a, b]. If T has an additive parameter u, then (uo,..., u,) is a 


cally optimal partition precisely when the u, form an arithmetic progression; that 
is, when 


u;—Uy=(j/n)\(b-a), j=0O,...,n. (2.3) 


However, F, achieves its global maximum; so this unique (uy,..., u,,) must yield 
the maximum. 

Moreover, the existence of an additive parameter implies the validity of the 
subdivision algorithm: if (uo,..., u,,) is a locally optimal partition, and (up, ..., U5,,) 
is the outcome when we apply this algorithm, then, by (2.1), 


U,— Ug = (j/2n)(b— a), jJ=0,...,2n, (2.4) 


whence, by inspection (W>,..., %,,) 18 a locally optimal partition. In particular, the 
subdivision process yields inscribed polygons K, of maximal area whenever n = 2” 
and m = 1,2,... . Therefore, we need only inquire which curves [ obey this extra 
assumption; the next two theorems answer this question. 

For our introductory remarks, we have set the coordinate origin inside K; but 
clearly translations and invertible linear transformations of the xy-plane do not 
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change convexity and smoothness properties, or ratios of areas. Hence our argu- 
ments freely invoke the affine invariance of the problem to shift the origin, or to 
transform the coordinates, whenever this yields a simpler description of the curve I. 


THEOREM 2.1. If, in the plane, T is an arc of any conic section, then T has an 
additive parameter. 


Proof. Given any arc of (1) an ellipse, (2) a parabola, or (3) a hyperbola, apply 
some affine transformation to make it an arc of (1) the unit circle x? + y* = 1, (2) 
the standard parabola y = x’, or (3) the first-quadrant hyperbola xy = 1. Respec- 
tively, these three curves have the additive parametrizations: 


(1) r(u) = icosu + jsinu, 
(2) r(u) = iu + ju’, (2.5) 
(3) r(u) = iexp u + jexp(—u). 

Indeed, the three alternatives (2.5) all satisfy a relation 


r(u+v)—r(u-—v) =g(v)r(u), (2.6) 
where, respectively, g(v) = 2sinv, 2v, or 2 sinh v. However, (2.6) implies (2.2). 


Earlier, we recalled that Archimedes, via the subdivision algorithm, inscribed a 
sequence of polygons in a parabolic arch. Directly, Theorem 2.1 shows that each of 
these polygons has maximal area for the given number of vertices or sides. Indeed, 
an analogous sequence of subdivision polygons has the same maximal property in 
an elliptical or hyperbolic arch. Moreover, the symmetry axes of the parabola, 
ellipse, or hyperbola may make an arbitrary angle with the base of the arch (e.g., 
Figure 1). Conversely, our next theorem, assuming less smoothness, asserts that only 
a conic section can have an additive parameter. Indeed, the functional equation 
(2.2) for such a parameter has the following partial derivative in the variable v: 


O=r(u) X [r(utv)+r(u-v)I. (2.7) 
Our argument will reduce (2.7) to the equation 
Miutov)t+r(u-ov)=g(v)r(u), (2.8) 


with an undetermined function g(v); then each component of (2.8) is a previously 
studied equation of W. H. Wilson, and the solutions [Aczél, 1966, pp. 165-170] will 
yield the desired result. 


THEOREM 2.2. If T has a C' additive parameter u (where u has domain [a, b}) 
such that r'(u) # 0 and r(u) is a Strictly increasing continuous function, then T is an 
arc of a conic section, and r(u) is essentially one of the parametrizations (2.5). 


Proof. Function r(u) has the property r’(w) # 0; so (2.7) has the equivalent form 
V(utv)t+r(u-—v) =g(u,v)r(u), (2.9) 

where g(u, v) is some continuous real-valued function. If overlapping subarcs of T 
each have parametrizations of form (2.5), then I’, by analytic continuation, has the 
same parametrization on all the subarcs. Hence we may suppose I to be a short 


enough arc so that 7(b) — t(a) < 7. Then (2.9) has nonvanishing left side, whence 
g(u, v) # 0. If now we abbreviate 


G(u,v) = g(u—v,v)g(u,v)g(u+ov,v) — g(u—v,v) — g(utou,v), (2.10) 
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then direct substitution yields 
G(u, v)[r’(u — 20) + r’(u + 20)| 
= G(u, v)g(u,2v)r(u) 
= g(u,2v)g(u—v,v)g(uto,v)[r(u—v) +r(utov)| (2.11) 
— g(u,2v)[g(u — v,v) + g(u + v, v)|r'(u) 
= g(u,2v){ g(ut+ v,v)r’(u— 2v) + g(u— v,v)r(u + 20)}. 
If v # 0 then r(u — 2v) and r’(u + 2v) are linearly independent vectors, and we 
may equate corresponding coefficients; thus 
g(u,2v)g(u —v,v) = g(u,2v)g(u t+ v,v) = G(u,v). (2.12) 
But g(u — v,v) = g(ut+u,v) by (2.12); so g(u, v) has period 2v in its first 
argument. Also g(u,2v) = G(u, v)/g(u + v, v) by (2.12), and G(u, v) is a polyno- 
mial in functions g(-, v); so g(u, 2v) has period 2v in its first argument, or g(u, v) 
has period v in u. By induction, g(u,v) has period v- 27” in u, where m = 
0,1,2,.... By continuity, g(u, v) is a constant function of u. Thus equation (2.9) 
takes the form (2.8). But the theory of W. H. Wilson’s scalar equation [Aczél 1966, 
pp. 165-170] admits only the following nonzero solutions for this vector generaliza- 
tion: 
r’(u) = BcosAu — Asin Au, 
r(u) = A+ 2Bu, (2.13) 
r’(u) = Aexp Au — Bexp(—Auw), 
where A and B are constant real vectors, while A is a nonzero real constant. 
Moreover, A and B must be linearly independent, because 7(u) is not constant. 


After an affine transformation we may take A = i, B = j; by a recalibration we may 
take \ = 1. Finally, integration yields the alternatives (2.5). 


Remark. The authors have been unable to find whether, conversely, the validity 
of the subdivision algorithm implies the existence of an additive parameter. Indeed, 
if uw is an arbitrary C? parameter, then M(v,v) =v and M(v, w) = M(y, v). If 
also some function $(u) were an additive parameter, then M(v, w) would have the 
form 


M(v,w) = $ '[(6(v) + o(w))/2]. (2.14) 


Either of the following additional relations implies the existence of such a function 


@ [Aczél 1966, pp. 278-299]: 
M(u, M(v,w)) = M(M(u, v), M(u, w)), (2.15) 
M(M(t,u), M(v, w)) = M( M(t, v), M(u, w)). 


However, the validity of the subdivision algorithm is the precise equivalent of a 
different relation: 


M(v,w) = M[M(v, M(v, w)), M(M(v, w), w)]; (2.16) 


and we have not been able to prove that (2.16) implies (2.14). (Added in proof: If [ 
is a C® curve then a somewhat tedious argument gives this result.) 
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3. Rectangular Coordinates; Iterative Solution. Initially, we introduced x and y 
axes, but so far we have not really used them. Here, under slight restrictions, we 
represent the curve [ in xy-coordinates, then give a test, and an algorithm, for 
locally optimal partitions, and discuss the convergence of this algorithm. Specifi- 
cally, the affine invariance of our general problem allows a coordinatized formula- 
tion in any case where the parameter u has domain [a, b] and 


t(b) — t(a) <q. (3.1) 
Indeed, then r(b) — t(u) < @7 and t(u) — 7(a) < 7, so that 
k x [r'(a) — (b)] -(u) = (uw) I{ (a) sin(7(w) — 7(a)) 62 
+ r’(b)|sin(r(b) — t(u))} > 0. 
If now we choose the unit vector i to parallel the (nonzero) vector k X [r’(a) — r’(b)], 


then clearly dx/du = i- dr/du > 0. Hence we may take the parameter u to be the 
x-coordinate itself. 

Accordingly, the curve [. will have parametrization r(x) = ix + jy(x), where 
a<x <b and y(x) isa C’ function. Moreover, we may translate the origin so that 
y(x) 1s a nonnegative function. If (-)’ = (d/dx)(-), then y’(x) = tan(7(x)); thus 
y'(x) is a strictly increasing C' function, and —7/2 < 1(x) < 7/2. Also, a parti- 


tion II, has form (xo,...,x,), where a=XxX)<xX,< -°: <x,_, <x, =); and 
the broken line I), has successive points (Xo, Vo),---;(Xn> Y,), Where 
y,=y(x;), vi =y(x;), yf =y" (x)... (3.3) 


If G/2 (resp. G,,/2) is the area under I (resp., [|,) but above the x-axis, then 


b n 
G = 2] y(x) dx, GC, = x,In— Xoo + L (eH - %-1y,)- (34) 


j=l 


However, we wish to minimize the area G, — G; therefore, we wish to minimize the 
area G,. 


By (3.4), this area is a function of x,,..., x,_,. Moreover, 
0G,/OX; = (X41 — Xj-1) y; — (ja — Yj-1); j=1,...,n-1; (35) 
0°G,/ dx; = (Xi41 ~— Xj) Y's J = l,..., n-—- 1; (3.6) 


0°G,/ Ax, OX;_1 = 0°G,/OX;_4 OX; = Vi. — Vj; j=i2,...,n—-1; (3.7) 


and all other 0°G,/dx, 0x, = 0, whence the Hessian (0°G,,/0x; 0x,) is a tridiago- 
nal (n — 1) X (nm — 1) matrix. Thus, if Dy) = 1 and otherwise D, is the determinant 
of the upper 7 X j submatrix, then expanding by minors yields the recursion 


/t / / 2 ; 
D, = (Xj 41 ~ X ji) Jj Dj-1 — (yi — yj) D2) j=2,...,n-1. (3.8) 


Here (3.5) provides merely a restatement of our prior necessary conditions: if 


(Xo,---, X,) 18 a locally optimal partition, then the x j are distinct, and 0G,,/dx j= 9%, 
j=1,...,n — 1. But (3.8) offers also a test, through well-known, sufficient condi- 
tions: namely (X,..., x,,) is a locally optimal partition if the necessary conditions 


hold, and if D, > 0, j7=1,...,m— 1. More generally, the sequences (Xo,..., x,) 
subject only to the necessary conditions constitute the set S of stationary partitions. 
No element of S can yield a local maximum of G,, because, from any given 
(Xo,..-,X,) we can increase G, continuously until, for some k, we have x) = --- 


1989] OPTIMAL INSCRIBED POLYGONS IN CONVEX CURVES 893 


=x, _, and x, = --- =x,. The next theorem further describes the set S. Clearly, 
we might obtain its result without xy-coordinates, hence, without the restriction 
(3.1). 


THEOREM 3.1. In R"*', the set S of stationary partitions is the homeomorphic 
image of a closed subset S, in the compact interval [a, b]. If y(x) isa C™** function 
then S isa C™ image. 


Proof. At the endpoint (b, y(b)) we prolong I slightly with, say, a short 
polynomial arc. Then we consider all sequences (x9,..., x,,) such that x, = a and 
(x,, y(x,)) € T but x, is not necessarily b, while 


(Xj41 — X;-1) ¥'(x;) = y(X;41) — y(x;-1); j=1,...,.n-1. (3.9) 


If x; = xX) then x, = x,; hence we suppose x, > Xq, and (3.9) implies x, > x,_1 > 

- > Xq. Thus each x,,,, by (3.9), is a C” function of x; and x;_,. But we have 
fixed x; so, inductively, each x j is a C™ function of x,, whereas, clearly, x, isa C” 
function of (xX ,...,x,). Furthermore, (Xo,...,x,,) 1S a stationary partition pre- 


cisely when x, € S,, where S, = {x, € [a, b]: x,(x,) = b}. 


Furthermore, a simple iterative algorithm yields successive partitions (Xo,..., X,) 
that more and more nearly satisfy the necessary conditions. Indeed, if II, is any 
nondegenerate partition, and Mx j abbreviates M(x j-p X; +1), so that 


(X41 ~ x;-1) ¥'(Mx,) ~ Vj+1 ~ Sj-v (3.10) 
then MII, will denote the modified partition where Mx, replaces x, but all other 


x; remain the same. In other words, MII, optimizes x, relative to its nearest 


neighbors. Then Taylor’s theorem with remainder implies that 


Gy(Ul,) ~ Gy(MjT,) = 5 (po1 — %p-a)() — Moxy)? y"(AMx, + (1 d)x) 
(3.11) 


for some A, where 0 < A < 1. Either the geometry or (3.11) shows that G,(M,IT,,) 
< G,(II,,). Moreover, if y’(x) > y > 0 when a < x < b, andif ¢, = (2/y)[G,(1I,,) 
— G,(M,II,,)], then 


IMx,- x) <&@/, (3.12) 
since either |x,,; — x;_,| < &/° or, otherwise, (3.11) implies that 
2 

G,(11,) - G(Mjt,) > (4/8A(Mx, =x). G3) 


Our proposed algorithm merely repeats this process. In any fixed order, it 
optimizes every x, relative to its nearest neighbors. The initial II® may be any 
nondegenerate partition. If II‘*) is any later iterate, and p is any permutation of 


(1,..., — 1), then we replace successively each X pj)? where j = 1,...,n — 1, so 
that the next iterate in our sequence is the partition 
k+1) _ k 
TI4*) = My 0° MyyM, aH. (3.14) 


Section 1 observes that, within some visual accuracy, we can perform each step M, 
with a straightedge; hence this algorithm has direct geometric meaning. Moreover, 
we can treat rather fully its convergence. 
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THEOREM 3.2. If y’(x) > y > 0 whena < x < b, then the accumulation points of 
the proposed sequence {II: k =0,1,2,...} form a nonvoid compact connected 
subset of the stationary partitions. On this subset the function G,, is constant. 


Proof. The function G, has a compact domain; hence the accumulation points 
form a nonvoid compact subset S*. However, {G,(II%): k = 0,1,2,...} is a 
nonincreasing sequence with lower bound G; so it has a limit G*, which, by 
continuity, must be the value G,(II,,) everywhere on S*. If II = (x{,..., x), 
and II(**+) = (x(t)... x(**)), then 


1/3 
n 
Wr? — TE lls = | D by? — “snp | 
j=0 


(3.15) 


n-1 1/3 
< | , “no = 2/7)(G,(11) — 6 (1) }"7. 
j=l 


Any connected component of S* is a compact subset of R”*'. Thus S* cannot have 
disjoint components; indeed, two such components would have positive minimum 
distance, whereas the right side of (3.15) approaches zero, so that the distance 
between successive II‘) approaches zero. Also by (3.15), the quantities 
|x) — Mx | approach zero, whence, by continuity, the elements of S* are 
Stationary partitions. 


Example 4.1 specifies a curve I’ such that G, has two local minima and a saddle 
point. Thus, conceivably, an accumulation point of the II“) might be a saddle point 
of G,; but the corresponding iteration would be an unstable process, because each 
nontrivial step must decrease G,. Hence perturbations by roundoff error would 
probably redirect the II toward a local minimum. If a function has no unique 
local minimum, then some authors [e.g., Wolfe 1969] describe an optimization 
algorithm as convergent when the gradients approach zero on the resulting se- 
quence. Theorem 3.2 yields more; it implies that the gradients 
(0G,/0x,,..., OG,/dx,_,)II™) approach zero as k > oo, and that the II” 
themselves have a limit whenever the set S of stationary partitions includes no 
connected set larger than a single point. By Theorem 3.1, a component of S is either 
a point or a C! arc. Thus the II”) have a limit when S is any finite or denumerable 
set. 

Example 4.2 presents a curve I such that S includes a C’ arc (and, indeed, the 
II“ of iteration (3.14) would not have a limit if they pursued a wandering point in 
such an arc). But even near such arcs, we can obtain a stronger convergence result 
from smooth enough curves: if y(x) has four continuous derivatives, then theorems 
of discrete dynamics [Aulbach 1984; Hirsch, Pugh, and Shub 1977] and computa- 
tional linear algebra [Young 1971] guarantee a limit for the defined sequence 
{TI}. The proof [Lew and Quarles 1988] involves enough details so that we omit 
it here, but the result stretches to cover Example 4.2, whence, there also, the 
iteration has a limit. 


4. Examples with Multiple Extrema. A curve [ may satisfy all the assumptions 
of Theorem 3.2, and still it may have an unexpectedly large set of locally optimal 
partitions. Here, in xy-coordinates, we give two examples that show the possibilities. 
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In each case, the polygonal line approximating the curve has only three segments, 
1.e., two adjustable vertices. In the first example, G,; has two local minima, whence 
F,, by our previous remarks, has two local maxima. In the second, the minima form 
a C™ arc; so the curve I’ has a continuum of locally optimal partitions. 

No doubt, asymmetric curves would yield the same pathologies, but, in these 
examples, for simplicity, our y(x) will be an even function. Then y(x) = f(|x\) for 
some function f, and in each case we shall first specify this f. In both examples, 
y(x) will be a piecewise-rational function that has two continuous derivatives even 
at the knots, i.e., the transition points. (Indeed, a bit more work would produce even 
smoother transitions.) In Example 4.1, each piece will be a cubic polynomial, 
whence, by definition, y(x) is a C* cubic spline [e.g., de Boor 1978]. In Example 
4.2, four pieces will be cubic polynomials, while two others are simple rational 
functions. 

Example 4.1 (Figure 2). In general, a curve [ may have peculiar properties if, 
despite two continuous derivatives, it lies near—and just rounds slightly—some 
polygonal line. The dashed line in Figure 2 is the polygonal line behind this 
example; it has vertices (0,0), (+6, 3), (+8, 5), (+9, 12). Indeed, one checks easily 
that, on [0, +00), the following values define a C? cubic spline f(x) with knots 0, 2, 
6, 7. 


0 0.35 0.0 475 — 225 

2 1.0 0.5 025 00375 (4.1) 
6 3.24 0.63 04 66 

7 40 1.0 7 3.45 


The corresponding curve intersects the dashed line when x = 2, 7, 9. 


12 


Example 4.1 


0 
—10 —5 0 5 10 


FIG. 2. The solid curve T has two locally optimal inscribed polygons I}; we show one. 


896 JOHN S. LEW AND DONALD A. QUARLES, JR. [December 


Thus if one defines y(x) = f(|x}), then, on (— 00, +00), the resulting y(x) is a 
C* cubic spline with knots, 0, + 2, + 6, + 7. Moreover, y(+9) = 12, and y’(x) is 
a strictly positive function. Now let [a, b] = [-—9,9], and consider the partition 
(Xo, Xy, X79, X3) = (—9, — 2,7,9). The table (4.1) shows that Mx, = x, and Mx, = 
X2, where (3.10) defines Mx. Also 

04 -—1.5 
(4G,/dx, Ax.) = ee ra). 
and this is a positive definite matrix. Therefore the partition (—9, — 2,7,9) is a 
local minimum of G;; so likewise its reflection (— 9, — 7,2,9) is a local minimum of 
G,. Indeed, a third partition satisfies the necessary conditions, namely, (—9, — 
X5, X5,9) where x, = 5.62235; but further analysis shows that this is a saddle point. 

Example 4.2 (Figures 3 and 4). Here we seek a function y(x) on an interval 
[a, b] and a continuous family A of sequences (Xx, x,, X», X3) such that (x9, x3) = 
(a, b) and every sequence is a stationary partition, 1.e., 


(x5 — Xo) WI = V2 - Yoo (x3 — x1) ¥ =¥3— Mi. (4.3) 
We may suppose that x, = h(x,), where h is an increasing continuous function. If 
y,(X,), ¥.(x2) are independent functions, and we put 


(4.2) 


f= (x3 — x1), m=(y- y3)/(x; ~ x1), 


f= (x, - Xo) M2 = (2 - yo) /( x2 — Xo); 
then A specifies a decreasing continuous function ¢: §, — &,, and (4.3) becomes 
N+ 1) = §,dn,/dé, = §, dn,/dé,. Eliminating y, yields a second-order differen- 
tial equation that has general solution 


nN, = C&E, — No, 12 = ly + [Po as], (4.5) 


(4.4) 


Example 4.2, e = 0.2 


0 | 
—1.0 —0.5 0 0.5 1.0 


Fic. 3. The solid curve I has a continuum of locally optimal inscribed polygons T;; we 
show one. 
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0.4 


Example 4.2, « = 0.2 


0.3 


0.2 


0.1 


0 
— 0.2 — 0.1 0 0.1 0.2 


Fic. 4. Detail of Figure 3. Solid and dashed curves plot, resp., y(x) and z(x). 


where y, and C are integration constants. Many functions @ generate solutions 
(4.5), but the resulting y,(x,), y.(x,) do not obey all the boundary conditions. 
Hence our example modifies one such solution in certain neighborhoods of the 
boundary points. 

Indeed, here we take [a,b] =[-—1,1], and we choose x, = h(x,) so that 
(1 — 3x,)( + 3x,) = 4. Then (4.5) yields a particular solution y,(x,) = g(x,), 
where g(x) = x(1 + 9x)/(1 + x). This g, modified near 0 and 1, gives the function 
f used in our example. Specifically, we let 0 <¢e<1/2 and c= «/(2 — e) and 
d= (1 —«)/(1 + €). Then 0 < c < d <1; and moreover —d < h(x) < —c pre- 
cisely when c < x, < d. On[c, d], for any such e, we let f(x) = g(x). On [0, c) we 
let f(x) be the cubic polynomial such that ( f(c), f’(c), f’(c)) = (g(c), g’(c), g”’(c)) 
and f’(0) = 0. On (d, +00) we let f(x) be the cubic polynomial such that 
(f(d), f'(d), f’(d)) = (g(a), 2’(d), g’(d)) and f(1) = 7. These values imply that 
f(0) > Oand f(x) = f’(d) > O. Finally, we set y(x) = f(|x), so that y(+1) = 7, 
and, on (— 00, +00), the defined y(x) is a C? convex positive function with strictly 
positive y’(x). Also, for comparison, we set z(x) = g(|x|). In Figures 3 and 4, the 
solid and dashed lines plot, respectively, y(x) and z(x) for e = 0.2. 

Clearly, the following set is a C™ arc: 


A = {(X9, X1, %2,%3)! —d< x, < —c; C< xy < d; (1 — 3x,)(1 + 3x2) = 4}. 
(4.6) 


Moreover, by the preceding argument, or by direct calculation, we find that any 
(X9,X1, X5, x3) in A Satisfies the requirements (4.3) for a stationary partition. 
Though the function y(x) has just two continuous derivatives, still the iteration 
(3.14) approaches a limit. Indeed, if finitely many steps either take x, into 
[—d,—c] or take x, into [c,d], then just one more step achieves the limit. 
Otherwise x, and x,, after finitely many steps, never leave intervals in which y(x) 
is a cubic polynomial. But the last paragraph of Section 3 cites a result for C* 
functions y(x) that now shows the existence of the limit. 
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Finally, the elements of A are all (nonstrict) local minima of G,. Indeed, G;, by 
Theorem 3.2, has some constant value G* on A and G* < G,(Xo, Xj, X>, X3) 
whenever a change in just one x; can take (Xo, x), x2, x3) into A. We must prove 
this inequality also when (Xo, x,, X>, X3) iS a partition sufficiently near an endpoint 
of A, but when (Xo, x), x5, x3) does not obey the preceding condition. By symme- 
try, we need consider only regions, for small positive 5, where —c < x, < —c +6 
and d < x, < d+ 6. But if G, becomes H, when y(x) becomes z(x), then, in any 
such region, G* < H,(Xo, X;, X, X3), So we need show only that H, < G,;. How- 
ever, the Taylor series for G,; — H, at (—c, d) has positive third-degree terms in the 
stated regions, and has no terms of lower degree. Hence H, < G; for small enough 6. 


5. Criteria for Unique Solution. We have just seen two examples with multiple 
solutions, but we can now give a condition for uniqueness. Again let u be any 


admissible curve parameter, and let vo, v,,..., v,, be any increasing u-values such 
that v, = M(v,_,, 0;4,) when j = 1,...,m — 1. Here we allow vg = a = — 00, and 
we define Av, = U0; — Ui, where j = 0,..., m. If v9 = —oo and v, has any finite 


value, then Av, will have the “fixed” value — oo. Geometric arguments show that 
any two of the values v,_j, U,, U;,;, uniquely determine the third; by induction, this 
implies that vy and v, uniquely determine v,,. Thus we may ask whether u has the 
following properties. 

P)(m): If Aug is fixed, then Av,, is a constant function of v,. 

P,(m): If Avg is fixed, then Av,, is a nondecreasing function of 0). 

P,(m): If v, is fixed, then v,, is a strictly decreasing function of Up. 

P,(m): If vp 1s fixed, then v,, is a strictly increasing function of vy. 
Geometric arguments show easily that all parameters u have properties P,(2) and 
P,(2). Hence we call u an invariant or a monotone parameter if, respectively, it has 
property P,(2) or P,(2). Clearly, any invariant parameter is a monotone parameter. 


THEOREM 5.1. If u is a monotone parameter, then u has properties P,(m), 
P,(m), P;(m), where m = 2,3,4.... 


Proof (sketch). We have P,(2), P,(2) and P,;(2). Hence we assume P,(m — 1), 
P,(m — 1), P;(m — 1) for an induction step, and we attack P,(m), P,(m), P3(m) 


—in that order. To prove each P(m), we must compare sequences (v§”,..., Uy) 
and (vf, ..., v@) with certain assumptions on their first two components. To make 


each comparison, we define an intermediate m-tuple or (m + 1)-tuple with some 
properties of each given sequence, and we deduce chained inequalities. 


COROLLARY 5.2. If T° has an invariant (or monotone) parameter u, then our 
problem has a unique solution. 


Proof. lf u has domain [a, b], and vu, = a, then v,, by P,(m), is a strictly 
increasing function of v,. Hence, only a single v, can make v,, = b. 


If we have a continuous family {T(u): a < u < b} of plane affine transforma- 
tions such that T(u, + u,) = T(u,)T(u,) for all admissible u,, u,, u, + uz, then we 
can find a curve I with an invariant parameter. We simply let r(w) = T(u)q, where 
a<u<«<_b, for any vector q that is not a fixed point of the operators T(u). Then 
r(u) traces a curve IT, and uw is its invariant parameter. This remark underlies the 
next example, but we give only a direct verification. 
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Example 5.3. If (x, y) and (r, @) are, respectively, rectangular and polar coordi- 
nates, then the following curves have invariant parameters: 

1. any power-law curve y = x*,0 < x < +00; 

2. the special curve y = x - log x,0 < x < +00; 

3. the exponential curve y = expx, — 00 < x < +00; 

4. the logarithmic spiral r = exp a8, — 00 <@< +00. 
Here a is any real constant, and the power-law domain includes 0 whenever a > 0. 
Indeed, we introduce directly the parameters: (1 or 2) u = log x; (3) u= x; (4) 
u = 96. Then we need only verify the relation h(v) — v,) = h(v, — v,), where, 
respectively: (1) h(u) = exp au — a- exp u; (2) h(u) = (1 — u)- exp yu; (3) h(u) = 
—u + expu; (4) h(u) = (asin u — cosu)exp u. Thus our problem has a unique 
solution if any listed curve includes the specified [. The power-laws and logarithmic 
spirals, for suitable values a, yield the conic sections in the standard form (2.5). 
Moreover, the image of a listed curve under any affine transformation is an 
admissible curve; for example, the power-laws yield the curves with equations 
y=xt x 

Further, via Corollary 5.2, we can admit some curves without invariant parame- 
ters. Here, for convenience, we again use x as the parameter, and let r(x) = ix + 
jy(x) for some C? function y(x). Once more we add the hypothesis that y’”(x) > y 
>Owhena<x<b.lfa<x.<x, <x, <b and x, = M(x, x,) then y(x,) — 
Y(X_) = (X2 — Xo) ¥'(X,), which takes the compact form 


8(Xo,X1) = (Xo, x) (5.1) 
when g(x, x,) = y(x) — x: y’(x,). Differentiating this yields the relations 
O(x.- X1)/9 (x1) |x, —xo=const. = Ls*(xo, x) — g* (x, x1)|/[y’(x2) ~ y'(x,)], 
(5.2) 
O(x,- Xo)/9(—%1) |x), =const.= [s*( xo, x;) — g*(x, x1)]/[y’(%1) — y'(x9)], 
(5.3) 


where g*(x, x,) = y(x) — x- y’(x,). Clearly, (5.2) becomes zero precisely when 
B*(Xo,X1) = B*(X2, x). (5.4) 


However, I’ satisfies the uniqueness condition P,(2) if (5.2) is always positive. (Then 
(5.3) is also positive; a reversed parameter —x yields exactly the same examples.) 

If y(x) is an analytic function and x, — Xx, is a small enough quantity, then, by 
the implicit function theorem, x, — x, is an analytic function of x, — x9. Indeed, 
one finds a Taylor expansion 


Xy—-— X= (x, — Xo) — p(x;) ; (x, — Xo)” + p(x,)(x — Xo)” + O((x; — xo) ), 
(5.5) 

where p(x) = y’’(x)/3y"(x). Thus 
(x, _ X)/OX;|,, —x9=const.= — (dp/dx,) ; (2x _ Xq)° + O((x, a X9)’) (5.6) 


when x, — X) > 0. This fact about small x, — x9 implies a result for arbitrary 
xXy a Xo: 
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THEOREM 5.4. Let y(x) be a real-analytic function and y'(x) >y>0 when 
a<x<b. Let dp/dx < 0 whena < x < b, where p(x) = y’"(x)/3y"(x). If (5.1) 
and (5.4) have no common solution, then x is a monotone parameter; so our problem 
has a unique solution. 


Proof. If dp/dx < 0 then small enough x, — xq yield positive (5.2). If (5.1) and 
(5.4) have no common solution then (5.2) cannot be zero. 


Example 5.5. If y(x) = —cos x, where —7/2 < x < 7/2, then 3p(x) = — tan x, 
which is a decreasing function. If (5.1) and (5.4) have a common solution (xo, x1, X>), 
then 


— g(Xo, x1) + ig*(Xo, x1) = — B(x, x1) + ig*(x2, x1), (5.7) 

where g(x, x,) = —cosx — x: sin x, and g*(x, x,) = sin x — x - cos x,. Thus 
expli(X — x,)] — i(x9 — x) = expli(x, — x,)] —i(4,- x). (5.8) 
Now, the real and imaginary parts show that (5.8) has no solution where —7/2 < 


Xy < xX, <x, < 7/2. 


6. Approximate Solution; Numerical Examples. Only a conic section can have an 
additive parameter uw, i.e., one that satisfies (2.2). However, any admissible I’ can 
have an “infinitesimally additive” parameter that more and more nearly satisfies 
(2.2) as v > 0. Indeed, first let r(x) = ix + jy(x), where y(x) is a C* function. 
Then Taylor’s theorem implies that 


[y(x(u + v)) — y(x(u- v))]/2 
=v-y'(x(u)) + x'(u) + (03 /6)| y” (x(u))x(u)? (6.1) 
+ 3y"(x(u))x’(u)x”(u) + y'(x(u))x”(u)| + 0(0?), 
y'(x(u))[x(u + v) — x(u— v)]/2 = v- y'(x(u)) - x’(u) 
+(v?/6)[ y’(x(u))x(u)] + 0(v), 


and these expansions have the same first term. An additive parameter u would 
imply precisely equal expansions. Thus we require equal v°-terms, and this yields 
the relation 


(6.2) 


O=y"(x(u)) + x'(u)’ + 3y”(x(u)) - x’(u)x"(u). (6.3) 
But x’(u) # 0 and y”(x) # 0; so (6.3) has the first integral 
du/dx = C-|y”(x)|'7, C= constant. (6.4) 
If s = arc length and x = curvature, then (6.4) has the Euclidean-invariant form 
du/ds = C-|x(s)|'7?,_ C= constant. (6.5) 


However, we can use (6.5) even when curve IT has no global representation 
r(x) = ix + jy(x), because this discussion needs only local properties. Indeed, we 
can use (6.5) to define a parameter u even when k(s) is merely a continuous 
function, or has isolated zeros. Furthermore, equally spaced u-values locate the 
optimal partition when wu is an additive parameter; so here equally spaced u-values 
should produce good approximate solutions II, as n > oo. 
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However, Section 3 has described a convergent iteration that yields locally 
optimal partitions, and any such process will obtain a faster result when it has a 
good starting point. Also, Section 5 has shown that certain curves [ have unique 
optimal partitions. Accordingly, for various such curves, we have obtained an initial 
guess (x,..., x) via (6.4), computed the optimal partition (x{§°,..., x(©) by 
our algorithm, and studied the accuracy of the approximate starting point. In each 
case, the curve I’ has equation y = f(x) on an interval [a, b]. 

We report first our numerical observations for some particularly “good” curves, 
namely, those where f(x) satisfies all hypotheses of Theorem 3.2, and where the 
iterates, as a result, have a guaranteed limit. Such curves I have strictly positive 
curvature at each point, because f’(x) > y > 0 on [a, b]. Indeed, if f(x) = expx 
and [a, b] = [0,1], or if f(x) = x® and [a, b] = [1,2], then our computations 
suggest 


0 2 
max |x‘ — x®| ~ constant: n~* asn—> +00. (6.6) 


Hence, for such “good” curves generally, (6.6) may characterize the accuracy of the 
approximation. 

On the other hand, if f(x) = x® and [a, b] = [0,1], then f’(a) = 0 when a > 2, 
and thus I’ has zero curvature at its left endpoint. For such “less good” curves, 
Theorem 3.2 does not insure convergence, but, empirically, the iterates still ap- 
proach a limit, and the data now suggest 


~7EF0 asn > +00. (6.7) 


Similarly, if f(x) = —cos x and [a, b] = [0, 7/2], then f’(b) = 0 but f ”’(b) + 0. 
Moreover, an equivalent curve under affine transformation has f(x) = x — sin x on 
[0, 7/2]. The data for either curve fit a relation consistent with (6.7): 


“3/4 asn > +00. (6.8) 


For these “less good” curves, one may also ask how the initial guess anticipates 
the worst final result. Small values of the integer n show the typical behavior of the 
approximation. Indeed, if f(x) = x’? and [a, b] = [0,1], while n = 2 or 3, then 
x) — x() = .06, since 


n = 2: x = 852180, x{°) = .797797 
n = 3: x = .776060, x{*) = .711537 (6.9) 
x) = 910675, x$°) = .891877. 


More generally, the greatest cause of inaccuracy of the initial guess is apparently to 
overestimate the distance between points of zero curvature and the nearest distinct 
positions x i Still, if we let f(x) = x* on [0,1], and if, for each n, we choose the 
exponent a yielding the poorest outcome, then the largest such errors seem to have 
a bound .07. Moreover, these worst exponents seem all to exceed 12. Hence errors of 
this size require a point of zero curvature where the tangent to the curve has rather 
high order of contact. We obtain better guesses for smaller exponents a, 1.e., lower 
orders of contact: if f(x) = x* and [a, b] = [0,1], then 


n= 2: x = 659754, x{*) = 629961 
n = 3: x = 517282, x{~) = 486038 (6.10) 
x) = 784053, x$°) = .771537. 


max |x‘) — x| ~ constant - n 


max |x‘ — x| ~ constant - n 
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If f(x) = x-logx and [a, b] = [0,1], then the origin is again a potentially 
troublesome point, because the curve there has infinite curvature. However our 
algorithm still yields a numerical result, and, in this case, the initial guess slightly 
underestimates the distance between the origin and x{*). The algorithm of Section 3 
is stable, reliable, and geometrically meaningful, but its convergence in these 
examples, while linear, is slow. No doubt a more sophisticated scheme would 
produce faster answers; however, guaranteed convergence might then require addi- 
tional safeguards. 


Acknowledgments. The authors wish to thank Michael Shub and Philip Wolfe for providing refer- 
ences and examples that clarify the convergence properties of iterative algorithms. 
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UNSOLVED PROBLEMS 


EDITED BY RICHARD GUY 


In this department the MONTHLY presents easily stated unsolved problems dealing with notions 
ordinarily encountered in undergraduate mathematics. Each problem should be accompanied by 
relevant references (if any are known to the author) and by a brief description of known partial results. 
Manuscripts should be sent to Richard Guy, Department of Mathematics and Statistics, The 
University of Calgary, Calgary, Alberta, Canada T2N IN4. 


Unsolved Problems Come of Age 
RICHARD K. Guy 


This article completes 21 years of what Victor Klee started as the Research 
Problems section. In December, 1970 he asked if I would take it over. Two or three 
generations of editors later we realized that it should be called the Unsolved 
Problems section. In December, 1971 we jointly published the first of the two yearly 
updating articles, of which this is the tenth. Regular readers will know that 
references in brackets are year and page numbers of this MONTHLY, while dates in 
parentheses refer to publications listed at the end, and other items are labelled (tbp) 
or (wrc) according as they are likely to be published formally, or remain as written 
communications. 

I’m not aware of any progress with the Kotzig-Ringel tree-labelling problem 
[1969, 1128] but Joseph Gallian (tbp) has a survey paper on graph labelling 
problems which contains a bibliography of 78 items, 20 of which were not on my 
earlier list of 147. Also, expect to see an article by Gallian on grid-labelling in this 
section in the near future. Ringel (wrc) has another tree-labelling conjecture: that 
every tree with e edges, whose nodes are all trivalent or monovalent, can be given a 
magic labelling: i.e. that the integers 1,2,..., e can be assigned to the edges so that 
the sum of the three that meet at a node is constant. For example, Figure 1 shows 
such a labelling for a tree with 29 edges and magic sum 45. 

Victor Klee [1970, 63] asked for the maximum length of a d-dimensional snake, 
1.e. a simple cycle without chords in the (edge-skeleton of the) d-dimensional cube. 
Since the work of Evdokimov (1969) it has been known that the order of magnitude 
is 24: just the constant remains to be determined. Abbott and Katchalski (1988) give 
a new proof of Evdokimov’s theorem. 

L. Fejes Toth [1971, 528] asked for the densest packing of points (or equivalently, 
of circles of unit diameter) in an infinite strip of width w (or w + 1), where any pair 
of points must be separated by a distance of at least 1. The answer is trivial for 
w < y3 /2, and the intuitively obvious result for w = n¥3 /2 (n an integer) was 
proved by Molnar (1978). The case w < ¥2 was solved by Kertész (1982) and 
Fiiredi (1988) now extends the solution to w < 73. 

A set of n points in the plane, not all on one (straight) line, determines a set of at 
least n lines. A line containing just two of the points is an ordinary line. If all the 
lines are ordinary, they are (7) in number, and the points are in general position. If 
all the points, save one, are on a single line, the configuration is a near-pencil. Kelly 
and Moser (1958) proved that at least 31/7 of the lines are ordinary. That this is 
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best possible can be seen from the failed Fano configuration, typified by the vertices, 
centroid, and midpoints of sides, of a triangle. In Figure 2, the 3 ordinary lines are 
shown broken, and the 3 ordinary points are circled. Murty [1971, 1000] labelled the 
points with positive integers, and called a configuration magic if the total of the 
labels on each line was the same. He conjectured that a magic configuration was 
either in general position, or a near-pencil, or a failed Fano configuration. See also 
[1988, 464-465 and 932-933]. 


(@\ 
aw, 
“7 


‘\ 


FIG. 2. 


A point is ordinary if it lies on at least one ordinary line; otherwise it’s special. 
The Sylvester graph of a configuration is the set of ordinary points and ordinary 
lines. Smyth (tbp) formulates the conjecture that the Sylvester graph is complete 
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only for points in general position, or for the failed Fano configuration, and notes 
that this conjecture and Murty’s conjecture both follow from the conjecture 


é There are at most 5 special points in a configuration ? 


Molnar [1974, 383] asked for determinants with integer entries, not 0, + 1, whose 
value was 1, and remained so when the entries were squared. Several solutions 
[1975, 999-1000; 1977, 809; 1987, 962] have been published. Rudolf Wytek of the 
University of Vienna Computer Centre made a search and found six examples, five 
of which are probably new: 


2 3 2 2 3 6 5 7 6 8 7 8 10 7 12 
4 2 3 3 2 3 6 4 #7 12 11 #7 4 2 #7 
9 6 7{ |17 11 16] |17 16 20] [17 15 16] {17 12 20 


None of them are special cases of the parametric solutions of Peter Montgomery, 
Harry Applegate or Morris Newman. 

Readers of this section [1987, 963] will know that, modulo the Birch + 
Swinnerton-Dyer conjecture, Tunnell (1983) has effectively solved the age-old 
congruent number problem [1980, 43]. Those interested will also wish to read 
Monsky’s (1989) paper, which gives a unified proof that the following numbers are 
all congruent, where p, is any prime =i, mod 8, and (p,| p;) is the Legendre 
symbol: 


Ps» P»2P7,2P3, P3P7 P3Ps>2P3Ps> 2 PsP7 
Pi Ps, provided ( p,|ps) = —1, 

Pi P7 and 2p, p,, provided ( p,|p7) = ~—1, 
2 P) P3, provided ( p;|p3) = —1. 


Most people heeded the advice given on [1983, 35], but an interesting sidelight on 
the notorious 3x + 1 problem is thrown by Lagarias (1990), who studies the set of 
cycles under iteration of all “3x + k functions” where k varies over all positive 
integers prime to 6, 1.e., the set of rational cycles of the 3x + 1 problem. The set of 
primitive such cycles is large and has an interesting structure. 

Define a logarithm as a one-to-one function, f, between the integers {1,2,..., k} 
and the cyclic group of order k, such that f(xy) = f(x) + f(y) when 1 < xy < k. 
More generally, call a subset S of k integers logarithmic if there’s a group G of 
order k and a one-to-one map ¢: S — G such that if x, y,z © S and z = xy, then 
6(Z) = (x) + $(y). Forcade and Pollington (1989) found the counterexamples 
k = 195 and 255 to their [1986, 119] conjecture that {1,2,...,k} always have a 
logarithm. Their conjecture that if {1,2,..., k} is logarithmic, then G is commuta- 
tive, is still open. Chandler (wrc) and Hickerson (wrc) have independently shown 
that if a noncommutative such G exists, then its centre has index 4, 6 or 8, and 
Hickerson has also shown that |G| > 9696. 

For the Mahler-Popken problem [1986, 188], Daniel Rawsthorne (1988) has 
calculated f(n), the least number of ones needed to represent n, using only + and 
x (and parentheses) for n < 3'°. In this range f(273°) = 2a + 3b, and whenever 
f(n) = f(c) + f(d) with c + d =n, and this minimum is not achieved as a product, 
then c (or d)=1. He found an additional counterexample, 2’3* < 3°5, with 
f(2'3*) = f(3°5) = 20, to that found by Selfridge [1987, 965]. 
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In [1987, 967] we outlined a treatment by Lew (tbp) of Ih-Ching Hsu’s [1986, 371] 
functional equation 


F(x, y) + F(o(x), ¥(y)) = F(x, ¥(y)) + F(o(*), y). 


A revision of this is currently being published. 

Warren Kokko (1988) answers Corley’s [1986, 628] question about how likely are 
random points in the square to be far apart, but using the “taxicab metric,” 
|x; — x,| + ly; — y;|, in place of the usually Euclidean one. 

J. Kincses of Attila Jozsef University, Szeged, was another who noted that 
Shapiro’s [1987, 46] conjecture on polyhedral cones 1s a consequence of the Gauss- 
Bonnet theorem: see Santal6o (1976), or, for an elementary proof, McMullen (1975). 

There is no lack of interest in diophantine equations [1988, 31]. Jack Good sent a 
copy of his (1984) paper, summarizing results he obtained in 1962. As he says, “one 
cannot expect probability arguments...to give accurate results because integers 
have many hidden properties, but it is interesting to see what they... suggest.” 

We were just able to slip in a [1988, 32] footnote, earnesting the destruction, by 
Noam Elkies (1988), of yet another Euler conjecture. It’s now well known that he 
found an infinity of solutions of 


x4 + y44 z4= wi, (1) 


the smallest of which is (2682440, 15365639, 18796760, 20615673), and his next 
smallest involves numbers with 70 decimal digits. Subsequently Roger Frye 
made a computer search and found the absolutely smallest solution to be 
(95800, 217519, 414560, 422481): it is presumably not too rash to conjecture that 
there are infinitely many elliptic curves each of which yields infinitely many 
solutions of (1). By coincidence, the same week that I heard from Elkies, I received a 
book which claimed to settle most of the classical unsolved problems of number 
theory, including a proof that (1) has no nontrivial solutions. 

Thomas Berry of Universidad Simon Bolivar, Caracas, Venezuela, observes that 
the first of equations (9) on [1988, 33] can be written 


2(s* + b*) + a* + c* = 2(s? + b*)(a? +c?) (2) 


(the condition for a point to be at distances a, b, c from the vertices of an isosceles 
right triangle of sides s,s¥2,5), and that this, and equation (10) for a point at 
distances x, y, z from the vertices of an equilateral triangle of side s, both represent 
Kummer surfaces, i.e., quartic surfaces with just 16 singular points. They are not 
isomorphic, but are of the same special type, known as tetrahedroids. There are the 
following consequences: 

(a) A Kummer surface is not rational: there is no general parametric solution of 
either problem, in the sense that there are no polynomials (resp., rational functions) 
giving all integer (resp. rational) solutions. 

(b) One-parameter families of solutions correspond to parametrizable curves on 
the surface. For example, the 16 conics (which always exist on a Kummer surface) 
give, in the equilateral triangle problem, points on the sides and circumcircle. The 
solution given by Kemnitz [1988, 34] corresponds to the plane section y + z = 2x. 

(c) The elliptic curves used by Bremner and Guy (1989) form a pencil on (2), and 
since the surfaces are both tetrahedroids, there may be an elliptic pencil on the 
“equilateral triangle” surface, which allows an analogous attack. 
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The problem attributed to Leech [1988, 35], to find distinct triples having the 
same product and the same sum of squares, goes back at least to Bini (1908), with 
partial solutions by Dubouis and Mathieu (1909). A neat general solution has been 
given by John B. Kelly (1990): equal products are related by a matrix of E. T. Bell 
(1933) and equal sums of squares then give a conic in two-dimensional projective 
space, on which all rational points can be obtained from a single one. Kelly locates 
the solutions of Dubouis, of Mathieu, and of Zeitlin (1988) and notes that these last 
cannot be obtained from those of the first two by specializing the parameters. John 
Drost (WV), Jean Lagrange (France), Stephane Vandemergel (Belgium) and Mark 
Weissman (USSR) all sent parametric, though not general, solutions. 

There were also several parametric solutions of Mordell’s equation (12) [1988, 
35]. Zhang Mingzhi (1985) has an earlier publication and Mark Weissman and 
David Zeitlin sent solutions. Clellie Oursler (wrc) and Judith Longyear (wrc) have 
submitted more extensive analyses, each of which gives a procedure for finding all 
solutions. That of Longyear extends to the equation X.(1/x,;) + II1./x;) = 0 with 
n (> 3) variables x; in place of Mordell’s 4. 

J. A. Macdonald (wrc) of Brighton, Victoria, Australia sends an evaluation of 
Coxeter’s [1988, 330] challenging definite integral in which he notes that “any 
geometry has been swept under the carpet.” Coxeter’s own (geometric) solution 
appeared recently (1989). 

Raphael Robinson’s [1988, 331] question, how big a slice can you make through a 
cube? was earlier asked by Hensley (1979) and answered by Keith Ball (1988) who 
has now (1989) extended the result to k-codimensional sections, whose volumes are 
at most (2 )*. S. W. Drury of McGill University, also sends a proof of the original 
conjecture, and Paul Filliman of Western Washington University, has some conjec- 
tures concerning the analogous problem for the regular n-dimensional simplex, 
which he has proved forl <k <n < 6. 

Several authors [1988, 428] asked if every latin square of order n has a partial 
latin transversal (1.e., with all its entries distinct) of size n — 1. Their Conjecture 1 
[1988, 429], often attributed to Brualdi, is that an equi-n-square (in which each 
symbol occurs exactly n times) has a transversal with at least n — 1 distinct 
symbols. Paul Erdds and Joel Spencer (wrc) have proved the following theorem: an 
n Xn matrix with various symbols as entries, no symbol appearing more than k 
times, has a latin transversal if k < n/16. 

Jozsef Dénes corrects our editorial remark [1988, 430]: his conjecture is more 
general than that of Conjecture 1, so that it implies that conjecture, without being 
equivalent to it. He also reports that although Derienko (1988) appeared to have 
proved Brualdi’s conjecture, the proof is incomplete: attempts to repair it have not 
been successful. 

Gerd Baron, Vienna Technical University, and Johannes Nitsche, University of 
Minnesota, each use the methods of J. W. Green (1950) to establish Murray 
Klamkin’s [1988, 845] conjectured isoptic characterization of the circle. 

Donald Chalice, Bellingham WA, solves Robert J. MacG. Dawson’s [1989, 31] 
paradoxical connections problem by means of an example with an “explosion 
point” which is a cousin of one of Knaster and Kuratowski (1921). 

As a result of correspondence with Stewart Levin, Adam Stinchcombe, Reginald 
Wood and Clark Carroll himself, and help from Francis Coghlan, we are able to 
give “all” quartic polynomials which, with their derivatives, have integer roots, 
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answering the question of Frank Schmidt (1986, 1987) and Clark Carroll [1989, 
129]. This can be reduced to finding rational points generated by the point 
(—8, — 16), say, on the rank one elliptic curve y”? = x(x + 6)(x + 24). The first 
few examples have roots (0,0, p, g), where 


(p,q) = (308, 360), (668668, 1990440), ( — 277132848044, 514660109040), 
(16695809521921862640, 28041466545675190604). 


Note that in the third example the roots are of opposite sign. Levin later exhumed a 
Fermat-type descent given by Allen T. Goldberg in 1976, which reduces any 
solution to a “smaller” one, culminating in the case of a triple root. A counterexam- 
ple to Carroll’s original conjecture was also found by Michael J. Miller. 

Thom Grace and Mark Draughn of Illinois Tech and Charles Ashbacher of 
Mt. Mercy College sent palindromic answers to Shyam Sunder Gupta’s [1989, 425] 
request for decimal numbers which, with their reversals, give sums and differences 
which are both squares. They deduce the infinite family of examples 


1(2 x 10" + 2)’. 
Further such families are 
1(2 x 102" + 2 x 10" + 2)° 
and 
1(2 x 1037+" 4 2 x 102+" + 2 x 10" + 2). 


Grace and Draughn give all solutions where the sum is < (2'° — 1). Besides 
Gupta’s examples, there occur the sporadic, nonpalindromic examples 


281089082 + 280980182 = 237087, 3307 
2022652202 + 2022562202 = 636027, 3007 
2042832002 + 2002382402 = 636027, 63607 


It remains to find an infinite family of nonpalindromic examples, and, if possible, to 
characterize all examples. Similar questions can be asked for bases other than 10. 

I am indebted to numerous correspondents, only a few of whom are mentioned; I 
hope that they, and others, find the section to be a useful clearinghouse for 
information on unsolved problems. 
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NOTES 911 


The eigenvalues enable us to tell the sense in which r measures linear association 
of the points (x,, y,) in R?. It is known (compare [1, p. 657]) that the quadratic form 
Gu -v, v a unit vector, represents the sum of squares of the distances from the 
points (x,, y,;) to the lines through the origin normal to v, one for each v. The A, are 
the extreme values of the form. If 4, = 0, the points are collinear (@ = 0 or 7), 
falling on the minimal axis of the form. If A, =A, (6 =7/2), then Gu-v is 
constant for all unit vectors. This means that the points are maximally dispersed in 
the sense that the sum of squares of the distances to every line through the origin is 
the same. 

The quotient in (2) thus is 1 at collinearity and zero at maximal dispersion. Thus 
when |X| = |Y|, r = 0 signifies maximal dispersion. 

The theorem fails when |X| # |Y|, unless |r| = 1. This follows from (1). Also, 
though |r| is scale invariant, neither the eigenvalues, nor the quotient in (2), nor the 
configuration of the points in the plane is scale invariant in general. 

In the general case of uncorrelated variables (r = 0), (1) becomes 


hi - Ad |X? - IFIP 
A, tA, |IX|* 4+ IYI? 


As the ratio of the variances |X|? and |Y|* approaches zero (or infinity) the left 
side approaches 1, and so the points become more and more collinear. Thus 
uncorrelated variables, after suitable scaling, may give rise to sets of points which 
are nearly collinear. 

There is a duality between an ordered set of n points (x,, y,) in the plane and the 
corresponding vectors X and Y in n-space. It is the strength of the linear relation- 
ship between X and Y which r measures; we have shown that r is less suitable as a 
measure of linear association of points, unless |X| = |Y]. 


Acknowledgment. This note was written at the Hebrew University of Jerusalem. Many thanks to 
Azriel Levy, Chairman of the Mathematics Department for his hospitality during my stay there. Thanks, 
too, to colleague Matthew Gaffney, for showing me equation (1). 
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A Version of Rouche’s Theorem for Continuous Functions 


A. TSARPALIAS 
Department of Mathematics, University of Athens, 157 81 Athens, Greece 


Let D denote the closed unit disc in C. We prove the following version of 
Rouche’s theorem, assuming the results and using the notation of [1]. 


THEOREM. Let f:D — C be a continuous function and g an analytic function on a 
neighborhood of D. If \f(§)| < |\g(&)| for every § € 0D and g has a root in D, then 
f + g has a root in D. 


Proof. We assume that g(¢) # 0 for every ¢ © 0D, the result otherwise being 
obvious. 
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One can easily find some other consequences. We mention, for instance, the 
following well-known fact which contains the fundamental theorem of algebra: Let 
f: © — C be a continuous function such that there exists a positive integer m and a 
complex number c # 0 with lim, _,,, z” f(z) = c. Then f has a root. 
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Another Example of an Exotic Function 


VICTOR PAMBUCCIAN 
Mountain House School, 12 Lake Placid Club Drive, Lake Placid, NY 12946 


The purpose of this note is to exhibit a function, which is zero almost everywhere 
(i.e., a function that differs from zero on a meager set; here “meager” stands for “of 
Lebesgue measure zero and of first category’’) and takes every real value in any 
given interval. The construction is different from those in [3, Ch. 8, ex. 27], [1, Ch. I, 
ex. 1.2 and Th. 3.4], [4], and [5]. 

Let G be any meager additive subgroup of R of cardinality 2°°. Then Q - G = 
{qg\q = Q, g © G} is meager too. If a= R\Q- G and H=a7'G, thn HNQ 
= {0}, |H| = 2™ and H is meager. Hence every x in A = H + Q can be uniquely 
written as x = h+q, with h in H, g in Q. Let ¢: H > R be any one-to-one 
function and define y by 


v(x) = (ot) ifxEA,x=h+q 
0, otherwise. 


Then y has all the required properties. The construction depends on the 
existence of a meager additive subgroup of R of cardinality 2°. The additive 
subgroup of R generated by the set 


ere EG | 

xER|x = ———., O<a,<2i 
ja (27)! 

is such an example (for details concerning its measurability see [2, p. 191)). 

Any example of such an exotic function can be used to show the ubiquity of 
everywhere discontinuous functions that have the Darboux property, in the follow- 
ing sense (see [1, Th. 3.4] and [5]; the result was first proved in [4]): For any 
function f: R — R, there is a function g: R > R, 


a(x) = (1 ifxER\A 
v(x), ifxeA 


that differs from f on a set of measure zero and of first category and has the 
intermediate value property, although it is nowhere continuous. 
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ing sense (see [1, Th. 3.4] and [5]; the result was first proved in [4]): For any 
function f: R — R, there is a function g: R - R, 


(x) = (1 ifxER\A 
W(x), ifxEA 


that differs from f on a set of measure zero and of first category and has the 
intermediate value property, although it is nowhere continuous. 


REFERENCES 


1. A. M. Bruckner, Differentiability of real functions, Lecture Notes in Mathematics, Vol. 659, 
Springer-Verlag, Berlin, Heidelberg, New York, 1978. 


914 VICTOR PAMBUCCIAN 


2. P. Erdés, K. Kunen, and R. Daniel Mauldin, Some additive properties of sets of real numbers, Fund. 
Math., 113 (1981) 187-199. 

3. B. R. Gelbaum and J. M. H. Olmsted, Counterexamples in Analysis, Holden-Day, San Francisco, 
1964. 

4. S. Marcus, Sur une propriété appartenant 4 toutes les fonctions réelles d’une variable réelle, Indian J. 
Math,. 9 (1967) 457-460. 

5. Solution to Problem 6505, this MONTHLY, 94 (1987) 560. 


THE TEACHING OF MATHEMATICS 


EDITED BY MELVIN HENRIKSEN AND STAN WAGON 


A Fresh(man) Treatment of Determinants 


KENNETH P. BOGART 
Department of Mathematics, Dartmouth College, Hanover, NH 03755 


As a result of the inclusion of matrix algebra in our department’s freshman-level 
discrete mathematics course, I have had to grapple with how to teach determinants 
to freshmen. Since the goal of a discrete mathematics course is to teach students to 
understand mathematics, it is essential to have a conceptual definition of a determi- 
nant. Since induction and recursion are central concepts in a discrete mathematics 
course, it is important to include the recursive row-expansion formula for a 
determinant. Since linearity is not a central concept of the discrete mathematics 
course, the description of a determinant as an n-linear function of a special kind is 
not an especially desirable conceptual definition, contrary to its desirability in a 
linear algebra course. 

Matrix algebra topics one is likely to introduce in a discrete mathematics course 
include row-reduction and inverse matrices. This makes it seem natural to students 
that we search for a single number, called the determinant, associated with a matrix 
in such a way that it is nonzero if and only if the matrix is invertible. It also makes 
it reasonable to try to describe such a determinant by the elementary row opera- 
tions. The theme of this paper is that the most appropriate elementary conceptual 
approach to defining determinants is the following: 


e Describe how a determinant function should interact with the elementary row 
operations. 

© Observe that, if the determinant function described exists, then the value is 
uniquely determined by the description. 

e Finally, exhibit a formula that demonstrates there is a function satisfying the 
description. 


The theme is not original with this paper; it is certainly part of the folklore of 
determinants and is the approach taken, for example, by Kumpel and Thorpe [3] 
(where proofs are restricted to the 2 x 2 case). In order to give a quick treatment 
for the n by n case, it is tempting to give a known formula for the determinant, such 
as the permutation or the column expansion formula, derive the linear and alternat- 
ing properties from it, and derive the row-operation description from these. (in fact, 
we can even skip over the intermediate step of linearity for a time savings.) 
However, this approach leaves students wondering how they were supposed to guess 
the formula. There is a similar problem when one begins with the more standard 
description of the determinant as a multilinear alternating function and similarly 
pulls a formula from “thin air” to show determinants exist. In Apostol’s elegant and 
elementary treatment of determinants as multilinear functions [1], he overcomes this 


‘See also the beautiful book by Samelson [4] which is, unfortunately, out of print. 
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problem by deriving the column expansion formula from the usual axioms, develop- 
ing many useful results about determinants along the way. While this is my 
preferred approach for sophisticated students or for a linear algebra course, students 
whose mathematical skills are more mechanical than conceptual have difficulty with 
it. In this paper I present a more mechanical approach to deriving the column- 
expansion formula from row-reduction axioms and verifying that the formula 
satisfies the axioms. While this treatment is similar to Apostol’s in that both make 
essential use of the basic facts about determinants of products and transposes, the 
present treatment is quite different from and more mechanical than Apostol’s. This 
paper merely outlines the approach; the reader may find the details in [2]. 


The row operations. We give a slightly unusual description of the elementary row 
operations. We use 


_R1- 
_R2- 


—Rn- 


to stand for the matrix with rows R1 through Rn; we avoid subscripts so that Ri j 
stands for the jth element of row i while R,, stands for the entry in row i and 
column j of a rectangular matrix R. The row operations we use are: 

(1) Factor an r from row,i. This replaces 


—R1- —R1- 
—rRi- | by | —Ri- 
—Rn- —Rn- 


(2) Add r times row i to row j. 
(3) Interchange row i and row j. 


Defining determinants axiomatically by the effect of row operations. As usual, we 
may use row-reduction to discover that the 2 X 2 matrix |< ’ has an inverse if and 
only if ad — bc # 0, so we define the determinant of this matrix to be ad — be. 

By examining how the three kinds of row operations affect the value of ad — bc 
we decide on the following axioms describing how the determinant interacts with 
row operations. 

(1) If A’ is obtained from A by factoring out r from row i, then det A = rdet A’. 
(We allow r to be 0.) More symbolically 


—R1- —R1- 
det _rRi- = r det _Ri- 


—Rn- —Rn- 
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(2) If A’ is obtained from A by adding a multiple of row j to row i, then 
det A’ = det A. More symbolically 


—R1- —R1- 
Ri + rRj _Ri- 
det =det) - 
_Rj- _Rj- 
_Rn- —Rn- 


(3) If A’ is obtained from A by interchanging row i and row j, then det A’ = 
—det A. More symbolically 


—R1- —R1- 
—Ri- —Rj- 
det = —det 
—Rj- _Ri- 
—Rn- —Rn- 


From Axiom 1 with r = 0 we see that if a matrix has a row of zeros then its 
determinant is 0; from Axioms 1 and 2 together we see if a matrix may be 
row-reduced to a matrix with a row of zeros, then its determinant is 0. Further we 
see that Axiom 3 may be derived from Axioms 1 and 2. We also see that we can 
reduce the problem of computing any other determinant to the problem of comput- 
ing the determinant of an identity matrix. In analogy with the case of 2 x 2 
matrices we adopt one more axiom. 

(4) If J is an identity matrix, then det J = 1. 


Computing determinants if they exist. From Axioms 1-4 it is straightforward to 
prove that if there is a determinant function defined on n X n matrices, then 


(1) det A = Oif and only if A is not invertible. 

(2) If A is invertible, then det A is the product of the elementary factors that 
arise from a row-reduction of A to the identity: There is a factor of r for 
each time we factor r from row j, a factor of —1 for each time we 
interchange row i and row j, and a factor of 1 for each time we add a 
multiple of row j to row i. 


As a consequence, if there is a determinant function, then there is only one 
determinant function, the one computed by this method. 

Students can understand (and prove) the facts about determinants we’ve dis- 
cussed so far as easily as they can understand (and prove) facts about the 
computation of inverses by row-reduction. The hard part is to prove that a 
determinant function really does exist. For this purpose, we have to figure out a 
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formula for the determinant and then prove it satisfies rules 1-4. A formula that 
works for this purpose is the formula we know as the cofactor expansion on the first 
column. However, there are two stumbling blocks. First, in order to have an 
intellectually satisfying approach, we should derive the formula from what we 
already know. Second, we have to show that the formula satisfies our axioms. 


The additive property. The formula for expansion on row i follows almost 
trivially from the n-linearity point of view. With the point of view adopted here it is 
necessary to prove the formula 


_R1- _R1- _R1- 
_Ri- _Ri- _Ri- 
det =det| - + det] - (5) 
Rj + Rj —Rj- —R’ j- 
—Rn- —Rn- —Rn- 


in order to determine that 


Qa Qa eee Qa 
vl a In a,,0-0 0a,,0-0 0-0a,,, 
det —R3- = det} “®*- | + det ? +++» +det| ~R? 
_Rn- —Rn- —Rn- —Rn- 
The row expansion formula follows because 
1 0 0 ee 0 
0 ayy a2 a Qyn-1 
det ; , , 
0 Qn-1,1 Qn-1,2 oe Qn-1,n-1 


satisfies all the properties of an (n — 1) X (n — 1) determinant and thus if determi- 
nants exist, the determinant of this matrix must be the determinant of the (n — 1) 
Xx (n — 1) matrix in the lower right-hand corner. It is possible to derive (5) from (1) 
and (2) as follows. If the matrix with rows R1 through Rn can be row reduced to 
the identity, then by first reducing it to the identity and then combining rows of the 
identity we get 


R’j =a,R1 + a,R2 +--+ +a,Rn. 


Applying rules (1) and (2) to the left-hand and right-hand determinants in (5) 
converts R’j to a,Rj, and so in this case (5) follows. Similar computations (using a 
linear combination of the rows that is zero) let us prove (5) in the case where the 
matrix with rows Rl through Rn is not invertible. This computation (which 
demonstrates linearity) is the cost of not assuming linearity. 
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Determinants of transposes. Now how do we derive the column expansion 
formula from the row expansion formula? Of course we want to use the fact that the 
determinant of a matrix equals the determinant of its transpose. A matrix is a 
product of elementary matrices (matrices obtained by acting on J with a row 
operation) if and only if it is invertible. The determinant of an elementary matrix is 
the elementary factor of the operation used to reduce it back to the identity. Since 
the transpose of an elementary matrix is elementary (and has the same elementary 
factor) and the transpose of a product is the product of the transposes in the reverse 
order, this proves that the determinant of a matrix and its transpose are equal 
(notice a matrix is not a product of elementary matrices if and only if its transpose 
is not either). 


Proving determinants exist. Now we have everything needed to derive the col- 
umn expansion formula, completing the derivation of a valid formula for the 
determinant function if such a function exists. Now, to show that a determinant 
function does exist, we show that the column expansion formula satisfies axioms 
1—4. Axioms 1 and 4 are easy; Axiom 3 is unnecessary because it follows from 1 and 
2. In the same way, Axiom 2 may be derived from Axiom 2’ below and Axiom 1. 


2’). If A’ is obtained from A by adding row i to row i +1 or row i — 1 then 
det A’ = det A. 


THEOREM. The formula det A = X%_,(—1)**1a,, det A(k,1) for expansion of a 
determinant along the first column (in which A(i, j) stands for the matrix obtained 
from A by deleting row i and column j) satisfies axiom 2’. 


Proof. We consider adding row i to row i + 1. We assume inductively that the 
function defined by the expansion formula satisfies axiom 2’ for (n — 1) X(n-1) 
determinants. 

We use J’ to denote the matrix obtained from A by adding row i to row i + 1. If 
k#i and k #i+ 1, then aj, det A’(k,1) = a,, det A(k,1) by the induction hy- 
pothesis applied to A(k, 1). Further, using R to stand for row R with the first entry 
deleted, we may write 


(—1)'**a}, det A’(i,1) + (-1)'*’a/,, , det 4’(i + 1,1) 
R1 
R2 

Ri-1 


= (-1)'*"a, det Rii+i)+Ri|* (-1)'**(aq + a;41,,)det A(i + 1,1) 


Rn 
= (-1)'*'a, (det A(i,1) + det A(i +. 1,1)) + (—1)'*’a,, det A(i + 1,1) 
+(-1)'**a,,,, det A(i + 1,1) 


= (-1)'*a, det A(i,1) + (-1)°°?**a,,,, det A(i + 1,1), 
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which shows that the overall contribution of rows i and i + 1 of A’ to the column 
expansion formula is identical to the overall contribution of rows i and i+ 1 of A 
to the column expansion formula. Thus the column expansion formula gives exactly 
the same results for A and J’. O 
The theorem was stated and proved formally because the computation is easier to 
show in detail than to describe loosely but accurately. On the basis of this theorem, 
we may conclude that the column expansion formula does define a determinant 
function. Since the proof of the theorem is easier than a proof that the column 
expansion formula is n-linear and alternating, we get a payoff here for basing our 
determinant axioms on row-reduction operations rather than n-linearity. 


A final note. One disadvantage of this approach to determinants is that we must 
derive the additivity property of determinants as a theorem. A second disadvantage 
is that as we prove our results (as in the proof of additivity) we must often deal with 
noninvertible matrices separately from invertible ones. 

Balancing this, there are three advantages. First, we have a simple conceptual 
definition of determinants requiring only modest effort to prove that determinants 
exist. 

Second, the row-reduction determinant axioms relate intimately to the volume of 
the parallelepiped (in n dimensions) spanned by the rows of a matrix. Multiplying a 
row by a number r multiplies the volume by |r|. Adding one row to another changes 
the parallelogram spanned by those two rows to another one with the same area, so 
it changes neither the area of a 2-dimensional base nor the “n — 2-dimensional 
height” and thus does not change the volume. (Notice by Axiom 2’ that we don’t 
need to worry about adding any other multiple of row i to row j.) Interchanging 
two rows doesn’t change the parallelepiped. The volume of the parallelepiped 
spanned by an identity matrix could only be 1. Thus the volume is the prodvut of 
the absolute values of the elementary factors of the determinant, so it is the absolute 
value of the determinant. We thus see that in 3-space the volume of a parallelpiped 
is the absolute value of the determinant of the associated matrix, and in higher- 
dimensional spaces, determinants are a natural tool for defining volume. 

Third, the computations, though there are many, are not difficult. The most 
complicated result conceptually appears to be the proof of the addition formula; the 
most detailed computation needed in a proof is the proof we gave that the column 
expansion formula obeys rule 2’. After a brief treatment of elementary matrices as a 
part of studying invertibility, I find that I (and others with many different levels of 
experience) can treat the outline above in three (or perhaps two) class periods at 
Dartmouth. The students (mostly freshmen) learn what we want them to, namely 
they can compute determinants either by an expansion formula or by row-reduction, 
they seem to have an idea of what the determinant is and does, and they realize that 
defining something axiomatically doesn’t necessarily mean that it exists. 
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On the Vandermonde Matrix 


JOSEPH J. RUSHANAN* 
The MITRE Corporation, M/S E025, Bedford, MA 01730 


The Vandermonde matrix is ubiquitous in mathematics and engineering. Its uses 
include polynomial interpolation [1, 4], coding theory [2, 5], and signal processing, 
where the matrix for a discrete Fourier transform is a Vandermonde matrix. There is 
an extensive literature on numerically solving systems of linear equations when the 
matrix is given by a Vandermonde matrix [1, 3]. And the Vandermonde determinant 
is especially common in the classroom, where several standard methods are used to 
give its elegant formula (see, e.g., [1, 2, 5]). In these examples, specific properties of 
the Vandermonde matrix are usually developed as needed, using isolated, albeit 
interesting, techniques. 

The purpose of this note is to present a unified approach to the Vandermonde 
matrix. Hence, our goal is to derive properties of the Vandermonde matrix not in a 
faster manner, but in a more integrated and straightforward one. This approach will 
yield the inverse and determinant of a Vandermonde matrix, along with results on 
the factorization of a Vandermonde (including its LU-decomposition). All of these 
properties are known in one form or another; see the references cited above. 

Besides integrating all of these properties of the Vandermonde matrix into one 
discussion, our goal is also to offer a bridge between two disciplines of thought: on 
the one hand that of the engineer, speaking of transforms, and on the other that of 
the algebraist, speaking of homomorphisms. Perhaps in this way students with a 
“purer” background can easily make a transition to more “applied” subjects, and 
vice versa. 

The main technique is to associate a given Vandermonde matrix with a certain 
linear transformation. Let ap, a,,..., @,_, be distinct elements from a field F and 
define the polynomial 


f(x) = (x — a)(x — a) +++ (x — @,_4). 


Let R be the ring of polynomials over F modulo f(x), represented by all polynomi- 
als over F of degree less than n. We define a linear transformation g on R to F” by 


9: R->-EX:--XF 
(1) 


p(g(x)) = (g(ao),--., g(@,_-1)), Where g(x) ER. 


In engineering parlance, is a transform, and g(g(x)) is called the transform of 
g(x). The fact that the transform of a sum is the sum of the transforms means that 
@ is an additive homomorphism. The fact that » changes polynomial multiplication 
(convolution “in the time domain’’) to pointwise multiplication (“in the frequency 
domain”) means that is a multiplicative homomorphism. Thus ¢ is also a ring 
homomorphism. 

It is easy to see that is in fact an isomorphism. Notice that is one-to-one, 
since if the transform of g(x) is the zero vector, then x — a, divides g(x) for i = 


*The author thanks the referee for suggestions leading to the improvement of this paper. This work 
was supported by the MITRE Sponsored Research Program. 
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0,1,..., — 1 and so g(x) is congruent to zero modulo f(x). But then g must also 
be onto, since it is an injection from an n-dimensional space to an n-dimensional 
space. 

As an example, consider the discrete Fourier transform over the complex num- 
bers, so that F = C. Let w be a primitive nth root of unity and set a, = w’, for 
i=0,1,...,2—1. Then f(x) = x” — 1. It should be noted that discrete Fourier 
transforms have also been used over finite fields; see [2]. 

Suppose we choose the usual basis {1, x,..., x”~+} for R. Then the matrix for » 
under this basis is the Vandermonde matrix 


1 1 1 
Qo Qa Qy-1 
y.|@  @ 02} 0) 


In the above example of the discrete Fourier transform, the ij entry of V is w, 
where i and j vary from 0 to n — 1. 

Our goal is to exploit the transform presented in (1) to garner results about V. In 
order to do this, we always identify polynomials of degree up to n — 1 over F with 
row vectors in F” by taking the coefficients in order by increasing degree. This order 
is forced by the ordering of the basis used to define V in (2). Thus, if g(x) is 
identified with the row vector g, then g(g(x)) = gV. 

We first find the inverse of V, 1.e., a matrix W satisfying WV = I. If w, is the ith 
row of W, then w,V has a 1 in the ith position and zeros everywhere else. Let w,(x) 
be the polynomial corresponding to w,. Then w,(a,) is 1 if i = 7 and 0 otherwise. 
Thus, w,(x) must be divisible by x — a, for i # j. This leads to the definitions 


Il — a,;) 


w(x) = TI (a, — «,)’ 


jJ#i 


fori = 0,1,...,”-1, 


where we have normalized to get w,(a,;) = 1. Hence the inverse of V is the matrix 
W whose rows are the vectors w, generated by the w,(x). This technique is a 
straightforward application of Lagrange interpolation for polynomials (see, e.g., 
(1, 4)). 

Suppose next that V factors into two n X n matrices, say V = V,V,; necessarily 
V, and V, are nonsingular. Thus, we have V,; 'V = V,, which is reminiscent of the 
equation WV = IJ that we used to find the inverse of V. Associate polynomials in x 
with the rows of V,'. Notationally, 


m (x) 


Mm\ XxX 
Vo} _ if ) 


(3) 


m,_4(X) 
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Rings With Invertible Regular Elements 


F. C. LEARY 
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Let R be a ring (assumed to have 1 and associative multiplication). Beginners in 
abstract algebra often find it annoying that R may have the very unintegerlike 
property of having zero divisors, i.e., nonzero elements x and y for which xy = 0 
(e.g., in Z/6Z, the ring of integers mod 6, 2 - 3 = 0). If R is noncommutative, we 
call x a left zero divisor and y a right zero divisor. For commutative R, no such 
distinction is necessary. 

Nonzero elements that are neither left nor right zero divisors are called regular. 
Regular elements resemble units (i.e., invertible elements) in that they may be 
cancelled. Of course, regular elements need not be units, e.g., the element 2 in Z, the 
ring of integers. On the other hand, there are rings in which all regular elements are 
units, e.g., any division ring. 

This note was motivated by class discussion relating to the following problem, 
which appears in [3, Chap. 20, Exer. Cl]: Let R be a finite commutative ring. Then 
every nonzero element of R is either a zero divisor or a unit. The discussion 
centered around the fact that such an R must then have the property (P): all 
regular elements are units. 

At this point, two questions naturally arise. 


1. Do all finite rings have property (P)? 
2. Is there a way to distinguish the rings that have property (P) from those that 
do not? 


The answer to (1) is yes and the proof is revealing. | 

First let R be commutative and x in R be regular. Then left multiplication by x 
provides an injective function f:R — R. Since R is a finite set, f must also be 
surjective. Thus, f(a) = xa = 1 for some a in R and x is a unit. This same 
argument applied to both left and right multiplication by x shows that any finite 
ring has property (P). 

The key ingredient in the preceding discussion is the fact that for finite sets S, 
every injective f:S — S is necessarily surjective. A similar requirement on module 
homomorphisms is closely related to our discussion (see Theorem 1) and allows a 
characterization of commutative rings having property (P). 

Let R be commutative and consider R as an R-module. Any R-module homo- 
morphism f:R — R is multiplication by an element x of R. It is immediate that 
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Let R be a ring (assumed to have 1 and associative multiplication). Beginners in 
abstract algebra often find it annoying that R may have the very unintegerlike 
property of having zero divisors, i.e., nonzero elements x and y for which xy = 0 
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cancelled. Of course, regular elements need not be units, e.g., the element 2 in Z, the 
ring of integers. On the other hand, there are rings in which all regular elements are 
units, e.g., any division ring. 

This note was motivated by class discussion relating to the following problem, 
which appears in [3, Chap. 20, Exer. C1]: Let R be a finite commutative ring. Then 
every nonzero element of R is either a zero divisor or a unit. The discussion 
centered around the fact that such an R must then have the property (P): all 
regular elements are units. 

At this point, two questions naturally arise. 


1. Do all finite rings have property (P)? 
2. Is there a way to distinguish the rings that have property (P) from those that 
do not? 


The answer to (1) is yes and the proof is revealing. | 

First let R be commutative and x in R be regular. Then left multiplication by x 
provides an injective function f:R — R. Since R is a finite set, f must also be 
surjective. Thus, f(a) = xa = 1 for some a in R and x is a unit. This same 
argument applied to both left and right multiplication by x shows that any finite 
ring has property (P). 

The key ingredient in the preceding discussion is the fact that for finite sets S, 
every injective f:S — S is necessarily surjective. A similar requirement on module 
homomorphisms is closely related to our discussion (see Theorem 1) and allows a 
characterization of commutative rings having property (P). 

Let R be commutative and consider R as an R-module. Any R-module homo- 
morphism f:R — R is multiplication by an element x of R. It is immediate that 
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multiplication by x is injective if and only if x is regular and surjective if and only if 
x 1s a unit. These observations establish the following theorem. 


THEOREM 1. Let R be commutative. Every regular element of R is a unit if and only 
if every injective R-module homomorphism f:R — R is surjective. 


For arbitrary R, say that R satisfies the finiteness condition if every injective 
(left/right) R-module homomorphism /f:R — R is surjective. The finiteness condi- 
tion is sufficient for R to have property (P) and unifies our previous observations: 
finite rings and division rings clearly satisfy the finiteness condition and so have 
property (P); the commutative ring Z does not satisfy the condition (consider 
multiplication by 2) and so fails to have property (P). In fact, an integral domain 
that is not a field cannot satisfy the finiteness condition and so cannot have 
property (P). This is consistent with the result for finite rings because finite integral 
domains are fields. The following examples show that some very familiar rings from 
linear algebra have property (P). 


Example 1. Let A be a finite dimensional algebra over the field F. An injective 
F-module homomorphism 7: A — A must preserve independent sets and so take 
bases to bases. Therefore, T is surjective and A satisfies the finiteness condition. 
Hence, A has property (P). 

As a special case, M(n; F’), the ring of n X n matrices with entries in F, satisfies 
the finiteness property and so has property (P). Thus, the finiteness condition 
implies the familiar result that a homogeneous system of linear equations has only 
the trivial solution if and only if the matrix of coefficients is invertible. O 


For noncommutative R, the finiteness condition actually implies more than 
property (P). It implies that all right regular elements (i.e., nonzero elements that 
are not right zero divisors) are left invertible and that all left regular elements are 
right invertible. As it turns out, the finiteness condition is not necessary for R to 
have (P). To see this consider the von Neumann regular rings, those rings (not 
necessarily with 1) such that given a in R there is an x in R such that axa = a. 
Necessarily, von Neumann regular rings have property (P) (consider a regular and 
the two possibilities for factoring axa — a = 0). However, von Neumann regular 
rings need not satisfy the finiteness condition. 


Example 2. Let V be a vector space of countable dimension over a field F and 
R its ring of linear transformations. It is a standard exercise to show that R is 
von Neumann regular. Let {x(i)}, i= 1,2,..., be a basis for V and consider the 
linear transformation T:V — V defined by T[x(i)] = x(i + 1) for all i. Then T is 
clearly injective, but T is not surjective since x(1) is not in the range of T. 
Therefore, R has property (P) but does not satisfy the finiteness condition. O 


To characterize the noncommutative R with property (P) we use a modified 
finiteness condition that considers left and right multiplication by elements of R 
simultaneously rather than separately. Let R°? be the opposite ring of R. As 
additive groups, R and R° are identical. The multiplication in R° is defined by 
aeb= ba, where ba is the product in R. The product ring R X R’ is a left 
(R X R°?)-module using ring multiplication for the scalar multiplication, ie., 
(7, 5)-+ (a, b) = (ra, s° b) = (ra, bs). As usual, any left (R X R°?)-module homo- 
morphism f:R X R°” > R X R° is right multiplication by (a, b) for some (a, b) 
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in RX R°?. Let A represent the set of homomorphisms f determined by the 
elements (a, a) in R X R°. Clearly, any such f is injective if and only if a is 
regular, and surjective if and only if a is invertible. 


THEOREM 2. Let R be a ring. Every regular element of R is a unit if and only if 
every injective f in A is surjective. 


Note that the modified condition reduces to the original one if R is commutative. 

Rings with property (P) are interesting in their own right because these are 
precisely the rings that are their own left quotient rings (see [1, 2]). This fact 
reaffirms our earlier observation on integral domains because integral domains that 
are not fields are properly contained in their fields of fractions. On the other hand, 
semisimple left Artinian rings, such as M(n; F), are their own left quotient rings 
(see [2]). 

The interested reader might want to attempt the following exercises. 


1. Let R be commutative with 1. R has property (P) if and only if R is not 
R-module isomorphic to a proper principal ideal; 

2. Let R be the ring of Example 2 and let J be the ideal of transformations of 
finite rank. Put S = R/J. Show that a in S is regular if and only ifa=t+T] 
where ¢ has finite dimensional kernel or ¢ has finite dimensional cokernel (the 
cokernel of t: V — V is V/(image of t); the dimension of the cokernel is often 
referred to as the codimension of the image of f). 


I would like to thank the referee of this paper for several valuable comments and 
especially for suggesting the finiteness condition as a unifying theme for the 
presentation. I would also like to thank E. Enochs for giving me the initial 
encouragement to write up these ideas. 
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E 3358. Proposed by William P. Wardlaw, U.S. Naval Academy, Annapolis, MD. 


Suppose b, r, s, and ¢ are nonnegative integers satisfying r+s+t=rb> 0. 
Show that 


Bewgerscars) -Beonaerscte a) 


E 3359. Proposed by Daniel Ullman, George Washington University, Washington, 
DC. 


Does there exist a finite increasing sequence 1 < a, < a, < -:- <a, of positive 
integers such that L7_,1/a, = 1 and such that a, and a,,, are relatively prime for 


i=l 


i=1,2,...,n—-1? 


E 3360. Proposed by Steven Ratering, Central College, Pella, IA. 


Suppose 
x, = 3, 
9%. = 33 
2? = 3% 
27" = 3" 
and so on. Does lim x, exist? 


n—ocrr'n 


SOLUTIONS OF ELEMENTARY PROBLEMS 
Triangular Numbers Which Are Products of Two Other Triangular Numbers 


E 3138 [1986, 215]. Proposed by W. R. Utz, University of Missouri, Columbia. 


Let T(n) denote the nth triangular number, i.e., T(n) = n(n + 1)/2. 
(a) Show that there exist infinite sequences a, and b, such that 
T(2) + T(a,) = T(b,). 


(b) Find pairs of triangular numbers whose product is triangular such that each 
member of the pair is arbitrarily large. 

(c*) What is the asymptotic density of “composite” triangular numbers among all 
triangular numbers? 


Combined solution of (a) and (b) based primarily on the solution by the late 
Anders Bager, Hjorring, Denmark. We obtain assertions (a) and (b) by establishing 
the following theorem. 


THEOREM. If K is a positive integer that is not a perfect square, then the equation 
K- T(x) = T(y) (1) 


has infinitely many solutions in positive integers x, y. 
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triangular numbers? 


Combined solution of (a) and (b) based primarily on the solution by the late 
Anders Bager, Hjorring, Denmark. We obtain assertions (a) and (b) by establishing 
the following theorem. 


THEOREM. If K is a positive integer that is not a perfect square, then the equation 
K- T(x) = T(y) (1) 


has infinitely many solutions in positive integers x, y. 
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Remarks. lf K = k*, where k > 1, the equation (1) is equivalent to 
k?(2x +1) -— (2y +1) =k? -1, 


so that k(2x +1) 4+ (2y + 1) and k(2x + 1) — (2y + 1) must be complementary 
divisors of k* — 1. Thus when K = k*, where k > 1, equation (1) has at most 
d(k* — 1) solutions, where d(/) is the number of divisors of the positive integer j. 

As mentioned on page 33 of Volume 2 of Dickson’s History of the Theory 
of Numbers, the result of the theorem goes back at least to A. Cunningham and 
R. W. D. Christie, Math. Quest. Educ. Times, 74 (1901) 87-88. 


Proof of Theorem. Equation (1) is equivalent to 
(2y+1)°—- K(2x +1) =1-K. (2) 


Let (uy, Up) be the smallest positive integral solution of Pell’s equation u? — Kv? = 1. 
If wu, and vp are of opposite parity, we get infinitely many (but not necessarily all) 
positive integer solutions x, y of (2) by taking 


2y+14+(2x+1)V¥K =(14+VK)(uyt+ VK)’, jf =1,2,3,...; 


that is, we express the right-hand side in the form a, + bvK , where a, and b, are 
rational integers, and, observing that a; and b, are both odd, we put 2y + 1 =a, 
2x +1=b5,. 

If u, and uv, are both odd (which can occur only when K = 0 (mod 8)), we put 


u, + v,VK = (iu, + voVK ) ; 


since u, is odd and », is even, we get infinitely many positive integral solutions x, y 
of (2) by taking 


2y+1 + (2x+1)V¥K =(1+VK)(u+0,VK)’, jf =1,2,3.... 


This completes the proof of the theorem. 

Part (a) follows from the theorem by taking K = 7(2) = 3. Part (b) follows by 
taking K = T(r) with r large and r= 2,3,4,5 (mod8); for then 7(r) = 2,3 
(mod 4) and hence 7(r) is not a square. More generally, T(r) is not a square as long 
as r is not in the sequence c, = 1, c, = 8,c; = 49, c, = 288,..., Ci42 = 6,41 — ¢; 


J 
+ 2; for an argument with Pell’s equation shows that T(r) is a square if and only if 


1 4 | 
2r+1= 5(3 + v8) + 53 -v8)' = 2c) +1 


for some positive integer 7. Thus we can obtain part (b) by taking K = 7(r), where 
r is any large positive integer not in the rather sparse sequence {c, }. 


Solution of (c) by Fred Dodd and Leon Mattics, University of S. Alabama, 
Mobile. Presumably a triangular number 7(c) is regarded as “composite” if there 
exist positive integers a, b greater than 1 such that T(c) = T(a)T(b). The simplest 
examples of “composite” triangular numbers are 7(8) = 7T(3)T(3), T(9) = T(2)T(5), 
T(20) = T(4)T(6), 7T(35) = T2)TQ0) = T(3)TO4), T(39) = T(4)T(2), 
T(44) = T(5)T(11). 
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The asymptotic density of the set of “composite” triangular numbers is zero. 
More specifically if F(n) denotes the number of triples a, b, c such that 


T(a)T(b) =T(c), 1l<a<b<c<n, (1) 
we shall show that 
F(n) < 4n?/4. (2) 
We require the following lemma about hyperbolas. 


LEMMA. Suppose g(x) = Ayx? — qd? for x > d, where A and d are given positive 
numbers. Suppose h is a fixed positive number. Then 


m,(x) = {g(x +h) + g(x —h)}/(2x) 
is an increasing function of x forx >d+h. 


Remark. Geometrically m,(x) is the slope of the line from the origin to the 
midpoint of the chord joining the points (x — h, g(x — h)) and (x +h, g(x + h)) 
on the hyperbola y = g(x). 


Proof of the lemma. Clearly 
g(x th) —g(x—h) 2A*h 
Qx{g(x+h)—g(x-h)}  glxth)—g(x—-h) 


Thus it suffices to show that g(x + h) — g(x — h) is a decreasing function of x for 
x >d+h. But forx >d+h we have 


A(x +h) 7 A(x —h) <0 


g(xth)-g(x—-h)= (x+y —-@? I(x -hy—@? 


since the derivative of x(x? — d*)7!”* is —d?(x? — d’)~?/*. Thus the lemma is 
proved. 


m,(x) 


Since F(n) = 0 for n < 7 we may assume n > 8. For given a with 1 < a < n let 
s(a,n) denote the number of pairs b,c satisfying (1). If b > a > 2'/4n'”, clearly 
T(b) > T(a) > 2'/4n'7(2)/4n)/? + 1)/2 and, hence, T(a)T(b) > n(n + 23/4)/2. 
Thus s(a,n) = Oif a> 2!/4n'/7, and so 

L21/4 ni’? 
F(n)= Y s(a,n). 
a=2 

Suppose that a and n are fixed and s(a,n)> 0. Set K = T(a). Then the 
equation T(a)T(b) = T(c) is equivalent to K(b* + b) = c? +c or 


K{(2b + 1)°-1} = (2e4+1)°- 1. 
Set u = 2b + 1, v = 2c + 1. Since v? = (2c + 1)? < (2n + 1)’, we have 
v>—1 4n? + 4n n(n +1) n° n° 


= +1<——— 4+1=8———~_ +1 <8 +1<9-, 
" K K a(a+1) a’ a’ 


so that 
u< 3n/a. (3) 
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On the other hand, u= 2b+12>2a+1= V8K+1>2y2K and 
v= Ku? - K+1>K{(2b+1)°-1} > K{(2a+ 1) - 1} = 8k?, 


that 
so tha K-1 K 


VKu+v < 2V2 KK + 2V2 K 
0< VKu-—v<1/(4y2). (4) 


Now suppose (b,,c,;), i= 1,2,...,5 are the solutions of KT(b) = T(c) with 
a<b,<c;<n and b, <b, < --: <b, where s = s(a,n). Set u, = 2b; + 1 and 
v,; = 2c,;+ 1 for i= 1,2,...,5. We claim that u,,; —u,;#u,,,;—u, forl<i< 
J<s-l. 

Suppose to the contrary that u,,, — u;=u;,, — u, for some pair i, j with 
1<i<j<s—1. From (4) we have 


-1/(472) < (VKuj.1 — 041) — (VK u,; — 0;) < 1/(4v2), 


0< (Ku-v= 


Or 


so that 
VK (u; 4 — u;) — (041 — 0;) = 4, 
where |6,| < 1/(4y2). Similarly 
VK (uj41 u;) — (U4 - v;) = G., 
where || < 1 /(4y2 ). Hence, 
1 — 0; + 6,= VK (u;4, — 4;) = VK (uja1 — uj) = 4, - 4, + 8 


j Jj? 
so that 
(O44 — v;) — (0,4, — ¥;)| = 18; - G,| < 1/(2y2 ). 
Since the left-hand side here is an integer, we have 


Vig1 — 0; = Vj41 — U;- (5) 


On the other hand (u,, 0,), (Uj41, 0:41), (Up Y; ) (Hj+1, U;,1) are points with positive 
integer coordinates lying on the hyperbola y? = Kx* — (K — 1) and satisfying the 
conditions u;,, — u; = u;,, — u; > 0, u; < u,. Further, 


Vis. TF Kd, - 22)/(0 + v;) _ (41 + v;)/(Uj41 + u;) (6) 
Vig. — UF K(w2,, — U; 2V/(0:44 + v;) (W541 + v;)/(Uj41 + u;) ) | 
Applying the Lemma with 2h = u,;,, — u; = uj,, — u; and g(x) = 
\Kx* — (K — 1), we find that 
(U544 + v)/(uja1 + u;) > (0,4, + 0;)/(uj41 + 4), 


and then (6) gives v;,, — 0; > 0;,, — vu; But this contradicts (5) and so our 


assumption that u;,, — u; = u;,, — u, is untenable. 


I 


Thus we have shown that the gaps u,— u,,u3 — Uy,...,u 
different even positive integers. Hence, 


U, — Uy = (uy — u,) + (uz — un) + mt +(u, — us_y) 
>2+4+---4+2(s—1) =s(s—-1). 


—u,_, ares—1 


Ss 
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Combining this with (3), we obtain 


3n/a > u, > u, — u, > (s —1)’, 


so that 
s(a,n) <1+ y3n/a. 
Hence 
[2/4 nh /? | [24/2 
F(n)= YL s(an)< YS (14 fin7a) 
a=2 a=2 


W/4 1/2 _ 
< 2/4y1/2 4 V3n [ " ¢71/2 a 
1 


< Vin [2°12 a < an 
0 
Thus (2) is proved. 


Editorial comment. The equation of Part (a) is equivalent to (2b, + 1)? —- 
3(2a,, + 1)? = —2, which has the explicit solution 


2b,+1+ (2a,+1)¥3 =(1+ v3)(2+ 73), n=1,2,3,... 


or the recursive solution a, = 1, a, = 5, a,,, = 4a,,, —4, +1, b, =2, b, = 9, 
b42 = 4b,,;, — 5, + 1. The solution can also be given in terms of the continued 
fraction expansion of 73. 

Solutions of (b) along the same lines as Bager’s were given by Laszl6 Cseh, Emil Grosswald, Roger B. 
Nelsen, Donald Redmond, and Paul Tzermias. 

Fred Dodd and Leon Mattics, Walther Janous, and Michael Vowe gave solutions of (b) by noting 
that T(x)T(y) = T(x? + x) is equivalent to T(y) = 27(x) + 1, which reduces to a Pell equation and 
has infinitely many solutions given by 


2y +14 (2x4 Iv2 = (3+ ¥2)(3+2V2)’, f=1,2,3,.... 


As mentioned on page 35 of Volume 2 of Dickson’s History of the Theory of Numbers, this argument goes 
back at least to A. Gérardin, Sphinx-Oedipe 8 (1913) 128. Similarly H. Y. Lin and Byron Siu (jointly) 
and also Daniel Ullman gave solutions of (b) by noting that T(x)T(y) = T(x? — 1) is equivalent to 
T(y) = 27(x — 1), and John P. Robertson gave a solution of (b) by noting that 7(x)7T(y) = T(T(y)) is 
equivalent to T(y) = 27(x) — 1. 

Parts (a) and (b) were solved by A. Bagers, R. Bernstein, L. Cseh, F. Dodd and L. Mattics, E. 
Grosswald, W. Janous, O. P. Lossers, R. B. Nelsen, D. Redmond, J. P. Robertson, H. Y. Lin and B. Siu, 
P. Tzermias, D. Ullman, and M. Vowe. I. Paasche gave a solution of Part (a). Cseh remarked that there 
are infinitely many triangular numbers expressible in more than one way as a product of two triangular 
numbers greater than 1 (cf. Elemente der Math., 26(1971) 68-69). 


The above solution for part (c) was the only one received before the customary deadline. In response 
to an inquiry from the editors, Professor Andrzej Schinzel of the Polish Academy of Sciences produced a 
proof that the Dodd-Mattics inequality (2) can be replaced by the stronger estimate 


F(n) = O(n”? (log ny’). 


Professor Schinzel also gave a proof that log log F(n) > (log 2)(log log n)/(log log log n) if n is suffi- 
ciently large. It would be reasonable to conjecture that F(n) actually grows faster than a certain positive 
power of n, i.e., that 


log log F(n) > loglog n — c 


for sufficiently large n, where c is a suitable positive constant; but this seems difficult to prove. 
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Then m(H)/m(Q) > 6/e > 8, and, hence, 
m(A)/m(H) < (1 + e)m(A)/m(Q) =e 
for every A € &. This completes the proof of the lemma. 


We now prove the main result claimed above. Put Q = Q, and suppose, for 
convenience, that Q, has area 1 (rather than area 4). Associate Hp) to Qo as in the 
lemma. The remainder, Q, \ Ho, has area m(Q, \ Hy) < 1 — 6 and is a finite union 
of nonoverlapping rectangles Q,. Put an H, into each Q, in exactly the same way as 
in the lemma. The area of the part of Q, that is not covered by any H, chosen so far 
is less than (1 — 6), and the uncovered part is a finite union of nonoverlapping 
rectangles, into each of which we put an AH as in the lemma, and so on. After 
finitely many steps we obtain nonoverlapping sets Hp, H,,..., H, (each of which is 
a finite collection of rectangles) whose union covers all of Q, except for a set E 
with m(E) < (1 — 6)? < «, assuming p is large enough. 

We let S be the collection of all rectangles A that occur in any H,, and in 
addition those (of total area less than ¢) that cover E. Any nonoverlapping 
subcollection § of S contains at most one A from any H. By (iii) of the lemma, the 
area of the union of those A’s is less than e. Adding the contribution of E, we 
conclude that the union of the members of § has area less than 2. 

The theorem holds a fortiori in R”, for any n > 2. 


Editorial comment. Daniel Ullman pointed out that the argument of Solution I 
also extends to higher dimensions, but that the answer to the existence question is 
always “yes” in R’. A referee mentions R. Rado, Proc. London Math. Soc., (2) 
51(1950) 232-264 and M. Ajtai, Bull. Acad. Polon. Sci. Sér. Sci. Math. Astron. 
Phys., 21(1973) 61-63 for similar problems concerning pairwise disjoint subfamilies 
of squares not constrained to cover a particular rectangle. 


Solved also (with the generalization to higher dimensions) by J. Isbell, O. P. Lossers (The Nether- 
lands), D. Ullman, and partially by the proposer. 


A Function Derived from Euler’s Totient 


E 3246 [1988, 51]. Proposed by Solomon W. Golomb, University of Southern 
California, Los Angeles, CA. 


Define a function y on the positive integers by putting y(n) = no(n), where o 
is Euler’s function. (a) Is y an injective function? (b) For how many positive 
integers n is ~(n) a perfect square? (c) Given any positive integer m, prove that 
there is an integer n divisible by m such that ~(n) is a perfect cube. 


Solution by an anonymous contributor. The answer to (a) is yes, and the only 
positive integer n for which y(n) is a perfect square is n = 1. We prove the 
following more general result: 


THEOREM. Let W,(n) = n*(n), where k is a fixed positive integer and @ is 
Euler’s function. Then 

(a) w, is injective. 

(b) If s is an integer such that gcd(k + 1,5) > 1, then ,(n) is the sth power of 
an integer only for n = 1. 
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m(A)/m(H) < (1 + e)m(A)/m(Q) = 
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We now prove the main result claimed above. Put Q = Q, and suppose, for 
convenience, that Q, has area 1 (rather than area 4). Associate Hy to Qo as in the 
lemma. The remainder, Q, \ Ho, has area m(Q, \ Hy) < 1 — 6 and is a finite union 
of nonoverlapping rectangles Q,. Put an H, into each Q, in exactly the same way as 
in the lemma. The area of the part of Q, that is not covered by any H, chosen so far 
is less than (1 — 6), and the uncovered part is a finite union of nonoverlapping 
rectangles, into each of which we put an H as in the lemma, and so on. After 
finitely many steps we obtain nonoverlapping sets Hp, H,,..., H, (each of which is 
a finite collection of rectangles) whose union covers all of Q, except for a set E 
with m(E) < (1 — 6)? < «, assuming p is large enough. 

We let S be the collection of all rectangles A that occur in any H,, and in 
addition those (of total area less than ¢) that cover E. Any nonoverlapping 
subcollection S$ of S contains at most one A from any H. By (ii1) of the lemma, the 
area of the union of those A’s is less than e. Adding the contribution of E, we 
conclude that the union of the members of § has area less than 2. 

The theorem holds a fortiori in R”, for any n > 2. 


Editorial comment. Daniel Ullman pointed out that the argument of Solution I 
also extends to higher dimensions, but that the answer to the existence question is 
always “yes” in R’. A referee mentions R. Rado, Proc. London Math. Soc., (2) 
51(1950) 232-264 and M. Ajtai, Bull. Acad. Polon. Sci. Sér. Sci. Math. Astron. 
Phys., 21(1973) 61-63 for similar problems concerning pairwise disjoint subfamilies 
of squares not constrained to cover a particular rectangle. 


Solved also (with the generalization to higher dimensions) by J. Isbell, O. P. Lossers (The Nether- 
lands), D. Ullman, and partially by the proposer. 


A Function Derived from Euler’s Totient 


E 3246 [1988, 51]. Proposed by Solomon W. Golomb, University of Southern 
California, Los Angeles, CA. 


Define a function y on the positive integers by putting Y(n) = nd(n), where 
is Euler’s function. (a) Is ~ an injective function? (b) For how many positive 
integers n is ~(n) a perfect square? (c) Given any positive integer m, prove that 
there is an integer n divisible by m such that y(n) is a perfect cube. 


Solution by an anonymous contributor. The answer to (a) is yes, and the only 
positive integer n for which y(n) is a perfect square is n= 1. We prove the 
following more general result: 


THEOREM. Let w,(n) = n“(n), where k is a fixed positive integer and is 
Euler’s function. Then 

(a) W, is injective. 

(b) If s is an integer such that gcd(k + 1,5) > 1, then W,(n) is the sth power of 
an integer only for n = 1. 
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POSTMORTEM COMMENTS ON ELEMENTARY PROBLEMS 
Distances with Specified Multiplicities 


E 2938* [1982, 273; 1989, 447]. Proposed by P. Erdés, Hungarian Academy of 
Sciences. 


Can one find n points in the plane (no three on a line, no four on a circle) so that 
for every i, i = 1,2,...,n — 1, there is a distance determined by these points that 
occurs exactly i times? : 


Correction to previous editorial comment. Roman W. Wong has pointed out that 
the example given for n = 4 in the May issue does not meet the condition that no 
three points lie on a line and suggests replacing the sentence concerning n = 4 by 
the following: 

“For n = 4 consider the points (—1,0), (0, — 1), (1, 0), and (0, 3 ); the distances 
1 + V3, v2, and 2 occur once, twice, and three times respectively.” 

A similar remark was made by Barbara Kreaseck. 

For large values of n the problem is still open. 


A Minimum Under a Constraint 


E 3099 [1985, 507; 1987, 1003]. Proposed by Weixuan Li and Edward T. H. 
Wang, Wilfrid Laurier University, Waterloo, Ontario, Canada. 


Let a; <a, < -:: <a, ben nonnegative reals (n > 2) such that 


M= 


a,4j4, = 1 (a4) = a). 


1 


Determine the minimum value of 17_,a,. 


Editorial comment. Professor Mark Ashbaugh observed that the published solu- 
tion was less than complete, because it used Lagrange multipliers without qualifica- 
tion in the presence of boundary extrema. Further, he noted the troublesome 
boundary conditions a, < a, < -:: <a,,are actually irrelevant for the value of the 
minimum. The following solution uses identities in place of Lagrange multipliers. 


Composite solution by Mark S. Ashbaugh and by Zun Shan and Edward T. H. 
Wang. We shall prove the following theorem. 


THEOREM. If n is a positive integer greater than 1, let 


n 
M, = min )) a,, 
i=1 

where the minimum is taken over all n-tuples of nonnegative real numbers aj, a5,..., a, 
satisfying 

n 

2 4,4;4, = 1 (4,41 = 4). 

j=1 


Then M, = y2, M, = 3, and M, = 2 for alln > 4. 
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POSTMORTEM COMMENTS ON ELEMENTARY PROBLEMS 
Distances with Specified Multiplicities 


E 2938* (1982, 273; 1989, 447]. Proposed by P. Erdés, Hungarian Academy of 
Sciences. 


Can one find n points in the plane (no three on a line, no four on a circle) so that 
for every i, i = 1,2,...,m — 1, there is a distance determined by these points that 
occurs exactly i times? : 


Correction to previous editorial comment. Roman W. Wong has pointed out that 
the example given for n = 4 in the May issue does not meet the condition that no 
three points lie on a line and suggests replacing the sentence concerning n = 4 by 
the following: 

“For n = 4 consider the points (— 1,0), (0, — 1), (1, 0), and (0, V3 ); the distances 
1 + ¥3, ¥2, and 2 occur once, twice, and three times respectively.” 

A similar remark was made by Barbara Kreaseck. 

For large values of n the problem is still open. 


A Minimum Under a Constraint 


E 3099 [1985, 507; 1987, 1003]. Proposed by Weixuan Li and Edward T. H. 
Wang, Wilfrid Laurier University, Waterloo, Ontario, Canada. 


Let a; <a, < --: <a, ben nonnegative reals (n > 2) such that 


M = 


a,4;4, = 1 (an41 = a,). 
1 


i 
Determine the minimum value of L7_,a,. 

Editorial comment. Professor Mark Ashbaugh observed that the published solu- 
tion was less than complete, because it used Lagrange multipliers without qualifica- 
tion in the presence of boundary extrema. Further, he noted the troublesome 


boundary conditions a, < a, < --: <a,,are actually irrelevant for the value of the 
minimum. The following solution uses identities in place of Lagrange multipliers. 


Composite solution by Mark S. Ashbaugh and by Zun Shan and Edward T. H. 
Wang. We shall prove the following theorem. 


THEOREM. If n is a positive integer greater than 1, let 


n 
M, = min )) a,, 
i=1 

where the minimum is taken over all n-tuples of nonnegative real numbers a,, ay,..., a, 
satisfying 

n 

24,434; = 1 (4,41 = 4). 

j=1 


Then M, = y2, M, = v3, and M, = 2 for alln > 4. 
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Trapezoids in a Polygon 


E 3157 [1986, 482; 1988, 557]. Proposed by Liviu I. Nicoaescu, Iassy, Romania. 


How many sets of four distinct points forming the vertices of a trapezoid are 
there if the points are chosen from the vertices of a regular n-gon (n > 4)? 


Editorial comment. The published solution (and the solutions of the nine other 
persons listed as solvers) interpreted the term trapezoid in the usual way, 1.e., to 
mean “a convex quadrilateral with at least one pair of parallel sides” and obtained 
the count n(n — 1)(n — 3)/8 for n odd and n(n — 2)(n — 3)/8 for n even. 


Two other readers, Robert E. Bernstein and Allan Pedersen, interpreted the term 
trapezoid to mean “a convex quadrilateral with exactly one pair of parallel sides” 
and thus obtained a different result for n even; however, their results are correct for 
this altered interpretation. 


Concurrent Conics 


E 3172 [1986, 733; 1988, 957]. Proposed by Jordi Dou, Barcelona, Spain. 


Let A’ (respectively B’, C’) be the foot of the altitude from vertex A (respectively 
B,C) in a triangle ABC. Let H be its orthocenter, and let M be an arbitrary point 
of the plane. Prove that the conics MABA’B’, MBCB’'C’, MCAC’A’, MHCA’B’, 
MHAB’C’, and MHBC’ A’ have a point other than M in common. 


Remark by Peter Yff, Ball State University, Muncie, IN. Part of the hypothesis of 
the problem is redundant. Since all properties of the figure are preserved under 
projection, H need not be the orthocenter of ABC. In fact A, B,C, H can be any 
four points no three of which are collinear. 

This is implicit in the published solution by Lossers, where “projective coordi- 
nates” are mentioned. In fact, Lossers’ entire proof holds verbatim for any position 
of H. Only his remark that M and N are isogonal conjugates with respect to A’B’C’ 
(which is not called for in the statement of the problem) needs to be altered. The 
coordinates of N are still (4; +, w5+, w3+), but this makes N the isogonal conjugate 
of M only if the coordinates are trilinear, 1.e., if H = (1,1,1) is the incenter of 
A’B'C’ (the orthocenter of ABC). If ABC is obtuse, its orthocenter is an excenter of 
A’B’C’, but this does not affect isogonal conjugacy. 

Maximal Sets of Dispersed Vectors 


E 3206 [1987, 373; 1989, 161]. Proposed by Chico Problem Group, California State 
University, Chico. 


Let S = {x,...,x,} be a set of nm nonzero vectors in R% such that x,x, < 0 
whenever 1 <i<j<n. 

(a) Prove that n < 2d and characterize those S for which n = 2d. 

(b) What if x,x, < 0 is replaced by x;x; < 0? 


Editorial comment. If x,,..., x,, are vectors in R¢ of length one, then the result of 
(a) takes the form: If n > 2d+ 1, there exists i, j with 1 < i<j <n such that 
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|x; - x ||? <2; if n=2d and ||x,; - x ||? >2 whenever 1<i<j<n, then 
{x,,-.., x, } spans a cross-polytope (n-dimensional octahedron). In a letter to the 
editor, Professor Laszlo A. Székely remarked that in this form the assertion of (a) is 
frequently referred to as the Hajos-Davenport Lemma. 

Professor Székely also mentioned that part (a) occurred as Problem 20 in 
Matematikai Lapok {(2(1951)76] and that part (b) occurred as Problem 35 in 
Matematikai Lapok (2(1951)35; 3(1952)94]. Further relevant references are 


D. G. Larman and C. A. Rogers, The realization of distances within sets in Euclidean space, 
Mathematika, 19(1972) 1-24, particularly p. 12. 

R. A. Rankin, The closest packing of spherical caps in n-dimensions, Proc. Glasgow Math. Assoc. 
2(1955) 139-144. 


How to Gamble if You Must 


E 3219 [1987, 680; 1989, 163]. Proposed by Daniel Rawsthorne, Silver Spring, 
MD. 


A gambler has no money, but the host of the casino generously allows him to 
play 100 games of the following type. He may either (1) choose to accept one dollar 
with no risk or (2) choose an integer n > 1, whereupon he wins n dollars with 
probability 2/(n + 1) or loses one dollar with probability (n — 1)/(n + 1). (He 
must have at least one dollar to choose option (2).) What is an optimal strategy for 
the gambler if he wishes to leave: with $200 or more, and what is his probability of 
success using that strategy? 


Editorial comment. It has come to the attention of the editors that the solution 
published in the February, 1989 issue is partially incorrect. The strategy given there 
is optimal in the sense that it has the maximum possible success probability 
(namely, 1/2), but the accompanying assertion that it is the only such strategy is 
very far from the truth. 

The strategy used by most solvers, including the author of the published solution, 
may be schematically indicated by the 100-tuple 


(1,101,1,103,1,105,...,1,195,1, 197, 1,199). 


Here the ones in the odd-numbered places indicate a use of option (1) in the 
odd-numbered games; the numbers 101, 103,...,199 indicate the successive use of 
option (2) in the even-numbered games with n = 101, 103,...,199 respectively, with 
the understanding that in the event of a win using option (2) the gambler reverts to 
option (1) for all remaining games. However, an equally effective strategy would be 
that similarly indicated by any 100-tuple involving fifty ones and the fifty numbers 
101, 103,...,199 which satisfies the following two conditions: 


(1) 101 occurs before 103, 103 occurs before 105, 105 occurs before 107, etc., 

(ii) for 1 < k < 100 the number of ones occurring in the first k places of the 
100-tuple must be at least as great as the number of integers taken from the 
set {101, 103,...,199} occurring in the first k places. 
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ADVANCED PROBLEMS 


6616. Proposed by Hugh M. W. Edgar, San Jose State University, CA. 


Let d(n) denote the number of positive integral divisors of n and let o(n) denote 
the sum of these divisors. Let § be the set of positive integers with exactly two 
distinct prime factors (repeated prime factors are permitted). For n © S prove that 
the following three assertions are equivalent: 

(1) n is an even perfect number, 1.e., 1 is even and o(n) = 2n. 

(2) the harmonic mean of the divisors of n is integral, i.e, nd(n)/o(n) is an 
integer. 

(3) o(n) has exactly the same prime factors as n. 


6617. Proposed by A. Vince, University of Florida, Gainesville. 


A graph [ is regular if each vertex has the same degree. For a vertex x let I, 
and A, denote the subgraphs of I — x induced by the vertices adjacent to and 
nonadjacent to x, respectively. Define superregular recursively as follows. The 
empty graph is superregular and I is superregular if I’ is regular and both I’, and 
A,. are superregular for all x. Characterize the superregular graphs. 


6618. Proposed by Armel Mercier, Universite du Québec a Chicoutimi, Canada. 


Let w(n) denote the number of distinct prime factors of n, p(n) the smallest 
prime factor of n, and P,,(n) the mth largest prime factor of n. 
(i) Prove that for any nonnegative integer m we have 


Pros) = (=I)? D (24) ~ 1 u(a) (a), 


d|n 


where p. denotes the Mobius function. 
(11) Prove that for any nonnegative integer m we have 


m 


Y {w(d)}"n(d)p(d) = Y (-1)7stS(m + 1, f+ IP. 1(n), 


d|n j=O0 


where S(m, 7) denotes the Stirling number of the second kind. 


SOLUTIONS OF ADVANCED PROBLEMS 


6563 (1988, 60]. Proposed by C. A. Spiro, SUNY at Buffalo. 


Prove that, if N is sufficiently large, at least one of the integers N, N + 1,..., 
N + 9 has more than two distinct prime factors. 


Solution by J. Herzog, T. Maxsein, and P. R. Smith, Johann Wolfgang Goethe 
Universitat, Frankfurt am Main, West Germany. For a positive integer N let M,, be 
the set {N,N + 1,...,N +9}. We shall prove that if N > 93, then at least one 
element of M,, has more than two distinct prime factors. For the proof we need the 
following elementary lemma on exponential diophantine equations. 
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LEMMA. Suppose a, B, y, 5 are positive integers. Then 


(A) 2738 — 4 = 275° iff (a, B, y, 8) = (1,3, 1,2), (2, 4, 6, 1), (3, 1, 2,1) 
(B) 273% — 2 = 275° iff (a, B, y, 8) = (1,4,5, 1), (2, 1,1, )); 
(C) 2938 + 2 = 275° iff (a, B, y, 8) = (1, 2,2, 1), (4,1, 1, 2); 
(D) 2°38 + 4 = 275° iff (a, B, y, 8) = (1, 1,1, J), (2,2, 3, 1), (5, 1, 2, 2); 


(E) 2° + 1 = 3° iff (a, B) = (1,1), GB, 2); 
(F) 2% — 1 = 3° iff (a, B) = (2,1). 


Proof. The results of (B) and (C) follow from those of (A) and (D) respectively 
by multiplying (B) and (C) by 2. Thus it suffices to prove (A), (D), (E), and (F). We 
give complete proofs for (F), (E), and (A), but leave the proof of (D) to the reader. 

Suppose B > 2 in (F). Since 2 is a primitive root modulo 9 (and therefore modulo 
38) and since (38) = 2 - 387}, it follows that a = 0(mod2 - 3~'). Thus 


22> 227" > 4.381 > 34 41, 
since 2” > 2n for n > 2. Thus the only solution of (F) is that listed. (For a proof 
that, if p is an odd prime, any primitive root modulo p? is automatically a primitive 
root modulo p’, for any positive integer r, see [3, §17].) 

Suppose B > 3 in (BE). Since 2 is a primitive root modulo 3°, we have 2 = 
— 1(mod 3") and so a = 38" \(mod2 - 38~'). Then 

24+ 1>2%> 2 > 4. 38-1 > 3h, 
since 2” > 4n for n > 4. Thus the only solutions of (E) are those listed. 

We now turn to the proof of (A). We distinguish three cases, namely, a = 1, 
a = 2, and a > 2. 

Case 1, a = 1. Clearly y = 1. Thus the equation of (A) becomes 3% — 2 = 5°. 
Suppose B > 3. Since 5 is a primitive root modulo 81 and 57° = —2(mod 81), we 
must have 6 = 20(mod 54). Thus 5° = 5% = 52(mod19) and so 38 =24+5°= 
37(mod 19); since 3 is a primitive root modulo 19, we therefore have B = 3(mod 18). 
We now consider 5° and 38 modulo 271. Since 5 has multiplicative order 27 modulo 
271 and since 5 = 20(mod 27), we have 5° = 5° = 88(mod 271); thus 38 = 2 + 5° 
= 90(mod 271). But 3 has multiplicative order 30 modulo 271 and 90= 
3!4(mod 271), so that B = 14(mod 30). But the two congruences B = 3(mod 18) and 
B = 14(mod 30) are incompatible. Thus 8 > 3 is impossible and so the only solution 
of (A) in case 1 is (1, 3,1, 2). 

Case 2, a = 2. Clearly y > 2 and then the equation of (A) becomes 38 — 1 = 
2%~25°. Accordingly 3° = 1(mod 5) and so B = 0(mod 4). Hence 3% — 1 is divisible 
by 34 — 1 and so 2” 75° = 0(mod 16), i.e., y > 6. Now the multiplicative order of 3 
modulo 2’~? is 2’~* and the multiplicative order of 3 modulo 5° is 4 - 5°! (since 3 
is a primitive root modulo 25). Hence, B = O(mod 2%~45°~*) and so B > 27%~ 45°}. 
Since 3” > 40n for n > 5, this gives 

3B > 327° > 27-158 > QY- 258 4 Y 
unless y = 6, 6 = 1. Thus the only solution of (A) in case 2 is (2, 4, 6, 1). 

Case 3, a > 2. Clearly y = 2 and then the equation of (A) becomes 2% *3% — 1 

= 5° If a > 3, this gives —1 = 5°(mod 4), which is impossible. Thus « = 3 and (A) 


becomes 2: 34 — 1 = 5°. Therefore 52° = 1(mod 3%); since 5 is a primitive root 
modulo 9 (and hence modulo 3%), this gives 6 = 0(mod 3°~'*). If B > 1, this gives 


55 > 5% 152.38 52-38-11, 
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While the heuristic arguments of the previous two paragraphs suggest that r = 5, 


it seems very difficult to give a rigorous proof either that r > 2 or that r < 9. 

A wide variety of solutions was received. Nick Franceschine, Stephen M. Gagola, Jr., and Heinrich 
Rolletschek gave self-contained elementary solutions along the same lines as that given above. Gerry 
Myerson (Australia) gave a solution based on the elementary results of [1] giving all solutions of 
x + y =z in positive integers x, y, z such that xyz has no prime factors larger than 7. Using [9] or [10] 
Kee-Wei Lau (Hong Kong) showed that there is a computable constant Nj such that the assertion of the 
problem holds for N > Ny. L. E. Mattics gave a solution based on [2]. The proposer gave a noneffective 
solution similar to the argument used in [5, §5.13]; this is based on Thue’s theorem [3, Theorem 116] that 
ax? — by? =c has only finitely many integer solutions for any triple (a, b,c) of positive integers. 
Myerson quoted the result of [7] that if A, B,C, M,,..., M,,, N,,..., N, are positive integers which are 
relatively prime in pairs and if M,,..., M,,, N,,..., N, are all greater than 1, then there are only finitely 
many solutions of : 


AM} cee Mxm — BN,” eae N,v = C 


in nonnegative integers X),..., Xn. Yis---» ¥,- Finally the editors remark that the assertion of the 
problem can be deduced from the results of [6]. 


REFERENCES 


1. Leo J. Alex, Diophantine equations related to finite groups, Comm. Alg., 4 (1976) 77-100. 
G. D. Birkhoff and H. S. Vandiver, On the integral divisors of a” — b”, Ann. of Math., (2) 5 (1904) 
173-180. 
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. A. Schinzel and W. Sierpinski, Sur certaines hypotheses concernant les nombres premiers, Acta 
Arith., 4 (1958) 185-208. 
9. T. N. Shorey and R. Tijdeman, Exponential Diophantine Equations, Cambridge University Press, 
1986. 
10. R. Tijdeman, On integers with many small prime factors, Compositio Math., 26 (1973) 319-330. 
11. R. C. Vaughan, A remark on the divisor function, Glasgow Math. J., 14 (1973) 54-55. 
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POSTMORTEM COMMENTS ON ADVANCED PROBLEMS 


Circles, Triangles, Squares, and the Golden Mean 


6477 [1984, 588; 1986, 406]. Proposed by Louis Funar, University of Craiova, 
Romania. 


Let r be the radius of the incircle of an arbitrary triangle lying in the closed unit 
square. Prove or disprove that r < (v5 — 1)/4. 


Editorial comment. The solution published in 1986 appears to be incomplete. 
Specifically, the last inequality on line 11 from the bottom of page 406 does not 
always hold; this appears to be a fatal flaw in that solution. Accordingly we give the 
following solution here. 


Solution by Aage Bondesen, Espergaerde, Denmark. We shall prove that r < 
(V5 — 1)/4. By “triangle” we mean a triangle with interior. Similarly for a square. 
By inflating a triangle we mean replacing it with another triangle that contains it 
properly. It is not hard to show that inflating a triangle increases the inradius; 
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POSTMORTEM COMMENTS ON ADVANCED PROBLEMS 
Circles, Triangles, Squares, and the Golden Mean 
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however, for our purposes it suffices to note that inflating a triangle does not 
decrease the inradius. Accordingly we need only consider triangles whose vertices lie 
on the boundary of the closed unit square. If such a triangle has two vertices on the 
same edge of the unit square, we may assume that they are the endpoints of that 
edge; for otherwise the triangle may be inflated into one with that property. Finally, 
we may confine our attention to triangles at least one of whose vertices is a vertex of 
the unit square; for otherwise the triangle may be translated and inflated until that 
is the case. 

Thus it suffices to consider a triangle A = OAB whose vertices are O = (0,0), 
A =(a,1), B = (1, b), where 0 < a, b < 1. For the purpose of comparing perime- 
ters we introduce another triangle A’ = OCD whose vertices are O = (0,0), C = 


(a+ b,1), D=(1,0). We do not exclude the possibility that a+ b> 1. Let 
x= OA=YVl+a?, y=AB=y(1-a)’+ (1-56), z=BO=y1+b?, u= 
OC = y1+(a+b), v=CD=yj1+(1—a~—b)’. Note that u>z>1,x> 


1, v > 1. Then 
wr—x2 pe-y? 1-2? 
+ + 
u+x vu+y 1l+z 
2ab + b? 2ab b? 
SC HC — 
u+x vu+y 1+2 
2ab + b? 2ab b? 
———- + — 
1l+z vu+y 1l+z 
1 
+ 
1l+z out+y 


(utvut+1)-(x+y+z)= 


= 2ab 


1 
< 2ab| ~ + 1] = 3ab 


< (u+vu+1)ab, 
so that(u+vu+1)\1—-—ab)<x+y+zor 
1 — ab 1 
x+y+z utovt| 


But 


1 — ab 2(areaofA) | |. 
= ——_____—__ = jnradius of A, 
x+y+z__ perimeter of A 


and, on the other hand, 


utvu+1l=yl+(at+b)y’ +yl+(1-a-—by +1 
> min {V1 + x? + y1+(1—x) +ih= V5 +1. 
Combining these two observations with (*), we obtain 


1 5-1 


+1 4 


inradius of A < 5 = (2.309..., 


which was to be proved. 
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The Normalizer Revisited 


6528 [1986, 659; 1988, 565]. Proposed by William P. Wardlaw, U.S. Naval 
Academy, Annapolis, MD. 


The following is problem 11 on page 44 of C. Chevalley’s Fundamental Concepts 
of Algebra, Academic Press, 1956: 

Let H be a subgroup of a group G. Show that the elements s of G such that the 
mapping t — sts~' of G into itself maps H into itself form a subgroup N of G, of 
which H is a normal subgroup; show that every subgroup of G containing H and in 
which H is normal is contained in N. 

Provide an example to show that the assertion of the problem 1s false. 


Correction of Previous Editorial Comment. The 1988 editorial comment contained 
the following sentence [1988, 566]: “Chevalley’s original assertion can be made 
correct either (i) by assuming that all elements of H are of finite order or (ii) by 
defining N as the set of all s in G such that sHs~! = H or (iii) by defining N as the 
set of all s in G such that sHs~! C H and s~1Hs C H.” However, Lindsay Childs, 
Stephen M. Gagola, Jr., and David Manderscheid have each pointed out to the 
editors that this sentence is incorrect as stated but becomes correct if (i) is replaced 
by either 

“(i)* by assuming that all elements of G are of finite order” 
or 

“(i)** by assuming that H is of finite order.” 


Remark by David Manderscheid, University of Iowa, Iowa City. The following 
example provides an alternative solution to the original problem and also shows that 
assumption (i) does not suffice to make Chevalley’s assertion correct. Let F, be the 
field of p elements for some fixed prime p. Let G be the group of nonsingular 
two-by-two matrices whose entries belong to the field F,(t) of rational functions in 
an indeterminate ¢ over F,. Let H be the subgroup of G consisting of the upper 
triangular matrices of the form 

lon 
k= (9 1) 


where n belongs to the ring F,[7] of polynomials in ¢ over F,. Finally let 


(5 4) 


-1_{1 mm -Ipo {1 tin 

shs (7 1 ) AY hs [2 1 ) 

so that sHs~! Cc H but s~'Hs ¢ H. Hence the set of elements s of G such that 
sHs~' C H is not a subgroup of G. But note that every element of H other than the 
identity has order p. 


Then 
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Introduction 


[T]he computer will revolutionize [mathematics] as greatly as did 
Arabic numerals, the invention of algebra, and the invention of calculus 
itself... [P]roblems solvable only as research and by an elite suddenly 
became routine. The computer will do the same for our mathematics, 
and calculus is the place to begin. [5, p. 173] 


Sentiments of this sort, whether we agree with them or not, have been battering 
our consciences for several years. However, those who may have wanted to try 
revolutionizing mathematics teaching had little hope of doing so; almost no suitable 
computer software existed. Today, such a variety of potentially useful software is 
available that it almost defies classification. Even if we limit our attention to 
software suitable for the first two or three semesters of calculus, we can identify at 
least four categories. Derive, like its predecessor muMATH, defies easy classifica- 
tion; it has aspects in common with all of them. 

Computer algebra systems such as Maple and Mathematica are the most ambi- 
tious packages with the broadest range of potential uses in mathematics courses. In 
addition to their extraordinary capabilities for symbolic computation, such as 
finding exact derivatives and antiderivatives of large classes of functions, they have 
a variety of commands for making numerical approximations and drawing graphs. 
Derive has a similar range of capabilities, including quite substantial symbolic 
computational power. 

However, Derive seems especially intended for beginning calculus students, the 
audience targeted by such packages as True BASIC’s Calculus, Calculus-Pad, and 
MicroCalc. The strength of these more specialized programs is that they attempt to 
cover all the computational needs of calculus students in a small package, although 
their capabilities for symbolic computation go no further than exact differentiation. 

Now that graphics are available in some of the newest programmable scientific 
calculators, these too are an attractive choice for calculus students. Machines such 
as the Casio fx-7055 G, Sharp EL-9000, and Hewlett-Packard 28S, are intended to 
be both powerful and convenient, design goals they share with Derive. The HP 
calculator is even capable of some symbolic computation (see [3)). 

Similar but more powerful are the packages sometimes referred to as supercalcu- 
lators. (See the review [4].) This is not a particularly coherent category, as it includes 
such diverse packages as MATLAB, MathCAD, and TKSolver Plus. What they have 
in common are powerful numerical capabilities, at least some graphical capabilities, 
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and at least the rudiments of a programming language that lets serious users extend 
the package’s range of capabilities. None is capable of any symbolic computation, 
but all run on the same class of machines as Derive. 

How we look at Derive may depend largely on which category of packages we 
use as our frame of reference. Derive has graphical and numerical capabilities 
comparable to those found in many of the above but symbolic capabilities found in 
only a few. Also, only a few are designed, as Derive is, to be especially easy and 
convenient for the beginning student. But Derive, unlike most of the above, is not 
programmable and is deficient in a few other ways discussed below. So our 
judgement will depend on how great its strengths are, how substantial its deficien- 
cies are, and the importance we attach to both, especially in comparison with the 
alternatives. 


User interface. The Derive screen supports three types of windows. An “algebra” 
window contains a numbered list of expressions you have created; a “plot” window 
contains graphs of functions of one or two variables that you have selected from an 
algebra window; and the “authoring line” is where you create and edit expressions. 
Typically, you author an expression and send it to an algebra window by pressing 
the Enter key. Then you apply a command, such as Integrate, Simplify, or 
Plot, to the expression; this is usually done by a simple menu selection. If the 
result is another expression, it then shows up in the algebra window. No editing can 
be done in the algebra window, but you can move an existing expression to the 
authoring line and edit it there. Expressions are never lost, even if they scroll off the 
screen, as you can move the cursor back to any previous expression, and you can 
refer to expressions by their number when you author a new expression. You can 
also select any earlier expression for further action by moving to, and thereby 
highlighting, the expression. 

These basic operations, the ones you do most often, are easy to learn and quick 
to carry out. More advanced operations, however, can be hard to learn and tedious. 
For example, to select a subexpression from an existing expression or to see parts of 
a long expression that has scrolled off the right side of the screen requires learning a 
nonintuitive use of the arrow keys with the Control key. Moving the cross hairs in a 
plot window and the cursor in the authoring line require yet other nonintuitive key 
combinations. Also, editing in the authoring line can be tedious, since you can only 
move its cursor by small increments from the ends of the line. These operations 
would be faster and more natural if Derive’s interface included a mouse. 

Input and output of expressions is supported by a number of useful features of 
Derive. Although you enter an expression in the authoring line as a linear string of 
characters, much as you would when writing in a programming language, Derive 
permits many of the shorthands we employ every day when writing mathematics. 
Thus, it can usually interpret juxtaposition correctly as indicating multiplication and 
permits omission of parentheses around a single-character function argument. For 
example, the following expressions are legal and would be understood the way we 
usually intend them: 


2(¢3x - 1)sin x 
f(x,y) := xy 
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Understanding xy as x* y, rather than as the variable whose name is xy, is 
possible because variable names in Derive are just one character long unless you 
make an explicit declaration to the contrary. The colon-equal combination is 
required in function definitions to distinguish this sign from the equal sign used in 
equations; however, this is a detail that beginners are shielded from if they use the 
menu to help them define a function. A substantial improvement of Derive over 
muMATH is that expressions in an algebra window appear in a readable two- 
dimensional format. Thus, integration, differentiation, summation, and square root 
symbols are used; fractions are stacked vertically; and square brackets are scaled to 
the height of the expression they enclose. 

On the other hand, formatting is not as well done as in, for example, MathCAD, 
and a printout of the contents of an algebra window would not make a particularly 
useful handout. The contents of the algebra window are generated entirely by 
characters, not individual pixels, and so expressions always occupy an integer 
number of text lines. Thus, exponents are a full line higher; fractions occupy at least 
three lines; subscripts do not exist; and summation and square root signs do not 
expand vertically. Small matrices are displayed in matrix form, but a matrix that 
cannot fit completely on the screen is displayed linearly as a vector of (row) vectors. 
(See Example 7.) In the authoring line, every matrix is written as a vector of vectors. 
Although expressions can be rearranged in an algebra window, you cannot include 
plots with the expressions, and you cannot add explanatory text unless you later edit 
the saved file of expressions. 

Sophisticated users will be disappointed by the lack of both a command language 
and programming language in Derive, although the developers have assigned such 
features a high priority for future versions. The closest Derive comes to providing a 
programming language construct are two commands that incorporate loops; Sum 
makes sums out of arbitrary expressions containing the summation index, and 
Vector makes vectors and matrices similarly. (See Example 9.) Also, expressions 
can be formed not only of arbitrary variable names and constants but of arbitrary 
function names, although functions cannot be passed as parameters to another 
user-defined function. Some, but not all, of the commands available in the menus 
can be included in expressions too. For example, 


g(t) == int (f(x), x, a, t) 


is a legitimate expression that means 
t 
g(t) = f f(x) dx 


provided f has been declared to be a function with no value. Many of Derive’s 
commands, however, have no algebraic form and so cannot be embedded in 
expressions. These include Simplify, Plot, Substitute, Precision, and 
many more. Such deficiencies are most likely to affect instructors who wish they 
could expand the package’s capabilities or make up special-purpose procedures for 
their students or prepare a detailed canned demonstration for a class. You can save 
expressions in a file and play them back in front of an audience, but you have to 
select the operations as you do So. 


Computer algebra. Derive’s routines for symbolic computation comprise its most 
impressive collection of features. Its calculus commands produce exact derivatives, 
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integrals (both indefinite and definite, proper and improper), limits, Taylor polyno- 
mials, and sums and products (both finite and infinite). Derive can also simplify a 
wide variety of expressions in a number of different ways. For example, it can both 
factor and expand expressions and both operations can be fine-tuned via a number 
of options. The expressions it will simplify include polynomials (of both one and 
several variables), rational functions, algebraic functions, and trigonometric polyno- 
mials. Other of Derive’s symbolic computations will solve a polynomial equation of 
degree up through three (and some of higher degree) for both real and complex 
roots, perform the usual algebraic operations on matrices (including matrix inver- 
sion), compute the determinant and characteristic polynomial of a matrix (and 
hence all its real and complex eigenvalues, if its order is not over three), and row 
reduce a matrix. 

Furthermore, Derive’s symbolic computation seems to be remarkably fast and 
efficient. The single command Simplify often produces exactly the simplification 
you want with a single keystroke. It is also flexible, since the user has access to 
many of the powerful simplification rules and can change how they act. For 
example, one can change the direction in which rules of exponents and trigonomet- 
ric identifies are applied. In many ways, Derive is at least the equal of Mathematica 
in symbolic computation [2]. 

However, where other computer algebra systems extend the power of their 
symbolic computation commands by embedding them in a powerful command 
language and programming language, Derive has neither. Also, it does not have the 
breadth of symbolic capabilities possessed by these much larger systems. For 
example, it lacks matrix commands for computing nullspaces and eigenvectors, it 
has no differential equation solver, and its only built-in functions beyond those 
normally associated with beginning calculus are the error and gamma functions. 
Still, as a calculus package, Derive is missing remarkably few symbolic capabilities. 
Perhaps the most significant one is partial fraction decomposition, which limits 
integration of rational functions to those with denominators of degree one or two. 

Of course, computer algebra systems are notoriously hard for college students to 
use [1], and Derive is not immune to this problem, despite its friendlier interface. 
Since the underlying algebra is complex, not real, results can take on forms that 
students will find unfamiliar. For example, x? does not plot for negative x, unless 
you change the default branch cut to be at the positive real axis rather than the 
negative. Also, an antiderivative may only make sense if you interpret the function 
as acting on a complex argument. (See Example 8.) Making substitutions and 
assigning values to variables in an expression is another aspect of these systems that 
can bewilder the beginner. In Derive, substituting a value for a variable and 
assigning a value to a variable have subtly different effects. Also, each has side 
effects that may confuse the user. For example, when you assign a value to a 
function for a particular value of its argument, the program interprets the constant 
value of the argument as a variable and redefines the function everywhere. Yet 
another confusing aspect of Derive is that the Simpl 1fy command is also used to 
request that an expression be evaluated, which confounds two quite different 
operations; separate commands would be clearer. 


Graphics. Derive has two types of plot windows, 2D and 3D, and 2D plot 
windows are used for three different types of plots: the graph of a real-valued 
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function of a real variable, a polar curve, and a parametrized curve. Normally, you 
do not even need to specify the type of plot window you want, as Derive chooses a 
2D or 3D plot window based on whether the expression you selected has one or two 
variables. Requesting a plot and specifying options for it is done much as on the HP 
28S. You author and highlight an expression, select PLot from the algebra window 
menu to bring up a plot window, press a function key to change the screen from text 
mode to graphics mode, and select PLot from the plot window menu to request the 
plot. You could hardly ask for an easier or quicker sequence of steps. Often, you 
need not specify a single graphing option, not even to specify the graphing rectangle 
or the resolution of the plot. If the graphing rectangle, which by default is roughly 
the rectangle [—4,4] x [—2,2], contains the picture you want, you are done. 
Otherwise, you can zoom in or out by the press of a single function key which 
causes an expansion or contraction about the center of the plot by a factor of 2 to 
2.5. Or, you can move the center and then zoom. If you see that the plot is not 
producing the result you wanted, you can interrupt it with a keystroke, reset some 
options, and try again. For example, if the resolution is poor, you can switch to a 
higher resolution or even to a dot mode that makes no attempt to interpolate. 

Furthermore, the graphing algorithm seems remarkably robust. The program 
does not choke at points where the function is undefined and does not even report 
an error; it just plots the portions that are defined. The algorithm is also adaptive in 
the sense that it plots more points where the curvature of the function appears to be 
high. Of course, the resolution provided by the EGA board in the PC clone I use is 
substantially lower than that of a Macintosh II or any graphics workstation, which 
makes a substantial difference in the quality of the graphs. However, the quality of 
Derive’s graphs is certainly far superior to that found in graphing calculators. 

On the other hand, Derive is missing some useful plotting options. For example, 
you cannot specify the bounds of the rectangular 2D plot region. If you want to set 
these bounds exactly, you must translate the center of the plot and multiply the 
horizontal and vertical scales by factors that are not always easy to compute. 
Furthermore, if you have found reasonable horizontal bounds but do not know 
what vertical bounds will include the interesting part of the graph, you cannot ask 
for automatic scaling in the vertical direction. Although you can plot functions, you 
cannot plot data points, which is part of a broader class of missing features 
discussed in the next section. You can graph a function of two variables in a 3D 
plot but not its level curves or its gradient field. You can get a screen dump of a 
plot, but there is no command that lets you send a higher resolution plot to a laser 
printer, for example. | 

The quality of 3D plots in Derive is good, although it does not rival Mathemat- 
ica’s [2]. Derive’s 3D plots do scale automatically in the vertical direction, and they 
use different colors to distinguish between the upper and lower sides of the surface. 
The speed of plotting, even with hidden lines removed, is reasonable: 15 seconds for 
a typical plot using a 10 by 10 grid (the default) and 35 seconds using a 20 by 20 
grid. However, the graphs lack nice touches such as surface shading and lighting, 
and every change of the options requires a complete redrawing of the graph. 


Numerical approximations. The numerical capabilities of Derive are its least 
impressive. It does have the most essential ones for calculus: numerical integration 
for single and multiple integrals, and numerical solution of a single nonlinear 
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equation and a system of linear equations. Also, for business calculus courses, there 
are built-in financial functions for computing present and future values and periodic 
payments. But again, the greatest strength of Derive is that it lets you do routine 
operations quickly and easily. Typically, you select an expression, such as a definite 
integral or any expression that evaluates to a constant, select approX from the 
menu, and you have your answer accurate to about six decimal places. If you are 
planning a number of approximations or want more places of accuracy, you use the 
menus to change the default mode of precision from exact to approximate or 
increase the number of digits of precision. A nice advantage of combining symbolic 
and numeric computation in one package is that each can support the other. Thus, 
since Derive’s real arithmetic computations are carried out in software, you can 
have any number of digits of precision. Also, you can sometimes avoid pitfalls of 
numeric computation, such as cancellation errors and slow convergence, by comput- 
ing a result exactly and then approximating this exact result. (See Examples 4 
and 10.) 

However, Derive is missing quite a bit compared to the supercalculators men- 
tioned earlier. For use in calculus, its major omission is commands for manipulating 
numeric data. You cannot plot data points or generate a sequence of approxima- 
tions or perform a least-squares fit. Although there are functions for computing an 
average and variance, these functions require explicit arguments and cannot act on 
data in a vector or matrix, the natural places to store data. Another numerical 
capability that would be useful in calculus but is absent from Derive is solution of a 
system of nonlinear equations. Also not provided are commands for finding 
complex roots of polynomial equations (and hence finding complex eigenvalues), 
matrix computations other than matrix inversion and computation of real eigenval- 
ues from the characteristic polynomial, and commands for solving differential 
equations. A concern for instructors who may wish their students to learn from 
numerical approximations is that Derive’s commands simply produce a single 
numerical result with no information about its reliability other than an occasional 
message reporting that the result has “dubious accuracy.” No intermediate results 
are available and little information is provided about the methods used. 

The speed of Derive’s numeric computations is also inferior to that found in the 
supercalculators. (See [4] and Example 10.) This may be largely a result of its real 
arithmetic being carried out in software. 


Documentation. The Derive manual is only adequate. The explanations of the 
package’s features are clear and the index is satisfactory, but there is no reference 
section containing an authoritative summary of each command. In fact, a few 
commands, such as Solve, are nowhere completely documented. Another serious 
omission is any discussion of the program’s data structures or any other attempt to 
explain more deeply how functions and variables and expressions are likely to 
interact with one another or how they are affected by substitutions and assignments. 
The on-line help is minimal. 

The worked examples in the manual are almost all simple, single-line commands, 
as are the examples on the diskette. Those who want to use the package in less 
routine ways would benefit from a few longer, more sophisticated examples. 


Examples. The examples below are all taken or adapted from the reviews [2, 3, 4] 
to provide a modest basis of comparison. I did them on a Compaq Deskpro 286 with 
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640K of memory and a 80287 math coprocessor, although Derive makes no use of 
the coprocessor. However, I present the solutions with less use of menus than a 
student’s solution would, since menu selections would be hard to follow in print. 

1. Integrate. Evaluate symbolically and check by differentiation 


[x‘Va? — x? dx. 


The following two expressions produced the integral symbolically (in 1.1 seconds), 
then differentiated the result and simplified the derivative to its original form (in 2.3 
seconds). The “#1” refers to the first expression, which was numbered 1 in the 
algebra window. 


int(x*4V (a*2 - x72), x) 
dif(#1,x) 


Using menus instead, one would author only the integrand. 
2. Taylor. Evaluate symbolically the Taylor polynomial of degree seven about 0 
for 


fv — t? dt. 


The first step below simply created an expression in the algebra window that 
resembled the integral as displayed above; the second produced the Taylor polyno- 
mial (in 3.0 seconds). 


f(x) := int(yY (1 - t73), t, 0, x) 
taylor( f(x), x, 0, 7) 


However, the constant term was left as {v1 — ¢° dt and would not simplify. 

3. Lissajous. Graph x = sin(2t + 0.6), y = sin(St) as ¢ ranges over [0, 27]. 

I authored the expression Csin€2t + 0.6), sin(€5t)J, then selected Plot 
from the menu, pressed a key to switch to graphics mode, selected Plot from plot 
menu, pressed Enter to accept the default ¢ range of [—7, 7], and got the graph in 
16 seconds. 

4. Cancellation error. Evaluate, for x = 0.707107, 


f(x) = 8118x* — 11482x3 + x? + 5741x — 2030. 


I first evaluated f(0.707107) exactly and selected approX from the menu to get 
the accurate result —1.91527 1071. Then I changed the precision to 15 digits, 
selected approX again, and got the accurate result —1.91527325270819 10°". 
However, when I changed the mode of precision to approximate rather than exact 
and recomputed (0.707107), I got 0. 

5. Roots. Find the roots of x? — x*-x-1=0. 


solve(x*3 - x°2 - x - 1, x) 


produced the two complex roots and one real root exactly (in 4.5 seconds). To get 
decimal approximations, I highlighted the collection of roots and selected approx. 
Numerically, however, I could only compute the real root, which I did with 


solve(x"™3 - x°2 - x - 1, x, - 10, 10) 
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6. Prime factors. Decompose 266382003787 into its prime factors. 

After entering the number, I selected Factor from the menu and got the prime 
factors 151667 and 1756361 (in 3.6 seconds). I was so encouraged that I had Derive 
factor 2098305176053226299 into its prime factors 530110817 and 2958238747, 
which it did in 2.7 minutes. 


7. Eigenvectors. Find the eigenvalues and eigenvectors of 


i i no 
Re AO 
kROr & 
oS a 


Although Derive has no command for computing eigenvectors, it was able to do 
most of the work as follows. I authored the matrices A and xJ — A by 


a:=(06,4,4,1], (£4,6,1,4], (4,1,6,41, (1,4,4,6]] 
c(x) == x identity_matrix(4) - a 


The command eigenvalues(a) produced [Cw = - 1, w = 5, w = 154], and 
the command row_reduce(c( - 1)) (plus two more like it), allowed me to 
quickly spot bases for the three eigenspaces. 

8. Differential equation. Solve numerically and symbolically the following initial- 
value problem and graph the solution: 


y’ =1- 2xy, y(-1) = 0, on [—1,2]. 


The first expression below is the command I gave to produce the exact solution; 
the second is the result. 


intCexp(x*2), x, - 1, t) 
V (mderfCi) V (merfCit) 


2 2 

This is indeed correct and real-valued, but it would not plot since Derive cannot 
evaluate the error function numerically at complex arguments. No numerical 
procedure is available for solving a differential equation, and the user cannot write 
such a procedure. 

9. Series solution. Find the terms through x® of the power series solution of the 
initial-value problem 


y” + sin(x)y = 0, y(0) = 0, y’(0) = 1. 


Although the Derive manual makes no mention of subscripted variables, one can 
simulate them by creating an undefined function which is then applied to integer 
arguments. 


a(x) := 
sumCaCk)x*k/k!, k, 0, 6) 


The second line creates a general sixth degree polynomial with the undetermined 
coefficients a,/k! Then I substituted 0 for a(0) and 1 for a(1) by highlighting the 
two expressions to be replaced and selecting Substitute from the menu. The 
following steps complete the solution. (However, this is a nonstandard use of Derive 
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and may be trickier to make work in other versions of the program. For example, it 
seems necessary to Simplify after each step.) 


f(x) := #4 
g(x) := dif( f(x), x, 2)+sin(x) f Cx) 
h(x) := taylor(g(x), x, 0, 4) 


s := vector(a(j), j, 2, 6) 
e == vector(h(j), j, - 2, 2) 
solve (Ce, s) 


These six steps have the following results. First, f(x) is defined to be our fourth 
expression, which is the sixth degree polynomial after the two substitutions. g(x) is 
the left side of the differential equation, and h(x) is its Taylor polynomial of degree 
4. s is the vector of unknowns [a(2),..., a(6)], and e is a suitable vector of 
equations, [h(—2), h(—1), h(0), h(1), h(2)| (where “= 0” is understood). The last 
line solves the five linear equations for the five unknowns and produces 


CTaC2) = 0 a€3) = 0 a€4) = - 2 a€5) = 0 a6) = 4]. 


Finding no easy way to substitute this back into the polynomial f(x), I simply 
wrote the result on paper: 
1 , 1, 
= —_ — + —_— . 
Ia) =x— Tax" + TE5% 
10. Gibbs phenomenon. The nth partial sum of the Fourier series for (7/4) sgn(x) 
1S 
2 sin(2k — 1)x 
f,(x) = 2. 
p=) 2k -1 
Study the Gibbs overshoot graphically and analytically, emphasizing /f,,. In particu- 
lar, graph f,,. on the interval [0, 7/2], find its maximum on this interval, and find its 
average value on [1, 2] by computing /,7f,). Also, compare the graphs of fy, fy, fi) on 
the same set of axes, and evaluate feo9(x) and fioo99(x) for a few values of x. 
First I authored 


f(x,n) := sum(sin((2k - 1)x)/C2k - 1), k, 1, n). 


Plotting f,)(x) = f(x, 20) took over 15 minutes, probably because the wiggly 
graph caused the adaptive graphing algorithm to plot many points. Centering and 
scaling took even longer, since I did not get the graphing rectangle I wanted on my 
first two tries. I then used the plot window's cross hairs to get a rough approxima- 
tion to the coordinates of the maximum point. Next, I found a better approximation 
by setting the derivative of f,, equal to zero and solving numerically in the small 
interval I had located graphically. 


g(x) := dif( f(x, 20), x) 
solve (g(x), x, 0.5, 0.1) 


The solution, accurate to 6 digits, was x = 0.07854 (in 22 seconds); the value of 
f(0.07854) was 0.926131. Using 12 digits of precision, the solution took 92 seconds. 
Computing {/ f(x, 20) dx numerically proved lengthy; I aborted the computation 
after five minutes. But I computed its exact value (in 13.4 seconds) and approxi- 
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mated this result numerically (in 4.1 seconds) using 12 digits of precision. The quite 
accurate result was 0.78602335388. 

Next I placed expressions for fy, fy, and f,, in the algebra window and created a 
side-by-side plot window. So I was able to select an expression, switch to the plot 
window and plot it, switch back to the algebra window, and repeat. The three curves 
were plotted in three different colors, without my having requested this, and they 
were easily distinguishable. Evaluating /(1,500) numerically, using 6 digits of 
precision, took 20.6 seconds. Evaluating f(1,10000) took over six minutes, still 
using 6 digits. 


Conclusion. How you judge Derive will depend greatly on your needs and your 
resources. As a student-oriented calculus package for the IBM PC and its relatives, 
Derive is extraordinarily complete and easy to use. Routine operations can be 
carried out by beginners easily and quickly, and the operations that are routine in 
this package are often not even available in others. The most crucial part of any 
calculus package is its graphics, and Derive’s graphics are indeed worth having even 
though a PC won’t fit in your purse or pocket. The numeric capabilities are next 
most important, and here the developers have more work to do; commands that act 
on data are especially needed. The symbolic computations, though we may be 
uncertain how they will benefit calculus students, are a great strength of the package 
and support its other capabilities. The user interface is indeed much easier to use 
than that of other computer algebra systems, but mouse enthusiasts will find 
Derive’s cursor movements tedious and awkward. Also, calculus instructors will find 
their use of the package limited by its lack of programmability and its unsuitability 
for producing attractive handouts. Much handier would be a graphical interface that 
permits expressions, plots, and text to be freely intermixed. 

Derive’s coverage does not range much beyond calculus. It has some useful 
matrix commands, but they are not yet sufficient to constitute a linear algebra 
package. Of course, Derive is still under development, and new versions are coming 
out in rapid succession. We can expect much more yet, as the developers are quite 
experienced, having started their company and muMATH in 1979. However, I look 
forward to seeing whether they can succeed at adding programmability to the 
package without losing its simplicity. No computer algebra system has yet suc- 
ceeded in presenting a conceptually simple model of itself that lets the inexperi- 
enced user harness its power after a brief learning time. Derive is no exception; 
sophisticated, multi-step operations can be tricky, and the manual offers no concep- 
tual model of how the underlying algebra works. 

For a new package, Derive is remarkably bug free. Of the few bugs I reported, 
almost all had been noted and corrected. And in all my sessions with the package, 
Derive never crashed or required rebooting. 


Other Packages Mentioned 

Calculus, True BASIC, Hanover, NH. 

Calculus-Pad, Brooks /Cole, Pacific Grove, CA. 

Maple, WATCOM, Waterloo, Ontario, Canada, and Brooks/Cole, Pacific 
Grove, CA. 

MathCAD, MathSoft, Cambridge, MA. 

Mathematica, Wolfram Research, Champaign, IL. 
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MATLAB, Math Works, South Natick, MA. 

MicroCalc, MathCalcEduc, Ann Arbor, MI. 

muMATH, The Soft Warehouse, Honolulu, HI. 

TKSolver Plus, Universal Technical Systems, Rockford, IL. 
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is often available also on other machines, and that hardware variations often cause 
software incompatibilities. Selected books and software packages receive a second, more 


extensive review in the MONTHLY. 
General, S, L*. The Privilege of Being a Physi- 
cist. Victor F. Weisskopf. WH Freeman, 1989, x + 
235 pp, $17.95. (ISBN: 0-7167-1982-7] A collection 
of sixteen essays from the last fifteen years, revised 
to suit current circumstances, on science and culture 
(education, art, limits of science); ideas in physics 
(quantum mechanics, elementary particles, origin of 
the universe); physicists (Pauli, Heisenberg); sci- 
ence and society (peace, Hitler, technology, nuclear 
bombs); and the life of a scientist (privileges, threats, 
promises). The essays return again and again to 
Weisskopf’s main concern: nuclear arms, ethics, and 
responsibility. LAS 

Precalculus, T(13). College Algebra, Fourth Edi- 
tion. Karl J. Smith, Patrick J. Boyle. Brooks/Cole, 
1989, xii + 579 pp, $37.25. (ISBN: 0-534-09504-6] 
Standard algebra text for precalculus that does in- 
clude exponential and logarithmic functions, the bi- 
nomial theorem, combinatorics and probability, and 
a chapter on mathematical proof. (Second Edition, 
TR, January 1983; Third Edition, TR, November 
1985.) AWR 


Education, P, L. Setting a Research Agenda. Ed: 
Judith T. Sowder. Res. Agenda for Math. Educ., 
V.5. Lawrence Erlbaum Associates & NCTM, 1989, 
v + 64 pp, $7.50 (P). (ISBN: 0-87353-269-4] Brief 
concluding volume in the NCTM Research Agenda 
Series prepared by the editorial committee as a back- 
drop to the preceding four volumes (TR’s, June-July 
1988; January 1989; October 1989; November 1989). 
Focuses on research and reform in school mathemat- 
ics, on the nature of mathematical knowledge, and 
on the process of instruction; emphasizes opportuni- 
ties for research that responds to issues that confront 
mathematics education. LAS 

History, $*(13-16), P*, L**. Who Got Einstein’s 
Office? Ed Regis. Addison-Wesley, 1987, xv + 316 
pp, $10.95 (P). (ISBN: 0-201-12278-2] A compelling 
account of people and ideas at the Institute for Ad- 
vanced Study—Einstein, Godel, von Neumann, Op- 
penheimer, Wolfram; string theory, fractals, cellular 
automata, and more. Superb scientific journalism 
that tells the story of uncompromising creativity and 


imagination in the pursuit of science. Thoroughly re- 
searched and well-documented, the book nonetheless 
reads like a spirited tale of intellectual intrigue. LAS 


Foundations, T(14-17: 1, 2), S, L. Computabil- 
tty: Computable Functions, Logic, and the Founda- 
tions of Mathematics. Richard L. Epstein, Walter 
A. Carnielli. Math. Ser. Wadsworth, 1989, xvii + 
297 pp, $44.95. (ISBN: 0-534-10356-1] Part one 
presents philosophical background and basic notions 
of whole number, real number, function, proof, while 
the second part describes computability, Turing ma- 
chines, partially recursive functions. Part three deals 
with propositional and predicate logic. Part four is 
devoted to more advanced ideas including Church’s 
Thesis and constructivity. Lots of historical informa- 
tion and quotes. Exercises, bibliography, glossary, 
index. RJA 


Graph Theory, P. Distance-Regular Graphs. A.E. 
Brouwer, A.M. Cohen, A. Neumaier. Ser. of Mod. 
Surveys in Math., B. 18. Springer-Verlag, 1989, xvii 
+ 495 pp, $84.50. (ISBN: 0-387-50619-5] Main em- 
phasis of book is to describe, classify, and charac- 
terize the known distance-regular graphs. Discusses 
association schemes, Q-polynomial distance-regular 
graphs, distance-transitive graphs, graphs of Coxeter 
and Lie types, graphs related to codes and classical 
geometries, and representations of graphs. Compre- 
hensive book with 800 references. Not intended as 
an introduction to algebraic graph theory. LC 


Combinatorics, P, L. Introduction to Arrange- 
ments. Peter Orlik. CBMS Reg. Conf. Ser. in Math., 
No. 72. AMS, 1989, x + 110 pp, (P). [ISBN: 0-8218- 
0723-4] An arrangement is a finite set of hyper- 
planes of codimension in some vector space. This 
monograph introduces the combinatorics, cohomol- 
ogy, topology, and geometry of arrangements, build- 
ing on and pulling together a vast world-wide litera- 
ture that treats various special cases. Based on ex- 
pository lectures from a June 1988 CBMS Regional 
Research Conference at Northern Arizona Univer- 
sity. LAS 


Combinatorics, P, L*. Combinatorial Algorithms: 


959 


960 


An Update. Herbert S. Wilf. CBMS-NSF Reg. Conf. 
Ser. in Appl. Math., V. 55. SIAM, 1989, v + 47 
pp, (P). (ISBN: 0-89871-231-9] Lecture notes from 
a 1987 conference held at Colorado College provid- 
ing recent research results on various coding and tree 
algorithms to update the 1978 book Combinatorial 
Algorithms by Nijenhuis and Wilf (TR, June-July 
1979). Specific topics include Gray codes, rooted 
trees, free trees, and random graphs. LAS 


Combinatorics, P. Introduction to Coding The- 
ory and Algebraic Geomeiry. Jacobus H. van Lint, 
Gerard van der Geer. DMV Seminar, Band 12. 
Birkhauser Boston, 1988, 83 pp, $18.50 (P). (ISBN: 
0-8176-2230-6] Based on lecture notes given at 
Schloss Mickeln, Diisseldorf, November 1987. Intro- 
duction to coding theory and the ideas of algebraic 
geometry which led Tsfasman, Vladut, and Zink to 
their construction of codes which exceed the Gilbert- 
Varshamov bound. LC 


Number Theory, P. Eight Papers Translated from 
the Russian. V.A. Belonogov, et al. AMS Transl. 
Ser. 2, V. 143. AMS, 1989, vii + 152 pp, $58. 
[ISBN: 0-8218-3124-0] One major expository paper 
by Zarkhin and Parshin on Falting’s work occupies 
half of this slim volume. Other short papers are on 
aspects of logic, number theory, and algebra. LAS 


Number Theory, P. The Markoff and Lagrange 
Spectra. Thomas W. Cusick, Mary E. Flahive. Math. 
Surveys & Mono., No. 30. AMS, 1989, ix + 97 pp, 
$42. (ISBN: 0-8218-1531-8] An exposition of mod- 
ern results and modern proofs of classical results con- 
cerning the Markoff and Lagrange spectra. The au- 
thors present theorems comparing the spectra, dis- 
cussing gaps in the spectra, and comparing measures 
of subsets of the sets. SG 


Linear Algebra, S(13), L. Vector Algebra: 
Worked Ezamples with Elements of Theory. P. Gusy- 
atnikov, S. Reznichenko. MIR (US Distr: Imported 
Pub), 1988, 288 pp, $8.95 (P). [ISBN: 5-03-000215- 
4] Presents various methods for solving geometrical 


problems using vector algebra and analytic geometry. 
Revised from 1985 Russian edition. JNC 


Group Theory, T(18), P. Lectures on Buildings. 
Mark Ronan. Perspect. in Math., V. 7. Academic 
Pr, 1989, xii + 201 pp, $27.95. [ISBN: 0-12-594750- 
X] Notes from a graduate course which expose the 
basic theory of buildings beginning with chamber 
systems and Coxeter complexes and including dis- 
cussions of spherical and affine buildings. SG 


Group Theory, S(18), P. Representation Theory 
and Harmonic Analysis on Semisimple Lie Groups. 
Ed: Paul J. Sally, Jr., David A. Vogan, Jr. Math. 
Survey & Mono., No. 31. AMS, 1989, xi + 350 pp, 
$88. [ISBN: 0-8218-1526-1] A collection of five pa- 
pers, all at least fifteen years old but not previously 
published. Three are theses by J. Arthur, M.S. Os- 
borne, and W. Schmid; the other two by R. Lang- 
lands and P. Trombi. Each presents important ideas 
related to representation theory and harmonic anal- 
ysis. JS 


Group Theory, S(18), P. Algebraic Theory of the 


TELEGRAPHIC REVIEWS 


[December 


Bianchi Groups. Benjamin Fine. Pure & Appl. 
Math., V. 129. Marcel Dekker, 1989, vii + 249 pp, 
$99.75. [ISBN: 0-8247-8192-9] The two major al- 
gebraic results presented here are a decomposition 
of Bianchi groups as a non-trivial free product with 
amalgamation and a demonstration of the existence 
of subgroups which are non-congruence subgroups. 
Additional results for the Modular group, Euclidean 
Bianchi groups, the Picard group, and Fuchsian sub- 
groups. References, index. JS 


Algebra, S(16-18), P, L. Infinite Algebraic Ezten- 
stons of Finite Fields. Joel V. Brawley, George E. 
Schnibben. Contemp. Math., V. 95. AMS, 1989, xv 
+ 104 pp, $24 (P). [ISBN: 0-8218-5101-2] Building 
on work by Steinitz in 1910 on infinite algebraic ex- 
tensions, the authors are able to extend many of the 
classical results on finite fields. Written so as to be 
accessible to an advanced undergraduate, the expo- 
sition begins with a survey of finite fields and con- 
tinues to iterated presentations, explicit bases, poly- 
nomials, and extended polynomials. Applications to 
Latin squares and permutation polynomials. Bibli- 
ography. JS 


Algebra, S(17-18), P. Lecture Notes in Mathemat- 
ics-1871: Commutative Coherent Rings. Sarah Glaz. 
Springer-Verlag, 1989, xi + 347 pp, $36.30 (P). 
[ISBN: 0-387-51115-6] A ring R is coherent if every 
finitely generated ideal of R is finitely presented (e.g., 
Noetherian rings). Part of the study historically con- 
sisted of asking which “Noetherian” results trans- 
ferred to the “coherent” case. This book covers most 
known results in commutative coherent ring theory 
including previously unpublished results, blending 
the two approaches to the subject: the ring theo- 
retic and homological viewpoints. With each of the 
main topics, an historical overview is provided. As- 
sumes basic commutative and homological algebra, 
and includes a chapter on preliminaries. SB 


Algebra, S(16), L. Théorie des corps: La régle et 
le compas. Jean-Claude Carrega. Hermann, 19839, xii 
+ 277 pp, 136 F (P). (ISBN: 2-7056-1402-8] An in- 
teresting introduction to field theory via the classical 
construction problems of geometry. Contains many 
historical remarks and passages. Unfortunately, the 
book does not fit easily into the American under- 
graduate curriculum. SG 


Algebra, S(18), P. Lecture Notes in Mathematics- 
1373: Lie Algebras, Madison 1987. Ed: Georgia 
Benkart, J. Marshall Osborn. Springer-Verlag, 1989, 
143 pp, $16.20 (P). [ISBN: 0-387-51147-4] Proceed- 
ings of a workshop on Lie algebras held in Madison, 
Wisconsin in August 1987. Nine papers, including 
major work by H. Strade, R.L. Wilson. List of lec- 
tures and participants. JS 


Calculus, $(13), L*. Prof. E. McSquared’s Ez- 
panded Intergalactic Version: A Calculus Primer. 
Howard Swann, John Johnson. Janson, 1989, 261 
pp, $15.50 (P). (ISBN: 0-939765-12-8] New edition 
(with added exercises) of a contemporary classic 
(TR, June-July 1975). What Silvanus Thompson’s 
Calculus Made Easy did for an earlier generation, 


1989] 


this fantasized primer on calculus does for today’s 
frightened students: it de-mystifies calculus through 
cartoon characters—wild, funny, but ever-truthful. 
You can learn important parts of elementary calcu- 
lus from this book, but you can also read it for just 
plain fun. LAS 


Real Analysis, T(13-14), L. Mathematical Anal- 
ysis in Questions and Problems. Ed: B.F. Butu- 
zov. MIR (US Distr: Imported Pub), 1988, 271 pp, 
$8.95 (P). [ISBN: 5-03-000217-0] A fine source of 
problems for an honors calculus or first course in 
real variables. Differs from books of problems in 
that each topic is given four sections: summary of 
theory and formulas (no proofs); simple problems 
to check basic comprehension; worked problems— 
including some selected from summary above; prob- 
lems and exercises for independent work. Intended as 
a companion volume for a standard text at Moscow 
University. AWR 


Complex Analysis, P. Analyticity in Infinite Di- 
menstonal Spaces. Michel Hervé. Stud. in Math., 
V. 10. Walter de Gruyter, 1989, viii + 206 pp, 
$64.95. [ISBN: 0-89925-205-2] An advanced exposi- 
tory monograph on the theory of analytic functions— 
in a suitably generalized sense—between (possibly) 
infinite-dimensional complex vector spaces. After 
three introductory chapters, attention centers on 
plurisubharmonicity and related issues, e.g., the (still 
open) infinite-dimensional analogue of the classical 
Levi problem. With brief chapter summaries, a few 
exercises, and an extensive bibliography. PZ 


Differential Equations, T(15: 1), C. Elemen- 
tary Differential Equations with Applications, Sec- 
ond Edition. C.H. Edwards, Jr., David E. Pen- 
ney. Prentice-Hall, 1989, xvi + 567 pp. (ISBN: 0- 
13-254046-0] A revised and reduced version of the 
665-page First Edition (TR, October 1985). Gone 
(to another version of the book—see following re- 
view) are the chapters on Fourier series and bound- 
ary value problems, while the chapter on numerical 
methods has been extensively rewritten. Illustrative 
Basic programs included, with Basic, Fortran, Pas- 
cal, and APL versions available on diskette. SP 


Differential Equations, T(14: 1, 2), C. Ele- 
mentary Differential Equations with Boundary Value 
Problems, Second Edition. C.H. Edwards, Jr., David 
E. Penney. Prentice-Hall, 1989, xvii + 696 pp (ISBN: 
0-13-254061-4]; Solutions Manual, vii + 338 pp, (P). 
[ISBN: 0-13-254079-7] An expanded version of El- 
ementary Differential Equations with Applications, 
Second Edition, by the same authors. In addition to 
the chapters on ordinary differential equations found 
in the shorter work, this book also has chapters on 
Fourier series and boundary value problems. Numer- 
ical methods are illustrated with Basic programs in 
the text. A diskette with the same procedures coded 
in Basic, Fortran, Pascal, and APL is available from 
the publisher. Approximately 1800 exercises, mostly 
computational in nature. A few purely theoretical 
exercises are available. Prerequisite is a year of cal- 
culus. Includes the linear algebra necessary for linear 
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systems of differential equations. SM 


Differential Equations, T(18), P. Symmetries 
and Differential Equations. George W. Bluman, 
Sukeyuki Kumei. Appl. Math. Sci., V. 81. Springer- 
Verlag, 1989, xiii + 412 pp, $54.[ISBN: 0-387-96996- 
9] Notable additions to previous similar books in- 
clude chapters on dimensional analysis, potential 
symmetries, and mappings between differential equa- 
tions, as well as a good overview of applications of 
symmetry groups to ordinary differential equations. 
Lots of algorithms and exercises, plus attention to 
boundary value problems where relevant. JO 
Differential Equations, T(16-17: 1), S, P. Lo- 
cal Methods in Nonlinear Differential Equations. 
Alexander D. Bruno. Transl: William Hovingh, 
Courtney S. Coleman. Springer-Verlag, 1989, x + 
348 pp, $119. [ISBN: 0-387-18926-2] Develops the 
method of normal forms to study the local properties 
of systems of nonlinear ordinary differential equa- 
tions. Preliminary analytical techniques presented 
in first chapters. Traditional applications to ordi- 
nary differential equations, mechanics, and bifurca- 
tion theory follow. SP 


Numerical Analysis, P. Nonlinear Numerical 
Methods and Rational Approzimation. Ed: Annie 
Cuyt. Math. & Its Applic. D Reidel (US Distr: 
Kluwer Academic), 1988, xviii + 458 pp, $99. [ISBN: 
90-277-2669-8] Proceedings of a conference held at 
the University of Antwerp, Belgium in April 1987. 
Subfields in which papers were presented: Padé 
approximation and rational interpolation, rational 
approximation, multidimensional and multivariate 
problems, orthogonal polynomials and the moment 
problem, continued fractions, and applications. AWR 


Operator Theory, T(18: 1), P. Operator The- 
ory and Arithmetic in H™. Hari Bercovici. Math. 
Surv. & Mono., No. 26. AMS, 1988, xii + 275 pp, 
$67. [ISBN: 0-8218-1528-8] The class Co consists of 
contraction operators for which the associated func- 
tional calculus on H™ has a nontrivial kernel. This 
class admits a classification theorem analagous to 
Jordan’s classification theorem for linear transforma- 
tions on a finite-dimensional vector space, and is the 
central object of study in this monograph. Prerequi- 
site is a course in functional analysis at the graduate 
level. AWR 


Operator Theory, S(18), P. Cozeter Graphs and 
Towers of Algebras. Frederick M. Goodman, Pierre 
de la Harpe, Vaughan F.R. Jones. Math. Sci. Res. 
Inst. Publ., V. 14. Springer-Verlag, 1989, x + 288 pp, 
$32. [ISBN: 0-387-96979-9] After an initial chapter 
dealing with matrices with integral entries and rela- 
tions to Coxeter graphs, the next two chapters are 
based on recent works of V.F.R. Jones pertaining 
to constructions of towers of subalgebras for multi- 
matrix algebras and finite von Neumann algebras. 
Chapter 4 considers commuting squares and derived 
towers. Appendices, bibliography, index. JS 

Functional Analysis, S(18), P. J Contrac- 
tive Matriz Functions, Reproducing Kernel Hilbert 
Spaces and Interpolation. Harry Dym. CBMS 
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Reg. Conf. Ser. in Math., No. 71. AMS, 1989, x + 147 
pp, $22 (P). [ISBN: 0-8218-0722-6] An expanded 
and updated version of lectures from 1984 on J inner 
matrices. Topics include reproducing kernel Hilbert 
spaces, the Nevanlinna-Pick problem, and interpola- 
tions. Appendix, references. JS 


Functional Analysis, P. Lecture Notes in Mathe- 
matics-1376: Geometric Aspects of Functional Anal- 
ysts. Ed: J. Lindenstrauss, V.D. Milman. Springer- 
Verlag, 1989, vii + 288 pp, $24.30 (P). (ISBN: 0-387- 
51303-5] Proceedings of a seminar in Israel]. Focus 
is on the geometry of convex bodies, Banach space 
theory, and the connection between them. The ma- 
jority of papers report on original research. AWR 


Functional Analysis, P. Measure and Measurable 
Dynamics. Ed: R. Daniel Mauldin, R.M. Shortt, 
Cesar E. Silva. Contemp. Math., V. 94. AMS, 1989, 
xxiii + 326 pp, $48 (P). [ISBN: 0-8218-5099-7] Pro- 
ceedings of a conference in honor of Dorothy Ma- 
haram Stone held in September 1987 at the Univer- 
sity of Rochester. AWR 

Functional Analysis, T(17-18: 3), S, P, L. Lin- 
ear Integral Equations. Rainer Kress. Appl. Math. 
Sci., V. 82. Springer-Verlag, 1989, xi + 299 pp, $49. 
[ISBN: 0-387-50616-0] A well-balanced introduc- 
tion to integral equations. Reviews necessary func- 
tional analysis, including normed spaces, bounded 
and compact operators, and Riesz-Fredholm theory. 
Continues with classical applications such as the 
Laplace and heat equations. Second half of book in- 
vestigates numerical solution methods and ill-posed 
equations in a Hilbert space setting. KS 


Functional Analysis, P. Cordes’ Two-Parameter 
Spectral Representation Theory. D.F. McGhee, R.H. 
Picard. Pitman Res. Notes in Math. Ser., V. 177. 
Longman Scientific and Technical (US Distr: Wi- 
ley), 1988, 114 pp, $41.95 (P). [ISBN: 0-470-21084- 
2] Multiparameter spectral theory generalizes the 
familiar spectral representation theory of operators 
in separable Hilbert spaces. Its results have impli- 
cations for separation-of-variables methods for solv- 
ing partial differential equations. The present work, 
which treats mainly the two-parameter case, draws 
on and up-dates results obtained in the 1950’s by 
H.O. Cordes. PZ 


Functional Analysis, P. Harmonic Analysis of 
Spherical Functions on Real Reductive Groups. 
Ramesh Gangolli, V.S. Varadarajan. Ergebnisse der 
Math. und ihrer Grenzgebiete, V. 101. Springer- 
Verlag, 1988, xiv + 365 pp, $110. [ISBN: 0-387- 
18302-7] A self-contained account of the spectral 
theory of symmetric spaces. Presents spherical func- 
tions, semi-simple Lie groups, Harish-Chandra series, 
asymptotics, ZL? theory, and Fourier analysis on sym- 
metric spaces. SP 


Analysis, T(18: 1). Large Deviations. Jean- 
Dominique Deuschel, Daniel W. Stroock. Pure & 
Appl. Math., V. 137. Academic Pr, 1989, xiv + 
307 pp, $34.95. [ISBN: 0-12-213150-9] Surveys a 
few outstanding successes in the study of large de- 
viations and attempts to identify the common prin- 
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ciples which support these successes. Intended as a 
text for advanced graduate students with a strong 
background in analysis and some knowledge of prob- 
ability. Exercises are included after each section. SM 


Analysis, P. Analysis at Urbana, Volume II: Anal- 
ysis in Abstract Spaces. Ed: E. Berkson, T. Peck, J. 
Uhl. London Math. Soc. Lect. Note Ser., V. 138. 
Cambridge U Pr, 1989, 356 pp, $34.50 (P). (ISBN: 
0-521-36437-X] Proceedings of the special year in 
modern analysis held in 1986-87 at the University 
of Illinois. Volume I covered analysis in function 
spaces. AWR 


Algebraic Geometry, P. Lecture Notes in Mathe- 
matics-1378: Capacity Theory on Algebraic Curves. 
Robert S. Rumely. Springer-Verlag, 1989, 437 pp, 
$37.30 (P). [ISBN: 0-387-51410-4] Using potential 
theory as a model, the author develops a capacity 
theory for adelic sets on algebraic curves. His prin- 
cipal result, concerning curves over global fields, is 
the analogue of a classical theorem of Fekete and 
Szego. SG 

Geometry, P, L. Elementary Geometry in Hyper- 
bolic Space. Werner Fenchel. Stud. in Math., V. 11. 
Walter de Gruyter, 1989, xi + 225 pp, $69.95. [ISBN: 
3-11-011734-7] Uses the Poincaré conformal model 
to reintroduce many of the classical results (proving 
them under weaker assumptions) of a subject which 
has become the key to understanding almost all 3- 
manifolds. JNC 


Algebraic Topology, S*(18), P*. A History 
of Algebraic and Differential Topology, 1900-1960. 
Jean Dieudonné. Birkhauser Boston, 1989, xxi + 648 
pp, $79. [ISBN: 0-8176-3388-X] An encyclopaedic 
description of the main events in the study of al- 
gebraic and differential topology (dimension n > 4) 
and their applications, including some detail on the 
work of the pioneers in the field. Divided into three 
parts: simplicial techniques and homology, the first 
applications of simplicial methods and of homology, 
homotopy and its relation to homology. Assumes fa- 
miliarity with basic algebra and general topology. SB 
Algebraic Topology, P. Lecture Notes in Mathe- 
matics-1375: Transformation Groups. Ed: K. 
Kawakubo. Springer-Verlag, 1989, viii + 394 pp, $33 
(P). [ISBN: 0-387-51218-7] Proceedings of a confer- 
ence held in Osaka in 1987 containing many papers 
on the algebraic and geometric aspects of groups act- 
ing on topological spaces. SG 

Topology, T(18: 1), S, P, L. The Theory of Fized 
Point Classes. Kiang Tsai-han. Springer-Verlag, 
1989, xi + 174 pp, $69. [ISBN: 0-387-10819-X] In- 
tended as “an easy and introductory treatise” on 
the topological theory of fixed points. Concerned 
largely with connected finite polyhedra. Based on J. 
Nielsen’s work on fixed point classes. Appendices on 
homotopy, covering spaces, approximation theorems. 
Bibliography, epilogue. JS 

Operations Research, T(14: 1), L. Mathemat- 
tical Introduction to Linear Programming and Game 
Theory. Louis Brickman. Undergrad. Texts in Math. 
Springer-Verlag, 1989, xi + 130 pp, $34. [ISBN: 0- 
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387-96931-4] A mathematically rigorous exposition 
of the simplex algorithm, duality theory, and matrix 
games. JNC 


Optimization, P. An Atlas of Steiner Networks. 
Sandra Lach Arlinghaus. Mono., No. 9. Institute of 
Mathematical Geography (2790 Briarcliff, Ann Ar- 
bor, MI 48105), 1989, v + 84 pp, $15.95 (P). Ma- 
terial drawn from author’s unpublished Ph.D. the- 
sis. Discusses the Steiner problem (find the short- 
est path joining a set of points), gives an algorithm 
which exhibits the detailed geometric construction 
of candidates for the Steiner network of the general- 
ized Steiner problem, discusses the case for six points 
and enumerates the possible candidates for certain 
Steiner networks. LC 


Dynamical Systems, T(18), S, P. Practical Nu- 
merical Algorithms for Chaotic Systems. Thomas S. 
Parker, Leon O. Chua. Springer-Verlag, 1989, xiv + 
348 pp, $49.50. [ISBN: 0-387-96689-7] For those in- 
terested in nonlinear dynamics who lack background 
in chaotic dynamics or numerical techniques. As- 
sumes familiarity with linear systems. Each chap- 
ter introduces a theoretical aspect of dynamical sys- 
tems and then provides algorithms for computer- 
aided analysis of these systems. An appendix reviews 
concepts from differential topology used throughout 
the book. KS 

Dynamical Systems, T(16-17: 1), P, L. Ele- 
ments of Differentiable Dynamics and Bifurcation 
Theory. David Ruelle. Academic Pr, 1989, viii + 
187 pp, $27.50. (ISBN: 0-12-601710-7] An intro- 
duction to differential dynamics. Emphasizes ideas 
rather than proofs with an eye toward applications to 
natural phenomena. Part one: basic definitions and 
results; Part two: bifurcation theory; Part three: 41- 
page appendix that includes basic background ma- 
terial gathered from analysis and topology, as well 
as an extension of the classical theory to the non- 
compact case. SP 


Dynamical Systems, P. Advanced Topics in the 
Theory of Dynamical Systems. Ed: G. Fusco, M. 
Iannelli, L. Salvadori. Notes & Reports in Math. in 
Sci. & Eng., V. 6. Academic Pr, 1989, ix + 266 
pp, $29.95. (ISBN: 0-12-269990-4] Proceedings of 
the conference held at Villa Madruzzo, Trento, Italy, 
June 1-6, 1987. SP 


Systems Theory, P. Lecture Notes in Control 
and Information Sciences-120: Large Scale Systems: 
Decentralization, Structure Constraints and Fized 
Modes. L. Trave, A. Titli, A. Tarras. Springer- 
Verlag, 1989, xiv + 384 pp, $49.70 (P). [ISBN: 0-387- 
50787-6] The title defines the topics; one needs to 
read no further than the Preface to see that English 
is not the first language of the writers, and no one 
has helped them with it. Their focus is on systems 
too large to permit all information to be accessible 
at a central control. AWR 


Stochastic Processes, $S(18), P. Structured 
Stochastic Matrices of M/G/1 Type and Their Appli- 
cations. Marcel F. Neuts. Prob.: Pure & Appl., V. 
5. Marcel Dekker, 1989, xiv + 510 pp, $125. [ISBN: 
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0-8247-8283-6] Presents a unified analysis and ap- 
plications of the class of structured Markov chains 
and Markov renewal processes of M/G/1 type., Prob- 
lem sets include engineering applications or extrac- 
tions from articles on such. Some are suitable for 
masters’ theses or class projects. Extensive bibliog- 
raphy. MLR 


Computer Science, P. Advances in Computers, 
Volume 28. Ed: Marshall C. Yovits. Academic Pr, 
1989, xi + 302 pp, $59.95. (ISBN: 0-12-012128-X] 
Five state-of-the-art expositions on design processes, 
fuzzy sets applied to artificial intelligence, parallel ar- 
chitecture applied to database systems, optical com- 
puting, and management intelligence systems. LAS 
Applications, $(15-16), P, L*. Popularizing 
Mathematical Methods in the People’s Republic of 
China: Some Personal Experiences. Hua Loo-Keng, 
Wang Yuan. Rev. & Ed.: J.G.C. Heijmans. Math. 
Model., No. 2. Birkhauser Boston, 1989, xxii + 209 
pp, $49. (ISBN: 0-8176-3372-3] An elaboration of 
topics outlined in Hua’s 1980 report to the Inter- 
national Congress on Mathematical Education giv- 
ing examples of Hua’s “popularization” lectures to 
managers and factory workers to promote efficiency 
through mathematical modelling. Examples include 
estimating mineral reserves, meshing gears, machine 
scheduling, and transportation problems. Includes 
Heine Halberstam’s obituary of Hua, a preface by 
Hua, and an editor’s preface. LAS 


Applications, P? Mathematical Geography and 
Global Art: The Mathematics of David Barr’s “Four 
Corners Project.” Sandra L. Arlinghaus, John D. 
Nystuen. Mono., No. 1. Institute of Mathematical 
Geography (2790 Briarcliff, Ann Arbor, MI 48105), 
1986, vii + 78 pp, $9.95 (P). Analysis and calcula- 
tion required to locate precisely coordinates on the 
land mass of the earth of an inscribed tetrahedron 
with one vertex on Easter Island. These calculations 
formed the basis of a tetrahedral “sculpture” erected 
by David Barr with four precisely positioned tetra- 
hedral vertices at the four corners of the inscribed 
tetrahedron. Includes generalizations to other pla- 
tonic solids and refinements necessitated by variation 
in elevation and curvature of the earth’s surface. LAS 


Applications, P*. The Collected Papers of Ray- 
mond D. Mindlin. Ed: H. Deresiewicz, M.P. Bie- 
niek, F.L. DiMaggio. Springer-Verlag, 1989, $130 
set (ISBN: 0-387-96933-0]. Volume I, xxviii + 596 
pp; Volume II, xxviii + 591 pp. At the time of 
his retirement in 1975, Raymond David Mindlin was 
James Kip Finch Professor of Applied Science at 
Columbia University. These two volumes contain, in 
order of appearance in print, photographically repro- 
duced copies of over 100 of his research papers in ap- 
plied mechanics published between 1934 and 1986. A 
seven-page bio/bibliographical sketch by his student 
and co-author, colleague and friend, H. Deresiewicz 
summarizes Mindlin’s many contributions and hon- 
ors. JDEK 


Applications (Biological Science), P. Lecture 
Notes in Biomathematics-79: Lindenmayer Systems, 
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Fractals, and Plants. Przemyslaw Prusinkiewicz, 
James Hanan. Springer-Verlag, 1989, v + 120 
pp, $19.80 (P). [ISBN: 0-387-97092-4] Exploration 
of capabilities of a special kind of parallel-process 
rewriting rules called L- (for Lindenmayer) systems 
which can explain the generation of such diverse cre- 
ations as fractals, plants, formal languages, tilings, 
and DNA sequences. Focuses on distinctive role of 
parallel (rather than sequential) replacement. LAS 


Applications (Biological Science), S(15-16), L. 
Perspectives in Ecological Theory. Ed: Jonathan 
Roughgarden, Robert M. May, Simon A. Levin. 
Princeton U Pr, 1989, vii + 394 pp, $22.50 (P); 
$60. [ISBN: 0-691-08508-0; 0-691-08507-2] Ecologi- 
cal theory addresses a wide range of topics, from the 
study of individuals through groups and populations 
of single species to entire ecosystems and biospheres. 
The editors of this collection of papers seek to cre- 
ate a comprehensive statement of what has been ac- 
complished by ecology theory over its broad range of 
concerns. SM 

Applications (Biological Science), P, L*. 
Stochastic Processes in the Neurosciences. Henry 
C. Tuckwell. CBMS-NSF Reg. Conf. Ser. in 
Appl. Math., V. 56. SIAM, 1989, v + 129 pp, (P). 
[ISBN: 0-89871-232-7] Lectures from a June 1986 
conference held at North Carolina State University. 
Provides a complete introduction, beginning with re- 
views of relevant biology and deterministic models, 
then moving to classical stochastic models, and one- 
dimensional Markov diffusion processes. The final 
five chapters explain contemporary models, includ- 
ing stochastic partial differential equations, channel 
noise, Wiener kernel expansions, and neural networks 
(large populations of neurons). LAS 


Applications (Physical Science), P, L. Aperiod- 
icity & Order, Volume 2: Introduction to the Math- 
ematics of Quasicrystals. Ed: Marko V. Jari¢c. Aca- 
demic Pr, 1989, x + 226 pp, $59.50. (ISBN: 0- 
12-040602-0] Volume 2 of a multi-volume work in- 
tended as a “pedagogical introduction for beginners.” 
Five chapters by seven contributors include an in- 
troduction to tiling by Majorie Senechal, a look at 
tilings and quasicrystals by R. Penrose, group the- 
ory of icosahedral crystals by P. Kramer and R.W. 
Haase, local properties of three-dimensional Penrose 
tilings by Andre Katz, and analysis of defects in qua- 
sicrystals and their kinetics by J. Bohsung and H.-R. 
Trebin. Numerous references. JDEK 


Applications (Physics), T(16-18: 1, 2), P, L. 
Solitons: An Introduction. P.G. Drazin, R.S. John- 
son. Texts in Appl. Math. Cambridge U Pr, 
1989, xii + 226 pp, $59.50. (ISBN: 0-521-33389- 
X] This introductory text does not attempt to be 
completely rigorous, however, the numerous exercises 
and worked examples more than compensate. The 
prerequisites are modest: partial differential equa- 
tions, calculus of variations, Fourier integrals, linear 
waves, Sturm-Liouville theory, and the hypergeomet- 
ric function. MU 


Applications (Physics), S(18), P. Inverse Prob- 
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lems in Quantum Scattering Theory, Second Edition, 
Revised and Expanded. K. Chadan, P.C. Sabatier. 
Springer-Verlag, 1989, xxxi + 499 pp, $79. [ISBN: 
0-387-18731-6] In addition to updating the origi- 
nal material, two new chapters on spectral problems 
and numerical aspects have been added (First Edi- 
tion, TR, August-September 1978). MU 


Applications (Physics), P. Variational Methods 
in Nonconservative Phenomena. B.D. Vujanovic, 
S.E. Jones. Math. in Sci. & Eng., V. 182. Academic 
Pr, 1989, x + 371 pp, $59.95. [ISBN: 0-12-728450- 
8] Authors’ objective is to dispel the notion that 
nonconservative mechanics has no Lagrangian struc- 
ture. Authoritative exposition spiced with examples, 
historical comments, and references. JDEK 


Applications (Physics), P. Geometrical and Al- 
gebraic Aspects of Nonlinear Field Theory. Eds: S. 
De Filippo, et al. Delta Series. North-Holland (US 
Distr: Elsevier Science), 1989, x + 248 pp, $79 (P). 
[ISBN: 0-444-87359-7] Proceedings of a conference 
held in Amalfi, Italy in May 1988. Algebraic ge- 
ometry and topology are used to reformulate many 
problems and the physical theories in a unified set- 
ting. Contains 17 lectures. MLR 

Applications (Physics), T(16-17: 1), P, L. Ra- 
tional Kinematics. Jorge Angeles. ‘Tracts in Nat. 
Philo., V. 34. Springer-Verlag, 1988, xii + 137 pp, 
$39.80. [ISBN: 0-387-96813-X] Written to draw upon 
college-level linear algebra and mechanics, this text 
quickly surveys much of the classical material from 
the elegant vantage point of invariant relations. The 
flavor is more of high-level algebra than physics, and 
astonishing results are common place. For example, 
after two pages of analysis of Coriolis acceleration, 
the author convincingly concludes that “contrary to 
a popular belief, it bears no physical significance.” 
MU 

Applications (Simulation), T(17-18). Simula- 
tion Methodology for Statisticians, Operations Ana- 
lysts, and Engineers, Volume I. P.A.W. Lewis, E.J. 
Orav. Stat. & Prob. Ser. Wadsworth, 1989, xvi 
+ 416 pp, $49.95. (ISBN: 0-534-09450-3] For ma- 
jors in statistics, operations research, and engineer- 
ing interested simulation techniques. A background 
in probability theory, stochastic processes, statistical 
theory, and computer programming recommended 
for some sections of the book. A software package for 
the IBM PC is available to execute the techniques 
discussed in the book. Examples and problems in 
both mathematical statistics and system simulation 
are provided. MSS 


Reviewers 


RJA: Richard J. Allen, St. Olaf; SB: Steve Benson, St. Olaf; 
JNC: Judith N. Cederberg, St. Olaf; LC: Laura Chihara, 
St. Olaf; SG: Steven Galovich, Carleton; JDEK: Joseph 
D.B. Konhauser, Macalester; SM: Steve McKelvey, St. Olaf; 
JO: Jeff Ondich, St. Olaf; SP: Samuel Patterson, Carleton; 
MLR: Margaret L. Reese, St. Olaf; AWR: A. Wayne Roberts, 
Macalester; KS: Karen Saxe, St. Olaf; JS: John Schue, 
Macalester; LAS: Lynn Arthur Steen, St. Olaf; MSS: Myr- 
iam S. Steinback, Macalester; MU: Milton Ulmer, Carleton; 
PZ: Paul Zorn, St. Olaf. 


Modern Perspectives of Mathematics: 
Mathematics as a Consumer Good, Mathematics in Academia 


March 29-31, 1990, Cornell University 
The Mathematical Sciences Institute (MSI), Cornell University, is bringing together influential mathemat- 
ics consumers, educators, and researchers for a 3-day examination of the nation’s use and 
development of mathematics resources. Drawn from government policy agencies, academia, and 
business and industrial laboratories, they will address how to develop mathematics education and 
research in ways that will encourage the interplay of mathematics and its applications in business, 
industry, and government. 


Lectures 


Malvin H. Kalos, Cornell University, The Impact of Computers on Mathematics, (keynote address); 
Edward E. David, Jr., EED, Inc., Mathematics in a World of Mega Projects; Can it Survive?. Peter D. 
Lax, Courant Institute of Mathematical Sciences, Today's World and Mathematics; Jacques-Louis- 
Lions, Centre National d'Etudes Spatiales College de France, Pure and Applied Mathematics; lvars 
Peterson, Science News, The Mathematical Tourist, Shmuel Winograd, IBM, Mathematics and 
Computers; Roger W. Brockett, Harvard University, Mathematics of Intelligent Machines; Mary F. 
Wheeler, Rice University, Relationships between Industry and Academics; Walter W. Hollis, U.S.Army, 
Mathematics in Defense -- Support to the Decision Process -- A Subset, John J. Hopfield, California 
Institute of Technology, Mathematics in Neural Sciences; Michael E. Fisher, Univeristy of Maryland, 
Mathematical Rigor in Physics: To What End? 


Program Description 


The symposium begins on Thursday, March 29, with registration, dinner, and the keynote address. 
Friday, March 30 will be devoted to lectures and discussion periods followed by an open, university 
lecture in the evening. The symposium will conclude with a panel discussion and a summary of 
recommendations on Saturday, March 31. 


Werner C. Rheinboldt (Panel Chair), University of Pittsburgh; George Metakides, ESPRIT; Cathleen 
S. Morawetz, Courant Institute of Mathematical Sciences; Malcolm R. O'Neill, U.S. Army; Richard S. 
Stepleman, Exxon Research and Engineering Company; Rose Teukolsky, Ithaca High School; Daniel 
Willard, U.S. Army. 


General Information 


The symposium will be held at Cornell University, Ithaca, NY. For information, contact conference 
secretary Diana Drake at the Mathematical Sciences Institute, Cornell University, 201 Caldwell Hall, 
Ithaca, NY 14853-2602, 607/255-7740. 


Organizing Committee 


Yervant Terzian (Committee Chair), Chairman, Department of Astronomy; Wilson V. Kone, Associate Director 
for Administration, Mathematical Sciences Institute; Simon A. Levin, Director, Center for Environmental 
Research; Anil Nerode, Director, Mathematical Sciences Institute, Lars B. Wahlbin, Associate Director for 
Research, Mathematical Sciences Institute; all of Cornell University. Daniel Willard, U.S. 
Army. 


MS1 is partially funded by the U.S. Army Research Office. Cornell University is an affirmative action, 
equal opportunity educator and employer. 


x +y +h 


I sin (69 LN S&S) d& 


f 
a b x wy TaN Hf f 
Lt ded SILITSSEEAT EN |) 
© 3 QS 


Fr (x + 1) 


up 


lit 
xr@ x? 


Ja 2 


COMMAND: Author Build Calculus Declare Expand Factor Help Jump soLve Manage 
Options yi Quit Remove Simplify Transfer moVe Window approX 

Enter option 

User D: EXAMPLE .MTH Free :97z Derive Algebra 


2000 years of mathematical knowledge on a disk 


DERIVE, the successor to muMATH, is a powerful computer algebra system 
for your PC compatible computer that provides the following capabilities: 

M@ Exact and approximate arithmetic to thousands of digits 

M@ Equations, complex numbers, trigonometry, calculus, vectors, and matrices 
M@ 2D and 3D function plotting with zooming capability 

Mi MDA, CGA, EGA, VGA, and Hercules graphics and text support 

@ Attractive 2D mathematical display of formulas 

@ Easy to use menu-driven interface with on-line help 

Ideal for engineers, scientists, students and teachers 

M@ $200 plus shipping: Call or write for information. 


System requirements: IBM PC or compatible computer, MS-DOS version 2.1 or later, 512K 
memory, and a 5/4 inch (360K) or a 32 inch (760K) diskette drive. Or NEC PC-9801 or 
compatible computer, MS-DOS version 2.1 or later, 512K memory, and a 514 inch (640K) 
diskette drive. 


DERIVE and muMATH are trademarks of Soft Warehouse, Inc. Hercules is a trademark of Hercules Computer Technology, Inc. 
IBM is a registered trademark of International Business Machines Corp. MS-DOS is a registered trademark of Microsoft Corp. 
NEC is a registered trademark of Nippon Electric Company. 


Soft Warchousc: 


3615 Harding Avenue, Suite 505 ¢ Honolulu, HI 96816 
(808) 734-5801 after noon PST 


maneennns 
©1988 Soft Warehouse, Inc. Handcrafted software for the mind. 


EQUATIONS SYMBOLICALLY OR NUMERICALLY ¢ HIDDEN-LINE SURFACE PLOTTING © 2-DIMENSIONAL DISPLAY OF ALGEBRAIC 


gal 9,0 


discover it! 


Are you wondering how you can use a computer algebra and graphics system in your 
mathematics classroom or laboratory? 
We have some ideas that may surprise you. 
2.0, the computer algebra and graphics system for learning, offers you 
e Scripting: Teachers create scripts - interactive lessons for your students 
A lecture, a laboratory, or a textbook on disk! 
Illustrate your points with high-resolution color pictures 
Include, as needed, mathematical objects or programs to support student exploration 
© Interactive Learning: Students explore your scripts, experimenting with the ideas that you have 
introduced... 2.0 is menu-driven, easy to learn 
¢ Slide Shows: For group presentations, lectures, seminars 
Design your own graphics and text slides and save them as shows on disk 


Don’t take our word for it - see for yourself! 
Order now, or ask for 30 day no obligation preview 


cal 2.0 Bluejay Lispware 
e P.O. Box 1904 
ambier, io fF 
lu ejay ° (614) 273804 VISA’ 


is field tested in calculus laboratory classrooms 
Lispware Price: $225.00 — 


is available for IBM AT or PS/2 and compatibles 
requires 640K RAM and EGA or VGA graphics 
S31¥3S WNS ¢ S31NY NOLLVOISIIdWIS DSIVYSAD TV © S3INAS WNS ¢ SNOISNAWIC ¥ HO 'E ‘2 NI SNOILVNDSA IWILNAY344I0 « HOLIGa 


specify EGA or VGA _ specify 3.5"’ or 5.25" disks 
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EXACT RATIONAL ARITHMETIC AND ALGEBRA ¢ DECIMAL ARITHMETIC * SOLVE SYSTEMS OF 


EVERYBODY COUNTS: A REPORT TO THE NATION 
ON THE FUTURE OF MATHEMATICS EDUCATION 


...a compelling account of the weak- 
nesses in our present system of mathe- 
matics education, kindergarten through 


published by the National Research Council 


If you care about the future of mathematics 


education in the United States, you won't 
want to miss the opportunity of reading this 
report. Available from the MAA while the 
supply lasts. 


132 pp., Paperbound, 1989, 


ISBN-0-309-039770 

List: $7.95 MAA Member: $7.50 

Catalog Number ERC 
gvERYBODY COUNTS 

A Report Rie Satpst 
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Order from: 


college, the reasons why we must pro- 
vide quality mathematics education for 
all Americans, and the strengths upon 
which we can build. it outlines a 
national strategy for reforming school 
mathematics and raises issues about 
college-university mathematics which 
could have far-reaching implications for 
every mathematics department. 


From a joint letter signed by Lida Barrett, 
William Browder, and lvar Stakgold,, presi- 
dents of the MAA, AMS and SIAM respec- 
tively. 


The Mathematical 
Association of America 


1529 Eighteenth Street, N.W. 


Washington, D.C. 20036 
(202) 387-5200 


Attine Kac-Moody 
Algebras, Weight 
Multiplicities, and 
Branching Rules 


Volume 1 & Volume 2 


S. KASS, R. V. MOODY, 
J. PATERA, & R. SLANSKY 


Los Alamos Series in Basic and 
Applicd Sciences, Y 


“This book is remarkable for the fact 
that it is written at the highest pure 
mathematical level but addresses itself 
directly to the needs of theoretical 
physicists making use of Lie group and 
Lie algebra representation theory,” 
_ —Hans Zassenhaus, 
The Ohio State University 
“A tremendous amount of material 
presented in an optimal way. This is 
mathematics the way it should be 
written, with lots of examples... . 
This book is unique at this time. .. . 
The authors have performed a service 
to the math/physics community.” 
—Pierre Ramond, 
University of Florida 


875,00 (two Volume set) al bookstores or order toll-free. 1-800-822-6635 7. 


Visa wo) AlasterCard only, 


UNIVERSITY OF CALIFORNIA PRESS 


Studies in Numerical 
Analysis, 
Gene H. Golub, Editor 


MAA Studies in 
Mathematics #24 


415 pp. Cloth, 1985, 
ISBN-0-88385- 126-1 
List: $46.50 

MAA Member: $34.50 


This volume is a collection of papers describing 
the wide range of research activity in numerical 
analysis. The articles describe solutions to a 
variety of problems using many different kinds 
of computational tools. Some of the computa- 
tions require nothing more than a hand-held 
calculator; others require the most modern com- 
puter. While the papers do not cover all of the 
problems that arise in numerical analysis, they 
do offer an enticing and informative sampling. 


Order from: 

The Mathematical Association 
of America 

1529 Eighteenth Street, N.W. 

Washington, D.C. 20036 
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Surfaces. 
Vector Fields. 
Ditterential 
Operators. 
Integral 
Flows. 

Time 


Fields&Operators 


Introductory 
price $59.95 
From the f (z) 
creators of 


the Complex 
Variables 
Program. 


Ammation. On your PC or Macintosh. 


Lascaux Graphics 3220 Steuben Ave., Bronx, NY 10467 (212) 654-7429 


DYNAMICAL CHAOS 


Edited by Michael V. Berry 


The fifteen leading scientists who gave these papers under 
the sponsorship of the Royal Society in early 1987 provide 
reviews of facets of the subject of chaos ranging from the 
practical aspects of mirror machines for fusion power to the 
pure mathematics of geodesics on surfaces of negative 
curvature. The papers deal with systems in which chaotic 
conditions arise from initial value problems with unique solu- 
tions, as opposed to those where chaos is produced by the 
introduction of noise from an external source. 


Paper: $19.50 ISBN 0-691-08519-6 
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PRINCETON UNIVERSITY PRESS 


4] WILLIAM ST. ¢ PRINCETON, NJ 08540 e (609) 258-4900 ¢ ORDERS 800-PRS-ISBN (777-4726) 
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of our commitment to Mathematics 


AN INTRODUCTION TO THE HISTORY OF 
MATHEMATICS, SIXTH EDITION 
Howard Eves, University of Maine and University of Central Florida 


This classic introduction to the history of mathematics is specially 
designed for undergraduate students. The completely revised sixth 

. yh edition includes new information on women in mathematics, more 

© @.°. + illustrations and portraits, additional problem studies, and new 

~ “Cultural Connections” that show students how mathematics is part of 
“ae. Our Cultural heritage. 

“eé2 W'M . .-¢-F ~ ABSTRACT ALGEBRA: AN INTRODUCTION 

t- oak + ..' * Thomas W. Hungerford, Cleveland State University 


era : Written specifically for undergraduates, Abstract Algebra can be used 
from one to three terms. Presenting rings before groups. this text 
provides clear explanations, many examples, and abundant exercises, 
making this subject both interesting and accessible. 


MATHEMATICAL LOGIC: APPLICATIONS AND THEORY 
Jean E. Rubin, Purdue University 


To make mathematical logic understandable for undergraduate 
Students, this text teaches a specific proof writing system, introduces 
new topics with illustrative examples, incorporates a large number of 
exercises, and features abundant applications of logic to mathematics. 


INTRODUCTION TO PROOF IN ABSTRACT 
MATHEMATICS 
Andrew Wohlgemuth, University of Maine 


In this original new text, inference rules are used as guides in setting 
up proofs. Students learn about proofs by actually doing them, 
following a logical Sequence of definations, rules, and theorems. 


a Saunders College Publishing 


THE POWERS 9 MATHEMATICS 
The Curtis Center, Independence Square West, Philadelphia, PA 19106-3399 


"Light and witty without begin flippant, The Calculus of Murder is, with any 
luck, the first of a series." — Liverpool Daily Post 


Dan Brodsky is back! The mathematician sleuth returns 
to attack an even deeper mystery in 


ADVANCED 
CALCULUS 


MURDER 


by 
Erik Rosenthal 


Department of Mathematics 
University of New Haven 


"The Calculus of Murder ... is the story of a mathematician who doubles as a ... 
private investigator. He does this outside work because he has not been able to latch 
onto a university teaching job. Perhaps his specialty — bounded linear operators on a 
separable Hilbert space — is too rarefied ... The Calculus of Murder turns out to be an 
orthodox and even classic mystery ... The writing is easy-going, the characteres well 


etched ... — Newgate Callendar, New York Times Sunday Book Review 


In Advanced Calculus of Murder, Dan attends an operator theory 
conference at Oxford University in his role as research mathematician. 
However, he must don his private eye cap when the staid atmosphere is 
shattered by two brutal murders. 


Published by ST. MARTIN’S PRESS at $18.95. 


4 


Special to readers of The Monthly: $9.95, postage included. A 
few copies of The Calculus of Murder remain and are specially 
priced at $11.95. (Foreign orders, please add $2.00.) 


Send check or money order to: St. Martin’s Press 
P.O. Box 117 
North Haven, CT 06473-0117 


Advanced Calculus of Murder  [_] The Calculus of Murder  [_] 


Name 
Address 
City/State/Zip 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


1529 Eighteenth Street, N.W. 


